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G-functors, G-posets and
homotopy decompositions of G-spaces

by

Stefan Jackowski and Jolanta Stominska (Warszawa)

Abstract. We describe a unifying approach to a variety of homotopy decompositions
of classifying spaces, mainly of finite groups. For a group G acting on a poset W and an
isotropy presheaf d : W — S(G) we construct a natural G-map hocolimyy, G/d(—) — |[W|
which is a (non-equivariant) homotopy equivalence, hence hocolimyy, EGxgFq — EGx g
|[W] is a homotopy equivalence. Different choices of G-posets and isotropy presheaves on
them lead to homotopy decompositions of classifying spaces. We analyze higher limits
over the categories associated to isotropy presheaves WW,; in some important cases they
vanish in dimensions greater than the length of W and can be explicitly calculated in low
dimensions. We prove a cofinality theorem for functors F' : C — O(G) into the category
of G-orbits which guarantees that the associated map a g : hocolim¢ EG xg F(—) — BG
is a mod-p-homology decomposition.

Introduction. Let G be a discrete group and let C be a small category
equipped with a G-action. We introduce the notion of a G-structure on a
functor from C to the category of spaces. Here a space is either a topological
space or a simplicial set. The key property of a G-functor X : C — Sp
(where Sp is a category of simplicial sets or topological spaces) is that there
is a natural action of G on the homotopy colimit hocolim¢ X. Of course such
an action exists whenever X takes values in the category of G-spaces since
we can take the trivial action on C. But the notion of a G-functor provides
additional flexibility. Many examples fit into the framework of G-functors,
e.g. the geometric realization of a small category equipped with a G-action
(i.e. the homotopy colimit of a constant functor) with induced G-space.

We note that classical cofinality theorems for homotopy colimits carry
over to G-functors. The maps establishing the relevant homotopy equiva-
lences turn out to be G-maps, although in general not G-homotopy equiv-
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alences (cf. Prop. 2.5, 2.6). We show that the language of G-functors and
cofinality theorems provides a unifying approach to a variety of questions
involving decompositions of classifying spaces of groups into a homotopy
colimit of classifying spaces of subgroups.

We denote by S(G) a G-poset of subgroups of G on which the group
acts by conjugation. Let W be a partially ordered set (poset) equipped
with a G-action. An isotropy presheaf on W is a morphism of G-posets
d : W — S(G) such that d(w) is a subgroup of the isotropy group G,,, for
every w € W.

Any isotropy presheaf on W leads to a G-functor and then to a homo-
topy decomposition of the space |W|. More precisely, (following [St1]) to
an isotropy presheaf d we assign a small category W, whose objects are
the elements of W and morphisms w — w’ are equivalence classes modulo
d(w') of elements g € G such that w < gw’. There is an obvious inclusion of
categories ¢ : W C W;. We observe that the left homotopy Kan extension
along ¢ of a constant G-functor on |W/| is equivalent (as a G-functor) to the
functor Fy(w) := G/d(w). Hence we obtain a natural G-map

hocolimyy, Fy — |[W]|

which is is a (non-equivariant) homotopy equivalence (Theorem 4.1). This
decomposition leads to a homotopy decomposition of the homotopy orbit
space (Borel construction) of [W/|; the induced map

hOCOIimwd EG Xa Fd — FEG Xa |W|

is a homotopy equivalence. Extending the terminology introduced by Dwyer
[Dw1] for posets of subgroups, a G-poset W will be called h*-ample if the
fibration EG x¢g |[W| — BG induces an isomorphism in the cohomology
theory h*. Thus every isotropy presheaf on an h*-ample G-poset W provides
an h*-cohomology decomposition of the classifying space BG:

() hocolimyy, EG xg F3 — BG.

All known homology decompositions of classifying spaces ([JM], [JMO1],
[Dw1-2]) fit into this framework, at least for discrete groups. In particular
the present approach provides a clear picture of the relations between the
subgroup, centralizer and normalizer decompositions considered by Dwyer
in [Dw1-2]; the decompositions correspond to different choices of an isotropy
presheaf on a poset of subgroups or its barycentric subdivision. Indeed, the
inclusion of a subposet ¢ : W C S(G) is obviously an isotropy presheaf
and the associated category W, is a subcategory of the category of G-orbits
Ow (G) C O(G) consisting of orbits G/H such that H € W; the functor
F, is just the inclusion functor. Taking intersections of the normalizers pro-
vides an isotropy presheaf on the barycentric subdivision of W. Another
important example is the centralizer isotropy presheaf. It is a contravariant
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functor ¢ : W — S(G) such that c¢(H) := Cq(H). If W = A,(G) is the
Quillen poset of non-trivial elementary abelian subgroups [Q2] then A, (G).
is precisely the category of elementary abelian p-subgroups introduced by
Quillen [Q3].

Decompositions of spaces are useful in homotopy theory when we can
control higher limits over the indexing category. Again following Dwyer,
we call an h*-decomposition (%) of BG sharp if the Bousfield-Kan spectral
sequence [BK], which computes the cohomology of hocolimyy, EG x¢ Fy,
collapses at the Fs-term; i.e., lim‘{,vd h*(EG x¢g Fyq) = 0 for all ¢ > 0 and
consequently

h*<BG) ~ hmwd h*(EG Xa Fd)

Properties of higher limits of functors on the categories W, can often
be read off more directly from the poset W and the isotropy presheaf d.
We begin the discussion of higher limits in a more general setting. For a
pair C' C C of small categories and a contravariant functor M : C — Ab we
introduce (Sec. 5) the relative higher inverse limit H*(C,C’; M) which fits
into an exact sequence

.— HY(C; M) — H(C'; M) — H™(C,C'; M) — HTY(C; M) — ...

We calculate the relative groups in the case when C’ is obtained from an or-
dered category C (a category in which all endomorphisms are isomorphisms)
by removing a single object b € C. We prove (Prop. 5.8) that there is a nat-
ural isomorphism

H*(C,C's M) = H*(Aute (b); L* (b; M),

where the right hand side denotes the hypercohomology of the automor-
phism group of b with coefficients in a certain cochain complex L*(b; M).
This complex depends only on the category of morphisms in C originat-
ing and terminating at b. The above result provides a useful description of
higher limits of an atomic functor concentrated on b, i.e. that it vanishes on
all objects non-isomorphic to the object b. This generalizes a similar result
of Oliver [O].

Next we specialize to higher limits over categories associated with isotro-
py presheaves. For an arbitrary G-poset morphism f : W — W'’ and
isotropy presheaves d : W — S(G), d' : W/ — S(G) such that d < d’ o f the
left fiber f,/w’ (cf. Sec. 1) of the induced functor f, : Wg — W/, over v’ €
W' is expressed (Thm. 3.4) in terms of the poset f/w’, and if d = d'o f then
the right fibers w’\ f. ~ w’\ f are equivalent. This result is crucial for trans-
lating homotopy properties of posets of subgroups into results concerning
higher limits and homotopy decompositions of classifying spaces (cf. Sec. 7).

For a pair of isotropy presheaves d; < ds : W — S(G) and an arbitrary
functor M : Wy, — ADb the Leray spectral sequence of the induced functor
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Ly : Wa, — Wy, has the form
H™(Wa,; H" (do (=) /dy (=), M(=))) = H" " (Wa,; M)

where for any w € W the group H"(d2(w)/di(w), M(w)) is just the group
cohomology. The spectral sequence can be used to calculate H*(Wy; M) in
terms of the cohomology of the quotient space |W|/G with coefficients in
a sheaf. More precisely, under mild finiteness assumptions on W, there is a
spectral sequence

(=) H™(sd(W)/G;H"(G_/d(=),M(=))) = H" " (Wq; M)

where the Es-term is the cohomology of the quotient poset of the barycentric
subdivision with coefficients in a simplicial sheaf.

At this point we should mention that higher limits on the categories Wy
associated to isotropy presheaves can be interpreted as equivariant Bredon
cohomology groups [Brl]. For every contravariant functor N : Og — Ab
there is a natural isomorphism

H*(Wg; N o Fy) ~ Hf (hocolimyy, Fy; N).

The groups appearing in the Es-term in (xx) can be interpreted as equiv-
ariant Bredon cohomology with local coefficients.

It turns out that under certain assumptions (which are often satisfied by
various important posets of subgroups) the spectral sequence (x%) degener-
ates at the Eo-term and H*(Wy; M) ~ H*(sd(W)/G; HO(G_ /d(—), M (-)),
hence higher limits vanish above the length of the poset W (cf. Theo-
rem 6.6), and in low dimensions only slightly depend on d! This result should
be compared with the homotopy equivalence hocolimyy, Fy = W/, which
means that the homotopy type of the homotopy colimit associated to an
isotropy presheaf d does not depend upon d.

As an illustration of the abstract results we describe a uniform approach
to many results on decompositions of classifying spaces, in particular those
of Dwyer [Dw1-2|. Further applications can be obtained by considering other
isotropy presheaves on posets of subgroups as well as by looking at other
G-posets—this work is in progress.

We conclude the paper with a cofinality theorem (Thm. 8.1), appro-
priate for constructing H*(—;IF,)-decompositions of classifying spaces. Let
D, (G) be the poset of subgroups whose order is divisible by p; we denote
the corresponding orbit category by O, (G) for short. The poset D, (G) is
Fp-ample, and the associated subgroup decomposition O, (G) > G/H ~
EG xg G/H € Sp of the classifying space BG is F,-sharp. An arbitrary
functor F': C — O, (G) defines a map

ap : hocolime EG x¢ F(—) — BG.
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Theorem 8.1 describes conditions on F' under which the map ap is an
H*(—;Fp)-decomposition, and other conditions for the decomposition to
be sharp.

The present paper grew out of the second author’s preprint [St4]. Sec-
tions 3, 4 and 6-8 contain most of the results of that preprint, usually with
more elaborate proofs.

Notation. Posets are denoted by bold capitals and their morphisms by
small roman characters; general categories are denoted by script capitals;
functors by roman capitals and natural transformations by Greek characters.

1. Small categories and their geometric realizations. We describe
basic constructions related to homotopy theory of small categories which we
shall be using throughout the paper. Our notation follows [Q1], [Q2].

Let F : C' — C be a functor between small categories. For any object ¢ €
ob C one defines the left fiber of F over c as the category F'/c whose objects
are pairs (¢/, F(¢') — ¢). A morphism (¢}, F'(¢}) — ¢) — (¢, F(ch) — ¢) in
F/cis a morphism ¢} — ¢, in C’ for which the corresponding triangle over ¢
commutes. The right fiber of F' under c, denoted by c\F, is defined dually;
its objects are pairs (¢/,¢ — F(c’)). If " C C is an inclusion functor then
we denote the corresponding fiber categories by C’/— and —\C’ respectively.
There are obvious projection functors from the left and right fiber categories
to C’. Also note that assigning to an object ¢ € C the corresponding left (resp.
right) fiber extends to a covariant (resp. contravariant) functor from C to
the category Cat of small categories.

We shall also need the notion of semi-fibers. For every ¢ € obC the
right semi-fiber of F' under c is defined to be the full subcategory c\\F C
c\F consisting of those pairs (¢/,c — F(c’)) where the arrow is not an
isomorphism. The left semi-fiber F'//c is defined analogously.

Fiber categories are involved in the definitions of Kan extensions of a
functor. Let & be a category with colimits and limits of diagrams defined
over any small category. For a functor F' : C' — C, the pull-back functor
F* :Hom(C,S) — Hom(C’, S) between categories of covariant functors into
S has a left adjoint F} and a right adjoint Fj,

Fy, F, : Hom(C', §) — Hom(C, S),

defined as follows: FyM(d) := colimp/gM and F,M(d) := limg r M. For
more details cf. [HS, IX.5] or [GZ, App. 2, Sec. 3; IMO2].

Let us recall that there is a classifying space functor from the category
of small categories to the category of simplicial sets. It assigns to every
functor F' : C' — C a simplicial map BF : BC' — BC between the nerves
of the categories. The nerve of a category C is a simplicial set whose g-
dimensional simplices are sequences cyp — ¢1 — ... — ¢4 of morphisms in C;
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boundary maps are defined by composition of morphisms (for details cf. [S]).
On the subcategory consisting of partially ordered sets it coincides with the
geometric realization functor | — |, considered by Quillen [Q2]; thus we shall
use his notation for posets and BC for general small categories.

1.1. PROPOSITION. Every natural transformation @ : F' — F between

functors F, F' : C' — C induces a simplicial homotopy between the induced
simplicial maps BF', BF : BC' — BC.

Proof. A simplicial homotopy h; : (BC')y — (BC)g+1, 0 < i < g (cf.
[May], Sect. 5), is defined by the formula

hi([CQ — C1 — ... — Cq])
= [F'(co) = ... — F'(c;) " F(e;) — ... — F(cg)]. m

We shall often identify the nerve of a category with its geometric real-
ization. We shall say that a functor F' : C' — C is a homotopy equivalence if
the map BF' is a homotopy equivalence. Similarly, other topological notions
can be assigned to small categories and functors.

Recall that for any simplicial set X = (X,,,0s,04) its chain complex
C.(X) consists of free abelian groups C,,(X) generated by the sets X,, of
n-simplices and boundary maps given by the alternating sums of the homo-
morphisms defined by the face maps 0, in X. In particular, for an arbitrary
small category C we shall denote by C,(C) the chain complex of its nerve BC.
It is clearly a functor from the category of small categories to the category
of chain complexes. According to Proposition 1.1 a natural transformation
@ : I’ — F defines a chain homotopy between the induced chain homomor-
phisms F,, F| : C.(C") — C.(C) (cf. [May, 5.3]). Note that if C is non-empty
then its chain complex is augmented by a map € : Cy(C) — Z sending each
object to 1. The chain complex C,(C) is chain homotopy equivalent to the
singular chain complex of the classifying space BC.

2. G-functors and homotopy colimits. We recall briefly the def-
inition of homotopy colimit. For every diagram of spaces, i.e. a functor
X : C — Sp where Sp denotes a category of simplicial sets (or topologi-
cal spaces), one defines

hocolime X := B(—\C) x¢ X
where the right hand side is a coequalizer of the diagram
I B(\C) x X(¢") = ][ B(e\C) x X (o).
For a functor into a category of topological spaces we can identify the homo-

topy colimit with the realization of a topological category Cx whose object
space is the disjoint union of X (¢) over ¢ € C. The homotopy colimit of a
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constant functor is simply the geometric realization of the indexing category
considered in Section 1. For details cf. [HV], [JMO2] etc.

Recall also that the cohomology of a homotopy colimit is related to the
cohomology of spaces and maps occurring in the diagram via the Bousfield—
Kan spectral sequence [BK]:

EDY = HP(C;h(X)) = hP*%(hocolime X))

where H?(C; h9(X)) := limZ(h? o X) denotes the p-th higher inverse limit
of the functor h4(X) : C°? — Ab defined as h?(X)(c) := h?(X(c)). Higher
limits will be discussed in detail in Section 5.

Let G be a discrete group. We shall define an additional structure on a
diagram X : C — Sp which provides a G-action on its homotopy colimit.
We shall be particularly interested in the behavior of homotopy colimits
equipped with such an action with respect to pulling back and pushing
forward a diagram by a functor between small categories.

2.2. DEFINITION. Let C be a small category and D an arbitrary category.
A (left) G-functor is a functor X : C — D equipped with the following
structure:

(a) a left G-action on C,
(b) for each g € G a natural transformation @, : X o g — X such that
@gg/ = ég o) ng/.

Morphisms (natural transformations) of G-functors are defined in the
obvious way.

Alternatively G-functors can be described in terms of the Grothendieck
construction (introduced in [T] and extensively used in [St1] and [Dw1-2].)
Recall that for a small category C equipped with a G-action the Grothendieck
construction is defined as a category whose objects are objects of C and a
morphism ¢ — ¢ is any pair (g,c — gc’). We shall denote this category by
Cha to emphasize that BCpa ~ EG X BC is the homotopy orbit space of
the action of G on BC. There is an obvious inclusion functor ¢ : C — Cpg
which is clearly a G-functor. Moreover, G-structures on a functor X : C — D
correspond to its extensions X : Cpg — D.

2.3. PrRopPOSITION. If C’, C are categories equipped with G-actions,

¢ L ¢ s an G-equivariant functor and D XD s any functor then the
composition Y o X o F : C' — D' is a G-functor. m

The notion of a G-functor generalizes functors to G-spaces. Indeed, if the
action on C is trivial then a G-functor is precisely a functor to the category
whose objects are objects of D equipped with a G-action. An important
example of a G-functor is the following: let S(G) be the poset of all subgroups
of G, on which G acts via conjugation, and let Og denote the category of



256 S. Jackowski and J. Stominska

G-orbits and equivariant maps. Then the functor S(G) — Og sending each
subgroup H to the orbit G/H is a G-functor; other examples will appear in
later sections.

2.4. PROPOSITION. If X : C — Sp is a left G-functor then hocolime X is
equipped with a natural left G-action such that the projection hocolime X —
BC is a G-map. Moreover, natural transformations of G-functors induce
G-equivariant maps of the corresponding homotopy colimits.

Proof. A G-structure on a functor X defines a G-action on the spaces
which occur in the diagram defining the homotopy colimit. Indeed, for every
g € G and a morphism ¢ — ¢’ we have a map g : B(c\C) x X(¢") —
B(gd\C) x X(gc") defined as g(¢’ — ¢cg — ... = ¢p,x) = (9¢ — gcop —

.= gCn, Py()(x)). m

If we identify hocolime X with the realization of the category Cx then a
G-action on it is defined on objects by the formula g(c, ) := (gc, @4(c)(x))
and it extends in the obvious way to morphisms.

Let X’ : ¢’ — Sp be any diagram in the category of spaces. We recall
the definition of the left homotopy Kan extension of X’ to C along a functor
F :C" — C denoted by Fpy X’ and defined as follows:

FhﬁX/(C) = hOCO]iIIlF/C X/Trc/.

There is a natural transformation Fjy — F}, thus for every functor Y : ¢ —
Sp there is a natural map

HOInC/(X,YOF) — HOmc(FhﬁX,Y).

Assume now that F : ¢’ — C and X’ : ¢’ — Sp are G-functors. For
each object ¢ € C the group G acts on the fiber F/c : g(c/, F(c') — ¢) =
(9¢/, F(gc') — F(c') — ¢), and the projection m¢r : F/c — C' is clearly G-
equivariant. Thus the composition X'mer : F/c — Sp is a G-functor, hence
by Proposition 2.4 the functor C > ¢ — hocolimp,. X'7¢ takes values in the
category of G-spaces. Thus we have the following extension to G-functors
of the push down theorem for homotopy colimits (cf. [DK, Thm. 9.8], [HV,
Thm. 5.5]).

2.5. PROPOSITION. For any G-functors X' : C' — Sp and F : C' — C
the collection of maps Fpy X'(c) — hocolime: X' extends to a G-equivariant
map

hocolime Fyy X" = hocolimes X'
which is a homotopy equivalence (although not necessarily a G-homotopy
equivalence.) m

Now we turn to the reduction theorem (cf. [DK, Thm. 9.6] and [HV,
Thm. 4.4]), i.e. a situation when we “pull back” functors from C to C" along
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a functor F. If F : C' — C is a G-equivariant functor between categories
equipped with G-actions, then as we noticed in Proposition 2.3 for any
G-functor X : C — D the composition X o F' : ¢’ — Sp is again a G-functor.

The reduction map ¢ : hocolimer X o FF — B(—\F) x¢ X is induced
by a map from the diagram defining the homotopy colimit to the diagram
defining the target coequalizer:

o: I B(\C) x X(F(") — [] Ble\F) x X(c2).

The map o sends the summand indexed by a morphism ¢’ — ¢ to the
summand indexed by the morphism F(¢”) — F(c’) and it is given by the
formula o(¢/ — ¢, — ...,z) = (F(d) — F(¢;) — ..., x).

Since the functor F' is G-equivariant the target space admits a G-action
and the map p is G-equivariant. Note that the forgetful map B(—\F)x¢X —
B(—\C) x¢ X = hocolim¢ X is also G-equivariant.

2.6. PROPOSITION. For any G-equivariant functor F' : C' — C and a

G-functor X : C — Sp the natural map
hocolimer X o F' — B(—\F) x¢ X

is G-equivariant and a (non-equivariant) homotopy equivalence.

We shall introduce several variants of cofinality. A functor F' is called

(1) conically right cofinal,

(2) right cofinal,

(3) right h*-cofinal (where h* is a cohomology theory)
if for every object ¢ € C the right fiber ¢\ F' is respectively:

(1) conical, i.e. it contains either an initial or a terminal object,

(2) contractible,

(3) h*-acyclic.

Obviously (1)=(2)=(3).

2.7. COROLLARY. If a G-equivariant functor F : C' — C s right cofinal
(resp. right h*-cofinal) then for any G-functor X : C — Sp the natural
G-map

hocolimer X o F' — hocolime X

is a (non-equivariant) homotopy equivalence (resp. h*-equivalence.) m

We shall introduce a useful notion of a quasi-terminal object in a cate-
gory.

2.8. DEFINITION. An object ¢g € C is called quasi-terminal if for every
object ¢ € C there is a morphism ¢ — ¢y and for any two morphisms ¢; :
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c — cg, © = 1,2, there exists a unique endomorphism 1 : ¢g — ¢y such that

Y1 = @a.

A motivating example is the category Og <g of G-orbits whose isotropy
subgroups are contained in a given normal subgroup H C G. The object
G/H is obviously quasi-terminal in Og <p.

2.9. PROPOSITION. If ¢y € C is a quasi-terminal object then the full
subcategory of C with the single object ¢y is conically right cofinal in C.

Proof. For any ¢ € obC consider the right fiber over ¢ of the inclusion
functor. Its objects are pairs (¢,c — c¢g). By definition every object in this
category is terminal. m

We conclude the section by recalling an interesting equivariant version
of 2.5 and 2.7 applied to posets and constant functors, due to Thévenaz and
Webb [TW].

Recall that a G-poset is a partially ordered set on which a group G
acts preserving the partial order. The G-posets form a category in which
morphisms are order preserving equivariant maps.

If f:V — W is a morphism of G-posets then for every w € W the
left fiber f/w and the right fiber w\f are equipped with an action of the
isotropy group G,, and the action clearly preserves the corresponding semi-
fibers contained in the fibers.

2.10. THEOREM ([TW, Thm. 1]). Let f : V. — W be a morphism of
G-posets. Suppose that either all left fibers f/w or all right fibers w\f are

G, -contractible, where w € W. Then f induces a G-homotopy equivalence
[f1: V] — [W].

2.11. COROLLARY ([TW, Prop. 1.7]). Let W be a G-poset of finite length
andt:V C W a G-subposet such that for each w € W\V, the left semi-fiber
t//w (resp. the right semi-fiber w\\i) is G, -contractible. Then the inclusion
¢ is a G-homotopy equivalence.

3. Isotropy presheaves on G-posets and related categories. Let
G be a discrete group. Clearly a G-poset can be considered as a small cate-
gory with G-action. Recall that by S(G) we denote the poset of all subgroups
of G, equipped with the G-action by conjugation. There is a G-functor
Q@ : S(G) — Og¢ to the category of G-orbits sending a subgroup H to the
orbit G/H. Recall the definition of an isotropy presheaf on a G-poset.

3.1. DEFINITION. Let W be a G-poset. An isotropy presheaf on W is a
morphism d : W — S(G) of G-posets such that for each w € W, d(w) C
Gy ={9€G:gw=uw}
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REMARK. Such morphisms of G-posets were introduced in [S13] and they
were called admissible functions, but the present terminology seems to be
more intuitive. Most of the results in this section were contained, with dif-
ferent proofs, in [S11-2].

Note that if d : W — S(G) is an isotropy presheaf then d(w) C G, is
a normal subgroup. Indeed, since the map d is G-equivariant, gd(w)g~! =
d(gw) = d(w) for each w € W and g € G,,.

For an isotropy presheaf d : W — S(G) one defines a small category
Wy as a quotient category of the Grothendieck construction Wpg. We set
ob(Wy) := W and Mory, (w,w’) := Morw, ., (w,w")/d(w’). (Note that the
isotropy group G, acts on Morw, . (w,w’).) Equivalently, a morphism w —
w’ in Wy is an equivariant map f : G/d(w) — G/d(w’) such that w < guw’
where g € f([e]). Note that since d(w) C G, the element gw’ does not
depend upon the choice of g € f([e]).

Note that composition of an isotropy presheaf d : W — S(G) with the
canonical G-functor @ : S(G) — Og¢ is a G-functor Q4 : W — O¢ and thus
it has an extension @d : Wy — Og to the Grothendieck construction. The
functor Qg clearly factors through the category Wy and we denote the corre-
sponding functor by Fy : Wy — Og. The functor F, assigns to every object
w the orbit G/d(w) and to a morphism w — w’ the corresponding G-map.

REMARK. If a G-poset has a largest element wy,ax then wy,ax is a quasi-
terminal object in Wy (cf. 2.8) and its automorphism group is G/d(wmax)-

Note that an isotropy presheaf d : W — S(G) on a G-poset can be
restricted to any subgroup H C G. We define an H-poset map d|H : W —
S(H) by the formula (d|H)(w) := d(w)NH. The restriction is a right adjoint
functor to the extension functor which assigns to an isotropy presheaf ¢ :
V — S(H), defined on an H-poset V, its extension id x gyt : G xg V —
S(G). There is an obvious functor v : Wyy — Wy. If H = e is the
trivial subgroup then Wy, = W and the functor coincides with the inclusion
t: W — W,. Tt is easy to identify the left fibers of 1%

3.2. PROPOSITION. There is a natural transformation from the functor
defined by Wy 3 w ~ 1§ Jw € Cat to the functor Wy > w ~ H\G/d(w) €
Cat (where sets of double cosets are considered as discrete categories) which
for every object w € Wy is a homotopy equivalence of categories.

Proof. We define a functor H\G/d(w) — (& /w assigning to a coset

H gd(w) the object (gw, G/d(gw)NH) lg] (w,G/d(w)). Since the right fibers
of this functor are contractible, the conclusion follows from 2.7. m

We shall consider morphisms f : (W1,d;) — (Wg,d2) between G-posets
equipped with isotropy sheaves. Such a morphism is a G-poset map f :
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W; — W, such that for every w € W1, dyw < dsfw. Clearly G-posets
equipped with isotropy presheaves and their morphisms form a category
denoted by Preis°.

Isotropy presheaves on a given G-poset form a poset with the unique min-
imal object d.(w) := e. If for any w < w’ we have the inclusion G, C G, of
isotropy groups then we define the maximal isotropy presheaf diso (W) := G.
Note that for every G-poset W its barycentric subdivision sd(W) (cf. [Q2,
1.4] and Sec. 4) has the above property.

To summarize: for a fixed group G' we consider the category Funep,, of
functors from small categories into the orbit category Og. A morphism in
Funp,, between two functors F; : C; — Og, © = 1,2, consists of a functor
¢ : C;1 — Cy and a natural transformation T': F; — Fs¢.

3.3. PROPOSITION. Assigning to every G-poset equipped with an isotropy
presheaf d : W — S(G) the functor Fy : Wg — Og extends to a functor
Prese — Funo,, .

Proof. It remains to define natural transformations induced by mor-
phisms of G-posets equipped with isotropy presheaves. For a morphism
[ (Wy,dy) — (Wa,ds) we set fi(w) := f(w); now the definition of the
natural transformation Fy, — Fy, f, is obvious. m

Let f. : Wgq — W/, be a functor induced by a morphism f. Since we
are going to apply to such functors various cofinality arguments (cf. 2.5,
2.7) we need to identify the fiber categories f,/w’ and w’\ f. in terms of the
corresponding subposets f/w’ and w’\ f.

Note that the poset f/w’ is equipped with an action of the group d’(w’) C
G, and with an isotropy presheaf f/w’ — S(d'w’) defined by d and denoted
with the same letter: d(w, f(w) — w’) := d(w). Assigning to w’ € W' the
small category (f/w’)q defines a functor on the poset W', but not on the
category W,,.

3.4. THEOREM. For an arbitrary morphism f: (W,d) — (W', d") there
are natural transformations of functors defined on the poset W' C W),

(f/w)a = fu/w'
and, if d =d'f,
w/\f - w/\f*7
which for each w € W' are equivalences of categories.

Proof. To prove the first assertion we construct an equivalence of cat-
egories @ : (f/w')q — fi/w’. An object of (f/w')q is an element w € W
such that f(w) < w’, thus we set @(w) := [e] : f(w) — w’. Every object
of f./w' is up to isomorphism in the image of @ since if f(w) < gw’ for
some g € G then f(g~lw) < w'. It remains to define & on the morphism



Homotopy decompositions of G-spaces 261

sets and prove that it is bijective. If [g] : w — v where g € d'(w') is a
morphism in (f/w’)q then ®([g]) := [g] is clearly a well defined morphism
f(w) — f(v) over w’ and P is clearly injective. It is also surjective since for
every morphism ¢ : v — w which defines a morphism f(w) — f(v) over w’
the element g must belong to d’(w’).

The proof of the second assertion is even more straightforward. m

The next corollary turns out to be a very practical tool for comparing
colimits over categories related to G-posets.

3.5. COROLLARY. Let i: (W,d;) — (W,dz) be a comparison morphism
(i.e. 1 = id and dy < d3). Then for every w € W,

(a) the category i./w has a quasi-terminal object (w,w = w) whose group
of endomorphisms is da(w)/d1(w),

(b) the natural transformation ipyFg, (w) — Fg,(w) of G-functors, ad-
joint to Fy, — Fg,i., s a homotopy equivalence.

Proof. Part (a) is a very special case of 3.4. Part (b) follows from the
definition of the homotopy left Kan extension given in Section 2, part (a)
and Proposition 2.9. =

4. Homotopy decompositions defined by isotropy presheaves.
We shall explain how isotropy presheaves on a G-poset lead to homotopy
decompositions of its geometric realization. Recall that to distinguish geo-
metric realizations of posets from classifying spaces of general small cate-
gories we shall keep denoting the former by | — |.

4.1. THEOREM. For any G-poset W equipped with an isotropy presheaf
d: W — S(G) there ezists a natural G-equivariant map « : hocolimyy, Fy —
|W|. For any subgroup H C G its restriction to the fized point set of H
is a homotopy equivalence o : (hocolimyy, Fy)? = |H\d| c |W|". In
particular o is a homotopy equivalence.

First proof. Consider the embedding » : W C W, which is a G-functor,
and a constant functor on the poset ¢ : W — Sp sending each object to
a point, considered as a G-functor. We apply the push down theorem for
homotopy colimits (Proposition 2.5). Proposition 3.2 implies that there is
a natural homotopy equivalence of G-functors 25;c = F,. Thus 2.5 implies
that there exists a G-map hocolimyy, tpyc — hocolimw ¢ = |W/| which is
a homotopy equivalence. For every subgroup H C G we have a restriction
a1 (hocolimyy, Fy) =~ hocolimyy, F — |[W|”. The same argument
as in 2.5 shows that the homotopy Kan extension of the constant functor
along the inclusion functor H\d C W;y is equivalent to (F;)¥, hence o :

(hocolimyy, Fy)® = |H\d|.
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Second proof. The homotopy colimit hocolimyy, Fy is by definition hom-
eomorphic to the classifying space of the category (W 4) g, whose objects are
pairs ([g], w) and a single morphism ([g], w) — ([¢'], w’) exists if w < hw’
where gh = ¢’ mod d(w’). The action p : GXxW — W defines a functor M, :
(Wa)r, — W which is clearly a G-map and an equivalence of categories,
thus it induces a homotopy equivalence of their classifying spaces. For every
subgroup H C G the restriction M f : Wa)it, — d\H is also an equivalence
of categories. m

Recall that we call a G-poset h*-ample if the associated bundle map
7 EGx¢|W| — BG is an h*-equivalence. Note that the Borel construction
EG xg |W| is homotopy equivalent to the classifying space BW,, and the
projection 7 corresponds to the map induced on classifying spaces by the
obvious projection W, — G.

4.2. COROLLARY. Let d : W — S(G) be an isotropy presheaf. Assume
that X is a G-CW-complex such that for every x € X the poset W is
h*-ample as a Gy-poset. Then the functor Wy 3 w ~» EG X gy X is an
h*-decomposition of the Borel construction EG xg X, i.e. the map

ag(X) : hocolimyy, EG x4y X — EG xg X
is an h*-equivalence.

Proof. Consider the functor Fy x X : Wy — G-Sp. Theorem 4.1 implies
that we have a homotopy equivalence hocolimyy, FG X4y X — EG X¢g
(IW| x X). The standard Leray spectral sequence argument applied to the
projection onto the second factor EG x¢g (|[W| x X) — EG xg X implies
that it is an h*-equivalence if for every isotropy group G, the projection
EG x¢, |W| — BG, is an h*-equivalence. m

A G-poset equipped with an isotropy presheaf d : W — S(G) will
be called h*-ample and sharp if W is h*-ample and the associated h*-
decomposition of BG is sharp, i.e. H'(Wy;h*(EG x¢ Fy)) = 0 for i > 0.
The above terminology extends the terminology introduced by Dwyer [Dw1]
beyond posets of subgroups.

Note that some standard constructions on posets preserve ampleness:
The opposite poset of an h*-ample poset is h*-ample. If f : V — W is an
equivariant map between posets and an h*-equivalence then W is h*-ample
if and only if V is h*-ample. In particular W is h*-ample if its barycentric
subdivision sd(W) is h*-ample. (Recall for further reference that sd(W) is
a G-poset whose points are simplices of W (i.e. ascending sequences of ele-
ments of W), ordered by inverse inclusion. Obviously, a G-action on W in-
duces an action on sd(W). The barycentric subdivision is equipped with two
canonical projections pg : sd(W) — W and p, : sd(W) — W°P which in-
duce G-homotopy equivalences of the corresponding geometric realizations.)
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Sharpness is an even more delicate property. In general it is not preserved
by homotopy equivalence. However if a morphism of isotropy presheaves
f:(V,dy) — (W,dw), where dy = dw o f, is right cofinal then the
decomposition associated to (V, dy ) is sharp if and only if the decomposition
associated to (W, dw) is sharp (cf. 2.5, 3.4, 5.4). In particular an isotropy
presheaf (W, dw) is h*-ample and sharp if and only if (sd(W),dw o po) is
h*-ample and sharp.

Let W C W be a G-subposet and d : W — S(G) an isotropy presheaf.
We introduce another G-subposet Cl« (W', d) C W, called the h*-closure
of W. Note that for every w € W the isotropy group G, acts on the
poset W = {w’ € W'|w" < w}. The G-subposet Clj,-(W',d) C W
consists of w € W for which the d(w)-poset W<,, is h*-ample. Obviously
W' C Clp«(W') C W,

Similarly we define a collection Enjy« (W, d) of subgroups, called the h*-
envelope of W, consisting of those w € W for which (W’ ,d,), where
dy : W, — S(d(w)) is the restriction of d, is h*-ample and sharp.

4.3. PROPOSITION. Let W/ € W C W be a triple of G-posets equipped
with an isotropy presheaf d : W — S(G). If W C W C Clp- (W' d) then
the induced map EG x¢ |W'| — EG x¢g |[W"| is an h*-equivalence. If also
W' c W” C Enp« (W', d) then H*(W/;h* o Fy) — H*W/; h* o Fy) is an

isomorphism.

Proof. As we have noticed the Borel construction EG X |[W| is homo-
topy equivalent to BW,. Thus it is enough to notice that the fibers of the
inclusion functor ¢ : W, C W' are h*-acyclic. Indeed, Theorem 3.4 tells us
that for any w” € W” we have an equivalence ¢/w” ~ (W, . )e ~ W .
The Leray spectral sequence (5.3) implies the desired conclusion. Similarly
to prove the second assertion we apply the spectral sequence 5.3 to the
inclusion functor ¢ : W, C W/ . =

We shall describe some decompositions of the Borel construction on
a G-space X associated to posets of subgroups of G. For any given G-
subposet W C S(G) and any isotropy presheaf on it we shall construct
a decomposition of the W-fixed point set XW := Ubnew X, Note that
XW is a G-subspace of X. A G-space X defines the fixed point G-functor
Fixx : W°P — Sp on the opposite poset where Fixx (H) := X . We write
X*W .= hocolimwer Fixx and call it the thick W -fized point set. According
to Proposition 2.4 the thick W-fixed point set is also a G-space, the action
being induced by conjugation on W and the original action on X. There
are two natural G-maps

'Wep| L xtW 1 xW X

the map 7 is the canonical projection from the colimit over an indexing
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category while n is the canonical map from the homotopy colimit to the
ordinary colimit. As usual it is interesting to compare the homotopy colimit
to the ordinary colimit. The thick fixed point set is the geometric realization
of the category whose objects are pairs (H, z) where x € X *; the morphisms
correspond to inverse inclusions of subgroups; the G-action on the category is
given by the formula g(H, z) := (HY, gz). Thus X*W is homotopy equivalent
to a subspace of X x |W| which is the union of simplices (x, Hy D ... D Hy)
such that z € XHo. The structure maps 7, 7 correspond to projections onto
factors.

4.4. PROPOSITION. Let X be a G-space and W C S(G).

(7)) If for each H € W the fized point set X is h*-acyclic (resp. con-
tractible) then m : X*W — |W| is an h*-equivalence (resp. a homotopy
equivalence).

(n) If for each x € X the poset W<g, is h*-acyclic (resp. contractible)
then the map n : X*W' — XW is an h*-equivalence (resp. a homotopy
equivalence).

(n') If for each x € X the poset W<, is h*-ample then the map id x g :
EG x¢ X*W — EG xg XW is an h*-equivalence.

Proof. (m) follows directly from the Bousfield-Kan spectral sequence cal-
culating cohomology of the homotopy colimit (or equivalently the Leray
spectral sequence of the map 7 in the cohomology theory h*).

(n), (). Note that the fiber of the map n over a point x € X is the union
of simplices of the form (z; Hy D H1 D ... D H,) where G, D Hy, i.e. it is
homotopy equivalent to the subposet W<, C W consisting of all elements
of W which are contained in the isotropy subgroup G,. =

The following proposition extends the decomposition of Theorem 4.1 to
G-spaces.

4.5. PROPOSITION. Let W be a G-subposet of S(G) and d : WP —
S(G) be an isotropy presheaf. Then for any G-space X there exists a natural
G-map

hocolimyyer G X4y Fixxy — XtW,

which is a (non-equivariant) homotopy equivalence.
Proof. The proof is similar to that of 4.1.

First proof. We consider an embedding ¢ : W°P C WJP. The left ho-
motopy Kan extension of the functor Fixx : W — Sp is equivalent to
G xg(—) Fixx (cf. 3.5) and the homotopy equivalence defined in Proposi-
tion 2.5 is a G-map.

Second proof. We define a functor between the categories defining the
two colimits. The first one is the geometric realization of the category whose
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objects are triples (H, [g, z]) where z € X and a morphism (H', [¢’,2']) —
(H,[g,z]) is an element a € G such that H* C H', ¢’ = ga, v = a~'a2’. The
action of G is given on objects by the formula ¢”(H, [g,x]) := (H,[¢"g, z])
and it extends in an obvious way to morphisms. Objects of the second cat-
egory are pairs (H,z) where x € X*; morphisms correspond to inverse
inclusions of subgroups; a G-action on the category is given by the formula
g(H,x) := (HY9,gx). To a triple (H,g,x) we assign the pair (HY, gx); this
is clearly a G-map. Its inverse is given by sending a pair (H,z) to (H,e,x),
which is an equivalence of categories (but not a G-map!). =

4.6. COROLLARY. If the map EG xg X*W — EG xg XW is an h*-
equivalence (cf. 4.4) then the functor Wq 3 H ~ EG x gy X is an h*-
decomposition of the space EGxgXW | i.e. the map induced by the inclusions
XH ¢ XW induces an h*-equivalence

hocolimyyer EG % 4(—y Fixx = EG xg X™.

The last corollary generalizes Henn’s result [H].

We shall discuss in detail the decomposition defined by the maximal
isotropy presheaf on a G-poset. Recall that if G, C G, for all w < w’ €
W then the formula dis,(w) := G, defines a maximal isotropy presheaf.
Observe that the category Wy, _ is itself equivalent to a poset if the action
satisfies some further regularity condition (cf. [Br2, III1.1]).

4.7. DEFINITION. Let W be a G-poset.

(a) W is regular if for any w,w’ € W, g € G the inequalities w < w’
and w < gw’ imply that gw’ = w'.

(b) W is normal if G, C G, for all w < w' € W.

(c) W satisfies condition (EI) if gw = w for all g € G and w € W such
that w < gw.

Clearly a regular G-poset must be normal and satisfy condition (EI).
Unfortunately, many interesting examples of G-posets are not regular, even
not normal. However we shall see that the barycentric subdivision of every
G-poset W is normal and, if W satisfies condition (EI), it is even regular.

Observe that for a G-poset W satistying condition (EI) the set W/G
of orbits is also a poset and the canonical projection 7 : W — W /G is a
quotient map with the obvious universality property.

4.8. PROPOSITION. If W is a regular G-poset then the projection W —
W /G induces a canonical equivalence of categories IT : Wy, ., — W /G.

Proof. Tt is easy to see that the formula IT(w) := [w] defines an equiva-
lence. m

4.9. EXAMPLES. A G-poset W satisfies condition (EI) if one of the fol-
lowing conditions holds:

iso
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(1) the group G is finite,

(2) all strictly ascending sequences wy < w; < ... < w, of elements
of W have bounded length (i.e. the geometric realization of W is finite-
dimensional),

(3) W is the barycentric subdivision of some G-poset.

The following proposition corresponds to Proposition III.1.1 in [Br2].

4.10. PROPOSITION. For every G-poset W its barycentric subdivision
sd(W) is normal. Moreover, if W satisfies condition (EI) then sd(W) is
regular.

Proof. Elements of the barycentric subdivision sd(W) are simplices of
W, ordered by inverse inclusion. Note that for every w, := (wq, w1, ..., wy)
its isotropy group G, is equal to Gy, N ... N Gy, , thus if w, < v, then
Guw. < G, . Hence sd(W) is normal.

Assume now that in W an inequality w < gw implies that gw = w. Let
w, < v, and w, < gv, for some g € G, thus gv. Uv, C w, Since w, is a
chain, every v; € v, is comparable with gv;. Since we have assumed that W
satisfies (EI) we obtain g € G,,, hence g € G,,_. m

Note that for a regular G-poset W Theorem 4.1 implies that
o : hocolimyy g 7' — [W)|
is indeed a G-homotopy equivalence. Thus we obtain

4.11. COROLLARY. For every G-poset W which satisfies condition (EI)
the natural map
hocolimys jesa(w)/c G/Gs, — [W|

1s a G-homotopy equivalence. Thus if W is h*-ample then the map induces
an h*-equivalence

hocolim, jesaw),¢ EG xg G/Gs, — BG. m

A generalized homotopy push-out is the homotopy colimit of a functor
defined on a poset. The fundamental group of the generalized homotopy
push-out is given by a generalization of the van Kampen theorem. Note
that the last corollary provides a way of converting general homotopy col-

imits which appear in Proposition 4.2 into generalized homotopy push-outs
(cf. [S11]).

4.12. EXAMPLE. Let a discrete group G act simplicially on a tree T.
Then the simplicial barycentric subdivision sd(T") is a simplicial complex
defined by a regular G-poset which we denote by T”. The elements of T” are
the vertices and the edges of T, ordered by inclusion. The isotropy group of
an edge is the intersection of the isotropy groups of its ends. The resulting
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decomposition
hocolimy EG x¢ G/G_- — BG

is precisely the one considered by Serre and others in combinatorial group
theory and leads to the presentation of G as the amalgamated product of the
isotropy groups of the vertices along their intersections corresponding to the
edges. The example generalizes to actions on higher dimensional contractible
simplicial complexes.

5. Higher limits and pruning of ordered categories. Let C be an
arbitrary small category. We write C-mod for the category of C-modules,
i.e. the abelian category of contravariant functors M : C — Ab. There is a
functor lime : C-mod — Ab which assigns to every M its inverse limit

l%n(M) := Home(Z, M)
where 7Z denotes the constant functor.

We want to study the derived functors m”c of the inverse limit. In or-
der to emphasize the analogy with group cohomology, we shall denote the
functors lim’ by

— .
H'(C;—) : C-mod — Ab.

Recall the basic long exact sequence of derived functors:

5.1. PROPOSITION. For any small category C, and any short exact se-
quence of C-modules 0 — M’ — M — M" — 0 in C-mod, there exists a
functorial long exact sequence

= HY(C; M) — H'(C; M) — HY(C;M") — HHH(C M) — ...

From general nonsense in homological algebra it follows that instead of
taking an injective resolution for M when computing higher inverse limits,
one can choose a single projective resolution P, of the constant functor Z,
and then H*(C; M) ~ H*(Home(P,, M)) for all C-modules M. We shall
describe how fiber categories lead to such resolutions. Consider the relative
case: for a subcategory C’ C C we define the relative chain complex functor
which assigns to an object ¢ € C the chain complex

Ci(c\C,c\C") := Ci(c\C)/Ci(c\C).
(The chain complex of a small category was defined in Section 1.)

5.2. PROPOSITION. For everyn > 0 the functor C,,(—\C, —\C’) is a pro-
jective C-module. If C' is empty, then the augmented chain complex C(—\C)
s a projective resolution in C-mod of the constant functor Z.
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Proof. We shall prove that for an arbitrary epimorphism M’ — M of
C-modules the induced homomorphism

Home(Cy (—\C, —\C"), M") — Home¢(C, (=\C, —\C’), M)
is also an epimorphism. For every C-mod M we have a bijection

Home (Cr(—\C, —\C'), M) — 11 M (co)

[co—...—cn]€(BC)n

sending each natural transformation @ to ®(co = c9 — ... — ¢,) . The
cartesian product preserves epimorphisms. To prove that the augmented
complex C,(c\C) is acyclic it is enough to note that the category c\C has

an initial object (c,c id ¢), thus Proposition 1.1 provides a contracting
homotopy. =

We introduce the relative cohomology of categories. Recall that for a
homomorphism f : C, — D, of non-negative chain complexes of modules
over a ring R one defines the mapping cone by A, (f) := C,,—1 ® D,, and
oa,(c,d) == (=0c,(c),0p.(d) + f(c)). The mapping cone fits into a short
exact sequence

0— D, — A(f) = XC, —0

where YXC, denotes the suspension of C, ie. (¥C), = Cp_1. If F =
t: Cy C D, is a map of complexes such that for every n, ¢, : C,, C D,
is a split inclusion of projective R-modules, then the obvious projection
A.(t) — D,/C, is a chain homotopy equivalence (cf. [Bro, 1.8.4]). For a
functor F': C" — C we define its cone A, (F) as the chain complex in C-mod
which for each ¢ € C is the mapping cone of the chain map F, : Cy(c\F) —
C.(c\C) sending an object (¢/,c — F(c')) to (F(),c — F(c)).

Let C' C C. For an arbitrary functor M : C — Ab the relative cohomology
H*(C,C'; M) is defined as the cohomology of the relative cochain complex
C*(C,C"; M), or equivalently the cohomology of the mapping cone A, (¢,).
Hence the relative groups fit into an exact sequence relating higher limits
over C’ and C:

.— HY(C; M) — H'(C'; M) — H(C,C'; M) — H(C; M) — ...
The following proposition generalizes Shapiro’s lemma (the subgroup the-
orem), often used in calculating group cohomology (cf. [Bro, I11.6.2]). For

general categories it takes the form of a spectral sequence (cf. [GZ, Ap-
pendix 2, Thm. 3.6] for the dual statement involving homology groups).

5.3. PROPOSITION. Let F : C' — C be a functor between small categories.
For any contravariant functor M’ : C' — Ab there exists a spectral sequence

H™(C; H"(F/—; M'me)) = H" ™™ (C'; M'). m
Note that H°(F/c; M'nc) = F,M’(c) is the right Kan extension of M.
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5.4. PROPOSITION. Let F : C' — C be a functor between small cate-
gories. For any contravariant functor M : C — R-mod there is a canonical
isomorphism of chain complexes

Home: (C(=\C'), M o F) = Home (C,.(—\F), M)
and of cohomology groups
H™(C',M o F) ~ H™(Hom¢(C\(—\F), M)).

Moreover if the functor F is right R-cofinal then F* : H*(C';M o F) =
H*(C; M).

Proof. 1t suffices to note that the functor C,(—\F) is the left Kan ex-
tension of the functor C,(—\C’) along F. The isomorphism of cohomology
follows since, by Proposition 5.2, C,.(—\C’) provides a projective resolution
that can be used to calculate higher limits. Note that C,(—\F) as the left
Kan extension of a projective object in C’-mod is a projective object in
C-mod, hence the last assertion follows. m

Let C be an ordered category, i.e. a small category in which all endomor-
phisms are isomorphisms. Fix an object d € obC. We denote by C — [d] the
full subcategory of C consisting of objects not isomorphic to d. Following
Dwyer [Dw2| we say that C — [d] is obtained from C by pruning the object d.
The aim of the section is to compare higher limits over C and C’' := C — [d]
by expressing the relative cohomology groups H*(C,C’; M) as cohomology
of the automorphism group A(d) with coefficients in a local cochain complex
at d.

For any object d € C consider the forgetful functor C/d — C. Its right
fiber under an object ¢ € C, denoted by ¢\C/d, is the category whose objects
are pairs of morphisms ¢ — d’ — d and morphisms those morphisms d’ — d”
which make the corresponding diagrams commute. Note that composition
of morphisms defines an action of the group A(d) := Mor¢(d, d) on c\C/d.
Varying ¢ we obtain a functor from C to the category of small categories
equipped with an A(d)-action.

We use the notation for semi-fibers introduced in Section 2. Recall that
C//d (resp. d\\C) denotes the subcategory of C/d (resp. d\C) consisting of
the morphisms ¢ — d (resp. d — ¢) which are not isomorphisms. Thus
c\C//d C ¢\C/d consists of the sequences ¢ — d’ — d such that d' — d
is not an isomorphism. The following main theorem of the present section
describes explicitly the effect of pruning on chain complex functors.

5.5. THEOREM. Let C' be the subcategory of an ordered category C, ob-
tained by pruning an object d € C. Then there exists a natural homotopy
equivalence of functors defined on the category C:

@ Cu(=\C/d,=\C//d) @ a(ay Cs(d\C,d\\C) = C.(-\C,-\C).
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For the proof we can assume that d is the only object in its isomorphism
class. To construct a homomorphism ¢ we need to replace the tensor product
with some other homotopy equivalent chain complex. This is done in the next
lemmas.

5.6. LEMMA. (a) For each p > 0 the functor Cp(—\C/d,—\C//d) is a
projective C-module.

(b) For every q > 0 the A(d)-module Cy(d\C,d\\C) is free.

Proof. (a) Indeed, as in Proposition 5.2, for any C-module M we have

Home (C,(—\C/d, —\C//d), M) = 11 M(c).

[e=co—...—cp=d—d]

(b) A free A(d)-basis consists of the elements of the form [d b g=co—
.yl m

Let us consider the set of morphisms Mor¢(c, d) as a discrete category
(i.e. with identity morphisms only) equipped with a right A(d)-action. Then
composition of morphisms yields an A(d)-equivariant functor u : ¢\C/d —
More (e, d) which is a homotopy equivalence. The homotopy inverse is in-
duced by the functor which sends a morphism ¢ — d to the pair ¢ — d dg.
Varying ¢ we obtain a natural (non-equivariant) homotopy equivalence be-
tween functors into the category of small categories with A(d)-action.

Let t(c). : Cx(c\C//d) C Ci(c\C/d) be the inclusion and let

n:=por:Cy(c\C//d) — Mor(c,d).
We shall shorten notation by defining
Ci:=C.(d\C,d\\C) and CL(—):=C.(-\C/d,—\C//d).
5.7. LEMMA. There are natural homotopy equivalences of functors on C:
Au(n) ®aga) Cu = As(t) @a(a) C = Co(=\C/d, =\C//d) @ aay Cs.
Proof. Observe first that the natural maps
Ai(n) & Au(e) = Cu(=\C/d, =\C//d)

preserve A(d)-actions and they are natural chain homotopy equivalences.
To see this note that in the composition 7 := p o ¢ the first map is a natu-
ral chain equivalence and all the functors involved are projective C-modules
(Lemma 5.6(a)). The maps remain natural homotopy equivalences after ten-
soring with C,. Indeed, by Lemma 5.6(b), C, is a free A(d)-module, thus
tensoring over A(d) with C amounts to taking a direct sum of an appropri-
ate number of the tensored module. And direct sums clearly preserve chain
homotopy equivalences. m
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Proof of Theorem 5.5. To define a natural homotopy equivalence we first
replace the chain complex C.(c\C/d,c\C//d) @ Cx by A(n) @ Cy. Now we
shall exhibit an isomorphism

D 20 ©a@ Cald\C.ANC) — Cu(=\C, -\C).
pta=n
Recall that A,(n) = Cp—1(c\C//d) for p > 0 and Cy(n) = Z[Morc(c,d)].
Since Cp_1(c\C//d) is the free abelian group generated by sequences ¢ —

o= ... = Cp_1 kA d, it follows (cf. Lemma 5.6(b)) that the tensor product
Cp—1(c\C/d) ® Cy is the free abelian group generated by the tensors [¢ —

Cp = ... = Cpoa Ea dl® [d 4= cy — ... — cy]. To such a generator
we assign the simplex [c — ¢ — ... = o1 — d = ¢ — ... = .
The resulting homomorphism establishes a bijection of bases (over Z) of the

source and target groups. =m

We shall express the relative cohomology H*(C,C’; M) as the hyperco-
homology of the group of endomorphisms A(d) with coefficients in a certain
chain-cochain complex depending on “neighborhoods” of d in C.

We define a cochain complex of A(d)-modules with coefficients in a con-
travariant functor M : C — ADb as follows:

L*(d; M) := Home (Cl(—) ® Cy, M)) ~ Hom(C\, D*(C,d; M))
where D*(C,d; M) := Home(C’(—), M).

5.8. PROPOSITION. Let C’ be the subcategory of a category C, obtained
by pruning an object d € C, and M : C — Ab be a contravariant functor.
Then there is a natural isomorphism

H*(C,C'; M) ~ H*(A(d); L*(d; M)).

Proof. We have to calculate H*(Home(CL (=) ®a(q) Cx, M)); the de-
sired expression follows from the adjunction properties of tensor product.
Indeed Home (Cy(—) ®a(a)y Cx, M) ~ Homy4)(Cs, Home (C, (=), M)). Let
C.(FA(d)) = C.(d\d) be the chain complex of the universal contractible
free A(d)-space. The augmentation homomorphism C,(EA(d)) — Z induces
a weak equivalence C,(EA(d)) @ Cy — C.. Since C, is a free A(d)-module it
is a chain homotopy equivalence and therefore we have a cochain homotopy
equivalence

Hom 44 (Ci, Home (C(—), M)
since the last cochain complex is isomorphic to

Hom 4 (a) (Cx(EA(d)), Hom(C., Home (C}(—), M)))

the assertion follows. m
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We define several full subcategories of C playing the role of “neighbor-
hoods of d in C”. The star-categories are defined as full subcategories of C:

sti(d):=={d €eC:3d—d'}, stz(d):={d €C:3d —d},
ste(d) := st (d) Ustg (d).
Analogously we define the link-categories
lke(d) == 1k (d) U lkg (d)

as full subcategories of the corresponding star-categories consisting of ob-
jects not isomorphic to d.
We shall see that the star-subcategories play a crucial role in comparing

higher limits over C’ and C. Recall that we have defined the chain complex

5.9. PROPOSITION. The restriction maps
D*(C/d,C//d; M) — D*(st; (d)/d,1k; (d)/d; M),
C(d\C,d\\C) — Cy(d\stF (d), d\Ik} (d))
are isomorphisms.
Proof. The first map is clearly injective since C,(—\C/d, —\C//d) van-
ishes outside st¢(d). It remains to observe that it is surjective, i.e. to check
that the obvious extension of a natural transformation over st; (d) to ob-

jects in C is also a natural transformation. The assertion about the second
restriction map is even more straightforward. m

We conclude the section by expressing the “local cohomology” H*(A(d);
L(d; M)) in simpler terms if the object d is either maximal (i.e. every mor-
phism d — ¢ is an isomorphism) or minimal (i.e. every morphism ¢ — d is
an isomorphism). This is a typical situation in many applications. Note that
the element d is minimal (resp. maximal) in st (d) (resp. st (d)).

5.10. COROLLARY. If d = dpax (r€sp. dmin) is a mazimal (resp. mini-
mal) object in a category C then there are natural isomorphisms

H* (A(dmax); L(dmax; M)) =~ H" (A(dmax); D*(C/dmax, C// dmax; M)),
H* (A(dmin); L(dmin; M))

~ H*(A(dmin); Hom(Cs(dmin\C, dmin \\C), M (dmin))),
H*(C,C\[dwin); M) ~ H*(Hom 4 (q,,,.)(Cx, M (dmmin))).
Proof. If d.x is a maximal object then

Cy (dmax\ca dmax\\c) ~ C, (dmax\c) ~ Ci (EA(dmax))a

hence by adjunction we obtain the first isomorphism.
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Let now duyin be a minimal object. Then st; (dmin) = {dmin}. Hence,
again by adjunction, we obtain the second isomorphism. The last isomor-
phism follows directly from 5.6. m

As an application of the last proposition we shall calculate higher limits
of atomic functors. A functor M : C — Ab is called atomic, concentrated
on ¢ if M(c’) = 0 for all objects not isomorphic to c¢. Note that atomic
functors concentrated on ¢ can be identified with A(c)-modules.

Note that every functor M : C — Ab defined on an ordered category
admits a filtration by subfunctors 0 = My C My C ... C M such that the
subquotients M;/M;_; are sums of atomic functors and moreover for every
object ¢ € C one of the three terms of the short exact sequence

0— Mi_l(C) — MZ(C) — Mi(C)/Mi_l(C) — 0

vanishes (cf. [JMO2]).

A subcategory C' C C is called upward saturated if all morphisms in C
originating from objects of C’ belong to C’. In particular C’ is a full subcat-
egory.

5.11. PROPOSITION. Let C' C C be an upward saturated subcategory and
M : C — ADb a functor such that M(c) = 0 for all ¢ ¢ C'. Then the inclusion
C' C C induces an isomorphism H*(C; M) = H*(C'; M).

Proof. Tt follows from the definitions that Hom¢(Ci(—\C,—\C"), M)
= 0, and thus the relative groups vanish. m

The object d is minimal in stér(d) so the last proposition implies that for
an atomic functor concentrated on d the cohomology H* (st} (d); M) can be
calculated using Proposition 5.10.

Finally, we shall observe that Proposition 5.10 is closely related to a re-
sult of Oliver [O] who studied higher limits over ordered categories with sub-
objects. Since we consider contravariant functors whereas Oliver considered
covariant functors, we give the dual definition of a category with quotients.

5.12. DEFINITION. A category with quotients is a pair of ordered cate-
gories D C C such that obD = ob(C and

(a) |[Morp(z,y)| <1 for any pair of objects,
(b) each morphism f € Mor¢(z,y) can be written in a unique way as a
composite z 2y > y where a € Isoc(y,y) and p € Morp(z, /).

Note that (a) & (b) implies that the category D is defined by a partially
ordered set which we shall denote by (D, <). Condition (b) implies that

for every object ¢ € D the automorphism group Mor¢(c, ¢) acts on D.< =
{deD:c<}.
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5.13. REMARK. Observe that a category with quotients (C,D) is not
only ordered but also all morphisms are epimorphisms. Indeed, it suffices
to show that all morphisms which belong to D are epimorphisms. Suppose

that z 2 y is in D and for two morphisms y 74, we have fiop= faop.
According to (b) each f; decomposes into y L 2 % 2 where q; € D and
a; is an isomorphism, thus a1 0 g1 op = as 0 g2 o p. Since p € D and the
decomposition in (b) is unique we infer that z; = 22, ¢ o p = g2 o p and
a1 = ag. Since there are no more than one morphism between objects in D
we conclude that q1 = ¢o, hence f1 = fo. =

Now we are ready to show a generalization of Oliver’s [O, Proposition 3].

5.14. THEOREM. If dumin s a minimal object in an ordered category with
quotients C O D then for any functor M : C — Ab there is a natural
isomorphism

H(A(d); L(dmin; M) = H* (EA X A(din) (IDdin<ls Detpyin<|); M (dmin))-

Proof. The isomorphism follows easily from 5.10. We have to observe
that the complex Cy(dmin\C, dmin \\C) of A(dpin)-modules is isomorphic to
Ci(|Dapn<!, IDdpin<|). Indeed the condition (b) in Definition 5.12 implies
that there is an equivalence of categories dmin\C =~ dmin\D =~ Dy, < and
by definition it preserves the A(dp;y)-action. m

6. Higher limits on categories associated to isotropy presheaves.
Let d : W — S(G) be an isotropy presheaf on a G-poset W, and M : Wy —
R-mod a coefficient system on the associated category. We shall prove several
results concerning the cohomology groups (higher limits) H*(Wgy; M).

Let f: (W,dw) — (V,dv) be a morphism of isotropy presheaves. As we
noticed in Theorem 3.4 fibers of the induced functor f. : Wy,, — Vi, can be
expressed in terms of the fibers of the poset map f. This observation implies
certain relations between higher limits on Wy, and Vg, . In particular if
dw = dv o f and the right fibers v\ f of the poset map are R-acyclic for all
v € V then for every coefficient system N :V,;, — R-mod Proposition 5.4
provides an isomorphism

(6.A) ¥ H* (Vay; N) = H*Way; N o f).

Note that in general in Propositions 5.3 and 5.4 applied to the functor f,
the fiber categories f./— and —\ f. cannot be replaced by (f/—)a4y, and (if
dw = dvof) —\f respectively, since the equivalences of categories described
in Proposition 3.4 are natural on the poset V but not on the category V,,.

In certain cases calculations of higher limits over Wy can be reduced to
more familiar higher limits over orbit categories. Recall that for V. C S(G)
we denote by Og(V) the category of orbits G/H such that H € V.
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6.1. PROPOSITION. Let d: W — S(G) be an isotropy presheaf such that
d(W) C V, where V C S(G) is a G-subposet. Assume moreover that for
any H € V the right fiber H\d is R-acyclic. Then

(a) the induced map |d| : [W| — |V| is an R-equivalence,

(b) the induced functor Fg : Wq — Og(V) is right R-cofinal,

(c) for every coefficient system M : Og(V) — R-mod the induced ho-
momorphism d* : H*(Og(V); M) — H*(Wy; M o Fy) is an isomorphism.

Proof. Let ¢ : S(G) — S(G) be the identity isotropy presheaf. Asser-
tions (a)-(c) follow immediately from the isomorphism (6.A) applied to
d: (W,d) — (V,|V), interpreted as a map of isotropy presheaves. m

In the next proposition we specify an important situation when the re-
striction homomorphism H*(Wgy; M) — H*(W); M) induced by an inclu-
sion W/ C W is an isomorphism; the proposition extends to higher limits a
result of Thévenaz and Webb (cf. 2.11).

6.2. PROPOSITION. Let : W/ C W be a G-subposet such that for every
w € W\W' the right fiber |W,<| of the inclusion is finite-dimensional and
the right semi-fiber |W,<| is R-acyclic. Then

(a) the inclusion |¢| : [W'| C [W]| is an R-equivalence,

(b) the inclusion functor v : W) C Wy is right R-cofinal,

(c) for every coefficient system M : Wy, — R-mod the induced homo-
morphism * : H*(Wgq; M) — H*(W/; M) is an isomorphism.

Proof. Thévenaz—Webb ([TW, Prop. 1.7], quoted as 2.11 above) con-
structed a chain W/ = W, C ... C W3 = W of G-subposets such that
the right fibers of every inclusion W; C W, are R-acyclic. (A similar
argument can be applied to prove that all fibers |W,,<| are R-acyclic.) Now
assertions (a)—(b) follow from the isomorphism (6.A). m

We shall establish a relation between higher limits over categories as-
sociated to different isotropy presheaves on the same G-poset. Let d; <
dy : W — S(G) be a pair of isotropy presheaves. Then we have a functor
ix : Wy, — Wy,. According to Corollary 3.4 for every w € W the right
fiber i./w is equivalent to the category defined by the group ds(w)/dy(w).
Moreover the equivalence is natural up to inner automorphisms on Wy,.
Thus for a coefficient system M : Wy, — Ab the Leray spectral sequence
5.3 has the form

(6.B) H™(Wa,s H" (d2(=)/di(=); M(=))) = H"™ (Wa,; M)

where the coefficient system in the Fs-term is given by assigning to w €
Wi, the group cohomology H*(d2(w)/di(w); M (w)); note that since M has
been defined on W,,, for every w € W the group M(w) is a Gy, /d1(w)-
module. The spectral sequence is clearly natural with respect to morphisms
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of isotropy presheaves. If d; = e is a minimal isotropy presheaf then the
spectral sequence is convergent to the cohomology of the poset W.

If W is a regular G-poset (cf. 4.7 and 4.8), then for do = dpax and an
arbitrary isotropy presheaf d : W — Ab we have a spectral sequence

(6.C) H™(W /G H™(G-/d(=); M(=))) = H" ™" (Wa; M).

Here the Fs-term is the cohomology of the quotient poset with coeflicients
in the simplicial presheaf, defined by the functor on the poset W/G.

Recall that for any G-poset W satisfying condition (EI) its barycentric
subdivision sd(W) is regular (cf. 4.9). The projection pg : sd(W) — W is
right cofinal. The composition dy := dopy is an isotropy presheaf on sd(W),
hence for any M : Wy — Ab we have an isomorphism pj : H*(Wy; M) =
H*(sd(W)g,; M opg). Therefore applying (6.C) to (sd(W), dy) we obtain an
important spectral sequence

(6.D) H™(sd(W) /G H™ (G- /do(—); M(=))) = H" ™™ (Wa; M).

It turns out that under certain assumptions (which are often satisfied by
various important posets of subgroups) the Fa-term of the spectral sequence
reduces to the first row. Thus H*(Wgy; M) almost does not depend on the
particular choice of the isotropy presheaf d (cf. Theorem 6.6)! This result
should be compared with (4.1) where we noticed the homotopy equivalence
hocolimyy, Fy = |W/; thus the homotopy type of the homotopy colimit
associated to an isotropy presheaf d does not depend on d.

For the proof of Theorem 6.6 we shall need an interpretation of higher
limits over Wy as equivariant Bredon cohomology of certain G-spaces. Recall
that the Bredon cohomology of a G-space with coefficients in a contravari-
ant functor N : Og — AbD is defined as the cohomology of the cochain
complex Homp,, (C4(X), N) where C,.(X)(G/H) := C.(XH) and C,(-) is
the singular (or simplicial) chain complex functor (cf. [Brl]).

6.3. LEMMA. Let C be an arbitrary small category equipped with a functor
F : C — Og. Then for any coefficient system N : Og — ADb there is a
natural isomorphism
H*(C;NoF)~ HiH(B(G\F);N).
(G\F denotes the right fiber of F' under the free G-orbit equipped with the
left G-action.)

Proof. We have an isomorphism of the corresponding chain complexes
provided by the obvious adjointness property:

Home (Cy(—\C), N o F) ~ Homoe, (C.(=\F), N).

Now it suffices to notice the natural equivalence of functors on the orbit
category: (G/H)\F ~ (G\F)". u
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6.4. COROLLARY. Let d : W — S(G) be an isotropy presheaf on a G-
poset W. Then for every coefficient system N : Og — ADb there is a natural
isomorphism

H*(Wg; N o Fy) ~ HZ(hocolimyy, Fy; N).
In particular for a regular G-poset W there is a natural isomorphism
H*(Wiso; No Eso) = Hé(|W|7 N)

Proof. The functor Fy : Wy — O¢g was defined in Section 3. A direct
inspection exhibits an isomorphism G\ F; ~ (Wy)r, of categories equipped
with G-action, and by definition hocolimyy, F,; coincides with the (geometric
realization of) the nerve of Wy)r, (cf. Sec. 2). For a regular G-poset the
map hocolimwy, , Fiso — |W] (cf. 4.11) is a G-homotopy equivalence, thus
the second isomorphism follows. =

The interpretation of higher limits as equivariant cohomology turns out
to be often more flexible and geometrically more intuitive (cf. [JMO1]).
Following [S13] we shall describe briefly a construction of the transfer map
in Bredon cohomology which will be used to prove the vanishing of certain
higher limits in the next theorem. Another, more categorical approach to
transfers was described in [J].

Let G be a finite group and M : Og — ADb be a coefficient system which
extends to an additive functor on the Hecke category ZS¢g of finite G-sets.
We call M a Hecke functor (cf. [Wa, Def. 2.1]); in particular M is a Mackey
functor as defined in [JM]. Recall that a morphism S — T in ZS¢ is a
G-homomorphism ZS — ZT of the free abelian groups generated by S and
T respectively. For any G-space X, a Hecke functor M and an orbit G/K
one defines a transfer map tr : Hy, (X; M) — HE(X; M) as the composition

Hie(X; M) = H5(X: M(G/K x —)) — H3(X; M)

where the first isomorphism is induced by the adjunction isomorphism of
the corresponding chain complexes and the second map is induced by the
fundamental transfer homomorphism Z[S] — Z[G/K x S| defined for any
G-set S. The restriction homomorphism res : HA(X; M) — Hj(X; M)
is induced simply by the projection G/K x S — S. As usual we need to
understand the composition of the restriction and the transfer.

6.5. LEMMA. For any Hecke coefficient system M the composition
HE(X; M) ™ Hig (X5 M) = HE(X; M)
is multiplication by the indez |G : K|.

Proof. The composition trores is induced by the natural transforma-
tion Z[S] 5 Z[G/K x 8] 25 Z[S] of coefficient systems, which is clearly
multiplication by |G : K|. =
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Group cohomology is an important example of the Hecke functor. More
precisely for an arbitrary G-module A consider the functor H [*G](—;A) :
Og — Ab defined as H{, (S;A) := H*(EG x S; A). By the Shapiro lemma

H [*G] easily extends to a Hecke functor.

6.6. THEOREM. Let d : W — S(G) be an isotropy presheaf defined on
a G-poset W of finite length. Assume moreover that for every w € W the
group A(w) := Gy, /d(w) is finite and that for every non-trivial p-subgroup
P C A(w), H*(|Wyw<|F, [Wu<|P;F,) = 0. Then for any coefficient system
M : Wy — Fp-mod in the spectral sequence (6.D), EY'? =0 for ¢ > 0, hence
there is a natural isomorphism

H*(sd(W)/G; M°) = H*(Wg; M)
where for each w.= (wo, ..., wy), MO(w.) :== HY(Gy ; M(wp)) = M (wg)w-
and Gy, = Gy NGy, N...N Gy, .

Proof. Note that a G-poset of finite length must satisfy condition (EI)
(cf. Ex. 4.9). Thus its barycentric subdivision sd(W) is regular (4.10) and
we can consider the spectral sequence (6.D). We have to prove that for
n > 0, H™(sd(W)iso; M™) = 0, where M"™(w.) := H"(G.,. /d(wo), M (wp)).
We begin by proving it in the case when M is an atomic functor on W,
concentrated on an object w € W,;. We write A := A(w) for short. We have
the following isomorphisms in cohomology:

H* (sd(W)iso: M”) W

sd(GWw<)1s07Mn)

sA(GW <, GW 4y < iso; M™)

(G xa,, sdA(W <, Wi ))iso; M™)
d(Wy<, Wayo)iso; M™|A)

(5)

2L H* (sd(Woye, Wiy o iso; M™).

H*(

H*(

H*(
(4)
H (s
The isomorphism (1) is induced by the inclusion of G-posets GW ,,« C W
(GW < denotes the union of G-orbits of points from W, ) and follows from
Proposition 5.11. The isomorphism (2) follows from the exact sequence of a
pair (cf. Sec. 5) since M™ vanishes on the subcategory sd(GW ,< )iso- The
isomorphism (3) is induced by the canonical map a : G X g, sd(W <, Wy,<)
— (GWy<,GW o) of G-posets since it induces a bijection on the corre-
sponding chain complexes.

For (4) note that (W<, Wy<) is a pair of A-posets. Indeed, the sub-

group d(w) acts trivially on every element w’ > w since from the defini-
tion of an isotropy presheaf we obtain d(w) C d(w’) C G . Moreover for
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any subgroup H C G, a regular H-poset V and a coefficient system N :
(G X V)iso — Ab we have an obvious isomorphism H*((G X g V)iso; N) =~
H*(Viso; N|H) where N|H is the restriction of N to Viso C (GX 1V )iso. Note
that the system M"|A is given by M"|A(w.) = H™ (G /d(wo); M (wp)) =
H(Ay,/(d(w0)/d(w)); M(1wp)).

In the last cohomology group (the target of (5)) the coefficient system
is defined as Mn(w_) = H"(Ay. ; M(w)) and the isomorphism (5) is given
by the morphism of the coefficient systems induced by the homomorphisms
Ay — Ay /(d(wo)/d(w)). (Note that the morphism is an isomorphism
outside sd(W,<).)

We shall use the transfer to prove that H*(sd(W <, W< )iso; M”) =0
for n > 0. It is convenient to identify the latter groups with equivariant
Bredon cohomology H (sd(W <, W< ); M™) with coefficients in the coef-

ficient system M" : O4 — Fp-mod given by
M"™(A/K) := H"(EA x o A/K; M(w)).

Since Bredon equivariant cohomology is a topological invariant we shall
denote it by H% (|Wy<|, |[Wy<|; M™) for short. Let P C A be a Sylow p-
subgroup. According to Lemma 6.5 and the remarks following it the restric-
tion homomorphism H}([Wy<|, [Wyc|; M™) — HE([Wy<|, [Wyc|; M™)
is a monomorphism.

For an arbitrary G-space X we denote by Sing(X) the union of fixed
point sets of all non-trivial subgroups. Thus we have an isomorphism

Hp (W<, [Wec|; M) 5 Hp(Sing(|W o<, [Woc|); M) = 0.

Indeed restriction to the singular set is an isomorphism since on the free orbit
M™(P/e) =0 for n > 0. The target group vanishes by general properties of
equivariant cohomology since we have assumed that the relative cohomology
of the fixed point sets of all non-trivial subgroups of P vanishes (cf. [JMO1,
Lemma A.10] and [We]).

Now we shall pass from atomic functors to arbitrary coefficient systems
M : Wq — Fp-mod. There exists a filtration0 = My C My C...C M, =M
such that for every i > 0 the quotient functor M;/M;_; is a direct sum
of atomic functors and in the short exact sequence 0 — M; 1 — M; —
M;/M;_1 — 0 one of the three terms vanishes. This guarantees that the
induced sequence of functors 0 — M}, — M? — M?/M? , — 0 is
also exact, hence H*(sd(W)iso; M™) = 0 for an arbitrary functor M and
n>0. nu

6.7. COROLLARY. Let d: W — S(G) be an isotropy presheaf satisfying
the assumptions of Theorem 6.6. Then HY(Wy; M) = 0 for all q greater than
the length of the poset W (thus independent of d). m
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The last corollary generalizes some vanishing results proved in [JMO]]
and [O]. A result closely related to 6.6 in the special case of some orbit
categories has recently been proved by J. Grodal [G].

7. Posets of subgroups. In this section we specialize our considera-
tions to posets of subgroups equipped with the conjugation action; note that
the isotropy group of a subgroup is its normalizer. Let p be a fixed prime.
For a finite group G recall the following important examples of G-subposets

of S(G):

e D,(G) — subgroups of order divisible by p,

e N, (G) — subgroups which contain a non-trivial normal p-subgroup,

e Z,(G) — subgroups H C G such that p divides the order |Z(H)| of
the center,

e S,(G) — p-subgroups,

° gp(G) — non-trivial p-subgroups,

e R,(G) — p-stubborn subgroups (i.e. p-subgroups P C G such that P
is the maximal normal p-subgroup in its normalizer Ng(P)),

e B, (G) — non-trivial p-stubborn subgroups (Bouc’s collection),

e C,(G) — centric p-subgroups (i.e. P C G such that Cq(P) ~ Z(P)xQ
where (p, [Q]) = 1,

e A,(G) — non-trivial elementary abelian p-subgroups,

° AgiSt(G) — distinguished, non-trivial elementary abelian p-subgroups
(i.e. those which are maximal elementary abelian p-subgroups of their
centralizers; cf. [Be]).

There are three important isotropy presheaves on an arbitrary G-subposet
W C S(G) which have been studied by many authors:

e (sub) the subgroup presheaf 1 : W C S(G),

e (norm) the normalizer presheaf ng : sd(W) — S(G); it is the maximal
isotropy function on the barycentric subdivision of W, given by the
intersections of the normalizers: ng(Ho, ..., Hy) := NHoN...NNH,.

e (cen) the centralizer presheaf cg : WP — S(G), cg(K) := Ca(K).

Other examples can be produced by replacing subgroups, centralizers and
normalizers with other group-theoretical constructions.

The following lemma due to Quillen [Q2] and Thévenaz—Webb [TW] is
crucial for comparing homotopy types of G-posets and higher limits over
associated categories:

7.1. LEMMA (Quillen, Thévenaz Webb). Let P € S,(G). Then
(a) if G contains a normal non-trivial p-subgroup then gp(G’) is G-

contractible, B
(b) Sp(G)p< is Ng(P)-homotopy equivalent to S,(Nq(P)/P),
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(c) Sp(G)p< is Ng(P)-contractible if and only if P & B,(G),
(d) Sp(G)<p is Ng(P)-contractible if and only if P ¢ A,(G). m

Lemma 7.1 combined with Theorem 3.4 gives a variety of cofinality re-
sults for functors induced by morphisms of posets equipped with isotropy
presheaves. Before we state the next theorem recall that a subposet W/ ¢ W
is called upward saturated if for each w’ € W’ every element w > w’ also
belongs to W'.

7.2. THEOREM. (a) Suppose that W C S,(G) is an upward saturated
G-subposet. Let W' C W be a G-subposet such that W N R,(G) ¢ W’
and let d : W — S(G) be an arbitrary isotropy presheaf. Then the inclusion
functor I, : W), C Wy is right cofinal.

(b) Let Ap(G) C W C N,(G) and let d : W — S(G) be an isotropy
presheaf. Then the inclusion functor I, : A,(G)3" C WP is right cofinal.

Proof. (a) We have to prove that for every P € W the right fiber P\,
is contractible. From Theorem 3.4 we obtain an equivalence of categories
P\I. ~ P\I ~ W'_. Since we have assumed that W C S,(G) is upward

saturated and W N R,(G) € W' we obtain the inclusions R,(G)p< =
WNR,(G)p< C Wh.. For every P € W' the fiber W/,_ is obviously
contractible. For each P € W\W' Lemma 7.1(c) implies that R,(G)p< =
R, (G) p< is contractible and the inclusion R, (G) p< C W/, is right cofinal.

(b) Let H € N,(G). Then H\I. ~ H\I ~{E C H | E € A,(G)} =
A,(H) ~ %, by Lemma 7.1(a). =

Note that the last theorem generalizes the well known homotopy equiv-
alences of posets of subgroups.

The next result reduces in some cases calculations of higher limits over
all non-trivial elementary abelian subgroups to distinguished subgroups (cf.
definition at the beginning of the section). Note that the inclusion I :
AJSYG) € Ap(G) admits a retraction 7 : Ap(G) — AJSY(G) given by
r(E) = Z,Cq(E), where Z,(H) denotes the maximal elementary abelian
p-subgroup of the center of H.

7.3. PROPOSITION. For any isotropy presheaf d : AJS"(G)P — S(G)
the induced functor r. : Ay(G) — ASSY(G)JP, where d' := dor, is right
cofinal.

Proof. For every distinguished elementary abelian p-subgroup E we have
the equivalences E\r,~E\r~{E' € A,(G)|ED Z,Cq(E")} ~A,(E)~*. n

Note that the last proposition does not imply that the inclusion of cat-
egories I : AYSY(G) 4 C A,(G)q is cofinal. However, applied to the minimal

isotropy presheaf, together with Theorem 4.1, it implies that I : AgiSt(G) -
A, (G) is a homotopy equivalence (cf. [Be]).
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The next consequence of 7.1 is a sort of duality theorem. Note that
the centralizer presheaf cg : A,(G)°® — S(G) has values in the subposet
Z,(G) C S(G), since for every non-trivial elementary abelian p-subgroup E
obviously £ C Z(Cq(F)).

7.4. PROPOSITION. For any isotropy presheaf d : Z,(G) — S(G) the
induced functor ca. : Ap(G) b, — Zp(GQ)a is right cofinal.

Proof. For every object H € Z,(G)q we have H\c, ~ H\c = {E €
A,(G) | HCCgE)} =Ay)(Cc(H)) and Z,(H) is a normal subgroup of
the centralizer, thus by 7.1(a), H\c is contractible. m

Observe that up to now we have just been comparing the homotopy
properties of various posets and associated categories. The rest of the section
will be devoted to showing that many interesting posets are ample with
respect to a cohomology theory associated to an F,[G]-module.

We recall the definition of functors A* [JMO1]. Let G be finite group
and let M be an F,[G]-module. The module M defines an atomic functor
on the orbit category O,(G) := S,(G)iq given by MB(G/e) =M. In [JMOI1]
the authors defined the functor

A(Gy M) == H*(Op(G); Me).
These functors play an important role in calculating higher limits over orbit

categories due to the following

7.5. THEOREM. (a) ([JMO1, Lemma 5.4]) For any atomic functor F :
Op(G) — Fp-mod concentrated on the orbit G/ P,

H*(O,(G); F) ~ A*(NP/P; F(G/P)).

(b) ([JMO1, Thm. 5.5]) If M is an F,[G]-module such that ker{G —
Aut(M)} is divisible by p then A*(G; M) =0. m

If an Fp[G]-module satisfies the assumption of (b) then we call it p-non-
faithful; an important example is the trivial G-module ), if p divides |G].

For a G-module M we define an equivariant Borel cohomology theory

Higy(X; M) := H*(EG xg X;7"M)

where 7 : EG xg X — BG. Recall that a G-poset |W| is M-ample if
7 : H*(BG; M) = H*(EG x¢ |[W|;7* M) is an isomorphism.

As an application of general considerations in the earlier sections we shall

give a proof of a theorem of Dwyer [Dw2]:

7.6. THEOREM. Let M be a p-non-faithful F,[G]-module. Then the G-
poset S,(G) equipped with the subgroup isotropy presheaf ¢ : S,(G) C S(G)
is M -ample and sharp. Moreover if every cyclic subgroup of order p acts
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trivially on M then any G-subposet §p(G) C W C D,(G) equipped with the
subgroup isotropy presheaf is M-ample and sharp.

Proof. The poset S, (G) of all p-subgroups contains the smallest element
(trivial subgroup), thus it is contractible and by [J], [Mi], [JM] the associated
subgroup decomposition is sharp. Thus to prove that the subgroup isotropy
presheaf S,(G) C S(G) is M-ample and sharp it suffices (cf. 5.8, 5.14) to
show that H*(EG x ¢ (|S,(G)|,|S,(G)]); M) = 0. By 5.14 and 5.11 the latter
group can be identified with A*(G; M) defined above and it vanishes by 7.5.
The last assertion of the theorem follows from 4.3 and the observation that

Enge—an(Sp(G),id) = D,(G). =

The last theorem together with 7.2 implies easily that the posets R, (G),
B, (G) are M-ample. Moreover we prove another result of Dwyer’s:

7.7. COROLLARY. Let CR,(G) := C,(G) NR,(G) C S,(G) be the G-
subposet consisting of the p-subgroups which are both centric and stubborn.
Then the subgroup isotropy presheaf v : CR,(G) C S(G) is Fp-ample and
sharp.

Proof. Note that the poset of p-centric subgroups is upward saturated,
thus Theorem 7.2(a) implies that for every isotropy presheaf d : C,(G) —
S(G) the inclusion functor CR,(G)q C C,(G)q is right cofinal. It remains
to prove that the restriction map H*(O,(G); H) — H*(C,(G); H) is an
isomorphism for H(G/P) := H*(EG xg G/P;F,). The functor H can be
filtered by a sequence of functors with atomic quotients (cf. discussion fol-
lowing 5.10), thus it is enough to observe that A*(N(P)/P; H(G/P)) =0
for every P ¢ C,(G). Indeed, if P is not centric then PC(P)/P C N(P)/P
is a non-trivial subgroup of order divisible by p acting trivially on H(G/P),
hence an application of 7.5 concludes the proof. m

We conclude the section with a result concerning the centralizer isotropy
presheaf.

7.8. COROLLARY. Let G be a group of order divisible by p and let M be
an Fp[G]-module such that every cyclic subgroup of order p acts trivially on
M. Any G-poset W satisfying A,(G) C W C Dy (G) is M-ample. If more-
over W C N, (G) then W equipped with the centralizer isotropy presheaf
cg : W — S(G) is also sharp.

Proof. Since gp(G’) C Z,(G) C D,(G) we know from 7.6 that Z,(G)
is M-ample, hence (by 7.4) A,(G) is also M-ample. Now for an arbitrary
G-subposet A,(G) C W C D,(G) the same conclusion follows from 4.3 be-

cause D, (G) = Cly«(—,m)(A,(G)). To see this, note that for any subgroup
H C G we have A, (G)<g = A,(H).
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Next we prove that cg : Ap(G)°® — S(G) is M-sharp. This is a well
known theorem for constant coefficients (cf. [JM]), extended by Dwyer [Dw2]
to twisted coefficients. Here we shall give a different proof based on 7.4 and
7.6. Indeed by 7.4 we have an isomorphism

H*(A,(G)P; H*(BCa(—); M) = H*(Zy(G),; H*(B(—); M)).

To prove that the last higher limits vanish we notice that S,(G) C Z,(G) C
D,(G) and apply Theorem 7.6. Now the conclusion follows immediately
from 7.2(b). =

8. Cofinality in orbit categories. Let G be a finite group, p a fixed
prime and O(,)(G) the category of G-orbits whose order of isotropy group
is divisible by p.

8.1. THEOREM. Let F':C — O, (G) be a functor.

(1) If for every non-trivial elementary abelian p-subgroup E C G the
category (G/E)\F is Fp-acyclic then the map

hocolime EG x¢ F(—) — BG

is an Fp,-cohomology equivalence.
(2) If moreover the categories (G/P)\F are F,-acyclic for all non-trivial
p-subgroups P C G then the above decomposition is sharp.

Proof of (1). Let X := hocolim¢ F' = B(G\F). We apply Proposi-
tion 4.4(n') to the space X and the poset A,(G). Indeed, for every point
x € X the order of the isotropy group is divisible by p, hence the poset
A, (G)<a, = Ay(Gy) is Fp-ample. Therefore the map

idxgn: EG x¢ X" (@) _ BEG xo X

is an Fj-equivalence. Now Proposition 4.4(7) and Theorem 7.6 imply that
EGxgX*"r(@) S EG x¢|A,(G)|= BG, where ~ denotes F,-equivalence. m

The second assertion could be proved along the same lines, replacing
Borel cohomology with Bredon cohomology H¢ (—; H, [*G}) with coefficients in
the Borel cohomology functor. We give a different proof based on the next
lemma which compares higher limits in a more general categorical setting.

Suppose F; : C; — D, i = 0, 1, are functors into the same category and let
N be a D-module. We shall compare higher limits of the pull-backs N o Fj
and N o Fi. We denote by D; the image of F;.

8.2. LEMMA. Suppose that for every dy € Dy the right fiber do\Fy is
acyclic and for every dy € Dy the canonical map N(dy) — H*(Fy/d1; NoFy)
is an isomorphism. Then there is a natural isomorphism H*(Cy; N o Fy) ~
H*(Cy; N o Fy).
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Proof. We define a new category C with two full inclusions Iy, : C, C C
and a functor F' : C — D such that F|Cy = F}, k = 0, 1. The category C is de-
fined as follows: ob C := obCy U ob Cy; Morc(co, ¢1) := Morp(Fo(co), Fi(c1))
and Mor¢(c1,¢9) := 0. Let M := N o F. We prove that the inclusions in-
duce isomorphisms H*(Co; M) < H*(C; M) = H*(Cy; M). For the functor
Iy : Cp C C and the Cp-module M consider the Leray spectral sequence
(Prop. 5.3)

H* (C5 H* (Co/—; M) = H*(Co; M),

Observe that the second term degenerates off the first column. Indeed, we
have H*(Cop/co; M) = M(co) since the category Co/co has a terminal ob-
ject. For an object ¢; € C; C C we have isomorphisms H*(Cy/c1; M) =~
H*(Fy/c1; M) = M(cy), the last one by assumption. Therefore we have
shown that If : H*(C; M) = H*(Co; M). To show that I} is an isomor-
phism we apply Proposition 5.4 to the inclusion Iy : Cg C C. We obtain an
isomorphism

H*(Cy; M) ~ H*(Home (Cy (—\C1), M)).

Now we have equivalences of categories co\C1 =~ Fy(co)\F1 and ¢1\Cq
~ x, therefore in both cases they are acyclic. Thus we conclude that I :

H*(C;M) = H*(Ci; M). m

Proof of 8.1(2). To prove that the decomposition is sharp we need to
show that HP(C;H*(EG x¢g F)) = 0 for p > 0. We shall prove that
H?(C; H*(EG x¢ F)) ~ H*(0,(G); H*(EG x¢ —)) where O,(G) denotes
the category of orbits whose isotropy groups are non-trivial p-groups. The
vanishing of higher limits on that category follows from Theorem 7.6. We
apply Lemma 8.2 to the pair of functors I : Op(G) C Oy (G) and F :

C — Oy (G). We have assumed that for every orbit G/P € O,(G) the
fiber (G/P)\F is IFj-acyclic. For any object G/K € O, (G) the category
I/(G/K) is equivalent to the category of K-orbits 5(p)(K ) and the functor
on I/(G/K) we are interested in corresponds to the functor H*(EG x g —).
Thus by Theorem 7.5 the functor is acyclic and therefore the assumptions
of Lemma 8.2 are satisfied. m
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