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Covering locally compact groups by
less than 2 many translates of a compact nullset

by

Marton Elekes and Arpad Téth (Budapest)

Abstract. Gruenhage asked if it was possible to cover the real line by less than
continuum many translates of a compact nullset. Under the Continuum Hypothesis the
answer is obviously negative. Elekes and Steprans gave an affirmative answer by showing
that if Cgk is the well known compact nullset considered first by Erdés and Kakutani
then R can be covered by cof(N) many translates of Crk. As this set has no analogue in
more general groups, it was asked by Elekes and Steprans whether such a result holds for
uncountable locally compact Polish groups. In this paper we give an affirmative answer in
the abelian case.

More precisely, we show that if G is a nondiscrete locally compact abelian group in
which every open subgroup is of index at most cof (A) then there exists a compact set C
of Haar measure zero such that G can be covered by cof(N) many translates of C. This
result, which is optimal in a sense, covers the cases of uncountable compact abelian groups
and of nondiscrete separable locally compact abelian groups.

We use Pontryagin’s duality theory to reduce the problem to three special cases; the
circle group, countable products of finite discrete abelian groups, and the groups of p-adic
integers, and then we solve the problem on these three groups separately.

In addition, using representation theory, we reduce the nonabelian case to the classes of
Lie groups and profinite groups, and we also settle the problem for Lie groups. (M. Abért
recently gave an affirmative answer for profinite groups, so the nonabelian case is also
complete.)

1. Introduction. Under the Continuum Hypothesis the real line obvi-
ously cannot be covered by less than 2% many translates of a set of Lebesgue
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measure zero. On the other hand, it is well known that in some models of set
theory there exists such a covering [BJ]. Moreover, we can obviously assume
that the set is G5. Gruenhage |Gr| asked whether such a covering can be
constructed with an F, or closed or compact nullset (using of course some
extra set-theoretic assumption).

QUESTION 1.1 (Gruenhage). Let C' C R be a compact set of Lebesgue
measure zero and A C R be of cardinality less than 2. Does that imply

C+A#R?

We remark that it is well known that in some models of set theory R
can be covered by less than 2 many compact nullsets (|[BJ] or [BS]), but in
these coverings the sets are not translates of each other.

We also remark that already [Mi| considers cardinal invariants of closed
measure zero sets, and [MS], [Pa] and [Sh] deal with “translative cardinal
invariants”; that is, when the small sets considered are translates of each
other. For another very closely related paper see [Zi].

Gruenhage gave an affirmative answer to Question 1.1 when C is the
classical Cantor set [Gr|, and later Darji and Keleti [DK] generalized his
results to the class of compact nullsets of packing dimension less than 1.

Then Elekes and Steprans [ES| answered all versions of Gruenhage’s ques-
tion in the negative as follows.

DEFINITION 1.2. Define

oo d,
CEKZ{ZF‘dHE{O,l,...,n—2}Vn}.
n=2

The letters E and K stand for Erdds and Kakutani.

DEFINITION 1.3. Let A denote the set of Lebesgue nullsets of the real
line, and let cof(N) = min{|H| : H CN,VN e N 3H ¢ H, N C H}.

It is not hard to see that w < cof(N) < 2¢ (see [BJ]).

THEOREM 1.4 (Elekes—Steprans). R can be covered by cof(N) many
translates of the compact nullset Cgxk.

As cof(N) < 2¢ is consistent with the axioms of set theory [BJ], we
obtain the following.

COROLLARY 1.5. [t is consistent with the axioms of set theory that less
than continuum many translates of a compact set of measure zero cover the
real line.

As Cgk has no analogue in more general groups, it was asked in [ES]
whether such a result holds for uncountable locally compact Polish groups.
The main goal of this paper is to show that the answer is affirmative in the
abelian case (Corollary 2.7). Note that countable locally compact groups are
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not interesting from this viewpoint, and that the assumption that the group
is Polish is natural, since our problem actually considers a cardinal invariant
(see [BJ]), and this topic is usually discussed in the framework of Polish
spaces.

First we use Pontryagin’s duality theory to reduce the problem to three
special cases: the circle group, countable products of finite discrete groups,
and the groups of p-adic integers; then we solve the problem separately for
these groups.

In Section 3 we discuss the nonabelian version of our problem. We reduce
the nonabelian case to the cases of Lie groups and profinite groups, and we
show that every nondiscrete Lie group in which every open subgroup is of
index at most cof(N') can be covered by cof(N) many left translates of a
compact set of Haar measure zero.

Note that a set is of left Haar measure zero iff it is of right Haar measure
zZero.

All groups are tacitly assumed to be Hausdorff.

REMARK 1.6. The referee pointed out the following interesting facts.

1. Our method of reducing the problem to some special groups is fairly
general. Therefore it may well be applicable to show that all locally compact
groups possess a certain property, supposing that whenever a factor group
G/H has the property then G itself does.

2. The use of cof(N) is not optimal, one can show that consistently it
can be improved. In fact, it could be replaced with the least cardinality
for which for every pair f,g : w — w converging to infinity every f-slalom
can be covered by k many g-slaloms (see Definition 2.9). However, as this is
not, a very well known invariant, and most probably this is also not optimal,
we still prefer to use cof(N).

3. Question 1.1 is closely related to the following, which essentially asks
whether the set of translations we use can be arbitrary. Is it true that for
every uncountable X C R there exists a countable set Y and a closed nullset
F such that (X +Y )+ F = R? On can easily show that this is in fact equiva-
lent to the following: Is it true that for every uncountable X C R there exists
an F, nullset A so that X + A = R? On can very easily give a consistent
negative answer to these questions (e.g. if cov(N) = 2% > wq), but a negative
answer in ZFC would be interesting. On the other hand, a consistent affir-
mative answer would prove the consistency of the so-called Borel Conjecture
+ Dual Borel Conjecture, which is a longstanding open problem.

2. The abelian case

REMARK 2.1. It may be instructive to bear in mind that the proof (just
as in Section 3 in the nonabelian case) will consist of two parts. First we prove
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a purely analytic result by constructing a compact nullset and showing that
every so-called “slalom” can be covered by a translate of that set, and then
we apply a purely set-theoretic result stating that consistently less than 2“
many slaloms can cover the space.

A topological group is LCA if it is locally compact and abelian.

DEFINITION 2.2. We say that a locally compact group G is nice if there
exists a compact set C' C GG of Haar measure zero such that G can be covered
by cof (N') many left translates of C'.

The aim of this section is to prove the following.

THEOREM 2.3. Suppose that G is a nondiscrete LCA group in which
every open subgroup is of index at most cof(N'). Then G is nice; that is,
there exists a compact set C C G of Haar measure zero such that G can be
covered by cof (N') many translates of C.

REMARK 2.4. Both conditions of the theorem are necessary. First, if G
is discrete then the only nullset is the empty set, so no covering by nullsets
exists. Secondly, if there is an open subgroup of index x then at least
many compact nullsets are needed to cover GG, since a compact set can only
intersect finitely many cosets.

In fact, as “cof(N) = w; and 2¥ = wy” is consistent with the axioms of
set theory [BJ], we actually obtain the following consistent characterization.

COROLLARY 2.5. It is consistent with the azioms of set theory that an
LCA group G can be covered by less than 2 many translates of a compact
nullset iff G is nondiscrete and has no open subgroup of index at least 2%.

Before the proof of Theorem 2.3 we formulate two more corollaries.

COROLLARY 2.6. Fvery uncountable compact abelian group and every
nondiscrete separable LCA group is nice; that is, it can be covered by cof(N)
many translates of a compact nullset.

As cof (M) < 2¢ is consistent with the axioms of set theory [BJ], and every
Polish space is separable, we obtain the following, which answers Question
3.2 in [ES] in the abelian case.

COROLLARY 2.7. [t is consistent with the axioms of set theory that every
uncountable locally compact abelian Polish group can be covered by less than
2% many translates of a compact nullset.

In the rest of this section we prove Theorem 2.3. First we need two
technical lemmas.
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LEMMA 2.8. Let n > 0 be an integer, G be a finite group, and A and S
be subsets of G such that

1
(1——>|G| <|Al and |S|<n+2.
n+3

Then there exists g € G such that S C gA.

Proof. Clearly S ¢ gAiff g € S(G\ A)~!. So it is enough to check that
S(G\ A)~! # G, which is clear, since

G|
S(G\ A <IS]-|G\ Al < 2‘—<G.
S\ A <1816\ Al < (n+2) L7 < 6.
For a sequence (X, ),en of sets, X, .y X, denotes their Cartesian prod-
uct.

DEFINITION 2.9. For every n € N let X, be an arbitrary set, and fix a
function f: N — N\ {0}. An f-slalom is a set of the form
S= X S,, whereS,CX,, |[S)|<f(n) (neN).
neN
LEMMA 2.10. Let fo: N — N\ {0} be such that lims, fo = 0o, and let X,
(n € N) be countable sets. Then X, X, can be covered by cof(N') many
fo-slaloms.

Proof. [BJ, 2.3.9] states that there exist a system of functions f, : N —
N\ {0} (a < cof(N)) with 3>+ fa(n)/n? < oo, and for every a < cof(N)
there exists an fy-slalom S, = X, cn(Sa)n C NN such that these slaloms
cover N mod finite, that is, for every g € NN there exists a < cof(N)
such that {n € N : g(n) ¢ (S4)n} is finite. For an f-slalom S C NV let
Ss = {9 ¢ NV : §isan f-slalom,and {n € N : S, # S/} is finite}.
Clearly, every Sg is countable, and hence Ua<cof(/\/) Sg,, is easily seen to be

a set of cof(A) many slaloms actually covering NV. So we can assume that
Ua<cot(ry Sa = NN, Put f(n) = n? + 1. Clearly, {n € N : fo(n) > f(n)}
is finite for every «, and therefore an argument similar to the previous one
shows that every f,-slalom can be covered by countably many f-slaloms. So
NN can be covered by cof(N) many f-slaloms.

[GL, 2.10] states that if f,g : N — N\ {0} are such that lim f =
limy g = 00, then the minimal number of f-slaloms needed to cover NN
equals the minimal number of g-slaloms needed to cover NI. Therefore NN
can be covered by cof(N) many fo-slaloms, hence X X, can also be
covered by cof(N) many fy-slaloms. m

In order to prove Theorem 2.3 we first need to prove it in two special
cases: for countable products of finite discrete (abelian) groups and for the
groups of p-adic integers.



248 M. Elekes and A. Téth

For a sequence (Gy,)nen of compact groups, ), . Gr is the (Cartesian)

product group with the product topology.

neN

THEOREM 2.11. For every n € N let G,, be a discrete finite group of at
least two elements. Then @), oy Gn is nice.

Proof. Write N as the disjoint union of finite sets N,, such that 2Nl >
2(n + 3), and define G}, = Q,cpn, Gr- Then @,y Grn = Q,,cn G7, and
|G%,| > 2(n + 3). Hence for every n € N we can find an A,, C GJ, such that

1 1
1——— )G <A, < [1— ——— ) |G

Define C' = Xy Ayn. Then C'is clearly compact, and [, (1—m) =0
implies that C' is of Haar measure zero.

Put fo(n) =n+2 (n € N). By Lemma 2.10, &),,cy G7, can be covered by
cof (M) many fo-slaloms. We will complete the proof by showing that every
fo-slalom S’ = X .y S € @),,cn G7, can be covered by a left translate of C'.

For every n € N we can apply Lemma 2.8 to n, G),, A, and S,,, and so we
obtain a g, € G}, such that S,, C g, A,. But then for g = (gn)nen € Q,,en Gy
we have S C X oy 9An =gC. n

We need certain properties of the p-adic integers Z, that we collect here
for the convenience of the reader. For a precise treatment see e.g. [Ro|. The
underlying topological space is {0,1,...,p — 1}V equipped with the prod-
uct topology (each factor is considered discrete). Addition is coordinate-
wise with carried digits from the nth coordinate to the (n + 1)st; that is, if
T = (Tn)news Y = (Yn)nen € Zp then (x +y)o = zo +yo if 2o +yo <p—1
while (x+y)o = xo+yo—p if xo+yo > p. In the second case when calculating
(x+y)1 we add 1 to 1 +y; and then check whether the sum is greater than
p — 1, etc., recursively.

THEOREM 2.12. For every prime p the group Z, of p-adic integers is
nice.

Proof. If we forget about the group operation then we can write Z, =
X pen Xn, where X,, = {0,1,...,p — 1} for every n € N.

Write N as the disjoint union of the finite intervals [kp,knt+1), where
{kn}nen is a strictly increasing sequence of nonnegative integers such that
phrti=Fn > 2(n + 3). Define X = X jelen hons1) Xk Then X, oy Xn =
X pen Xy, and | X}| > 2(n + 3). As above, for every n € N we can find an
A, C X], such that

o )IX < Al < (15— )X
n+3 2(n+3)

Let C' = X, ey An. Again, C is compact and of Haar measure zero.
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Put fo(n) = |(n+2)/2] (n € N) (|z] is the integer part of z). By Lemma
2.10, X ,,cn X}, can be covered by cof (N') many fy-slaloms. We will complete
the proof by showing that every fo-slalom S = X,y Sn C X, ey X, can
be covered by a translate of C'.

For every n € N we define a new group G,, (not a subgroup of Z,) as
follows. Let Gy = X, = X e, kniy) Xk and for & = (T)repn knir) € Gn
and Y = (Yk)ke[ky knri) € Gn PUL

(@ +a, Yo = (@ 4z, y)r  for every k € [kn, knt1);

that is, we always forget about the last carried digit. One can check that G,
with this addition is indeed a group. For example, to avoid all calculations,
it is easy to see that this group is (canonically isomorphic to) pk”Zp / pk”+1Zp
and also to pk"Z/pk"+1Z, but we will not use this fact.

Put 1, = x{,} (xg is the characteristic function of the set H). Fix
n €N, and set Sy, = S, U (Sn +a, 1n). As [S,| < [(n+2)/2], we clearly
have ]§n] < n+2, hence we can apply Lemma 2.8 to n, G,, A, and §n, and
so we obtain a g, € G, = X kel kny1) Xk Such that S, C Ay +a, gn- Let

xy be the inverse of g, in G,,. Then S,, +¢, v, C A,. Put @ = (zp)nen €
X neny X, We claim that S +7, x C C, which will complete the proof. Fix
s = (Sn)nen € S. When we recursively calculate the digits of s +7, x, we
need to show that for every n € N we have ((s +z, Z)k)ke[kn kns1) € An, but
this is clear, as ((s +z, T)k)ke[kn kn1) €duals either ((sn +a, Tn)k)kelkn knsr)
or (Sn +Gy Tn +Gn 1n)k)kefkn,knsr)> depending on whether there is a carried
digit at k, or not. m

Before proving Theorem 2.3 we need an algebraic fact about abelian
groups. It is formulated in Theorem 2.16, which is well known, e.g. a more
general version appears in [KR], but for the sake of completeness we include
a proof below.

DEFINITION 2.13. Let G be an abelian group. For every n € N let Gpn =
{9 € G:p"g =0}, and also let Gpoc = |J, oy Gpr- We say that G is a p-group
if G = Gpes.

DEFINITION 2.14. Let p be a prime. An abelian group G is called quasi-
cyclic if it is generated by a sequence (gn)nen With the property that go # 0
and pgn+1 = gn for every n € N. For a fixed prime p the unique (up to
isomorphism) quasicyclic group is denoted by Cpe.

Note that Cpoo = (Q/Z)poo = (R/Z)poo

LEMMA 2.15. Let p be a prime and G be an infinite abelian p-group such
that Gpn s finite for every n € N. Then G contains Cpe as a subgroup.
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Proof. We define a graph on G as follows. For every nonzero g € G we
connect pg with g. The resulting graph is clearly a tree (with root 0) in
which each node has finitely many immediate successors by the finiteness of
the Gpn’s. So by Konig’s lemma [Ku, 5.7| the tree has an infinite branch,
which clearly generates a quasicyclic subgroup. =

For a sequence (G )nen of abelian groups, @,y Gy is the direct sum
group (that is, those elements of the product that only have finitely many
nonzero coordinates) with the discrete topology.

THEOREM 2.16. Every infinite abelian group G contains a subgroup iso-
morphic to one of the following:

(i) Z,

(ii) D, Gn, where each Gy, is a finite abelian group of at least two
elements,

(iii) Cpeo for some prime p.

Proof. If G contains an element of infinite order then G contains Z as a
subgroup. Therefore we may assume that G is a torsion group.

Every torsion group is the direct sum of p-groups: G = P
[Fu, 2.1].

Suppose that |G| > 2 for infinitely many primes p. For every such p we
can find a finite nontrivial subgroup of Gy, and hence we have a sequence
(Gn)nen of finite nontrivial groups such that @, .y Gn C G. So we may
assume that |Gpe| = 1 for all but finitely many primes. As G is infinite,
there is a prime p for which G is infinite.

Assume that G, is infinite. Then G, is clearly an infinite-dimensional
vector field over [F,,, therefore it contains @, .y Cp as a subgroup (C, is the
cyclic group of p elements).

So we may assume that G, is finite. Then we claim that G~ is also finite
for every n € N. We prove this by induction on n. The map g — pg is a
homomorphism of Gn+1 into Gpn with kernel G, s0 |Gyni1| < |Gyl - |G,
which finishes the induction. Hence we can apply Lemma 2.15 to G, and
deduce that Cpec C Gpeo C G. This finishes the proof. =

G

p prime

The following lemma is crucial.

LEMMA 2.17. Let G be a locally compact group and H C G a compact
normal subgroup. If G/H is nice then so is G.

Proof. Let ug be a left Haar measure on G, and let 7 : G — G/H be
the canonical homomorphism. Then by [Ha, §63, Thm. C], ug o' is a left
Haar measure on G/H. This shows that the inverse image of a nullset in
G/H under 7 is a nullset in G. Moreover, [Ha, §63, Thm. B| states that the
inverse image of a compact set under 7 is also compact.
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Hence if C' C G/H is a compact nullset witnessing that G/H is nice then
771(C) C G is a compact nullset witnessing that G is also nice. m

REMARK 2.18. The following example shows that the lemma does not
hold in general, that is, when H is a closed normal subgroup. Let H be
a discrete group of cardinality greater than cof(N) and let G = H x R.
Then G/H is nice by Theorem 1.4, but G is not nice as every compact set
intersects only finitely many cosets.

Now we are ready to prove our main theorem.

Proof of Theorem 2.3. By the principal structure theorem for LCA
groups |[Ru, 2.4.1], G has an open subgroup H which is of the form
H = K ® R", where K is a compact subgroup and n € N. By assump-
tion the index of H is at most cof (N), so it suffices to prove that H is nice;
therefore we can assume G = H.

Suppose n > 1. By [ES, 2.1], R is nice; let C' be the compact nullset
witnessing this fact. Then it is easy to see that K x C' x [0,1]""! witnesses
that G = K ® R" is nice. Hence we can assume n = 0, so GG is compact.

By Lemma 2.17 it is sufficient to find a closed subgroup H C G such that
G/H is nice. By [Ru, 2.1.2] (and by the Pontryagin duality theorem [Ru,
1.7.2]) factors of G are (isornorphically homeomorphic to) the dual groups
of closed subgroups of G. As G is compact, Gi is discrete [Ru, 1.2.5]. Hence
it suffices to find a subgroup M C G such that M is nice.

By Theorem 2.16, G has a subgroup isomorphic either to Z, or to
@D,.cny Gn, Where each G, is a finite abelian group of at least two elements,
or to Cpeo for some prime p. We need to show that the duals of these groups
are nice.

By [ES, 2.1], R is nice, which easily implies that the circle group T is also
nice, so we are done in the first case, since Z="T.

In the second case note that G is finite iff G is finite, hence each (A?n is
finite. By [Ru, 2.2.3] the dual of a direct sum (equipped with the discrete
topology) is the direct product of the dual groups (equipped with the product
topology), 50 (B,en Gn)" = Qpen G, which is nice by Theorem 2.11.

Finally, the third case is settled by Theorem 2.12, since by [HR, 25.2],
Cpoe =Z,. m

3. The nonabelian case. The aim of this section is to reduce the
general case to the case of profinite groups, that is, inverse limits of finite

groups (1).

(*) We have been informed by M. Abért that he recently proved that every infinite
profinite group is nice [Ab].
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THEOREM 3.1. Suppose that every infinite profinite group is nice. Then
every nondiscrete locally compact group in which every open subgroup is of
index at most cof (N) is also nice; that is, there exists a compact set C' of
Haar measure zero such that the group can be covered by cof (N') many left
translates of C.

Similarly to Corollary 2.5 we also have the following.

COROLLARY 3.2. Suppose that every infinite profinite group is nice. Then
it 1s consistent with the axioms of set theory that a locally compact group G
can be covered by less than 2% many left translates of a compact nullset iff G
s nondiscrete and has no open subgroup of index at least 2.

The main goal of this section is to prove Theorem 3.1. We start with the
Lie case. We use [MZ] as the main reference, so note that Lie groups are not
assumed to be second countable.

THEOREM 3.3. FEvery nondiscrete Lie group in which the identity com-
ponent has index at most cof (N') is nice; that is, it can be covered by cof (N)
many left translates of a compact set of Haar measure zero.

Proof. Let G be a Lie group as in the theorem. We can clearly assume
that G is connected. Every compact neighbourhood of e (the identity of
G3) generates an open o-compact subgroup, moreover, every open subgroup
is actually clopen. As G is connected, we find that G is o-compact, hence
it has the Lindelof property. Therefore it suffices to show that there is a
neighbourhood of the identity that can be covered by cof(N) many left
translates of a compact set of Haar measure zero.

Every nondiscrete Lie group contains one-parameter subgroups, that is,
continuous homomorphic (not necessarily closed) images of R (see e.g. [MZ,
2.22]). Let H C G be the closure of such a subgroup. Then H is a closed
connected commutative subgroup of G. By [MZ, 4.11] each closed subgroup of
a Lie group is itself a Lie group, and so H is actually a submanifold. If G = H,
we can apply Theorem 2.3, so we can assume that H is a proper subgroup. Let
M be a submanifold transversal to H so that dim(H) + dim(M) = dim(G)
and

(1) HnNM = {e}.

LEMMA 3.4. There is a compact set K C M which is a neighbourhood of
e (in M), so that if m : H x K — G is the restriction of the multiplication
map then

(i) m(H x K) = HK is a neighbourhood of e,

(i) m: H x K — HK is a homeomorphism.

Proof. 1t is well known that if we use the exponential map as a chart
then the derivative of the multiplication map G x G — G takes the form
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(z,y) — x + y in the tangent spaces [Wa|. This implies that the derivative
of m is nonsingular at (e, e). Hence by the inverse function theorem, m is a
diffeomorphism in a neighbourhood of (e, ). More precisely, there exist open
neighbourhoods U, V and W of e in H, M and G, respectively, so that the
restriction of m is a smooth bijection of U x V onto UV = W.

This shows that (i) holds for any choice of K that is a neighbourhood
of e.

Now we claim that

(2) HnW cU.

Indeed, if h = uv € HNUV then v = u~'h. As U C H we obtain v € H,
and as V . C M by (1) we get v =¢, so h = u.
Choose a compact neighbourhood K C V of e in M so that

(3) KK 'cw

We claim that K satisfies (ii), which will finish the proof of the lemma.

First we show that the map m : H x K — HK is injective. If h1k1 = hoko
then hy'hy = kek;' =: h. Then clearly h € H, and by (3) we also have
h € W, hence by (2) we obtain h € U.

Now we apply the fact that m is a bijection between U x K and UK
(as K C V) to the equality hk; = eko. Indeed, h,e € U and ki, ks € K, so
k1 = ko and h; = hg, proving that m is injective.

Finally, we show that the inverse of m is also continuous. We use again
the fact that m is a smooth bijection between U x K and UK. So let Uy, K
be neighbourhoods of some h € H and k € K, respectively; then h~1U; x
K1k~! is a neighbourhood of (e, e). Hence its image h~'U; K1k~ contains
a neighbourhood W; of e. Thus hWjk is a neighbourhood of hk contained
in the image of U; x Kj under m, proving that the inverse of m is also
continuous. =

Now we complete the proof of Theorem 3.3.

Fix a Haar measure py on H, and consider a compact nullset C' in H as
in Theorem 2.3. The set CK is compact, and cof (N) many left translates of
CK cover HK, which is a neighbourhood of e in G. Therefore the proof of
the theorem will be complete once we show the following.

LEMMA 3.5. CK is of ug-measure zero, where ug is a left Haar measure
on G.

Proof. By the above lemma the multiplication map H x K — HK is a
homeomorphism, hence BK is Borel for every Borel set B C H. So we can
define the set-function

w: B~ ug(BK) (B C H Borel).
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It is easy to see that this is a left-invariant measure which is finite for compact
sets. We check that if A C H is a nonempty open (in H) set. Then p(A) > 0.
Let a € A. Then a~'A is a neighbourhood of e in H. Clearly u(A) =
pa(AK) = ug(a T AK) > 0, since a ' AK is a neighbourhood of e in G.

By the uniqueness of Haar measure [Ke, 17.B], there exists ¢ > 0 such
that 4 = cpp, and so pug(CK) = pu(C) = cpg(C) = 0. This concludes the
proof of the lemma, and hence of the theorem. u

REMARK 3.6. Lemma 3.5 also follows from the construction of Haar
measure via an invariant smooth volume form, but we decided to use this
alternative approach, which establishes the lemma in a more direct fashion.

The proof of the above theorem with minor modifications shows that if
H is a closed subgroup of a separable Lie group G, and H can be covered
by x many left translates of a compact nullset, then G can also be covered
by x many left translates of a compact nullset. It would be interesting to see
if this remains true in general, and if so, if it could be used to establish our
main theorem for profinite groups.

Next we consider the compact case. The following fact is most probably
well known. It was communicated to us by Ken Kunen.

STATEMENT 3.7. Fvery infinite compact group has a factor which is
either an infinite Lie group or an infinite profinite group.

Proof. More precisely we show that if G is an infinite compact group
then either it has an infinite Lie group factor or G itself is profinite.

Denote by U(n) the unitary group on C". By the Peter—Weyl theorem
[HR, 27.40] the set of all representations of G in the U(n)’s separate points
of G, hence G is (isomorphic to) the inverse limit of the images of these
representations. If all these images are finite then G is profinite, and we are
done. Otherwise G has a factor that is an infinite compact subgroup of some
U(n). But by [MZ, 4.11] each closed subgroup of a Lie group is itself a Lie
group, so we are done. m

Now we are ready to prove Theorem 3.1.

DEFINITION 3.8. We say that a topological group does not contain ar-
bitrarily small subgroups if there is a neighbourhood of the identity that
contains no nontrivial subgroup.

The identity component of GG is denoted by Gp.

Proof of Theorem 3.1. First note that if H is a closed normal subgroup
in a topological group G and every open subgroup of G is of index at most
cof(N) then the same is true for G/H and also for every open subgroup
of G.
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Suppose that G is a nondiscrete locally compact group in which every
open subgroup is of index at most cof(N'). We have to cover G by at most
cof (N) many left translates of a compact left nullset. By [MZ, 4.5, Cor.]
(actually, in every locally compact group GG) there exists an open subgroup
G’ C G and a compact normal subgroup H of G’ such that G'/H does not
contain arbitrarily small subgroups.

G’ is clearly nondiscrete, since GG is nondiscrete and G’ is open. As the
index of G’ is at most cof(N), it is sufficient to cover G’ by at most cof(N)
many left translates of a compact nullset, hence we can assume G = G'.

So H is a compact subgroup of G such that G/H does not contain arbi-
trarily small subgroups.

Now we separate two cases. First assume that H is open. It suffices to
show that H is nice. As above, H cannot be discrete, so it is infinite. By
Statement 3.7 either H has an infinite profinite factor, in which case we are
done by assumption (and by Lemma 2.17), or H has a factor which is an
infinite Lie group. But an infinite compact Lie group is clearly nondiscrete,
and every open subgroup has finite index, so we are done in this case by
Theorem 3.3 (and again by Lemma 2.17).

So we can assume that H is not open, hence G/H is not discrete. By
Lemma 2.17 it is sufficient to show that G/H is nice. By [MZ, 4.2, Cor. 2] if a
locally compact group does not contain arbitrarily small subgroups then the
identity component is open, hence (G/H)q is open in G/H. By the remark
at the beginning of the proof the index condition holds for G/H too, so it is
sufficient to show that (G/H )y is nice.

As G/H does not contain arbitrarily small subgroups, the same holds for
the subgroup (G/H ). By [MZ, 4.4, Thm.] a connected locally compact group
that does not contain arbitrarily small subgroups is a Lie group, and clearly
all these requirements hold for (G/H)y. Moreover, as G/H is nondiscrete,
the same holds for the open subgroup (G/H)o. Hence Theorem 3.3 shows
that (G/H)o is nice, finishing the proof. =

We conclude with some natural questions. Theorem 3.1 shows that the
first two are equivalent (2).

QUESTION 3.9. Can we drop the assumption in Theorem 2.3 that the
group is abelian?

Or equivalently,

QUESTION 3.10. Suppose G is an infinite profinite group. Is G nice?

That is, can G be covered by cof (N') many left translates of a compact set of
Haar measure zero?

(2) M. Abért’s result, mentioned in footnote 1, answers these questions affirmatively
[ADb].
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Of course in both questions it is also natural to replace cof(N) by < 2¢.
In that case one can show that these questions are also equivalent to the
original Question 3.2 in [ES].

Our last question is a reformulation of [ES, Question 3.4].

QUESTION 3.11. Suppose that k is a cardinal and G1, Gy are uncountable
locally compact (abelian) separable (Polish) groups such that G1 can be cov-
ered by kK many translates of a suitably chosen compact nullset. Is the same
true for Go?
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