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Conformal measures and matings between
Kleinian groups and quadratic polynomials

by

Marianne Freiberger (London)

Abstract. Following results of McMullen concerning rational maps, we show that the
limit set of matings between a certain class of representations of C2 * C3 and quadratic
polynomials carries d-conformal measures, and that if the correspondence is geometrically
finite then the real number § is equal to the Hausdorff dimension of the limit set. Moreover,
when f is the limit of a pinching deformation {f;}o<t<1 we give sufficient conditions for
the dynamical convergence of {f;}.

1. Introduction. An m : n holomorphic correspondence is a multival-
ued map f on the Riemann sphere defined as f : z +— w if p(z,w) =0 for a
polynomial p of degree m in z and n in w. The theory of iterated holomor-
phic correspondences can be seen as a generalisation of both the theories
of iterated rational maps and Kleinian groups: the grand orbits of a point
under a degree d rational map z — P(z)/Q(z) are the same as its grand
orbits under the d : 1 correspondence z — w if wQ(z) — P(z) = 0; and the
orbit of a point under a finitely generated Kleinian group G = (g1, ..., gx)
is the same as the grand orbit of the point under the k : k correspondence
hg : z+— wif

(91(2) = w) -+ (ga(2) — w) = 0.

In [6] Bullett and Penrose introduced a 1-parameter family F of holomor-
phic 2 : 2 correspondences which are matings between the modular group
PSL(2,Z) and degree two maps:

DEFINITION 1. A 2 : 2 correspondence f is called a mating between
PSL(2,Z) and a degree 2 map gy if the action of f partitions the Riemann
sphere into two completely invariant sets {2 and A such that:

2000 Mathematics Subject Classification: 37TF35, 37TF30, 37F10, 37F05, 37F45.

Key words and phrases: conformal measure, mating, Kleinian group.

The author would like to thank Shaun Bullett for many extremely helpful discussions.
The author would also like to thank the UK EPSRC for their support through grant no.
GR/R73232/01.

[95]



96 M. Freiberger

(1) £2 is open, simply connected and f restricted to 2 is a 2 : 2 corre-

spondence conformally conjugate to
hpsiez) 2 —w if (0o(z) — w)(oe*(z) —w) =0

acting on the open upper half-plane, where o : z — —1/z and p :
z+— —1/(z + 1) form a generating set for PSL(2, Z);

(2) there exists an involution J associated to f such that J restricted
to {2 is conformally conjugate to o;

(3) A=Ay UA_, where AL N A_ = {p}, and p is fixed by f;

(4) f restricted to A_ as domain and range is a holomorphic 2 : 1 map
denoted by g;;

(5) J(A_) = Ay and J conjugates the action of f on A_ to that of f~!
on Ay;

(6) the remaining branch of f on A_ sends it homeomorphically to A.

Figures 1 and 2 show examples of matings in F.

The correspondences in the family F introduced by Bullett and Penrose
can be normalised to have the form J o Covg2 , where J is an involution and
Q is the cubic polynomial Q(z) = 2% — 3z (this notation will be explained
later). It then follows that p is a fixed point of both J and Cov(()’2 . Thus F is
a one-complex-parameter family, the parameter being the “free” fixed point
of J. We write f, for the correspondence in F given by the parameter a.

CONJECTURE 1. Let f€F and let g5 be the 2 : 1 restriction f : A_— A_.
Then gy 1s conjugate to a quadratic polynomial q. : z — 22 + ¢ acting on
its (connected) filled Julia set. The conjugacy is conformal on interiors.
Conwversely, for any c in the Mandelbrot set, there exists a correspondence
f € F which mates PSL(2,Z) and q.. The set M = {a € C: f, € F} is

homeomorphic to the Mandelbrot set.

In Sections 3 and 4 of this paper we shall follow the work of McMullen in
[10] to show that for any correspondence f € F there is a unique normalised
d-conformal measure p supported on OA. If f is geometrically finite then u
is supported on the radial limit set Lyaq(f) C A, and the real number § is
equal to the Hausdorff dimension of 0A.

Bullett and Haissinsky [4] recently proved Conjecture 1 for a wide sub-
class of F. As we shall see later, the obstruction to proving this result in
general is the fact that the sets A and A_ meet in the point p, which we
shall refer to as the pinch point. This difficulty can be avoided if we do not
insist that the group involved in the mating is the modular group, and al-
low its limit set to become totally disconnected. Then it is actually possible
to construct a mating involving any quadratic polynomial ¢. with ¢ in the
Mandelbrot set. For this purpose we consider the set of Kleinian groups with
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Fig. 1. This is a mating between PSL(2,Z) and z — 2°.

Fig. 2. This is a mating between PSL(2,Z) and z — 2% — 1.
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connected ordinary set which are faithful representations of the free prod-
uct Cy * C3. There is a one-complex-parameter family of these groups, each
having a Cantor limit set. In parameter space these groups define an open
topological disc U, and the modular group (itself being a representation of
Cs x C3) corresponds to a cusp point on the boundary of . In fact, all the
groups in U are quasi-Fuchsian, and the ordinary set of each group contains
two completely invariant topological discs.

DEFINITION 2. Let G be a group given by a parameter in the interior
of U and let g. be a quadratic polynomial with connected Julia set. A 2 : 2
correspondence f realises a mating between G and ¢, if the sphere is parti-
tioned into an open simply connected set (2, two disjoint closed and simply
connected sets A4 and A_ and a set C of curves such that:

(1) £2 is completely invariant and f restricted to {2 is a 2 : 2 correspon-
dence conformally conjugate to

hg:z—w if (0o(z) —w)(oo?(z) —w) =0,

restricted to a simply connected completely invariant subset of its
ordinary set; here o and p are the order 2 and 3 generators of G
respectively;

(2) there exists an involution J associated to f such that J restricted
to {2 is conformally conjugate to o;

(3) A= A4UA_ is completely invariant and f restricted to A_ as domain
and range is a holomorphic 2 : 1 map conjugate to g. restricted to
its filled Julia set, the conjugacy being conformal on interiors with

0=0a.e. on A_;
(4) J(A-) = Ay and J conjugates the action of f on A_ to that of f~!
on A+7

(5) the remaining branch of f on A_ sends it homeomorphically to A;

(6) the set C of curves is completely invariant under f; it consists of the
orbit under f of a curve 7y connecting Ay and A_ with end-points
corresponding to the §-fixed point of g..

See Figure 3. Bullett and Harvey proved in [5]:

THEOREM 1. For any group G given by a parameter in U and any
quadratic polynomial q. with connected Julia set, there exists a 2 : 2 cor-
respondence f which realises a mating between the two. Up to Mobius con-
jugacy, f has the form J o COVOQ.

A mating of this form is best understood as follows: if we remove from C
the sets A and A_ then we are left with a topological annulus. Cutting
along the curves in C now turns this annulus into a topological disc. On
this disc the correspondence is conjugate to the group acting on a simply
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Fig. 3. This is an unpinched mating involving z — z2. The line v connects the cusps of
the two grey regions A4 and A_.

connected subset of its regular set. The gaps in the Cantor limit set of
the groups correspond to the curves in C. Also notice that if we shrink or
“pinch” the curve v to a point then we expect to end up with a mating
as described in Definition 1 which satisfies Conjecture 1. For this reason
we refer to matings satisfying Definition 1 as pinched matings and to those
satisfying Definition 2 as unpinched matings.

In [4] Bullett and Haissinsky formalised this idea (for technical reasons
they had to make an assumption about the nature of the quadratic polyno-
mial involved):

THEOREM 2. Let q. be a weakly hyperbolic quadratic polynomial with
connected Julia set. Also assume that if the critical point 0 of q. is recurrent
then the B-fixed point of q. is not in its w-limit set. Let Gy be a group
corresponding to a parameter in U and let fo be a correspondence mating
the two. Then there exists a path { fi}o<t<1 of correspondences such that as
t — 1 the f; converge uniformly to a correspondence f € F, which is a
mating between q. and the modular group in the sense of Definition 1.

Such a path {fi}o<t<1 is called a pinching deformation of fy.

In Section 5 of this paper we will show that if ¢, is geometrically finite
and if { ft }o<t<1 is a pinching deformation of a correspondence fy mating g,
with some group, then the limit sets A; = Aﬂr U AL converge to the limit
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set A of f in the Hausdorff topology. Under certain conditions we can also
show that the Hausdorff dimensions of the limit sets 9A; vary continuously
with ¢ and converge to the Hausdorff dimension of 9A;.

Most of the proofs in this paper derive from those given by McMullen
for geometrically finite rational maps in [10].

2. Properties of matings. It turns out that correspondences which
represent matings (pinched or unpinched) have a convenient description in
terms of covering correspondences:

DEFINITION 3. Let P be a polynomial of degree d. The covering cor-
respondence Covl’ of P is the d : d correspondence Cov! : z +— w if
P(z) — P(w) = 0. It sends a point z to all the points which have the same im-
age as z under P. The deleted covering correspondence Covéj isthed—1:d—1
correspondence Cov{’ : z + w if (P(z) — P(w))/(z — w) = 0.

Note that each point has a finite grand orbit under Cov’ of size d.
Critical points are fixed by both Cov’ and Covg) and co-critical points
(points that map to the same image as a critical point) have fewer than d
(or d — 1) images under Cov? (or Cov}’). Away from critical and co-critical
points of P, the action of Cov’ is reminiscent of the action of a cyclic group
of order d.

DEFINITION 4. By the composition J o f of a correspondence f and
a homeomorphism J we mean the correspondence z +— w if z — J~1(w)
under f.

DEFINITION 5. A transversal Dp for Covl is a maximal domain of in-
jectivity of P. We have Covl (Dp) N Dp = () and Cov?(Dp) = C.

Consider the cubic Q(z) = 23—3z. Then COVOQ is the 2 : 2 correspondence
zw if 22 4 2w+ w? = 3.

The finite critical points of @ are 1 and —1 with co-critical points —2 and 2.
The following two results are proved in [3] and [5] respectively:

THEOREM 3. A 2: 2 correspondence f represents an unpinched mating
between a degree 2 holomorphic map and a group if and only if f is of the
form f=Jo COVOQ, where Q(z) = 2% — 3z and J is an involution with the
following properties:

(i) there exists a fundamental domain Dy of J and a transversal D
of @ containing the point 2, such that D9 U D% =C (where D°
denotes the interior of a set D);

(ii) the point 2 is contained in the set Ay = (.2, Fi(C = Dy).
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THEOREM 4. A 2 : 2 correspondence f represents a pinched mating
between a degree 2 holomorphic map and the modular group PSL(2,7Z) if
and only if [ is of the form f = Jo Cov(('j?, where Q(z) = 2> — 3z and J is
an involution with the following properties:

(i) there exists a fundamental domain Dy of J and a transversal Dg
of Q containing the point 2, such that D% U D% =C—-{1};
(ii) the point 1 is a fized point of J;
(iii) the point 2 is contained in the set Ay = (2, f*(C— Dy).

Moreover, the conjugacy ¢ from the upper half-plane to (2 extends to the
points 0 and oo and sends both of them to the point 1l =p= A, NA_.

Notice that in the case of an unpinched mating the set A is the filled
Julia set of a quadratic-like map. Let D = C-D 7. The restriction of f to
D is al:2map, and f(D) C D. Thus the inverse map gy restricted to
f(D) is quadratic-like and A is its filled Julia set. By Douady and Hub-
bard’s straightening theorem [8] it follows immediately that on f(D) the
map gy is quasi-conformally conjugate to a unique quadratic polynomial
and that the conjugacy sends A4 to the (connected) filled Julia set of the
quadratic with @ = 0 a.e. on A,. That is, the conjugacy is conformal if A,
has interior.

In the case of a pinched mating we have a slightly different situation:
let D = C — Dj. The restriction of f to D is still 1 : 2, but now we have
f(D) € D with 9D N df(D) = {1}. The inverse map g restricted to f(D)
is a degree 2 map, but not quite quadratic-like because the boundaries of
D and f(D) touch. This fact is the main obstacle to a complete proof of
Conjecture 1, as here the straightening theorem cannot be applied.

We call such a map pinched-quadratic-like with pinch-point 1 = p =
0D NOf(D). The set Ay is the filled Julia set of g;.

See Figure 4.

Fig. 4. The left-hand picture shows the regions Dg and D for a pinched mating. Dg is
the inside of the outer curve, containing the point 1 on the left and oo on the right, and
D is the outside of the inner circle. The right-hand figure shows these two regions for
an unpinched mating. In both cases the inside of the inner circle maps 2 : 1 under f~!
onto Dgq.



102 M. Freiberger

2.1. Special points. The point p = 1 and the “singular points” 42 play
special roles in the dynamics of correspondences which represent matings.
The following lemmas are easy to prove:

LEMMA 1. Let f=Jo COVOQ be an unpinched mating and let gy denote
the inverse of f restricted to f(D), where D =C — Dj.

(i) The branch of f sending p = 1 to J(—2) has critical point p. Thus
i any neighbourhood of p this branch is a 2 : 1 map.

(ii) The points 2 and —2 have unique images J(—1) and J(1) under f.
Since 2 € Ay, it follows that 2 is the critical value of the map gy,
with critical point J(—1).

LEMMA 2. Let f € F be a pinched mating and let gy denote the inverse
of f restricted to A4 .

(i) The point p = 1 is fixred by one branch of f with derivative 1. For
all but one correspondence in F (up to conjugacy), p has one petal.
For the exceptional correspondence f, p has three petals and the
pinched-quadratic-like map gy has a unique fized point. In this case
gy is conjugate to z — 2%+ 1/4.

(ii) The other branch of f sends 1 to J(—2) € Ay with derivative 0.
The map gy is 1 : 2 on any neighbourhood of J(—2). See Figure 5.

Fig. 5. This figure represents a pinched mating. The shaded region around the point 1
maps 2 : 1 onto the cut disc at —2 under CovS and then to the shaded disc at .J(—2)
under J. The round circle represents 9D j, the closed curve within it represents 04, and
the line tangent to the circle represents 0Dg.

(iii) The point 2 has unique image J(—1) under f and the point —2 has
unique 1mage J(1) under f. The critical value of g; is the point 2,
with critical point J(—1). Throughout, we denote this critical point
J(=1) by w. See Figure 6.
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1 1 —1 J(—1)

9 J(—2) 2 J(2)

Fig. 6. These diagrams show how the singular points map to each other.

For an introduction to parabolic fixed points and petals see Chapter 6
of [1].

If a set E does not contain any forward (resp. backward) singular point
of f, then we say that f (resp. f~1) has two single-valued branches on E.

2.2. Properties of 0A4. In this section we list some useful results about
0AL. In the case of an unpinched mating f these results follow immediately
from the fact that A, in this case has the properties of the filled Julia set
of a quadratic map. For a pinched mating f € F however, we need to give
separate proofs.

Due to symmetry, corresponding results hold for 0A_.

PROPOSITION 1. Let f € F be a pinched mating and let gy denote the
branch of f=% sending f(D) to D (where D = C — Dy).

(a) Let = € D — Ay. The sets H, = f™(z) converge to 0Ay in the
Hausdorff topology.

(b) Given any open set U meeting OA there exists a subset S of 04
contained in U and an integer M such that 0A4 C g}\/[(S).

(¢c) For any z € 0AL the orbit f™(z) is dense in OA4.

Proof. (a) We recall the definition of convergence of compact sets in
the Hausdorff topology. Let K, be a sequence of compact subsets of C. We
define lim inf K, to be the set of points x such that every neighbourhood of
x meets all but finitely many K,,, and we define lim sup K, to be the set of

points x such that any neighbourhood of & meets infinitely many K,,. Then
K, — K if and only if

liminf K,, = limsup K,, = K.

It is obvious that any convergent sequence {y, € f*(z)} accumulates on
0A4, so limsup H,, C 0A4. To show that 044 C liminf H,, we must show
that for any y € dA4 and € > 0 and for all n sufficiently large, H,, meets
the e-neighbourhood N of y. Consider a connected component U of N N {2.
Let v be a boundary component of U that lies in {2. Let ¢ be the conjugacy
from the upper half-plane to £2 which conjugates the generators oo and o p?
of PSL(2,Z) to the two branches of f. By Proposition 2.14 of [13], every
boundary component of U which lies in £2 maps under ¢! to a curve in the
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upper half-plane with distinct end-points in @+, so 0¢p~1(U) contains real
intervals.

Now ¢~!(z) is a point in the upper half-plane and since the limit set
of the modular group is R U oo, it can be shown that for each integer n
sufficiently large, there exists a finite sequence i1 ...,%, of 1’s and 2’s such
that

a0t - a0 (¢7(2)) € ¢7HU).
The result now follows since each oo’ is conjugate to a branch of f.

(b) Let U be an open set meeting dA; and let V' denote a connected
component of UN{2. As above, ¢~ (V) is an open set in the upper half-plane
partially bounded by real intervals. It is a basic property of the modular
group that any interval in the positive real line contains a subinterval of the
form

[00™ -+ 50™(0), 00" - 00" (c0)],

where the i; are either 1 or 2, and M is a positive integer. Let [a, b] be such a
subinterval of 9¢~1(V). Let y be a curve in the upper half-plane, contained
in ¢~1(V) with end-points a and b, and let U’ be the region bounded by
and [a, b].

By the last assertion of Theorem 4, ¢(+y) is a curve in V' with end-points
on 0A4. The boundary of U' = ¢(U’) consists of ¢(~y) and a subset S of 944
which lies in U. Changing the curve ~ if necessary (but not its end-points)
we can ensure that the open set g;}(U’) does not contain J(—2) or J(o0)

forany 1 <i< M. So g}\/[ is an analytic homeomorphism on U’. Moreover,
g}”@(v)) is a simple closed curve meeting 0A; only in p. Since gjc\/[(U’) is
simply connected it follows that g}” (S) =0A4.

(c) This follows immediately from (b). m

LEMMA 3. Let f € F be a pinched mating and let ¢ € 0A4 be a parabolic
periodic point of g of period k. Then there exists a neighbourhood N of q
such that each component of N NOAL —{q} is contained in a repelling petal

for g]; at q.

Proof. We can analytically continue the branch h of f~* which fixes ¢
to a neighbourhood N of g. Its dynamics gives rise to attracting petals. If a
component C of 944 NN — {q} is contained in an attracting petal, then so
is a point & € 2NN, since petals are open. If ¢ # p, this contradicts the fact
that all iterates of x under gy = f~! accumulate at A_. If ¢ = p then, by
the last assertion of Theorem 4, the dynamics around p can be transferred
via the map ¢ to dynamics around the points 0 and oo in the boundary of
the upper half-plane. It is then easy to check that C being contained in an
attracting petal contradicts the action of op and op? near 0 and co. =
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LEMMA 4. Let f € F be a pinched mating. Suppose the critical point
w of gy is contained in OAy and its orbit under gy eventually lands on a
periodic cycle, but not on p. Then this cycle is repelling.

Proof. Suppose that the cycle has period k, that it is non-repelling and
that ¢ is a point of the cycle. Suppose that there exists a neighbourhood U
of ¢ such that for all n the branch h, of f™ which fixes ¢ is an analytic
homeomorphism on U. Since h,(x) — {2 as n — oo for any = € {2 and since
A4 maps into itself under each h,,, we see that the images of U under h,
miss out more than three points of the sphere and hence the family {h,}
is a normal family. Let ¢ be the limit of a converging subsequence {hy;,}.
Then ¢ is injective or constant and ¢(q) = q. Moreover, for all = € {2 there
exists N such that z ¢ hy,(U) for all n > N and hence ¢(U) does not meet
2. But if ¢ is not constant then ¢ lies in the interior of ¢p(U), so ¢ must be
constant with value q.

But this implies that ¢ is a repelling periodic point of gy, contradicting
our assumption. Therefore, either ¢ = p or the orbit of a critical point
of gy other than w accumulates at ¢. But w is the only critical point of gy,
a contradiction. m

LEMMA 5. Let f€F be a pinched mating. Now suppose that for some k
we have w€ f¥(p) and let S denote the branch of f* sending p=1 to w. Then
we can extend S to an analytic homeomorphism in a neighbourhood of p.

Proof. Let N' be a neighbourhood of the critical value g¢(w) = 2 and
denote by N the open neighbourhood arising from N’ by removing a curve
~ connecting N’ and 2, together with its end-points. Let T} and T denote
the two branches of g}’?_l on N such that p lies on the boundary of each
T;(N). Similarly, let S; and S denote the two branches of f defined on
N. Define the maps S;T; ' : T;(N) — S;(N). These can be continuously
extended to the images of the curve « under 77 and T5 to give a continuous
map S from a neighbourhood of p to a neighbourhood of w. At any point
apart from p, S is the composition of two holomorphic maps and hence is
also holomorphic. The fact that it is holomorphic at p itself follows since S
is bounded. =

3. The radial limit set. Many of the results of this paper concern
matings for which the map g; is “geometrically finite”.

DEFINITION 6. We say that a correspondence f which represents a mat-
ing, pinched or unpinched, is geometrically finite if
(1) the intersection of the “post-critical set” P(f) = {g}(w):n € N}

(recall that w is the critical point of g¢) with A, is finite;
(2) there are no irrationally indifferent periodic points of g in 0A.
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This definition may be somewhat surprising, since for rational maps the
definition of geometrically finite only requires a weaker version of point (1),
namely that the orbits of any critical points in the Julia set be finite. How-
ever, for rational maps, this immediately implies points (1) and (2) in the
definition above. For pinched matings though, the corresponding result is
not immediately obvious, since we cannot assume that dA, is a genuine
quadratic filled Julia set (unless the mating is a limit of a pinching defor-
mation) and therefore do not have the extensive list of results that describe
the structure of quadratic filled Julia sets. Rather than attempting to prove
these results here, we have simply taken points (1) and (2) as the definition
of geometrically finite.

DEFINITION 7. Let f be a mating, pinched or unpinched, let » be a
positive real number and let © € 9A;. We say that © € Ly,q(f,r) if for
all € > 0 there exists a neighbourhood U of z with diam(U) < ¢ and a
positive integer n such that g? is an analytic homeomorphism on U and
g7 (U) = B(g}(z),r), the ball of radius r and centre g} (z).

Define the radial limit set Lyaq(f) = U, Lraa(f, 7).

LEMMA 6. The radial limit set does not contain any parabolic periodic
points or the critical point of g¢, or any of their pre-images (this includes
the pinch-point p if f is a pinched mating).

Proof. If 2 € Lyaq(f, r) for some r then clearly lim sup,, . |(9})"(z)[ =00,
and this is not the case for any of the points mentioned. m

We will show

THEOREM 5. For f a pinched or unpinched geometrically finite mating,
Oy — Lyaq(f) consists of the parabolic periodic points (including p if f is
pinched) and the critical point of gy (if this is contained in OAL), together
with their inverse images under gy.

The proof of this is essentially the same as that of Theorem 6.5 in [10].
The main steps are the following two lemmas:

LEMMA 7. Let f be a geometrically finite mating, pinched or unpinched.
Suppose that x € A4 is not equal to the pinch-point p, a point in the post-
critical set P(f), or any of their pre-images under gs. Then there exists
s > 0 such that for all N € N there exists n > N such that on B(g}(x),s)
the inverse branch of g;} sending g?(:{;) to x is an analytic homeomorphism.

Proof. We assume here that f is pinched. If it is not, we can use the
same argument, treating the set {p} consisting of the pinch-point as the
empty set. Let q1,...,qn be the points of P(f) N OdA+ and let x,, = g}‘(x)
Now for some [ > 1 we see that {q, ..., ¢y} forms a repelling or parabolic
periodic orbit. Since the orbit of x gets repelled from this cycle and from
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the point p, by Lemma 3, we deduce that whenever it gets close to a point
in the cycle or p it must first have come close to an inverse image y of some
gj or p which is distinct from all the ¢;, | <4 < m, and p. Hence if for some
subsequence {ny} we have limy_, ,, = g; for some j, or limy_,o zn, = p,
then there exists a subsequence {n;} such that lim; . =, = y, where y is
not one of the g; or p. Hence there exists s > 0 such that liminf d(p, z,,) > s
and liminf d(g;j, x,;) > s for all 1 < j < m, where d denotes distance in the
spherical metric. Thus for all sufficiently large ¢ the ball with centre x,,, and
radius s does not meet the post-critical set or p and hence the result holds. =

LEMMA 8. Let f be a geometrically finite pinched or unpinched mating.
For every point x € 0Ay whose orbit under gy does not land on the pinch-
point p (if f is a pinched mating) or on the post-critical set P = P(f) we
have

I(g7) ()] — o0
in the Poincaré metric on D — {P}, where D = C — D,.

Proof. Let P, = gj?"(P), a sequence of compact sets increasing in size.
Now g? : gJZ”(D) — P, — D— P is a proper local homeomorphism and hence
a covering map. Therefore g? is a local isometry from the Poincaré metric on
g;"(D)— Py to the Poincaré metric on D—P. Let v, : g;"(D) =P, — D—P
be the inclusion map. Then by Theorem 2.25 of [11] we have ||, (z)| =
o(|slog(s)[), where s is the distance from z to (D — P) — (¢9;"(D) — P») in
the Poincaré metric on D — P. By Proposition 1 we have f™(y) — 0A4 for
all y € 0D, so the distance between z and (D — P) — (g9, " (D) — Py) tends
to zero in the spherical metric and hence in the Poincaré metric on D — P.
Therefore [/t (z)|| — 0. It now follows that the map gl o ¢, I expands the
Poincaré metric on D — P and the expansion factor tends to infinity as n
tends to infinity. =

Proof of Theorem 5. By Lemma 6 no point whose orbit under g; even-
tually lands on p, on a parabolic periodic point or on the critical point w of
gy can lie in Ly,q(f). Suppose that x € 9A4 is not such a point. If the orbit
of x meets the post-critical set, then it lands on a parabolic or repelling
periodic point because f is geometrically finite. The former case is ruled
out by our assumption and Lemma 4, hence the orbit lands on a repelling
periodic point and therefore is in L,q(f). If this orbit does not meet the
post-critical set then by Lemma 7 there exists a sequence {n;} of integers and
a real s > 0 such that the inverse branch h; of f;}j sending g?j () to z is an

analytic homeomorphism on B(g?j (x), s). By the Koebe distortion theorem,
the image U; of B(g?j (x),s) under h; satisfies diam(U;) = |(g}”)’($))|_1.

By Lemma 8, ||(g;”)’(a:))||_1 — 0 as j — oo in the Poincaré metric on
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D — P. Hence the same is true for the spherical metric and diam(U;) — 0
as j — 00. m

We pause for a moment to consider the relationship between Ly .q(f),
the radial Julia set of g. and the radial (or conical) limit set of the group
G. Recall that the radial Julia set of a geometrically finite quadratic poly-
nomial g. consists of the Julia set minus the inverse orbit of any parabolic
point and the inverse orbit of the critical point if it lies in the Julia set.
The radial limit set Lg of a finitely generated Kleinian group G consists of
all limit points which are not parabolic fixed points. Therefore, if f is an
un-pinched geometrically finite mating between ¢, and G, then the radial
limit set of f corresponds exactly to that of g.. The group G in this case
has no parabolic fixed points, so assuming that the conjugacy ¢ : Dg — 2
extends to 0Dg — AU C we see that ¢! (L;aq(f)) € Lg with equality if
and only if g. has no parabolic periodic point and its critical point 0 does
not lie in the Julia set.

If f is a pinched mating between g. and G = PSL(2,7Z), then the f-
fixed point of g. corresponds to the pinch-point p. So, assuming that we
have a homeomorphism v : Ay — K. conjugating g to q., we see that
W(Lyrad(f)) € Lyaa(ge) with equality if and only if the S-fixed point of ¢, is
parabolic. This is satisfied if and only if ¢ = 1/4.

The radial limit set of the modular group consists of those points which
are not in the orbit of 0 or co. The conjugacy ¢ : H — {2 extends to 0
and oo and sends both to the pinch-point p. Thus, provided that ¢ extends
to R, we have ¢! (L,aq(f)) C Lpsi,(2,z) with equality if and only if ¢. has
no parabolic periodic point other than possibly the g-fixed point, and its
critical point either does not lie in the Julia set or lands on the §-fixed point.

4. Conformal measures

DEFINITION 8. Let f be a pinched or unpinched mating. An a-conformal
f-invariant measure is a positive Borel regular probability measure p sup-
ported on the Riemann sphere such that for any Borel set £ and for any
branch h of f or f~! which is injective and single-valued on E we have

(1) wh(E)) = | |W(2)|" du(2).
E
We also assume that the support of 1 does not consist solely of the point
p = 1 (the pinch-point) if f is pinched. The critical dimension o(f) is defined
as
a(f) =inf{a > 0 : 3 an a-conformal f-invariant measure

supported on A4 }.
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In this section we construct a-conformal measures on the limit sets 0A
of pinched or unpinched matings f. If f is unpinched, then the results in
this section can be proved directly by application of proofs in [10], since in
this case the map gy is quadratic-like and Ay is its filled Julia set. If f is
pinched we have to be a little more careful in dealing with the existence of
the pinch-point p. In order to avoid having to switch from the pinched to
the unpinched case all the time, we assume throughout this section that f
is pinched, keeping in mind that the same results hold, and are easier to
prove, for unpinched matings.

The following is an important property of conformal measures:

THEOREM 6. Let f € F be a pinched mating, and let u be a B-conformal
f-invariant measure supported on OA. Then for any r > 0 and any © €
Lyoa(f, 1) C Ay there exist arbitrarily small balls B(z, s) such that pu(B(z, s))
= sP, where the constants involved in the “<” are independent of x and s.

Proof. This is the same as Proposition 2.3 in [10]. Since it is short, we
will outline the proof here. Note that for any r > 0 there exists a non-zero
lower bound a(r) for u(B(z,r)), where © € Liq(f,7). Let © € Lpag(f, 7).
Since « is in the radial limit set and by the Koebe distortion theorem, given
any s’ > 0 there exists 0 < s < s’ and an integer n such that g%(B(z, s))
contains the ball B(g}(x),r/32). Then

1> ulgf(B(z,5))) = u(Blgj(x),r/32)) > a(r/32).
Moreover, there exist constants 0 < b(r) < B(r) < oo depending only
on r such that for all z € B(x,s) we have b(r)/s < |(¢})'(2)| < B(r)/s.

Let h denote the branch of g;" sending g%(z) to x. Then p(B(x,s)) =
Sg?(B(x’s)) |W(2)|P du(z). Hence

g (B(x,)))B(r)7s” < u(B(x, ) < p(gf(B(z, 5))b(r) s’
a(r/32)B(r) s’ < u(B(z,s)) < b(r)Ps’. =

4.1. Poincaré series. Let x € {2 be a point whose orbit under f does not
land on the singular point oco. Then for each integer n let S1 5, 524, ..., 5" 5
denote the branches of f" at x.

DEFINITION 9. We define the Poincaré series

co 27

Py(z) = > 15"

n=0 j=1
We also define
0(x) =inf{s > 0: Ps(x) < oo} and §(f)=inf{o(x):z € 2}.
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We will see later (Theorems 7 and 11) that for f geometrically finite,
0(x) is independent of = for all x € (2.

PROPOSITION 2. Let D = 2N (C — Dy) and z € D. Then

(1) 0(z) <2;

(2) Py(z) < o0

(3) Ps(xz) < oo if x meets the support of a (-conformal f-invariant
measure.

Proof. This follows the proof of Proposition 4.3 in [10]. Since z € D
we have f"(x) € D for all n. In particular f™(x) # oo for all n. Hence
there exists a ball B centred at x such that all branches of f™ are analytic
homeomorphisms on B. Moreover, we can choose B so that the images of B
under branches of iterates f™ are disjoint. The total spherical area of these
images is finite, as they all are contained in D. But the area of each image
U is proportional to the square of the derivative of the branch of f™ sending
B to U at x (by the Koebe distortion theorem) and hence P(z) < oo and
o(x) <2.

Now suppose that x meets the support of a #-conformal measure p. Then

oo>,u(Lan" ) Zz,u in(B)) < Pg(x). m

n j=1
4.2. Constructing conformal measures. We now use the approach of Pat-
terson and Sullivan (as used in Theorem 4.1 in [10] for rational maps) to
construct a d-conformal measure supported on the boundary of the set A
for f € F.

THEOREM 7. Let f € F and let x € 2N (((Aj — Dyj). Then 0A car-
ries a 6(x)-conformal f-invariant measure p with no atoms on repelling or
parabolic periodic points of gy or any of their inverse images under gy.

Proof. By Proposition 2 we know that 6 = §(z) < oo. We first construct

a measure on dA,. Let s > ¢ and for any Borel set F define
co 2™

s ZZ! 2)*05; (@) (E),

n=0 j=1
where dg, (o) (E) = 1if Sj,n( ) € E and 0 otherwise.

Let E be a Borel set in D such that a branch h of f~1 is injective and
single-valued on E and such that h(E) C D. Then
oo 2™

1is(h(E Z D 18] o (@)0s,, (@) (R(E))

anl

IS n "
e G5, ()

jn(@))®
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oo 2™
P ZZ‘ 1S]’ ’ ’(h/ ISj,n(m)))‘Séhflsjyn(m)(E)
s =0 j=1
= [ 1W(2)]* dus(2) — {|h’($)IS/Ps(:c) itz e B,
E 0 otherwise.

Similarly, one gets the corresponding result for h a branch of f injective and
single-valued on a Borel set E C D.

If Ps(z) diverges at 0, let u be a weak accumulation point of the us as
s — 0. If Ps(x) does not diverge at s = §, we use a standard trick to force
Py(z) — co. As s — 0, change a large but finite number of terms in Py(x)
and the definition of s from |57 (x)]* to |S},, ()", where t = 2§ — 5. Using
the same notation as above, this gives measures ug satisfying

§ min{['(2)]°, |1/ (2)|'} dps(2) < ps(h(E))
E
< §max{|1'(2) % |1 (2)['} dpss (2),
E
for ¢ F and with t — § as s — J. See [10, Chapter 4] for details. Again,
let p be a weak accumulation point of the .

In both cases, u is a probability measure with support on dA,. Since
it is constructed using weak limits, it follows from the Riesz representation
theorem that it is Borel regular. We will show that p is a §-conformal mea-
sure: Let A be a subset of 04 such that a branch h of gf = f ~1is injective
and single-valued on A. For the moment, assume that A does not contain
the critical point w of gy.

We cover A by open neighbourhoods U(z), z € A, such that

e h restricted to U(z) is injective and single-valued,
. u(aU(Z)) = 1(0h(U(2))) = 0,
U(z)n{J(=2)} =0,

S(UU n-all(z )% du(z) < e for some given & > 0.

We choose a countable subcover {U,} and define sets A; = U; and A, =
Un—Us <n Uk A standard result from measure theory states that if measures
s converge weakly to a measure p, and if A is a Borel set with u(90A) =0,
then u(h(Ag)) = lims_s us(h(Ag)). Hence,

p(h(Ay)) = lim VIR ()P dpas(2).

But on each Ay the functions |h/(2)|® are uniformly bounded above and
converge uniformly to |h/(2)|°, so we have u(h(Ax)) = §4, 1P (2)]° du(z2).
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Now
u(h(4) = p(|Un(An 4y))
k
<3 uh(4) = 37§ I ()P du(z)
k k Ag
I @P duz) + 3§ I du(z) < § 10 ()1 dulz) + €
A k Ap—A A

On the other hand, we have
00 > p(h(A)) = u(U A(AN A))

= Z a(h(ANAR)) =Y (u(h(Ar)) — p(h(A — A)))

k
>Z(§W du(z) = § W) du(z))
Ap—A
= | |h<z>|5 du(z)— | W) dutz) = 1) duz) - e
U Ak UAr—A A

Since € was arbitrary we have p(h(A)) = § , |I'(2)|° du(z) as required.
Now suppose that the critical point w of g lies in A and that g is
injective and single-valued on A. Then since g}(u)) = 0 we have

V1gr ()2 du(z) = | 19}(2)I° du(2).

A A—w
Thus, if there is no atom at g¢(w), then

i(gr(A)) = nlgr(A—w) = | 1g4(2)P du(z) = | 1gp(2)P da(2).
A—w A

To show that there is indeed no atom at the critical value g(w), note that
on a punctured neighbourhood of w the map gy is locally injective and single-
valued and hence transforms the measures us by the rule that gives rise to
d-conformality of u. Since w is a critical point, we can find neighbourhoods
of w on which the derivative of gy is arbitrarily small. This means that for
any € > 0 there is a punctured neighbourhood N of gf(w) with ps(N) < e
for all s sufficiently close to J. Moreover, we have js(gs(w)) = 0 for all s
because the 15 do not assign any mass to points in 9A4,. Hence

lim sup ps(N U gf(w)) < €,
5—0
so p has no atom at gr(w).

Similar arguments work for h a branch of f, proving that p is a 6-
conformal measure.
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Next, we show that there are no atoms at parabolic or repelling periodic
points of gy which lie in dA, or any of their images under f. The proof for
repelling or parabolic periodic points of gy follows from the local dynamics of
the correspondence f and is the same as that for rational maps in Theorem
4.1 of [10]. The key idea here is to cover a neighbourhood of the periodic
point q of g; by fundamental regions for the linearised dynamics of gy: if ¢ is
repelling, these regions are annuli A, nesting down to ¢ with g5 A, — Ag
satisfying |(g:})’ | < A" for some A\ > 1. Using the fact that the us; behave
like s-conformal measures we deduce that us(U — q) = O(A~V9), where
U = {q} UU,Zy An. Thus for N large enough and s sufficiently close to
0 we get us(U — q) < e. Since each us does not have an atom at g we get
wu(U) < limsup pus(U) < € and hence there is no atom at gq.

If ¢ is parabolic with one petal we recall that locally g; acts like the
Mobius transformation 7' : z — z/(1 — z) around its parabolic fixed point
0 (Chapter 2 of [7]). The boundary of an attracting petal of gy corresponds
to a curve in the T-plane which at its cusp is asymptotic to the positive
real line. By Lemma 3 there exists a neighbourhood N of ¢ such that every
component of the intersection of N and dA, lies in a repelling petal, so we
can deduce that 94 corresponds to a region asymptotic to the positive real
line in the T-plane. We can now use the dynamics of T" in a neighbourhood
of the positive real line to find fundamental regions for the action of g
near ¢ and estimate the [(g})'| on these regions, thus obtaining the resul
as above. If ¢ has more petals the result can be proved similarly; for more
details on the methods for the parabolic case see Theorem 4.1 of [10].

We can now deduce that there are no atoms at pre-periodic points ¢
of g¢ (which do not land on p) in the same way as in [10]. Suppose that
g}(q) = g§+j(q) for some 4,5 > 0. If ¢ is not a critical point of g}, in other
words if its orbit does not land on the critical point w of gy, then an atom
at ¢ would give rise to an atom at the periodic point g; (q), a contradiction.

If g is a pre-critical point then, as explained in the proof of Theorem
4.1 of [10], we consider the homeomorphic branches of g}?i o gie o g}(q) on a
punctured neighbourhood of ¢ to obtain the result.

Now suppose that ¢ # w is a pre-periodic point whose orbit lands on p.
The pinch-point p is a parabolic fixed point of g; (see Lemma 2), and the
above arguments apply. Hence there is no atom at p, and we can find a
neighbourhood U of p, not containing x, such that

limsup 15 (U — {p}) < 2e,

for any given € > 0. By the construction of the ug, any part of U which
carries positive measure lies in Dg. Let Uy = U N Dg. Then p(U) = p(Uy).
Let h denote the branch of f™ (for the appropriate n) sending p to q.
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Since Uy is contained in Dg we see that h restricted to Up is an analytic
homeomorphism. Its image is a topological disc B with a cut C from the
point ¢ to the boundary of B. See Figure 5. The cut C is the image of
0Dg N 0Up. The measures ps are constructed using the orbit under f of a
point z € 2N ((@ — Dyj). The points in this orbit never land on 9D or
any of its images and hence the cut C carries no positive measure for any of
the ps. Hence,

ps(B={g}) = ps(B—=C) = | |W(2)|* dps(2)
Uo
for all s. Now p is a critical point of the branch h, so for small enough U we
have |h/(z)| < 1/2 for z € U. Then pus(B —{q}) < us(Up)/2 < e. This works
for all s sufficiently close to  and any given ¢, so ¢ has no atom at q.

Now suppose that the orbit of the critical point w of g; eventually lands
on p. Let h denote the branch of g¥ which sends w to p. By Lemma 5 we can
extend h to an analytic homeomorphism on a neighbourhood V' of w. Hence
there exists a > 0 such that |h/(z)] > a for all z € V. If there is an atom
at the point w then there exists € > 0 such that for any neighbourhood U
of the pinch-point p we have us(h=1(U)) > € for all s sufficiently close to 4.
Since h is injective and single-valued on h=(U), we have

ps(U) = | W ()P dus(z) = a®us(h'(U)) > d’e.
h=1(U)
Hence there is an atom at p, a contradiction.

So far we have constructed p with support on dA4. For E a Borel set
meeting 0A_ we define u(E) = SJ(E) |J"(2)|° dju(z). We then normalise so
that u(0A) = 1. A simple calculation now shows that u is a d-conformal
measure. m

COROLLARY 1. If f is geometrically finite, then the measure y1 we have
constructed is supported on the radial limit set. m

THEOREM 8. The Hausdorff dimension HD(Lyaq(f)) of the radial limit
set is equal to a(f).

Proof. The fact that the Hausdorff dimension of the radial limit set is
at most @ = «(f) can be proved as for rational maps in Corollary 2.4 of
[10]. Suppose that p is an a-conformal measure. Let n € N. For any € > 0
find a point € Lyaq(f,1/n) and 0 < s < ¢ satisfying p(B(z,s)) =< s*.
Inductively, define more balls B(x;, s;) with the same property, each disjoint
from the ones before. Now if for some z € Lyuq(f,1/n) the ball B(z,s)
was not chosen, then it must be contained in a ball previously chosen, so
Lyaa(f,1/n) C U, B(xi,3si). Moreover, we have p(B(x;,s:)) < 5, s0

Z(diam(B Ti, 38;)) Z,u (x4, 81)) < p(0AL).
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Thus the a-dimensional Hausdorff measure of Ly,q(f,1/n) is finite and the
Hausdorff dimension of L;,q(f,1/n) is at most a. This works for all n, and
the result now follows because Lyaq(f) = U, Lraa(f, 1/n).

For the proof in the other direction we recall some definitions: We say
that a compact set X C 0A4 is hyperbolic if there exists an m such that for
all z € X we have ||(g}")'(z)]| > 1 (in the spherical metric) and p # g} ()
for all n. We define hypdim(f) = sup{HD(X) : X is hyperbolic}. Moreover
we define Lyyp(f) to be the union of the hyperbolic sets for g¢. Then

HD(hypdim(f)) < HD(Lnyp(f)) < HD(Lraa(f))
since the expansion property on Ly, ensures that Lhyp( f) C Lyaa(f). Now
for a rational map R one knows that a(R) < hypdim(R) < HD(J;aq(R)),
where J,q(R) is the radial Julia set for R. We will prove the same result
for our correspondence f in a very similar way, using results from [14].

The general idea is to construct measures m,, on compact subsets K, of
0A4, which behave very much like conformal measures. The K, tend to 04
as n — oo, but each K, does not contain the inverse orbits under g; of the
pinch-point p and the critical point w. This fact enables us to show that the
dimensions of the measures m, are at most hypdim(K,) < hypdim(0A;)
for each n. As n — oo they weakly converge to a conformal measure m on
0A4 of dimension at most hypdim(9A44) < HD(Lyaq(f)), which proves the
result.

For each n we define an open set V;, as follows: if p € |J;2, g?(w) =Por
if w ¢ 0A4 we define V;, to be the disc of radius 1/n and centre p. Otherwise,
define V,, to consist of two open discs A, centred at p and B, centred at
v, = gf(w) = 2, both of radius 1/n. We will see in the proposition following
this proof that either p € P, or limsup [(¢})'(v.)| > 1. Define K; to be
the set of points in /4, whose orbit under gy never enters V. Then K, is
compact. Clearly we have g¢(K,) C K,.

Choose n large enough so that gy is injective on V,,. Then every point
in K, has at least one inverse image outside of V,,, which implies that every
point in K, also lies in g¢(Ky), hence g¢(K,) = K,. The function [g}| is
bounded on each K, and gy can be extended analytically to a neighbourhood
of K,,. This enables us to use a construction presented in Chapter 10 of [14]
to obtain measures m,, supported on K,, which, regarded as measures on all
of 0A4, satisfy

ma(g7(E)) = | [(97) (2)|*" dmn(2)
E
for all Borel sets £/ on which gy is injective and single-valued and which
satisfy ENV,, =0, and

ma(95(E)) = { [(g7)(2) | dm ()
E
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for all Borel sets £ on which gy is injective and single-valued and which
satisfy £ NV, # (. The real numbers s, involved here are non-decreasing
with n. Moreover, they satisfy

sn < hypdim(K,) < hypdim(94,) < HD(Lraa(f))-

As n tends to infinity, the measures m,, converge weakly to a measure m
supported on dA 4. It is easy to show that for any Borel set £ on which g
is injective and single-valued, and which does not contain p or v,,, we have

m(gp(E)) = | |g5(2)I° dm(2),
E
where s = lim,_,o $p. An argument similar to that used in the proof of
Theorem 7 shows that in fact m has no atoms at p or its inverse orbit un-
der g¢. Using the properties of the m,, one can also show that m(g¢(v.)) >
|9} () [*1e(vey). However, since
limsup |(g%)"(ve,)| = limsup |(g7) (g (ve))| > 1,

n—oo n—oo
the measure m cannot possibly ascribe any mass to g¢(v,,) as otherwise the

point masses along its orbit would add up to infinity. It follows that m is an s-
conformal measure supported on 04 and therefore a(f) < HD(Lyaa(f)). =

PROPOSITION 3. Suppose that w € OAy. Then either p € P or
limsup| (g7 (0.)] > 1.

n—oo

Proof. Suppose that p ¢ P, so there exists € > 0 such that the distance
between any point in P and J(—2) is greater than £. Assume that

limsup |(g})' (1] < 1.

For every integer n, let r,, be the maximal real number such that the iter-
ate g% is single-valued on the disc B, = B(w, ). In other words we have
J(—2) ¢ g}(Bn) for all 0 < ¢ < n. Then r,, — 0 as n — oo, as by Proposi-
tion 1 any open set meeting A maps to all of A, under a finite number
of iterations of gy.

Let {ry, } be a strictly decreasing subsequence. Then for all £ there exists
ny < jk < ng41 such that J(—2) € g7*(By,), so the diameter of gi* (B, ) is

greater than ¢ for all k. Now if infinitely many of the gfc’fl are univalent on
9f(Bp,), then by the fact that r,, — 0 and the Koebe distortion theorem,

we get limyg_, o0 \(gjf_l)’ (vy)| = oo, contradicting our assumption.

Thus for any k, there exists ny < i < ji such that w € g}k (Bn,,). For
k large enough, gy is a strong contraction of B, , since w is a critical point
of gf. Moreover, the growth of [(g})’(v.)| is bounded by 1, so for k large
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enough, the diameter of g}’“ (Bp, ) is less than half the diameter of B,,, . Since
w € gjf(Bnk) we have g}’“(Bnk) C By, contradicting Proposition 1. m

4.3. Dynamics on the radial limit set. So far we have shown that the
Hausdorff dimension of the radial limit set of any f € F is equal to a(f) and
that for any f € F there exists a d-conformal measure p supported on 9A
for some finite real number d. Moreover, we know that if f is geometrically
finite, then the Hausdorff dimension of A equals that of Lyaq(f) (because
OA4 — Lyaq(f) is countable) and that the measure p is supported on the
radial limit set. In this section we will prove:

THEOREM 9. For any f € F there exists at most one normalised con-
formal measure supported on the radial limit set. The measure is o(f)-
conformal and ergodic with respect to the action of gy.

THEOREM 10. If the canonical a(f)-conformal measure exists then

o Py(z) diverges at s = a(f) for all z € 20 (C — Dy);
o if A is a Borel set with gs(A) C A then A has either zero or full
measure.

THEOREM 11. If f € F is geometrically finite then
6(f) = HD(Lraa(f)) = HD(0A4) = a(f).

Moreover, the measure pu constructed in Theorem 7 is the unique normalised
0(f)-conformal measure with support in 2 — {p}.

COROLLARY 2. If f € F is geometrically finite and p is a conformal
measure supported on OAy then either it is the canonical measure p con-
structed in Theorem 7, or it is an atomic measure of dimension greater than
a(f) supported on the orbit under f of parabolic periodic points and the
critical point of gy.

COROLLARY 3. If f € F is geometrically finite then HD(0Ay) < 2.

Proof of Theorem 9. This is Theorem 5.1 of [10]. Let v be a #-conformal
measure and let © be an a( f)-conformal measure, both with support on the

radial limit set. Let r > 0. By Theorem 6, for all x € Ly,q(f,r) there exist
arbitrarily small balls satisfying

v(B(z,s)) _ sP

w(B(z,s)) ogalf)”
If 3> a(f) then s%~*) — 0 as s — 0 and

hm I/(B(‘:U7 8)) — ,

2 (B (e, 5))

and hence
V(Lyag(f, 7)) = 0.
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This contradicts the fact that v is supported on the radial limit set, so
B=a(f)

Now suppose that v1 and vy are two «( f)-conformal measures. Let E be
a set such that v1(E) = 0. Let s, be a sequence of positive real numbers
tending to 0. Then for each n we can find a cover V,, of F such that:

e for all z € E there exists  with 0 < r < s,, such that B(x,r) € V,,
o vi(B(z,r)) <r*fori=1,2, a=al(f).

By the Besicovitch covering lemma, for each n there exists a countable
subcover U,, of V,, consisting of balls which we label B(z;,r;,), and such
that the balls B(x;,,7jn/a) are disjoint, where a > 0 is some constant.

As n — oo, the coverings U,, tend to F, hence

lim 1/1( U Uj> = I/l(E) = 0.
n—0o0 =Ts

Moreover, we have

i vi(B(@jn:Tjn/a)) = 11 ( U B(@jn, rj’n/a))
i=1 ‘

j
< Vl(UB(l'j,narj,n)) = 1/1< U Uj),
J U;eldy
S0

o0
Jim > v(B(@jn, rjm/a)) = 0.
j=1

Since each v1(B(zjn,7jn/a)) is proportional to %, , this implies that

]’n’
oo
o
lim E rin =0
n—oo
Jj=1
Now
o0 oo
va( U Ui) €D va(B@smrin)) = D 15
Uj €Uy, j=1 j=1
SO

hence v; and v, are absolutely continuous with respect to each other.

Next we show ergodicity of any «( f)-conformal measure v: Suppose that
gf(F) = E and that v(E) > 0. Then v restricted to E is also an a(f)-
conformal measure and hence absolutely continuous with respect to v. Hence
v(0Ay — E) = v|g(0A4 — E) = 0 and E has full measure.
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Now if 11 and v» are two «a( f)-conformal measures, then their Radon—
Nikodym derivative is a gy-invariant Borel function. It is well known that
this, together with ergodicity, implies that the Radon—Nikodym derivative
is constant (see for example Lemma 9.1 in [12]). m

Proof of Theorem 10. This is Theorem 5.2 of [10]. Let u be the canonical
measure which is supported on the radial limit set. We say that a ball B’
is a descendant of a ball B which meets 0A. if for some n > 0 the map
g? restricted to B’ is univalent and analytic with bounded distortion and
image B. Let r > 0 be such that u(Jiaq(f,7)) > 0. One can show that
there exists a finite set of balls {Bj, ..., B,} such that every x € Jyaq(f,7)
is contained in infinitely many descendants of balls in that set. Now let
A; be the set of points in Ji,q(f, ) which are contained in infinitely many
descendants of B;. Then for some ¢ we have p(A4;) > 0. By the Borel-Cantelli
lemma we have Y u(B’) = oo, where the sum is taken over all descendants
of B,L

Now for any x € B; we see that any descendant B’ contains a point
y which maps to x under an iterate of gs. Let h denote the branch of f™
sending z to y. Then

w(B') = u(h(Bi) = | [W(2)|*V du(z).
B;
Hence by the Koebe distortion theorem we have u(B’) = W/ (z)|*). But
> u(B') = oo and each branch of f™ contributes to the Poincaré series, so
Py(z) = o0 at s = «(f) for all z € B;.

Ifze2n ((@ — D) then we can find a point in the orbit of  under f
which lies in one of the B;, by Proposition 1.

For the second point let A be such that g;(A) C A and such that
(A) > 0. One can modify the proof of the classical Lebesgue density the-

orem so that it works in the more general setting of finite Borel measures,
and so we know that there exists a Lebesgue density point x with

B A
iy MB(a,8) N A)
s=0  p(B(z,s))
and © € Ly,q(f, r) for some r > 0. We can find sequences {s, } and {k,} such
that g]]f” : B(z, sp) — Dy, is univalent and analytic with bounded distortion

and B(g']f" (z),r/16) C D,,. Moreover, g’;"(ﬁ) € A, so
p(AND,)  Hgf (AN B)  §anp, (g5 ()1 du(z)

=1

#(Dn) w9 (Bn)) §p, (@) (2)|du(z)
where B;,, = B(z, s,) and oo = a(f). Since x is a density point, the expression
tends to 1 as n — oo. Now choose a subsequence such that D,, — D, in the
Hausdorff topology, so (D) = (AN Do). But Dy contains an open set
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meeting 0A; and so by Proposition 1 there exists an integer n and a subset
U of A4 contained in Do such that 044 C g} (U). This gives

w(0AL) = (9% (Doo)) = (9% (AN Do)

= (g7 (A) N g7 (Doo)) = p(gy(A) NO0AL) = (g7 (A)) < pu(A),
so A has full measure. m

Proof of Theorem 11. We know that if f is geometrically finite then
the measure p constructed in Theorem 7 is supported on the radial limit
set. It follows from Theorem 9 that the set has dimension «(f). Hence
0(z) = 6(f) = a(f) for all z € D. Moreover, by Theorem 8, a(f) is equal
to the Hausdorfl dimension of the radial limit set. But this is equal to the
Hausdorff dimension of 944 by Theorem 5.

Now consider a normalised J( f)-invariant measure v which has support
in 2 — {p}. Then by the dynamics of f, we see that v has support in

D=0n ((E — Dy). If v has support the interior of D, then by Proposition 2
we have P,(z) < oo, contradicting Theorem 10. Hence 2 does not meet the
support of p. We will show that v is non-atomic: Suppose that v has an
atom at a point x which lies in the orbit under g; of the critical point w of
gs. Then w € 94, and the orbit of w lands on a periodic cycle and since
v is §(f)-conformal this cycle has multiplier of modulus one, contradicting
Lemma 4. So suppose that v has an atom at a point z which does not lie
in the orbit under gy of the point w. We may assume that x # p. Suppose
that g¢(y) = . Since y ¢ {c, J(—2)} we have v(z) = |g}(y)]51/(y) and hence

v(z)/v(y) = |g}(y)|°. But then
Ps(z)= > lgp'WI = > vly)/v(z) <v(D)/v(z) < oo,

g7 (y)== 97 (y)=z
a contradiction. It follows that v has no atoms. Since 04y — Lyaq(f) is
countable, v is supported on the radial limit set, and hence v is equal to the
canonical measure p from Theorem 7. =

Proof of Corollary 2. Suppose that v is a conformal measure supported
on 0A. If it is §(f)-conformal then by Theorem 11 it is equal to p. If it is
B-conformal for § > §(f) then it must be supported on 9A+ — Ly,q(f) by
Theorem 9. u

Proof of Corollary 3. By Theorem 11 we have 6(f) = a(f) = HD(0A4)
< 2. If HD(0A4) = 2 then both p and 2-dimensional Lebesgue measure
are 2-conformal measures. But p is not equal to Lebesgue measure as it is
supported only on 0A. This contradicts Theorem 11. =

5. Pinching deformations. In this section we investigate how the
Hausdorff dimension of the limit set varies along a pinching deformation
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{ft}o<t<1 with limit a correspondence f € F. The most complete result
occurs in the case where all the correspondences f and f;, t < 1, are given
by real parameters.

DEFINITION 10 ([4]). Let fp be an unpinched mating between a quad-
ratic polynomial ¢, and a representation of Co x C3 with connected regular
set, let pp denote the fixed point of f; 1 which corresponds to the landing
point of the external ray of argument 0 of g. (known as the [-fized point of
4dc), and let v be an arc in {2 with end-points py € /19r and J(pg) € A%. A
pinching deformation { fi }o<t<1 of fo is given by a family of quasi-conformal
maps hy, 0 < ¢ < 1, such that each correspondence f; = hy o foo hy Lig
holomorphic and such that

e the pairs (ft, ht) converge uniformly to a pair (f,h) as t — 1, and
e the non-trivial fibers of h are exactly the closure of the connected
components of the orbit of .

Since a geometrically finite quadratic polynomial satisfies the two con-
ditions in Theorem 2 we have:

THEOREM 12. Let fo be an unpinched mating between a representation
G of Cy x Cy with connected regular set and a geometrically finite quadratic
polynomial q.. Then there exists a pinching deformation of fo such that the
ft converge uniformly to a mating f € F between the modular group and q..

We pause briefly to recall the construction of a pinching deformation
given in [4]: let fy be the initial unpinched mating, which gives rise to sets
{2y and Ag = /19r U A%. Let pg be the point corresponding to the S-fixed
point of the quadratic-like map gy, .

We choose a curve v in C — Ay which connects py and J(pg). We now
construct a collar neighbourhood N of v, that is, a neighbourhood bounded
by two curves, both with end-points py and J(pg), which lie on either side
of . Thus ~ divides AV into two parts, By and B_. For each ¢t we now define
an almost complex structure o, on B_ U By by first defining it on a model
strip L in the complex plane and then transferring it onto By and B_ by
means of conformal homeomorphisms ¢_ : L — B_ and ¢4 : L — By. We
spread o; to the images of A/ using the dynamics of fy. By the measurable
Riemann mapping theorem there exists a quasi-conformal homeomorphism
h: which integrates o;. The family {fi = hefoh, 14«1 can be proved to be
a pinching deformation with limit f. Moreover, f is a mating between the
modular group and the quadratic involved.

Before stating the main results of this section we recall the following
definitions of [10]:

DEFINITION 11. Suppose that a sequence {\,} C C — {0} tends to 1
and let A, = exp(Ly, + i6,). We say that A, tends to 1 radially if
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0, = O(Ly).
We say that A, tends to 1 horocyclically if
62/L, — 0.

For a sequence {\,} — A\ we say that the convergence is radial (or horo-
cyclical) if A, /A — 1 radially (or horocyclically).

Given a pinching deformation f; — f, let ¢ be a parabolic periodic point
of gy with multiplier A and let ¢, be the corresponding periodic points of
gy, with multipliers A;. Then we say that ¢, — ¢ radially or horocyclically if
An — A radially or horocyclically.

THEOREM 13. If f; is a pinching deformation with limit f then the limit
sets 8/173r of fr converge to the limit set 0Ay of f in the Hausdorff topology.

THEOREM 14. Let q. : z +— 2% 4 ¢ be a geometrically finite quadratic
polynomial with ¢ # 1/4, with connected Julia set and such that the critical
point of q. does not land on the B-fized point. Let fo be a mating between q.
and a representation of CoxCs, and let { fi}o<t<1 be a pinching deformation
with limit f. Let p; denote the B-fized points of gy,, so py — p. If either

(i) pr — p radially, or
(ii) pt — p horocyclically and liminf(HD(9AY)) > 1,

then HD(9AY ) — HD(9A).

Proof of Theorem 13. Since 8/19r is compact and since the h; converge
uniformly to h, we see that the images h;(9AY) converge to h(9AY) in the
Hausdorff topology. Moreover, since each h; is a conjugacy for ¢ < 1 and
since the h; converge uniformly to h, it follows that h(04%) = 0A% and
that h(9A%) = dA4. The result follows. m

LEMMA 9. Let {fi}o<t<1 be a converging pinching deformation with
limit f. Then each f; is an unpinched mating between a group G; and the
quadratic q.. Moreover, we can assume that each f; for 0 <t <1 is of the
form Ji o COVOQ, where Q(z) = 2% — 3z.

Proof. By definition the initial correspondence is an unpinched mating
which partitions the sphere into sets {25, Ag and Cy. These give rise to sets
(2, Ay and C; for each 0 < t < 1.

Since fy is an unpinched mating, there exists a conformal homeomor-
phism ¢ : {29 — D, where D is a completely invariant subset of the regular
set of the group Gg, conjugating fy to the action of the group Gg. Compos-
ing each h; with ¢, we get quasi-conformal maps ¢ : 2y — D. Transferring
the standard complex structure on {2 to D using ¢, and then spreading it
to all of C using the involution y, we get an almost complex structure on
the sphere which can be integrated by the measurable Riemann mapping
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theorem. The conjugate of Gg under the integrating map now gives the re-
quired group G;. We know that any mating can be conjugated to one of the
form J; o Cov®, and the rest follows. m

Proof of Theorem 14. By Lemma 9 for each ¢t < 1 the correspondence f;
is an unpinched mating between ¢, and a group. The results of the previous
section hold for these unpinched matings as well, and since ¢, is geometri-
cally finite, each A’ carries a unique normalised conformal measure j; of
dimension d;, where §; is equal to the Hausdorff dimension of 8At+. Choose
a subsequence {t,} such that the p;, = p, tend to a measure v in the weak
topology as t, — 1 and such that 6;,, = 6, — 0 as n — oo. Then the
measure v is supported on 0Ay by Theorem 13. In fact, similar arguments
to those used in the proof of Theorem 7 show that v is é-conformal on any
Borel set A not containing the singular points of f and f~! in its interior.
Now if v has no atoms on (pre-) periodic points of gy then by Corollary 2
we have 6 = HD(9A,), and this proves the theorem.

To show that there are indeed no atoms at these points we follow the
proof of Theorem 11.2 of [10].

For a periodic point ¢ of g; which lies in A, let g, denote the corre-
sponding periodic points of gy, , so ¢, — ¢. Then there exists a neighbour-
hood of ¢ on which all g, as well as gy are analytic homeomorphisms. Let h
and h,, denote the local inverses of g¢ and gy, which fix ¢ and ¢,,. Now if ¢ is
repelling for g; (and therefore attracting for h), we can find a fundamental
annulus Ag around ¢ such that {q} UJ;2, h'(Ap) covers a neighbourhood V
of q. Enlarging Ag slightly, we can also assume that

o
V € {ga} U b (Ao).
i=0
Since ¢ and the g, are attracting for h and h,,, we have |h]| < A < 1 for some
A and all n sufficiently large in a neighbourhood of q. Then, for V sufficiently
small, we see that for any x € Ag, any € > 0 and all n sufficiently large,

oI @) <e.
hi, (z)eV
Since the pu,, have no atoms, we find that

o0
pn(V) < (Rl (A)) V) = | Y7 (B ()17 dpn () < epn(Ao) <e.
=0 Ap hi (z)EV
Since € was arbitrary, we conclude that there is no atom at ¢. See Theorem
11.2 in [10] for details.
If ¢ is parabolic and not equal to p then, since each gy, is conjugate to
gc on Aiﬁ, each gy, has a parabolic periodic point ¢, of the same period as g
and with the same petal number. It follows that the derivatives of g, at ¢,
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are equal for all n and hence that ¢, — ¢ radially. If ¢ = p then, since the
quadratic involved is not z + 22 + 1/4, we see that all the g, are repelling,
and we have radial convergence as one of the assumptions in our theorem.
Thus, in any case, we are able to apply Theorem 10.2 of [10], which implies
that for any € > 0 and any compact set Ay, there exists a neighbourhood V
of ¢ such that

Do ) @) <«

hi, (z)eV

for all n sufficiently large. We now proceed as in the repelling case, by finding
a fundamental region for the action of h near q. Again see Theorem 11.2 in
[10] for details.

It remains to prove that there are no atoms on pre-periodic points. For a
pre-periodic point whose orbit under g; does not land on p this can be shown
as in Theorem 11.2 in [10]. Suppose that ¢ is a point whose orbit under g
eventually lands on p. Then by our assumption it is not the critical point
of gy. We will show that given any € > 0 there exists a neighbourhood N
of ¢ such that p,(N) < ¢ for all n sufficiently large. Let h denote the branch
of an iterate of f which sends p to ¢. Then h is a 2 : 1 analytic map on
some neighbourhood of p with p as a critical point. Since there is no atom
at p, we can choose a neighbourhood U of p such that p,(U) < € for all n
sufficiently large. Let h,, be the branch corresponding to h, sending h,(pn)
to q, for some ¢,. Then each h, is a 2 : 1 analytic map on U with critical
point p. Also observe that h,, — h uniformly on some neighbourhood of p
containing U, so h!, — h' uniformly on U. Thus, shrinking U if necessary,
we can assume that for all n sufficiently large we have |h} (2)| < 1.

Let D¢ be the transversal for @) defined earlier. Let Uy = U N Dg, so
that each h,, is injective on Uy and

pin (hn(Uo)) = S ‘h%(z)‘én dpn(z) < e.
Uo

The set hy,(Up) forms a cut neighbourhood of ¢, for each n, and, by con-
struction of the measures u,, the cut C, carries no mass under p,, so we
can assume that for n sufficiently large and N,, = h,(Uy) U C,, we have
tn(N) < e. Moreover, the N,, converge to a neighbourhood of ¢, and we
deduce that there exists a neighbourhood N of ¢ with u,(N) < ¢ for all n
sufficiently large. m

REMARK 1. We had to exclude the case where the quadratic in the mat-
ing is z + 22 4 1/4 because in this case the fixed points of the correspon-
dences in the pinching deformation which tend to p are parabolic with one
petal. The limit however will be the unique correspondence for which p = 1
has three petals. In this situation Theorem 10.2 in [10] is not applicable.
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6. Real pinching deformations. In this section we will see that if
we assume that the quadratic g. involved in a mating has real parameter c
then the assumption of radial convergence in Theorem 14 is automatically
satisfied. Moreover, if ¢ is real, then the result of Theorem 14 also holds
when the orbit of the critical point does land on the S-fixed point of g.. We
say that a mating f = J o COVOQ is real if both the fixed points of J are
real.

THEOREM 15. Let q. : 2 — 2% + ¢ with ¢ € R — {1/4} be geometrically
finite with connected Julia set. Then there exists a pinched mating f € F
between q. and PSL(2,7Z), and a pinching deformation { fi}o<t<1 with limit
[ such that HD(0A", ) — HD(9A).

In order to prove this result we will need:

THEOREM 16. Let G be a faithful discrete representation of Cox Cs with
connected reqular set and let q. : z — 2> 4+ ¢ be a quadratic polynomial
with connected Julia set. Then there exists an unpinched real mating f =
J o Cov®, where Q(z) = 23 — 3z, between G and q. if and only if G is a
Fuchsian group and c s real.

Before proving Theorem 16 we prove the following lemma:

LEMMA 10. Let g : U — V be a quadratic-like map with connected Julia
set K. If g commutes with complex conjugation then it is hybrid-equivalent
to a quadratic q. : z — 2° + ¢ with ¢ real.

Proof. Since g commutes with complex conjugation, we see that U, and
hence V', are both symmetric with respect to the real axis.

We will sketch the proof of the straightening theorem, keeping track of
what happens to the symmetry arising from complex conjugation. Let U’ and
V' be two round open discs, centred at the origin, such that ¢o(U’) = V’
and U’ C V' (where qo : 2z +— 2%). Clearly, o commutes with complex
conjugation as well. Let ¢; denote complex conjugation in the g-plane and
c2 complex conjugation in the gp-plane.

_ Let ¢ be a point on the real line contained in the interior of the disc
C —V in the g-plane. Then there exists a unique Riemann map R sending
C -V to C— V" with R(¢) = o0 and R'(¢) > 0.

Now the map c¢yRe; also sends C — V to C — V/ with R(¢) = oo and
R'(¢) > 0, so by uniqueness we have coRc; = R.

Let A be the annulus V—U and A’ the annulus V/—U’. The Riemann map
R extends to the outer boundary 0V of A, which we assume to be smooth.
We can extend R to a map R : OU — OU’ between the inner boundaries
of the two annuli by the rule g(z) = R™1goR(z) for all z € OU. Finally, we
extend R quasi-conformally to the interior of A so that R(A) = A’. Since
the regions involved are symmetric with respect to the real axis and since
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the maps involved all commute with complex conjugation, we can define R
on A so that coRc; = R everywhere (this is done by first defining R on the
intersection of A and the upper half-plane and then extending this to the
lower half-plane accordingly).

Next, we define a degree two map F on C by F(z) = g(2) on U and
F(z) = R~ 1qoR(z) elsewhere. We also have an orientation-reversing involu-
tion J on C given by J(2) = c1 on V and J(z) = R™'caR(z) elsewhere. By
definition, J commutes with F.

We now define an almost complex structure o that is preserved by F' in
the usual way. Note that o is also preserved by J.

By the measurable Riemann mapping theorem, there exists a quasi-
conformal homeomorphism ¢ which carries ¢ to the standard complex struc-
ture. The conjugate of F' by ¢ is a degree two holomorphic map of the
complex plane and therefore a quadratic polynomial gq. The conjugate J
of J by ¢ is an orientation-reversing involution of the plane that fixes a
curve pointwise and preserves the standard complex structure. Any such
map is conformally conjugate to complex conjugation. Moreover, ¢ com-
mutes with J, so it follows that g is hybrid-equivalent to a quadratic which
commutes with complex conjugation. The result follows. m

Proof of Theorem 16. We recall briefly the construction given in [5] of
the mating fo using quasi-conformal surgery: Firstly, the group G is a rep-
resentation of the free product Cy * C3 and has connected regular set and
hence a Cantor limit set. Let o and ¢ denote the order 2 and 3 generators
of G respectively. There exists a unique involution y of the sphere which
conjugates each of ¢ and g to its inverse. Moreover, for the group (o, o, x)
there exists a fundamental domain A as shown in Figure 7. Here P and P’
denote the fixed points of p, @ and Q' the fixed points of o, and W and T
the fixed points of gy and o) respectively.

The quotient of AU o(A) U ¢*(A) by x is an annulus A which carries a
2 : 2 correspondence arising from p U p?, and whose inner boundary maps
2 : 1 onto the outer boundary under the projections of oo and op?. The pro-
jection of o gives an involution on the outer boundary. See Figures 8 and 9.

For the quadratic ¢. one can choose a topological disc V bounded by
an equipotential such that q_ (V) is a topological disc as well. The inner
boundary of the annulus B =V — ¢! (V) maps 2 : 1 onto the outer bound-
ary under q.; and the outer boundary carries an involution j coming from
sending an external angle ¢ to 1 — t.

The surgery construction in [5] now matches the annuli A and B to give

a mating f = Jo COVOQ, where Q(z) = 23 — 3z. The annulus A corresponds

to the intersection of a transversal Dg of COVDQ and a fundamental domain

Djof J.
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P

Fig. 7. A fundamental domain A of the group, made up of the images of a line n connecting
P and W, a line m connecting @@ and T and a line [ connecting W and 7', under the group
elements g, o and x.

o’()  ox(l)

Fig. 8. Three copies of the fundamental do-
main A. Fig. 9. The quotient annulus A.

If G is Fuchsian, the orientation-reversing involution xC, where C denotes
complex conjugation, descends to a reflectional involution on A. Similarly, if
c is real, complex conjugation C gives a reflectional involution of B. These in-
volutions are matched by the surgery construction and the resulting mating
f then commutes with an orientation-reversing involution I of all of C which
preserves the standard complex structure. Such an involution is conformally
conjugate to complex conjugation.

The fixed points of J correspond to the projections onto the annulus A
of the points Q and T, which lie on the line of symmetry of the reflectional
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involution on A. Since this involution passes to complex conjugation, we
deduce that J has two real fixed points.

It remains to prove the other direction of the theorem: Suppose that
f=Jdo COVOQ and that the involution J has real fixed points x1 < .
We note that the disc Dg bounded by the line { +iv322 -3 : z > 1}
and containing the point 2 is a transversal for ) with the property that for
z € 0Dg we have 7 = C(z) = COVOQ(Z) NODg.

Now, since f is a mating, there exists a fundamental domain D; of J
such that D% U DY = C. Images of the annulus Dg N Dy tile the regular set
{2 of the correspondence, and it is this annulus, cut along an appropriate
line, that corresponds to the regular set of the group.

Let D be the bounded component of the complement of the circle that
passes through the two real fixed points of J and is centred on the real line.
This clearly is a fundamental domain of J with the property that if z € 9D,
then J(z) = Z. Moreover, D is properly contained in D¢g: Suppose that it
is not and that dDg and 0D meet in a point z. Then, clearly, z and Z are
fixed points of f and hence lie in A. Since Z = J(z) and since J sends A4
to A_ we deduce that one of z and Z lies in A4 while the other lies in A_.
However, since f commutes with complex conjugation we see that z € A
if and only if Z € A4, a contradiction. Hence the boundaries of Dg and D
do not meet. It follows that the interior of C — D and the interior of Dg
together cover the sphere, and so we can take C — D to be the fundamental
domain Dj; of J mentioned above.

Now the annulus Dg N D; = Dg — D is invariant under complex conju-
gation. If we quotient it by the action of the branches of COVOQ together with
the involution J, we get a sphere S with four cone-points: P of order 27 /3
corresponding to oo, @ of order 7 corresponding to the (real) fixed point z;
of J (see Figure 10), T of order 7 corresponding to the (real) fixed point x5
of J, and W of order 7 corresponding to the fixed point 1 of COVOQ. Since
f is a mating, the sphere S is precisely the orbifold of the group (o, o, x)-
The cone-point P corresponds to the fixed point P of p, Q corresponds to
the fixed point @ of o, T corresponds to T" and x(7") and W corresponds to
W and x(W) (see Figure 10). Complex conjugation in the correspondence
plane now descends to an orientation-reversing involution on S which fixes
pointwise a closed curve through the four cone-points.

Now consider the component of this fixed curve that connects the cone-
point P to the cone-point ) and contains the other two cone-points. Cut-
ting the sphere along this component gives a fundamental domain A of
the group as in Figure 7. The involution on S now gives an orientation-
reversing involution I, sending A to itself and fixing a curve that runs from
the point P to the point @ and interchanging the points 7" and x(7") and
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quotient

cut open

wo T xX(T) x(W)

Fig. 10. The top figure shows the annulus Dg — D. The line segments connecting 1 and
z2 and z; and oo mark its intersection with the real line. The bottom left figure shows
the orbifold sphere and the curve along which it is cut. Cutting it gives the fundamental
domain in the bottom right figure.

the points W and x(W). Since we have cut S along a curve fixed by the
involution on S, and since in the correspondence plane complex conjuga-
tion coincides with J on 0D ; and with a branch of Covg2 on 0Dg, we also
have

e o(x) = I(zx) for z lying in the boundary component of A that connects
W to P,

e o7 !(z) = I(z) for z lying in the boundary component of A that con-
nects x(W) to P,

e o(x) = I(z) for z lying in the boundary component of A that connects
T to x(T),

e x(z) = I(z) for x lying in the boundary component of A that connects
W toT.

Let J = x o1, so that J sends A to x(A). Using the group elements
o and p we can extend J to an orientation-reversing involution defined on
all the copies of the fundamental domain A, which together make up the
regular set of the group. We do this as follows: If w is a word in o, ¢ and o2,
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then we define
J(w(AUx(4))) = w(J(AUx(A))).

By definition, J commutes with both ¢ and p. It also fixes pointwise the
images under the group of the boundary components [ and x(I) of A.

Now, since every point in the limit set of our group is an accumulation
point of copies of the fundamental domain A, one might hope that the defini-
tion of J can be extended to the limit set. As the following argument shows,
this is indeed the case. Whether or not our group is Fuchsian, it certainly
is quasi-conformally conjugate to a Fuchsian group, since all the groups
involved in our matings come from one quasi-conformal conjugacy class.
Hence, all the copies of our fundamental domain A have quasi-conformal
images which are copies of a fundamental domain of a Fuchsian group.
Moreover, the combinatorics of our involution J, in other words the way
in which it permutes copies of the fundamental domain, is exactly the same
as that of complex conjugation in the Fuchsian case. Since complex conju-
gation in the Fuchsian case extends to the limit set, we deduce that J can
be extended to the limit set analogously.

Since it comes from complex conjugation in the correspondence plane,
the involution J preserves angles everywhere, except possibly on the limit
set of the group. But as mentioned before, our group is quasi-conformally
conjugate to a Fuchsian group by a quasi-conformal homeomorphism ¢. The
limit set of a Fuchsian group is contained in R, which maps to a quasi-circle
under ¢. Now post-composing J with a map of the form

az+b

cz+d
gives a homeomorphism that is conformal everywhere, except possibly on
a set contained within a quasi-circle. But quasi-circles are removable for
conformal homeomorphisms; in other words, a map that is defined on C and
conformal everywhere off a quasi-circle is also conformal on the quasi-circle
(this is a standard result, see for example Proposition 2 in [2]). Therefore
our composition is conformal on the whole sphere and it follows that J is
conformally conjugate to complex conjugation.

Thus, ¢ and p commute with a conformal conjugate of complex conju-
gation and this implies that the group they generate is Fuchsian.

Lastly, we need to show that the quadratic ¢. has real parameter c.
Since f commutes with complex conjugation the quadratic-like map g =
f~t: f(Dj) — Dj commutes with it as well. The result now follows from
Lemma 10. =

Z =

Proof of Theorem 15. Let fy be a mating between ¢. and a Fuchsian
representation GG of Cy x C3. By Theorem 16, fj is real. We will show that
there exists a pinching deformation f; — f such that all f; are real. The
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fixed points po and J(pg) of fy are real and one can check ([4]) that we can
choose for the curve ~ the real interval [J(po), po]. Moreover, we can choose
the collar neighbourhood A to be symmetric with respect to complex con-
jugation. Hence we can choose _ = 1 4. Since fp commutes with complex
conjugation C, we see that f; commutes with hyoCoh; Land that this map
preserves the standard complex structure. It follows that hioCoh, Lis con-
formally conjugate to complex conjugation. Hence, conjugating suitably, we
ensure that f; commutes with complex conjugation with the real line in the
fo-plane corresponding to the real line in the f;-plane, and therefore J; has
two real fixed points.

It follows that the fixed points p; — p of the correspondences f; are all
real. The first derivative of the branch of f; that fixes p; commutes with
complex conjugation and therefore it is real at p;. Hence p; — p radially.

The only case not covered by this argument is when the critical point
of ¢. lands on the S-fixed point. Since c is real, the only quadratic with this
property is q_g : z — z? — 2. This has Julia set the real interval [-2,2]. By
similar considerations to those in the proof of Theorem 16, the image of this
interval under the hybrid-equivalence to gy, is a real interval, so A, is a real
interval for all ¢ < 1. Now there is a unique mating f such that g, satisfies

the same critical relation as g_o, namely f = J o COVDQ, where

_5z—8

- 22-5’

the involution fixing the points 1 and 4. This f is the limit of the f;. It

is easy to check that A is a real interval as well, so HD(A%) = 1 for all
0<t<1l. n

J(2)

7. Generalisations. In [3] we presented families of (n — 1) : (n — 1)
correspondences representing matings between the nth Hecke group H,, and
Chebyshev-like maps of degree n — 1, for each integer n > 3. The nth Hecke
group is a Fuchsian group isomorphic to Cy * C,, with limit set the real line
union infinity. It is generated by the matrices

77\ 0) T 4 —2cos(m/n) )

The group Hs is the modular group. Chebyshev-like maps are maps with
just two critical values, one being fixed and one being free.

Using analogous methods to those used in this paper for n = 3, it is
possible to prove the results of Sections 1-4 of this paper for these higher
“degree” matings.

In [9] it was shown that for each n > 3 there exist unpinched matings be-
tween quasi-Fuchsian groups with Cantor limit sets and certain polynomials
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with disconnected Julia sets, however the existence of converging pinch-
ing deformations in this context has not yet been proved. Assuming that
these pinching deformations can indeed be constructed by methods similar
to those in [4], we conjecture that the results of Section 5 of this paper will
hold true for any of the matings presented in [3].
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