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Í�c%\�a�®bªr°²_
\�¶�dÇ�ª�dÇ�ªr\�cf¯Ä\�¶�a�c�³>`�·²±�c%\�»�Í�_BÅXÖjÇ�ª�_%ª�Í�c%\�a�®bªr°(_.`b¬�«B®b»�·�ª�dÇ�ª�¹v\�cd·�Í�c%\�a�®bªr°Ñ³>¬�·
dÇ�ª�«B\�¬�×#»�±=³�«�¯ËÍ�c%\�a�®bªr°�Å.ÖjÇ�ªrc%ª�³>c%ªÏ±�ªr¬�ªrc�³>®b`b´^³{d`b\�¬�_²\�¶�ÓØ³>c%e�\^]�Ù�_µdÇ�ªr\�c%ªr°Úd\
_%`b¬�±�»�®�³>c6®b`b¬�eX_�½�Ã�ÃBÂ0À�]X`bcfd»U³>®5®b`b¬�eX_rÀ�³>¬�·Ï¹¤ªr®�·�ª�·�®b`b¬�eX_�½�ÃBÔ�Â0Å

ÖvÇ�ªrc%ª§³>c%ª�_f\�°²ª
·�`bÛ�ªrc%ªr¬=¤¹j³r¯�_*d\R_%\�®�]�ª
dÇ�ª6¹¤\�cd·²Í�c%\�a�®bªr°Ü¶H\�c*dÇ�ª�_f`b¬�±�»�®�³>c
a�c�³>`�·O°�\�¬�\�`�·Ý³>¬�·Ý_%`b¬�±�»�®�³>c§a�c�³>`�·O±�c%\�»�ÍÈ½LÞ�À5ß�À5¾�¾{Â0ÅÖjÇ�ªµ_%\�®b»�d`b\�¬Ý\�¶QdÇ�ªR¹v\�cd·
Í�c%\�a�®bªr°à¶H\�cQdÇ�ª�¹vªr®�·�ª�·�a�c�³>`�·Ä±�c%\�»�Í(¶H\�®b®b\^¹6_*¶Hc%\�°ádÇ�ª�¶�³�«�*dÇU³{*dÇ�`�_.±�c%\�»�Í(`�_:³
_%»�a�±�c%\�»�ÍØ\�¶�dÇ�ªR³>»�d\�°�\�c%Í�Ç�`�_%°â±�c%\�»�Í�\�¶�dÇ�ªE¶Hc%ªrª�±�c%\�»�ÍË½�Ã�¿{Â0ÅUÐã¬�\�c%°(³>®5¶H\�c%°
\�¶�¹¤\�cd·�_�`b¬ÏdÇ�ª§¹vªr®�·�ª�·�a�c�³>`�·�±�c%\�»�Í�¹j³�_�«B\�¬�_#dc%»�«�dª�·�`b¬¸½�Ã�ä>Â0Å

å"¬�dÇ�`�_�ÍU³>Í�ªrc�¹vªv_fd»�·X¯�dÇ�ªj_fdc%»�«�d»�c%ªj\�¶�dÇ�ª¤]X`bcfd»U³>®�a�c�³>`�·R±�c%\�»�Í
V Bn

Å�ÖjÇ�`�_
`�_:_%`b°�`b®�³>c.d\EdÇ�ª�«B®�³�_%_%`�«�³>®�a�c�³>`�·²±�c%\�»�Í

Bn
³>¬�·�¹¤ªr®�·�ª�·²a�c�³>`�·²±�c%\�»�Í

WBn
Å�ÖjÇ�ª

±�c%\�»�Í
V Bn

«B\�¬=p³>`b¬�_�dÇ�ª(¬�\�c%°Ê³>®:_%»�a�±�c%\�»�Í
V Pn

¹6Ç�`�«�Ç,`�_R«�³>®b®bª�·£dÇ�ªØæ^çHèBé�ê�ë�ì
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� ê�è�����èdë>ç	��
�è��>ê � Å8ÖjÇ�ª�=»�\�d`bªr¬=E±�c%\�»�Í V Bn/V Pn
`�_�`�_%\�°�\�c%Í�Ç�`�«�d\ÊdÇ�ªÄ_f¯X°�

°�ªBdc%`�«Ê±�c%\�»�Í
Sn
Å��£ªÊº�¬�· ±�ªr¬�ªrc�³{d\�cd_�³>¬�·Ë·�ªrº�¬�`b¬�±Ýc%ªr®�³{d`b\�¬�_µ\�¶

V Pn
Å Î `b¬�«Bª

V Bn
`�_µ³Ø_%ªr°�`��"·�`bc%ª�«�ÄÍ�c%\X·�»�«�µ\�¶

V Pn
³>¬�·

Sn
À�¹vªÊ_%Ç�\�»�®�·Ë_#d»�·X¯¸dÇ�ªÏ_fdc%»�«��

d»�c%ªÏ\�¶
V Pn

Å�å0R¹6`b®b®¤a�ªÏÍ�c%\^]�ª�·,dÇU³{
V Pn

`�_Rc%ªrÍ�c%ª�_%ªr¬=p³>a�®bª�³�_RdÇ�ªÊ¶H\�®b®b\^¹6`b¬�±
_%ªr°�`��"·�`bc%ª�«�6Í�c%\X·�»�«��¼

V Pn = V ∗n−1 o V Pn−1 = V ∗n−1 o (V ∗n−2 o (· · ·o (V ∗2 o V ∗1 )) · · · ),
¹6Ç�ªrc%ª

V ∗i
`�_�_%\�°�ªØY `b¬£±�ªr¬�ªrc�³>®:`b¬�º�¬�`�dªr®�¯£±�ªr¬�ªrc�³{dª�·¸¶H\�c

i > 1
g�¶Hc%ªrªÊ_f»�a�±�c%\�»�Í

\�¶
V Pn

Å���c%\�°ÜdÇ�`�_jc%ª�_f»�®�6`��¶H\�®b®b\^¹
_vdÇU³{jdÇ�ªrc%ª§ª��X`�_f�_6³R¬�\�c%°(³>®8¶H\�c%° \�¶�¹v\�cd·�_
`b¬
V Bn

Å
å"¬�dÇ�ª.®�³�_f�_fª�«�d`b\�¬E¹vª.·�ªrº�¬�ªQdÇ�ª.»�¬�`�]�ªrcd_�³>®=a�c�³>`�·§±�c%\�»�Í

UBn
¹6Ç�`�«�Ç�«B\�¬=p³>`b¬�_

dÇ�ªEa�c�³>`�·�±�c%\�»�Í
Bn

³>¬�·�ÇU³�_6³�_��=»�\�d`bªr¬=�_�dÇ�ªE_%`b¬�±�»�®�³>c6a�c�³>`�·�±�c%\�»�Í
SGn

À�dÇ�ª
]X`bcfd»U³>®Ua�c�³>`�·�±�c%\�»�Í

V Bn
À�dÇ�ªj¹¤ªr®�·�ª�·�a�c�³>`�·Ä±�c%\�»�Í

WBn
À=³>¬�·ÄdÇ�ª�a�c�³>`�·�±�c%\�»�Í

Bn
Å�å0�`�_§e�¬�\^¹�¬ ½�Ã�¿{Â.dÇU³{

V Bn
ÇU³�_�³�_§`��_��=»�\�d`bªr¬=�dÇ�ª�±�c%\�»�Í

WBn
Å5å0E¹6`b®b®

a�ª
Í�c%\^]�ª�·�dÇU³{:dÇ�ª��=»�\�d`bªr¬=vÇ�\�°�\�°�\�c%Í�Ç�`�_%°à°(³>Í�_
V Pn

`b¬=d\�dÇ�ª�¹vªr®�·�ª�·²Í�»�c%ª
a�c�³>`�·È±�c%\�»�Í

WPn
Å.ÖvÇ�`�_ÄÇ�\�°�\�°�\�c%Í�Ç�`�_%° ³>±�c%ªrª�_µ¹6`�dÇËdÇ�ª�·�ª�«B\�°�Í�\�_%`�d`b\�¬ \�¶

dÇ�`�_�±�c%\�»�Í�`b¬=d\ÄdÇ�ª�_%ªr°�`��"·�`bc%ª�«�6Í�c%\X·�»�«�
±�`�]�ªr¬�a=¯�ÖvÇ�ªr\�c%ªr° ¾µ³>¬�·�a=¯£½�¾�ÀUä{Â0Å
�*¯ÝÐ6cfd`b¬8Ù�_�dÇ�ªr\�c%ªr°�ÀdÇ�ªÄ±�c%\�»�Í

Bn
`�_�ªr°µa�ª�·�·�ª�·Ý`b¬=d\ÏdÇ�ª²³>»�d\�°�\�c%Í�Ç�`�_f°

±�c%\�»�Í�Ð
»�
(Fn)

\�¶�dÇ�ª§¶Hc%ªrªE±�c%\�»�Í
Fn
Å�å"¬,½�Ã�¿{Â5`�j¹�³�_jÍ�c%\^]�ª�·ÏdÇU³{

WBn
`�_�³>®�_%\

ªr°Ra�ª�·�·�ª�·Ì`b¬=d\£Ð
»�
(Fn)

Å.å0�`�_Ä¬�\�²e�¬�\^¹6¬È`b¶
SGn

³>¬�·
V Bn

³>c%ª�ªr°Ra�ª�·�·�ª�·
`b¬=d\

Aut(Fn)
Å

������� �! jì"�#��
!$%� � é'&�(�åÄ³>° ±�c�³{dªr¶H»�®
d\*)�\=³>¬�¬U³,+�³>¬�`�³-�.�j³>cfd\�_f´B¯0/�_%e�³XÀ1)32�´rªr¶
4.c%´B¯��¯�«�e�`xÀ54Q³r¹vª-68Ö�c�³�«B´B¯Xe�À�³>¬�·��¤c%\�¬�`�_76�³r¹8�,³{×#¬�cf¯XaÊ¶H\�c.dÇ�ª
`b¬=]X`�p³{d`b\�¬Êd\�ÍU³>c9�
d`�«B`bÍU³{dª�`b¬,dÇ�ªÊ]�ªrcf¯¸`b¬=dªrc%ª�_#d`b¬�±,³>¬�·¸¹vªr®b®¤\�c%±=³>¬�`b´rª�·ÌÓ�`b¬�`��"_fªr°�ª�_fdªrcµ\�¬:+§¬�\�
ÖjÇ�ªr\�cf¯,Y'4�\�®�³>¬�·À;)�»�®�¯�À5¾�¿�¿�ä�gpÅ�å¤¹v\�»�®�·Ý³>®�_f\(®b`be�ª�d\²dÇU³>¬�e=<�®�³�·�`b°�`bc1<*ªrcd_fÇ�`b¬�`b¬
³>¬�·¢Ð
¬�·�c%ªr`�<*ª�_f¬�`b¬¢¶H\�c�dÇ�ªr`bc§`b¬=dªrc%ª�_#�`b¬OdÇ�`�_�¹v\�c%e�Å Î Í�ª�«B`�³>®QdÇU³>¬�eX_�±�\Ïd\ÏdÇ�ª
ÍU³>cfd`�«B`bÍU³>¬=�_§\�¶.dÇ�ªµ_%ªr°�`b¬U³>c1>@?Q]�³>c%`�_fdª�A§³>®b\�`�_@Bµ³{�dÇ�ªµ[
\^]�\�_%`ba�`bcd_fe Î p³{dªC
¬�`��
]�ªrcd_%`��¯�¶H\�cvdÇ�ªr`bc�e�`b¬�·�`b¬=dªrc%ª�_#
`b¬�°�¯²¹v\�c%e�Å

D NFE�JHG.G�I{G0IKJ:L=FHD�M�MrG0M,VONQP�I{D�J SRM D�I�SSJ-T�GXJHIVU�I{VWU.G�I�J{JHG0M�NÄå"¬ÈdÇ�`�_²_%ª�«��
d`b\�¬²¹¤ª�c%ª�«�³>®b®�_f\�°²ª�e�¬�\^¹�¬(¶�³�«��_¤³>a�\�»�:a�c�³>`�·²±�c%\�»�Í�_BÀX_%`b¬�±�»�®�³>c:a�c�³>`�·²°�\�¬�\�`�·�_rÀ
]X`bcfd»U³>®8a�c�³>`�·(±�c%\�»�Í�_�³>¬�·²¹vªr®�·�ª�·(a�c�³>`�·Ê±�c%\�»�Í�_EY�_fªrª�c%ªr¶Hªrc%ªr¬�«Bª�_j¶Hc%\�°ÑdÇ�ª�`b¬=dc%\��
·�»�«�d`b\�¬�gpÅ

D N D NYX;Z5�[�pè�ë>ç	�\
�è��>ê � ë � �Êé'Z0�]
�è��>ê � �9^ � � ��_ ê`
=ë�é�ç � 
�ë�ê�é.�!$[�>è � Z�ça&7$b&�(�ÖjÇ�ª
a�c�³>`�·Ø±�c%\�»�Í

Bn
À
n ≥ 2

À�\�¬
n
_#dc%`b¬�±�_§«�³>¬Øa�ªR·�ªrº�¬�ª�·¢³�_6dÇ�ª�±�c%\�»�ÍÝ±�ªr¬�ªrc�³{dª�·

a=¯
σ1, . . . , σn−1

Y�_fªrªF��`b±�Å�Ã^gÉ¹�`�dÇ�dÇ�ª�·�ªrº�¬�`b¬�±²c%ªr®�³{d`b\�¬�_

σiσi+1σi = σi+1σiσi+1, i = 1, . . . , n− 2,
YfÃ^g

σiσj = σjσi, |i− j| ≥ 2.
Y0¾�g
ÖjÇ�ªrc%ªØª��X`�_#�_�³£Ç�\�°�\�°�\�c%Í�Ç�`�_%° \�¶

Bn
\�¬=d\,dÇ�ªO_#¯X°²°�ªBdc%`�«�±�c%\�»�Í

Sn
\�¬

n®bªB%dªrcd_rÅ�ÖjÇ�`�_ÊÇ�\�°²\�°�\�c%Í�Ç�`�_f° °(³>Í�_
σi

d\ËdÇ�ªOdc�³>¬�_%Í�\�_f`�d`b\�¬
(i, i + 1)

À
i =

1, . . . , n−1
Å=å0�_.e�ªrc%¬�ªr®�`�_*«�³>®b®bª�·ÄdÇ�ª � ê�è��c��èdë>ç	�c
�è��>ê � ³>¬�·�·�ªr¬�\�dª�·²a=¯ Pn

Å=ÖjÇ�ª
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¡����{� ��� ��tf���vt#w0}x��~�@{}0�p��z{u5}xtf�{}xtfuxtf�rw0���{�
σi
�p�{z

σ−1
i

¡����{� í ��¥5|{t���tf���jt#w0}x��~�@{}0�p��z
aij

±�c%\�»�Í
Pn

`�_�±�ªr¬�ªrc�³{dª�·Ýa=¯
aij
À

1 ≤ i < j ≤ n
Y�_fªrª��`b±�Å�¾�gpÅÖjÇ�ª�_%ªR±�ªr¬�ªrc�³{d\�cd_

«�³>¬�a�ªEª��XÍ�c%ª�_d_fª�·�a=¯ÊdÇ�ªE±�ªr¬�ªrc�³{d\�cd_6\�¶
Bn

³�_j¶H\�®b®b\^¹6_r¼

ai,i+1 = σ2
i ,

aij = σj−1σj−2 . . . σi+1σ
2
i σ
−1
i+1 . . . σ

−1
j−2σ

−1
j−1, i+ 1 < j ≤ n.

ÖvÇ�ª¢±�c%\�»�Í
Pn

`�_ÊdÇ�ª£_fªr°�`��"·�`bc%ª�«��Í�c%\X·�»�«�Ø\�¶EdÇ�ª¢¬�\�c%°(³>®E_f»�a�±�c%\�»�Í
Un¹6Ç�`�«�Ç `�_Ê³Ý¶Hc%ªrªØ±�c%\�»�ÍÌ¹6`�dÇ ¶Hc%ªrª�±�ªr¬�ªrc�³{d\�cd_

a1n, a2n, . . . , an−1,n,
³>¬�·

Pn−1
Å

Î `b°�`b®�³>c%®�¯�À
Pn−1

`�_
dÇ�ªÄ_%ªr°�`��"·�`bc%ª�«�EÍ�c%\X·�»�«�E\�¶QdÇ�ªÄ¶Hc%ªrªµ±�c%\�»�Í
Un−1

¹�`�dÇÝ¶Hc%ªrª
±�ªr¬�ªrc�³{d\�cd_

a1,n−1, a2,n−1, . . . , an−2,n−1
³>¬�·

Pn−2,
³>¬�·²_f\E\�¬8Å�ÖjÇ�ªrc%ªr¶H\�c%ª�À

Pn
`�_

·�ª�«B\�°�Í�\�_�³>a�®bªÊY�_fªrªÊ½�Ã^ß^Â g¤`b¬=d\µdÇ�ª�¶H\�®b®b\^¹�`b¬�±²_%ªr°�`��"·�`bc%ª�«�6Í�c%\X·�»�«��¼

Pn = Un o (Un−1 o (· · ·o (U3 o U2)) · · · ), Ui ' Fi−1, i = 2, . . . , n.
ÖvÇ�ªO±�c%\�»�Í

Bn
`b¬ dÇ�ªO¶�³>`�dÇ�¶H»�®�c%ªrÍ�c%ª�_fªr¬=p³{d`b\�¬ `b¬ÉdÇ�ªO±�c%\�»�Í

Aut(Fn)
\�¶

³>»�d\�°�\�c%Í�Ç�`�_%°²_�\�¶�dÇ�ª:¶Hc%ªrª*±�c%\�»�Í
Fn = 〈x1, . . . , xn〉.

å"¬§dÇ�`�_�«�³�_fª*dÇ�ª*±�ªr¬�ªrc�³{d\�c
σi
À
i = 1, . . . , n− 1

ÀU·�ªrº�¬�ª�_jdÇ�ª�³>»�d\�°�\�c%Í�Ç�`�_%°

σi :





xi 7→ xi xi+1 x
−1
i ,

xi+1 7→ xi,

xl 7→ xl, l 6= i, i+ 1.



� � ���:� ��}xz>� � �d�

�*¯�³RdÇ�ªr\�c%ªr°â\�¶�Ð
cfd`b¬ ½ Ô�ÀUÖjÇ�ªr\�c%ªr° Ã�Å��{Â0À�³>¬Ø³>»�d\�°�\�c%Í�Ç�`�_%°
β ∈ Aut(Fn)®b`bª�_�`b¬

Bn
`b¶�³>¬�·�\�¬�®�¯Ï`b¶

β
_�³{d`�_fº�ª�_�dÇ�ªE¶H\�®b®b\^¹�`b¬�±(«B\�¬�·�`�d`b\�¬�_B¼

Y `Hg
β(xi) = a−1

i xπ(i)ai, 1 ≤ i ≤ n À Y `b`Hg
β(x1 · · ·xn) = x1 · · ·xn

À
¹6Ç�ªrc%ª

π
`�_6³RÍ�ªrc%°R»�p³{d`b\�¬�¶Hc%\�°

Sn
³>¬�·

ai ∈ Fn
Å

Ð6¬ ³>»�d\�°�\�c%Í�Ç�`�_%° `�_Ê«�³>®b®bª�· ³ � � � _ ê`
=ë�é�ç � 
Ìë>ê�é.�!$[��è � Z=ça&#$ Y \�cÏ³£Í�ªrc%°µ»5�
p³{d`b\�¬5�"«B\�¬�×#»�±=³{d`b¬�±É³>»�d\�°�\�c%Í�Ç�`�_%° ³�«r«B\�cd·�`b¬�± d\¸dÇ�ª�dªrc%°�`b¬�\�®b\�±�¯ \�¶²½�Ã�¿>Â gÄ`b¶
`��_d³{d`�_%º�ª�_�«B\�¬�·�`�d`b\�¬àY `HgpÅ�ÖvÇ�ª¢±�c%\�»�Í

Cn
\�¶R«B\�¬�×#»�±=³{d`b¬�±É³>»�d\�°²\�c%Í�Ç�`�_f°²_�`�_

±�ªr¬�ªrc�³{dª�·�a=¯
σi
³>¬�·ÏdÇ�ª�³>»�d\�°�\�c%Í�Ç�`�_%°²_

αi
À
i = 1, . . . , n− 1

À�¹�Ç�ªrc%ª

αi :





xi 7→ xi+1,

xi+1 7→ xi,

xl 7→ xl, l 6= i, i+ 1.
å0Ê`�_²¬�\�ÊÇU³>cd·Ìd\,_%ªrª�dÇU³{(dÇ�ªÝ³>»�d\�°�\�c%Í�Ç�`�_%°²_

αi
±�ªr¬�ªrc�³{dªØdÇ�ªØ_f¯X°�°�ªBdc%`�«

±�c%\�»�Í
Sn

³>¬�·À�Ç�ªr¬�«Bª�ÀU_�³{d`�_%¶�¯ÊdÇ�ªE¶H\�®b®b\^¹6`b¬�±�c%ªr®�³{d`b\�¬�_r¼

αiαi+1αi = αi+1αiαi+1, i = 1, . . . , n− 2,
Yxä�g

αiαj = αjαi, |i− j| ≥ 2,
Y Ô�g

α2
i = 1, i = 1, . . . , n− 1.

Y0Á�g
ÖjÇ�ª�±�c%\�»�Í

Cn
`�_
·�ªrº�¬�ª�·Øa=¯�c%ªr®�³{d`b\�¬�_ÄYfÃ^g���Y0¾�gj\�¶

Bn
ÀUc%ªr®�³{d`b\�¬�_ÄYxä�g���Y0Á�gj\�¶

Sn
À

³>¬�·ÏdÇ�ªE°�`��Xª�·Ïc%ªr®�³{d`b\�¬�_RY�_%ªrª²½�Ã�¿�À�Ã��{Â g

αiσj = σjαi, |i− j| ≥ 2,
Y���g

σiαi+1αi = αi+1αiσi+1, i = 1, . . . , n− 2,
Y0ß�g

σi+1σiαi+1 = αiσi+1σi, i = 1, . . . , n− 2.
YxÞ�g

å"¶:¹¤ª²«B\�¬�_%`�·�ªrcEdÇ�ª�±�c%\�»�Í¸±�ªr¬�ªrc�³{dª�·£a=¯ÝdÇ�ª(³>»�d\�°²\�c%Í�Ç�`�_f°²_
εij
À

1 ≤ i 6=
j ≤ n À�¹6Ç�ªrc%ª

εij :

{
xi 7→ x−1

j xixj , i 6= j,

xl 7→ xl, l 6= i,
dÇ�ªr¬�¹¤ª:±�ªB�dÇ�ª:±�c%\�»�Í

Cbn
\�¶���ë!&�ça&	� � � ��_ ê`
=ë�é�ç � 
�ë>ê�é.�!$[��è � Z=ça&#$b&pÅ>ÖjÇ�ª:ªr®bªr°�ªr¬=�_

\�¶�_d³{d`�_%¶�¯µ«B\�¬�·�`�d`b\�¬OY `Hg�¶H\�c�dÇ�ªj`�·�ªr¬=d`�«�³>®�Í�ªrc%°R»�p³{d`b\�¬
π
À>`xÅLª�ÅbÀ�°Ê³>ÍRª^³�«�ÇÄ±�ªr¬�ªrc�³-�

d\�c
xi
d\EdÇ�ª�«B\�¬�×#»�±=³{d`b¬�±µªr®bªr°�ªr¬=�Å5)�Å�ÓØ«^Õ¤\�\�®�½�Ã�Þ>Â�Í�c%\^]�ª�·²dÇU³{

Cbn
`�_:·�ªrº�¬�ª�·

a=¯ÊdÇ�ªEc%ªr®�³{d`b\�¬�_�Y ¶Hc%\�°â¬�\^¹Z\�¬8À�·�`bÛ�ªrc%ªr¬=6®bªB%dªrcd_
_#p³>¬�·�¶H\�c6·�`bÛ�ªrc%ªr¬=6`b¬�·�`�«Bª�_�g

εijεkl = εklεij ,
Y���g

εijεkj = εkjεij ,
YfÃ�¿�g

(εijεkj)εik = εik(εijεkj).
YfÃ�Ã^g

ÖvÇ�ªj±�c%\�»�Í
Cn

`�_Qc%ªrÍ�c%ª�_%ªr¬=p³>a�®bª
³�_�dÇ�ª�_%ªr°�`��"·�`bc%ª�«�*Í�c%\X·�»�«�
Cn = CbnoSn

À
¹6Ç�ªrc%ª

Sn
`�_µ±�ªr¬�ªrc�³{dª�·Ìa=¯,dÇ�ª�³>»�d\�°�\�c%Í�Ç�`�_%°²_

α1, . . . , αn−1
Å.ÖvÇ�ª�¶H\�®b®b\^¹6`b¬�±
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ª �=»U³>®b`�d`bª�_6Ç�\�®�·¸Y�_fªrªÊ½�Ã��{Â gp¼

εi,i+1 = αiσ
−1
i , εi+1,i = σ−1

i αi,

εij = αj−1αj−2 · · ·αi+1εi,i+1αi+1 · · ·αj−2αj−1, i < j,

εji = αj−1αj−2 · · ·αi+1αiεi,i+1αiαi+1 · · ·αj−2αj−1, i < j.
ÖvÇ�ª�_#dc%»�«�d»�c%ª�\�¶

Cbn
¹�³�_Q_#d»�·�`bª�·Ä`b¬�½�¾XÀ�ä{Â0Å�å0�¹�³�_�Í�c%\^]�ª�·µdÇU³{

Cbn
À
n ≥ 2

À
`�_�·�ª�«B\�°²Í�\�_d³>a�®bª�`b¬=d\ÄdÇ�ª�_fªr°²`��"·�`bc%ª�«�6Í�c%\X·�»�«�

Cbn = Dn−1 o (Dn−2 o (· · ·o (D2 oD1)) · · · )
\�¶�_f»�a�±�c%\�»�Í�_

Di, i = 1, . . . , n−1,
±�ªr¬�ªrc�³{dª�·�a=¯

εi+1,1, εi+1,2, . . . , εi+1,i, ε1,i+1,
ε2,i+1, . . . , εi,i+1

Å�ÖjÇ�ª6ªr®bªr°�ªr¬=�_
εi+1,1, εi+1,2, . . . , εi+1,i

±�ªr¬�ªrc�³{dª�³E¶Hc%ªrª6±�c%\�»�Í
\�¶�c�³>¬�e

i
Å=ÖjÇ�ªjªr®bªr°�ªr¬=�_

ε1,i+1, ε2,i+1, . . . , εi,i+1
±�ªr¬�ªrc�³{dª�³�¶Hc%ªrª�³>a�ªr®b`�³>¬²±�c%\�»�Í

\�¶�c�³>¬�e
i
Å

ÖvÇ�ªÄÍ�»�c%ªÄa�c�³>`�·¢±�c%\�»�Í
Pn

`�_E«B\�¬=p³>`b¬�ª�·£`b¬
Cbn

³>¬�·OdÇ�ªÄ±�ªr¬�ªrc�³{d\�cd_�\�¶
Pn«�³>¬�a�ª§¹6c%`�%dªr¬�`b¬�dÇ�ªE¶H\�c%°

ai,i+1 = ε−1
i,i+1ε

−1
i+1,i, i = 1, . . . , n− 1,

aij = εj−1,iεj−2,i . . . εi+1,i(ε
−1
ij ε
−1
ji )ε−1

i+1,i . . . ε
−1
j−2,iε

−1
j−1,i

= ε−1
j−1,jε

−1
j−2,j . . . ε

−1
i+1,j(ε

−1
ij ε
−1
ji )εi+1,j . . . εj−2,jεj−1,j, 2 ≤ i+ 1< j ≤ n.

D N��N]X;Z0�c&pç � 
�ê�ìbë>èF��èdë�ç	�\$[� � �>ç	�`(�ÖvÇ�ª��6ë`�������vçHè�$�ë � $%� � ��ç	�Ý½�Ã�À�Á{Â\�cvdÇ�ª
&pç � 
�ê�ìbë>è\�pè�ë>ç	�[$[� � �>ç	�

SBn
`�_j±�ªr¬�ªrc�³{dª�· Yx³�_6³R°�\�¬�\�`�·Ug¤a=¯Êªr®bªr°�ªr¬=�_

σi, σ
−1
i

À
τi
À
i = 1, . . . , n− 1

Å�ÖvÇ�ª§ªr®bªr°�ªr¬=�_
σi, σ

−1
i

±�ªr¬�ªrc�³{dª§dÇ�ª§a�c�³>`�·Ï±�c%\�»�Í
Bn

Å�ÖjÇ�ª
±�ªr¬�ªrc�³{d\�cd_

τi
_d³{d`�_%¶�¯ÏdÇ�ªE·�ªrº�¬�`b¬�±²c%ªr®�³{d`b\�¬�_

YfÃ^¾�g
τiτj = τjτi, |i− j| ≥ 2,

³>¬�·ÏdÇ�ªE\�dÇ�ªrc�c%ªr®�³{d`b\�¬�_�³>c%ªE°�`��Xª�·¼

τiσj = σjτi, |i− j| ≥ 2,
YfÃ�ä�g

τiσi = σiτi, i = 1, . . . , n− 1,
YfÃBÔ�g

σiσi+1τi = τi+1σiσi+1, i = 1, . . . , n− 2,
YfÃ^Á�g

σi+1σiτi+1 = τiσi+1σi, i = 1, . . . , n− 2.
YfÃ���g

å"¬�½ �>Â�`�Q¹j³�_�Í�c%\^]�ª�·RdÇU³{QdÇ�ª�_%`b¬�±�»�®�³>c.a�c�³>`�·µ°�\�¬�\�`�·
SBn

`�_�ªr°µa�ª�·�·�ª�·R`b¬=d\
dÇ�ªÊ±�c%\�»�Í

SGn
¹6Ç�`�«�Ç,`�_R«�³>®b®bª�·,dÇ�ª &pç � 
�ê�ìbë>è ��èdë>ç	� 
�è��>ê � ³>¬�·,ÇU³�_�dÇ�ªÊ_�³>°�ª

·�ªrº�¬�`b¬�±²c%ªr®�³{d`b\�¬�_
³�_
SBn

Å
D N�	N\X Z0�Äæ^çHèBé�ê�ë�ì �pè�ë>ç	��
�è��>ê � ë � �= �rì�� �#� ��èdë>ç	��
�è��>ê � (EÖvÇ�ªµ]X`bcfd»U³>®.a�c�³>`�·

±�c%\�»�Í
V Bn

¹�³�_�`b¬=dc%\X·�»�«Bª�· `b¬Ü½�Ã^Á{Â0Å
å"¬Ü½�¾XÃBÂµ³ _%Ç�\�cfdªrcÝ_#¯�_fdªr° \�¶�·�ªrº�¬�`b¬�±
c%ªr®�³{d`b\�¬�_Ï¹�³�_Ï¶H\�»�¬�·áY�_%ªrªÝa�ªr®b\^¹�gpÅ�ÖvÇ�ª¢±�c%\�»�Í

V Bn
`�_Ï±�ªr¬�ªrc�³{dª�· a=¯

σi
À
%i
À

i = 1, . . . , n− 1
Y�_%ªrª���`b±�Å�ä�gpÅ

ÖvÇ�ª�ªr®bªr°²ªr¬=�_
σi
±�ªr¬�ªrc�³{dª�dÇ�ª6a�c�³>`�·�±�c%\�»�Í

Bn
¹�`�dÇ(·�ªrº�¬�`b¬�±�c%ªr®�³{d`b\�¬�_�YfÃ^g��

Y0¾�g§³>¬�·OdÇ�ªÄªr®bªr°²ªr¬=�_
%i
±�ªr¬�ªrc�³{dªÄdÇ�ª²_#¯X°�°²ªBdc%`�«R±�c%\�»�Í

Sn
¹6Ç�`�«�Ç¢`�_§·�ªrº�¬�ª�·



� � ���:� ��}xz>� � �d�

¡����{��^��¥8|{tQ��tf���jt#w0}x��~��^��}�w0y>�p�=@{}0�p��z
%i

a=¯ÊdÇ�ªEc%ªr®�³{d`b\�¬�_

%i%i+1%i = %i+1%i%i+1, i = 1, . . . , n− 2,
YfÃ^ß�g

%i%j = %j%i, |i− j| ≥ 2,
YfÃ�Þ�g

%2
i = 1, i = 1, . . . , n− 1.

YfÃ���g
ÖjÇ�ª§\�dÇ�ªrc6c%ªr®�³{d`b\�¬�_
³>c%ªE°�`��Xª�·¼

σi%j = %jσi, |i− j| ≥ 2,
Y0¾�¿�g

%i%i+1σi = σi+1%i%i+1, i = 1, . . . , n− 2.
Y0¾XÃ^g
[
\�dª�dÇU³{6dÇ�ª§®�³�_f6c%ªr®�³{d`b\�¬�`�_vª �=»�`�]�³>®bªr¬=
d\

%i+1%iσi+1 = σi%i+1%i.
å"¬,½�Ã^¾^Â�`�j¹�³�_jÍ�c%\^]�ª�·�dÇU³{jdÇ�ªEc%ªr®�³{d`b\�¬�_

%iσi+1σi = σi+1σi%i+1, %i+1σiσi+1 = %iσi+1σi
³>c%ªE¬�\�
_�³{d`�_fº�ª�·�`b¬

V Bn
Å

ÖvÇ�ª
¹vªr®�·�ª�·Êa�c�³>`�·Ê±�c%\�»�Í
WBn

¹�³�_¤`b¬=dc%\X·�»�«Bª�·Ï`b¬£½�Ã�¿>Â0Å�ÖvÇ�`�_v±�c%\�»�ÍÏ`�_¤±�ªr¬5�
ªrc�³{dª�·�a=¯

σi
À
αi
À
i = 1, . . . , n− 1

Å�ÖjÇ�ª§ªr®bªr°�ªr¬=�_
σi
±�ªr¬�ªrc�³{dªEdÇ�ª§a�c�³>`�·�±�c%\�»�Í

Bn
Å*ÖjÇ�ª�ªr®bªr°�ªr¬=�_

αi
±�ªr¬�ªrc�³{dª�dÇ�ªØ_#¯X°�°²ªBdc%`�«Ï±�c%\�»�Í

Sn
³>¬�·ËdÇ�ª�¶H\�®b®b\^¹6`b¬�±

°�`��Xª�·Ïc%ªr®�³{d`b\�¬�_6Ç�\�®�·¼

αiσj = σjαi, |i− j| ≥ 2,
Y0¾�¾�g

σiαi+1αi = αi+1αiσi+1, i = 1, . . . , n− 2,
Y0¾�ä�g

σi+1σiαi+1 = αiσi+1σi, i = 1, . . . , n− 2.
Y0¾{Ô�g
å"¬Ø½�Ã�¿{Â�`�Q¹�³�_QÍ�c%\^]�ª�·µdÇU³{

WBn
`�_Q`�_%\�°�\�c%Í�Ç�`�«vd\�dÇ�ª�±�c%\�»�Í

Cn
\�¶«B\�¬�×#»�±=³{d`b¬�±

³>»�d\�°�\�c%Í�Ç�`�_%°²_rÅ
Õ:\�°�ÍU³>c%`b¬�±�dÇ�ª²·�ªrº�¬�`b¬�±�c%ªr®�³{d`b\�¬�_�\�¶

V Bn
¹6`�dÇÝdÇ�ª²·�ªrº�¬�`b¬�±�c%ªr®�³{d`b\�¬�_�\�¶

WBn
À^¹¤ª¤_%ªrª*dÇU³{

WBn
«�³>¬Ra�ª¤\�a�p³>`b¬�ª�·�¶Hc%\�°

V Bn
a=¯R³�·�·�`b¬�±§³�¬�ªB¹Ëc%ªr®�³{d`b\�¬8Å

ÖjÇ�ªrc%ªr¶H\�c%ª�À�dÇ�ªrc%ªEª��X`�_#�_
³µÇ�\�°�\�°�\�c%Í�Ç�`�_%°

ϕVW : V Bn →WBn
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p³>e�`b¬�±
σi
d\
σi
³>¬�·

%i
d\
αi
¶H\�c:³>®b®

i
Å��
ªr¬�«Bª�À

WBn
`�_QdÇ�ª6Ç�\�°�\�°�\�c%Í�Ç�`�«�`b°(³>±�ª

\�¶
V Bn

Å
å"¬¸½�Ã�¿>Â5`�j¹�³�_jÍ�c%\^]�ª�·�dÇU³{�dÇ�ªEc%ªr®�³{d`b\�¬ Y�_#¯X°�°²ªBdc%`�«�d\�Y0¾�ä�g%g

σi+1αiαi+1 = αiαi+1σi,`�_vdc%»�ª�`b¬
WBn

ÅW�:»��dÇ�ªE¶H\�®b®b\^¹�`b¬�±²c%ªr®�³{d`b\�¬Ø·�\�ª�_�¬�\��Ç�\�®�·¼

αi+1σiσi+1 = σiσi+1αi.
�8`b¬�ª^³>c�c%ªrÍ�c%ª�_%ªr¬=p³{d`b\�¬�_.\�¶

V Bn
³>¬�·

WBn
a=¯�°(³{dc%`�«Bª�_�¶Hc%\�° A��

n(Z[t, t−1])¹6Ç�`�«�Ç(ª���dªr¬�·(dÇ�ª
¹¤ªr®b®�e�¬�\^¹6¬ �¤»�c�³>»Êc%ªrÍ�c%ª�_fªr¬=p³{d`b\�¬�¹¤ªrc%ª�«B\�¬�_fdc%»�«�dª�·Ê`b¬¢½�¾XÃBÂ0Å
Ð ®b`b¬�ª^³>cvc%ªrÍ�c%ª�_fªr¬=p³{d`b\�¬�\�¶

Cn 'WBn
¹j³�_v«B\�¬�_fdc%»�«�dª�·Ï`b¬£½Lä>Â0Å�ÖvÇ�`�_vc%ªrÍ�c%ª�_fªr¬5�

p³{d`b\�¬�ª���dªr¬�·�_RYH¹6`�dÇ�_f\�°²ªE«B\�¬�·�`�d`b\�¬�_6\�¬�ÍU³>c�³>°²ªBdªrcd_�g¤dÇ�ªEe�¬�\^¹6¬���³r¹6c%ªr¬�«Bª	�
+§c�³>°�°�ªrcvc%ªrÍ�c%ª�_%ªr¬=p³{d`b\�¬8Å

�N�MÊG0I�G�I{D J^VUI!M�DWI�S S�G�� I�J I�� I{GXFHD5J{JHVKIRMØVON�J�T�GËW�JHI�J
	�D�FcU�	�I{G:P�I{DUJ S
��I{V�	 U*NÄå"¬ÏdÇ�`�_6_fª�«�d`b\�¬�¹vª§`b¬=dc%\X·�»�«BªR³�]X`bcfd»U³>®�Í�»�c%ªEa�c�³>`�·�±�c%\�»�ÍØ³>¬�·�º�¬�·�`��_
±�ªr¬�ªrc�³{d\�cd_�³>¬�·�·�ªrº�¬�`b¬�±²c%ªr®�³{d`b\�¬�_rÅ


ªrº�¬�ªEdÇ�ª§°(³>Í
ν : V Bn → Sn

a=¯Ï`��_6³�«�d`b\�¬�\�¬�dÇ�ª§±�ªr¬�ªrc�³{d\�cd_r¼

ν(σi) = ν(%i) = %i, i = 1, . . . , n− 1,
¹6Ç�ªrc%ª

Sn
`�_.dÇ�ª
±�c%\�»�Í(±�ªr¬�ªrc�³{dª�·(a=¯

%i
Å�ÖjÇ�ªr¬²e�ªrc

(ν)
`�_:«�³>®b®bª�·�dÇ�ª�æ^çHè�é�ê�ë�ì � êXè��

��èdë>ç	�b
�è��>ê � ³>¬�·�·�ªr¬�\�dª�·�a=¯ V Pn
Å�å0�`�_j«B®bª^³>cvdÇU³{

V Pn
`�_�³R¬�\�c%°(³>®5_f»�a�±�c%\�»�Í

\�¶�`b¬�·�ª��
n!
\�¶
V Bn

Å�Ó�\�c%ªr\^]�ªrcrÀ�_%`b¬�«Bª
V Pn ∩ Sn = e

³>¬�·
V Bn = V Pn ·Sn

ÀX¹¤ª
ÇU³r]�ª

V Bn = V Pn o Sn
Å


ªrº�¬�ª

λi,i+1 = %iσ
−1
i , λi+1,i = %iλi,i+1%i = σ−1

i %i, i = 1, . . . , n− 1,

λij = %j−1%j−2 · · · %i+1λi,i+1%i+1 · · · %j−2%j−1,

λji = %j−1%j−2 · · · %i+1λi+1,i%i+1 · · · %j−2%j−1, 1 ≤ i < j − 1 ≤ n− 1.
Æ a=]X`b\�»�_f®�¯�À�³>®b®�dÇ�ª�_%ª�ªr®bªr°�ªr¬=�_:a�ªr®b\�¬�±Rd\

V Pn
Å�ÖjÇ�ªr`bc¤±�ªr\�°�ªBdc%`�«
`b¬=dªrc%Í�c%ªBp³{d`b\�¬

`�_�_%Ç�\^¹6¬�`b¬ ��`b±�_BÅ�Ô²³>¬�·OÁ�Å

¡����>� � ��¥5|{t��Bt#�B�vt#w0}x��~��^��}�w0y>�p�=@{}0����z
λij (1 ≤ i < j ≤ n)



' � ���:� ��}xz>� � �d�

¡����>� � ��¥5|{t��Bt#�B�vt#w0}x��~��^��}�w0y>�p�=@{}0����z
λji (1 ≤ i < j ≤ n)

��������� Ã	��
 �Bé
1 ≤ i < j ≤ n

( X;Z0�[^���ìHì��� Qç � 
 � � ��_ ê`
=ë�é�ç	� � è�ê�ì���&¢ë>è��
&rë�é�ça&� �#��ç �

V Bn
¼

Y `Hgc^��>è
k < i− 1

À
i < k < j − 1

ë � �
k > j

À

%kλij%k = λij , %kλji%k = λji;Y `b`Hg
%i−1λij%i−1 = λi−1,j, %i−1λji%i−1 = λj,i−1 �Y `b`b`HgY^��>è

i < j − 1
À

%iλi,i+1%i = λi+1,i, %iλij%i = λi+1,j,

%iλi+1,i%i = λi,i+1, %iλji%i = λj,i+1;
Y `�]�gY^��>è

i+ 1 < j
À

%j−1λij%j−1 = λi,j−1, %j−1λji%j−1 = λj−1,i;YH]�g
%jλij%j = λi,j+1, %jλji%j = λj+1,i.�:è����9^�(]�¸ª�«B\�¬�_f`�·�ªrc
\�¬�®�¯ÊdÇ�ª�c%»�®bª�_�`b¬=]�\�®�]X`b¬�±

λij
¶H\�c

i < j
YHdÇ�ª�c%ªr°(³>`b¬�`b¬�±

\�¬�ª�_6«�³>¬�a�ªE«B\�¬�_%`�·�ªrc%ª�·Ø³>¬U³>®b\�±�\�»�_%®�¯�gpÅ�©�ª�«�³>®b®8dÇU³{

λij = %j−1%j−2 · · · %i+1λi,i+1%i+1 · · · %j−2%j−1.å"¶
k < i− 1

\�c
k > j

dÇ�ªr¬
%k
`�_vÍ�ªrc%°R»�p³>a�®bª�¹6`�dÇ

%i, %i+1, . . . , %j−1
`b¬Ê]X`bªB¹ \�¶

c%ªr®�³{d`b\�¬ÉYfÃ�Þ�g�³>¬�·O¹6`�dÇ
σi
`b¬O]X`bªB¹á\�¶:c%ªr®�³{d`b\�¬ÉY0¾�¿�gpÅ �
ªr¬�«Bª�À

%k
`�_�Í�ªrc%°R»�p³>a�®bª

¹6`�dÇ
λij
Å

�8ªB
i < k < j − 1

ÅUÖvÇ�ªr¬

%kλij%k=%k(%j−1 · · · %k+2%k+1%k · · · %i+1λi,i+1%i+1 · · · %k%k+1%k+2 · · · %j−1)%k.
4�ªrc%°R»�d`b¬�±

%k
³>¬�·

λi,i+1
¹6Ç�ªr¬�ªB]�ªrc�Í�\�_%_%`ba�®bª�À�¹vª§±�ªB

%j−1 · · · %k+2(%k%k+1%k) · · · %i+1λi,i+1%i+1 · · · (%k%k+1%k)%k+2 · · · %j−1.
C�_f`b¬�±�dÇ�ª²c%ªr®�³{d`b\�¬

%k%k+1%k = %k+1%k%k+1
À5¹vª�c%ªB¹6c%`�dª�dÇ�ª(®�³�_f�¶H\�c%°µ»�®�³�³�_

¶H\�®b®b\^¹
_B¼

%j−1 · · · %k+1%k(%k+1%k−1 · · · %i+1λi,i+1%i+1 · · · %k−1%k+1)

× %k%k+1 · · · %j−1 = %j−1 · · · %k(%k+1λi,k%k+1)%k · · · %j−1.
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å"¬�]X`bªB¹Z\�¶�dÇ�ªE«�³�_%ª�«B\�¬�_%`�·�ªrc%ª�·�ª^³>c%®b`bªrcrÀ�¹¤ª§ÇU³r]�ª

%k+1λik%k+1 = λik³>¬�·À�Ç�ªr¬�«Bª�À
%j−1 · · · %k(%k+1λik%k+1)%k · · · %j−1 = λij .ÖjÇ�»�_BÀ�dÇ�ªEº�cd_f�c%»�®bª�\�¶vY `Hg¤`�_jÍ�c%\^]�ªr¬8Å

Y `b`HgjÕ¤\�¬�_f`�·�ªrc

%i−1λij%i−1 = %i−1(%j−1%j−2 · · · %i+1λi,i+1%i+1 · · · %j−2%j−1)%i−1.
C�_f`b¬�±ØYfÃ�Þ�gpÀ�®bªB6»�_jÍ�ªrc%°R»�dª

%i−1
³>¬�·

λi,i+1
¹�Ç�ªr¬�ªB]�ªrc6Í�\�_d_f`ba�®bª�Å��¸ª§±�ªB

Y0¾�Á�g
%i−1λij%i−1 = %j−1 . . . %i+2%i+1(%i−1λi,i+1%i−1)%i+1%i+2 . . . %j−2.ÖjÇ�ª§ª��XÍ�c%ª�_d_%`b\�¬�`b¬�a�c�³�«�e�ªB�_
«�³>¬�a�ª§c%ªB¹6c%`�%dªr¬O³�_

%i−1λi,i+1%i−1 = %i−1%iσ
−1
i %i−1 = %i−1%iσ

−1
i %i−1%i%i.

C�_f`b¬�±�dÇ�ª²c%ªr®�³{d`b\�¬
σ−1
i %i−1%i = %i−1%iσ

−1
i−1

Y ¶H\�®b®b\^¹6`b¬�±O¶Hc%\�° Y0¾XÃ^g%g�³>¬�·ÉYfÃ�Þ�gpÀ
YfÃ���gpÀ�¹vª§\�a�p³>`b¬

%i−1%i(σ
−1
i %i−1%i)%i = %i−1(%i%i−1%i)σ

−1
i−1%i

= (%i−1%i−1)%i%i−1σ
−1
i−1%i = %iλi−1,i%i.ÖjÇ�ªr¬�¶Hc%\�°ÒY0¾�Á�g:¹¤ª§\�a�p³>`b¬

%i−1λij%i−1 = λi−1,j.ÖjÇ�»�_BÀ�dÇ�ª�·�ª�_%`bc%ª�·�c%ªr®�³{d`b\�¬�_�³>c%ªEÍ�c%\^]�ªr¬8Å
Y `b`b`HgRÖvÇ�ª�º�cd_#�¶H\�c%°R»�®�³O¶H\�®b®b\^¹6_Ä¶Hc%\�°ÚdÇ�ª�·�ªrº�¬�`�d`b\�¬�_�\�¶

λi,i+1
³>¬�·

λi+1,i
Å

Õ¤\�¬�_f`�·�ªrc

%iλij%i = %i(%j−1%j−2 · · · %i+1λi,i+1%i+1 · · · %j−2%j−1)%i.
4�ªrc%°R»�d`b¬�±

%i
³>¬�·

λi,i+1
¹�Ç�ªr¬�ªB]�ªrc�Í�\�_d_%`ba�®bª�À�¹vª§\�a�p³>`b¬

%iλij%i = %j−1 · · · %i+2(%i%i+1λi,i+1%i+1%i)%i+2 · · · %j−1.©�ªB¹6c%`�dª�dÇ�ªEª��XÍ�c%ª�_d_%`b\�¬�`b¬�a�c�³�«�e�ªB�_
³�_j¶H\�®b®b\^¹
_B¼

%i%i+1λi,i+1%i+1%i = %i%i+1%i(σ
−1
i %i+1%i) = %i%i+1(%i%i+1%i)σ

−1
i+1

= %i%i+1%i+1%i%i+1σ
−1
i+1 = %i+1σ

−1
i+1.

�
ªr¬�«Bª�À

%iλij%i = %j−1 . . . %i+2(%i+1σ
−1
i+1)%i+2 . . . %j−1 = λi+1,j.ÖjÇ�»�_BÀ�dÇ�ª�·�ª�_%`bc%ª�·�c%ªr®�³{d`b\�¬�_�³>c%ªEÍ�c%\^]�ªr¬8Å

Y `�]�g¤¶H\�®b®b\^¹6_�¶Hc%\�° dÇ�ªEc%ªr®�³{d`b\�¬
%2
j−1 = e

³>¬�·ÏdÇ�ª�·�ªrº�¬�`�d`b\�¬�\�¶
λij
Å

YH]�g:`�_6³>¬�`b°�°�ª�·�`�³{dªE«B\�¬�_%ª �=»�ªr¬�«Bª�\�¶�dÇ�ªE·�ªrº�¬�`�d`b\�¬Ø\�¶
λij
Å

����������� � �
	 Ã	� X Z0��
�è��>ê � Sn ë � é'&��� � � � _ ê 
�ë�é�ç	� � � � é'Z0�\&��ré {λkl | 1 ≤
k 6= l ≤ n}. X;Z�ça&�ë � é�ç	� � ça&§é�èdë � &�ç é�çHæ���(
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å"¬È]X`bªB¹ \�¶ �5ªr°�°(³ËÃ�ÀQdÇ�ª�_%»�a�±�c%\�»�Í 〈λkl | 1 ≤ k 6= l ≤ n〉 \�¶ V Pn
`�_

¬�\�c%°(³>®v`b¬
V Bn

Å �5ªBµ»�_RÍ�c%\^]�ªÊdÇU³{µdÇ�`�_R±�c%\�»�ÍÌ«B\�`b¬�«B`�·�ª�_R¹�`�dÇ
V Pn

³>¬�· ®bªB
»�_Äº�¬�·Ì`��_Ä±�ªr¬�ªrc�³{d\�cd_Ê³>¬�· ·�ªrº�¬�`b¬�±¸c%ªr®�³{d`b\�¬�_rÅ ��\�cµdÇ�`�_�Í�»�c%Í�\�_%ª�¹¤ª�»�_fª�dÇ�ª
©�ªr`�·�ªr°�ªr`�_fdªrc � Î «�Ç�c%ªr`bªrc
°�ªBdÇ�\X·¸Y�_fªrª�À�¶H\�c�ª���³>°�Í�®bª�À�½�Ã���À�Õ¤Ç8Å�¾�Å¦¾^Â gpÅ

�8ªB
mkl = %k−1%k−2 . . . %l

¶H\�c
l < k

³>¬�·
mkl = 1

`b¬(dÇ�ª�\�dÇ�ªrc�«�³�_fª�_rÅ�ÖvÇ�ªr¬
dÇ�ª�_fªB

Λn =
{ n∏

k=2

mk,jk

∣∣∣ 1 ≤ jk ≤ k
}

`�_6³ Î «�Ç�c%ªr`bªrc
_fªB6\�¶�«B\�_fªB6c%ªrÍ�c%ª�_%ªr¬=p³{d`�]�ª�_
\�¶
V Pn

`b¬
V Bn

Å

��� � ��� � � Ã	� X Z0�]
�è��>ê � V Pn ë`�!$Rç é'&�ë � è���&�� � é"ë�é�ç	� �  Qç é'Z�é'Z0��
 � � �Bèdë�é.��è7&
λkl, 1 ≤ k 6= l ≤ n ÀQë � �²é'Z5�b� � � � ç � 
(è��rì�ë�é�ç	� � &

λijλkl = λklλij ,
Y0¾ ��g

λki(λkjλij) = (λijλkj)λki,
Y0¾�ß�g
 Z0�Bè��\�>ça&pé�ç �K� é:ì"�réxé.��è�&]&pé"ë � ��^��>è\�>ça&pé�ç �K� é*ç � �>ç � ��&�(

�:è����9^�( �ªrº�¬�ªEdÇ�ª§°(³>Í − : V Bn → Λn
¹�Ç�`�«�Ç�p³>e�ª�_
³>¬�ªr®bªr°�ªr¬=

w ∈ V Bnd\�`��_§c%ªrÍ�c%ª�_fªr¬=p³{d`�]�ª
w
¶Hc%\�°

Λn
Å5å"¬ÝdÇ�`�_E«�³�_fªµdÇ�ªÄªr®bªr°²ªr¬=

ww−1 a�ªr®b\�¬�±�_§d\
V Pn

ÅW�:¯ÏÖvÇ�ªr\�c%ªr° ¾�Å¦ßR\�¶v½�Ã��>Â5dÇ�ª§±�c%\�»�Í
V Pn

`�_j±�ªr¬�ªrc�³{dª�·�a=¯

sλ,a = λa · (λa)−1,
¹6Ç�ªrc%ª

λ
c%»�¬�_j\^]�ªrcjdÇ�ª�_%ªB

Λn
³>¬�·

a
c%»�¬�_�\^]�ªrcjdÇ�ª�_fªB6\�¶�±�ªr¬�ªrc�³{d\�cd_6\�¶

V Bn
Å

å0�`�_vª^³�_#¯Êd\µª�_fp³>a�®b`�_fÇ�dÇU³{
sλ,%i = e

¶H\�c6³>®b®8c%ªrÍ�c%ª�_fªr¬=p³{d`�]�ª�_
λ
³>¬�·Ï±�ªr¬�ªrc�³-�

d\�cd_
%i
Å�Õ:\�¬�_%`�·�ªrcjdÇ�ªE±�ªr¬�ªrc�³{d\�cd_

sλ,σi = λσi · (λ%i)−1.
��\�c

λ = e
¹¤ª�±�ªB

se,σi = σi%i = λ−1
i,i+1

Å�[
\�dª�dÇU³{
λ%i

`�_
ª �=»U³>®�d\
λ%i

`b¬
Sn
Å

ÖjÇ�ªrc%ªr¶H\�c%ª�À

sλ,σi = λ(σi%i)λ
−1.

��c%\�° �5ªr°�°Ê³ËÃ�`�²¶H\�®b®b\^¹
_²dÇU³{(ª^³�«�ÇÉ±�ªr¬�ªrc�³{d\�c
sλ,σi

`�_²ª �=»U³>®6d\ _f\�°�ª
λkl

À
1 ≤ k 6= l ≤ n

Å��:¯ Õ¤\�c%\�®b®�³>cf¯ÉÃ�À�dÇ�ªÏ«B\�¬=]�ªrcd_fªÊ`�_Ä³>®�_f\Ødc%»�ª�À�`xÅLª�ÅbÀ�ª^³�«�Ç
λkl

`�_
ª �=»U³>®8d\²_%\�°�ª

sλ,σi
Å�ÖjÇ�ª§º�cd_f6ÍU³>cf6\�¶�dÇ�ªEdÇ�ªr\�c%ªr° `�_jÍ�c%\^]�ªr¬8Å

Ö�\
º�¬�·R·�ªrº�¬�`b¬�±�c%ªr®�³{d`b\�¬�_�\�¶
V Pn

¹vª¤·�ªrº�¬�ªj³�c%ªB¹6c%`�d`b¬�±�Í�c%\X«Bª�_%_
τ
Å>å0Q³>®b®b\^¹
_

»�_jd\�c%ªB¹6c%`�dªR³�¹v\�cd·Ï¹6Ç�`�«�Ç�`�_j¹�c%`�%dªr¬�`b¬�dÇ�ªE±�ªr¬�ªrc�³{d\�cd_6\�¶
V Bn

³>¬�·�Í�c%ª�_fªr¬=
³>¬Øªr®bªr°�ªr¬=�`b¬

V Pn
³�_�³µ¹v\�cd·�`b¬�dÇ�ª�±�ªr¬�ªrc�³{d\�cd_�\�¶

V Pn
Å��5ªB�»�_�³�_d_f\X«B`�³{dªRd\

dÇ�ªEc%ª�·�»�«Bª�·�¹¤\�cd·

u = aε11 a
ε2
2 · · · aενν , εl = ±1, al ∈ {σ1, . . . , σn−1, %1, . . . , %n−1},

dÇ�ª§¹¤\�cd·

τ(u) = sε1k1,a1
sε2k2,a2

· · · sενkν ,aν
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`b¬²dÇ�ª�±�ªr¬�ªrc�³{d\�cd_v\�¶
V Pn

À=¹6Ç�ªrc%ª
kj
`�_j³Ec%ªrÍ�c%ª�_fªr¬=p³{d`�]�ª§\�¶dÇ�ªµY

j− 1
g"dÇÊ`b¬�`�d`�³>®

_%ªr±�°�ªr¬=Ï\�¶§dÇ�ªØ¹v\�cd·
u
`b¶
εj = 1

Àj³>¬�· ³¸c%ªrÍ�c%ª�_fªr¬=p³{d`�]�ª£\�¶�dÇ�ª
j
dÇ `b¬�`�d`�³>®

_%ªr±�°�ªr¬=6\�¶
u
`b¶
εj = −1

Å
�*¯£½�Ã���À�ÖvÇ�ªr\�c%ªr° ¾�Å��{Â0À�dÇ�ªE±�c%\�»�Í

V Pn
`�_�·�ªrº�¬�ª�·�a=¯ÊdÇ�ªEc%ªr®�³{d`b\�¬�_

rµ,λ = τ(λrµλ
−1), λ ∈ Λn,

¹6Ç�ªrc%ª
rµ
`�_vdÇ�ª�·�ªrº�¬�`b¬�±²c%ªr®�³{d`b\�¬�\�¶

V Bn
Å


ªr¬�\�dª�a=¯

r1 = σiσi+1σiσ
−1
i+1σ

−1
i σ−1

i+1dÇ�ªEº�cd_#
c%ªr®�³{d`b\�¬�\�¶
V Bn

Å�ÖjÇ�ªr¬

r1,e = τ(r1) = se,σisσi,σi+1sσiσi+1,σis
−1

σiσi+1σiσ
−1
i+1,σi+1

s−1

σiσi+1σiσ
−1
i+1σ

−1
i ,σi

s−1
r1,σi+1

= λ−1
i,i+1(%iλ

−1
i+1,i+2%i)(%i%i+1λ

−1
i,i+1%i+1%i)

· (%i+1%iλi+1,i+2%i%i+1)(%i+1λi,i+1%i+1)λi+1,i+2.
C�_f`b¬�±ÄdÇ�ª�«B\�¬�×#»�±=³{d`b¬�±(c%»�®bª�_j¶Hc%\�° �8ªr°²°(³ÊÃ�À�¹vª§±�ªB

r1,e = λ−1
i,i+1λ

−1
i,i+2λ

−1
i+1,i+2λi,i+1λi,i+2λi+1,i+2.

ÖjÇ�ªrc%ªr¶H\�c%ª�À�dÇ�ª§c%ªr®�³{d`b\�¬

λi,i+1(λi,i+2λi+1,i+2) = (λi+1,i+2λi,i+2)λi,i+1

Ç�\�®�·�_§`b¬
V Pn

Å5ÖvÇ�ªÄc%ªr°(³>`b¬�`b¬�±�c%ªr®�³{d`b\�¬�_
r1,λ

À
λ ∈ Λn

À8«�³>¬£a�ªÄ\�a�p³>`b¬�ª�·¢¶Hc%\�°
dÇ�`�_²c%ªr®�³{d`b\�¬É»�_f`b¬�±,«B\�¬�×#»�±=³{d`b\�¬ a=¯

λ−1 Å �:¯ËdÇ�ª�¶H\�c%°µ»�®�³�_Ä\�¶��5ªr°�°(³ËÃ�À.¹¤ª
\�a�p³>`b¬ Y0¾�ß�gpÅ

�8ªB6»�_�«B\�¬�_%`�·�ªrc�dÇ�ª§¬�ª���6c%ªr®�³{d`b\�¬�\�¶
V Bn

¼

r2 = σiσjσ
−1
i σ−1

j , |i− j| ≥ 2.
�¸ª§ÇU³r]�ª

r2,e = τ(r2) = se,σisσi,σjs
−1

σiσjσ
−1
i ,σi

s−1
r2,σj

= λ−1
i,i+1λ

−1
j,j+1λi,i+1λj,j+1.

�
ªr¬�«Bª�À�dÇ�ªEc%ªr®�³{d`b\�¬

λi,i+1λj,j+1 = λj,j+1λi,i+1, |i− j| ≥ 2,
Ç�\�®�·�_�`b¬

V Pn
Å5Õ¤\�¬�×#»�±=³{d`b¬�±ÏdÇ�`�_�c%ªr®�³{d`b\�¬¢a=¯O³>®b®�c%ªrÍ�c%ª�_%ªr¬=p³{d`�]�ª�_E¶Hc%\�°

Λn
À�¹¤ª

\�a�p³>`b¬ Y0¾ ��gpÅ
�8ªB�»�_6Í�c%\^]�ª�dÇU³{�\�¬�®�¯�dc%`�]X`�³>®�c%ªr®�³{d`b\�¬�_�¶H\�®b®b\^¹ã¶Hc%\�° ³>®b®�\�dÇ�ªrc
c%ªr®�³{d`b\�¬�_�\�¶

V Bn
ÅÖjÇ�`�_�`�_
ªB]X`�·�ªr¬=E¶H\�c�c%ªr®�³{d`b\�¬�_�YfÃ^ß�g���YfÃ���g�·�ªrº�¬�`b¬�±ÊdÇ�ªµ±�c%\�»�Í

Sn
a�ª�«�³>»�_fª

sλ,%i = e
¶H\�c
³>®b®

λ ∈ Λn
³>¬�·

%i
Å

Õ:\�¬�_%`�·�ªrc�dÇ�ªÄ°²`��Xª�·Oc%ªr®�³{d`b\�¬ÉY0¾XÃ^gÄY c%ªr®�³{d`b\�¬ÉY0¾�¿�g�«�³>¬¢a�ª�«B\�¬�_%`�·�ªrc%ª�·£_%`b°�`��
®�³>c%®�¯�gp¼

r3 = σi+1%i%i+1σ
−1
i %i+1%i.
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C�_f`b¬�±ÄdÇ�ªEc%ªB¹6c%`�d`b¬�±�Í�c%\X«Bª�_d_BÀ�¹vª§±�ªB

r3,e = τ(r3) = se,σi+1s
−1

σi+1%i%i+1σ
−1
i ,σi

= λ−1
i+1,i+2(%i%i+1λi,i+1%i+1%i)

= λ−1
i+1,i+2λi+1,i+2 = e.

ÖjÇ�»�_BÀ
V Pn

`�_�·�ªrº�¬�ª�·�a=¯Ïc%ªr®�³{d`b\�¬�_RY0¾ ��g���Y0¾�ß�gpÅ

	N��FT�GQM�J^I 	RL�J
	�I{G(VON J-T�G�W�JHI�J
	�D�F�P�I{DUJ S �UI{V�	 U*N��c%\�°ádÇ�ª
·�ªrº�¬�`�d`b\�¬(\�¶
V Pn

³>¬�· �5ªr°�°(³§Ã.`��¶H\�®b®b\^¹
_5dÇU³{
V Bn = V PnoSn

À^`xÅLª�ÅbÀ
V Bn

`�_8dÇ�ª:_%Í�®b`�%p³>a�®bª
ª���dªr¬�_%`b\�¬ \�¶�dÇ�ª£±�c%\�»�Í

V Pn
a=¯

Sn
Å
Õ:\�¬�_%ª �=»�ªr¬=d®�¯�À�¹¤ª¢ÇU³r]�ªÝd\Ì_fd»�·X¯ dÇ�ª

_fdc%»�«�d»�c%ª�\�¶�dÇ�ª§]X`bcfd»U³>®�Í�»�c%ªEa�c�³>`�·�±�c%\�»�Í
V Pn

Å �5ªB�»�_6·�ªrº�¬�ª§dÇ�ª�_%»�a�±�c%\�»�Í�_

Vi = 〈λ1,i+1, λ2,i+1, . . . , λi,i+1;λi+1,1, λi+1,2, . . . , λi+1,i〉, i = 1, . . . , n− 1,
\�¶
V Pn

Å5?:³�«�Ç
Vi
`�_j³�_%»�a�±�c%\�»�Í�\�¶

V Pi+1
Å �5ªB

V ∗i
a�ª�dÇ�ª�¬�\�c%°(³>®«B®b\�_%»�c%ª�\�¶

Vi`b¬
V Pi+1

Å�ÖvÇ�ªE¶H\�®b®b\^¹6`b¬�±ÄdÇ�ªr\�c%ªr°â`�_vdÇ�ªE°(³>`b¬�c%ª�_%»�®�6\�¶�dÇ�`�_�_%ª�«�d`b\�¬8Å
��� � ��� � �à¾ � X;Z5��
�è���ê � V Pn

À
n ≥ 2

À�ça&�è#� � è���&�� � é"ë ��ì"�µë!&§é'Z5��&���$Rç �9��çHè�� � é
� è#� ��ê � é

V Pn = V ∗n−1 o V Pn−1 = V ∗n−1 o (V ∗n−2 o (. . .o (V ∗2 o V ∗1 )) . . .),
 Z0�Bè��

V ∗1
ça&
ë ^�è��#� 
>è#�>ê � �9^jèdë ��� 2

ë � �
V ∗i
À
i = 2, . . . , n−1,

ë>è#�R^�è��7��ç � � � ç é.�rì �

 � � �Bèdë�é.�#�[&pêW� 
�è��>ê � &�(

�8ªB6»�_jÍ�c%\^]�ª§dÇ�ªEdÇ�ªr\�c%ªr° a=¯Ï`b¬�·�»�«�d`b\�¬�\�¬
n
Å���\�c

n = 2
À�¹vª§ÇU³r]�ª

V P2 = V1 = V ∗1³>¬�·À�a=¯�ÖjÇ�ªr\�c%ªr° Ã�À�dÇ�ª�±�c%\�»�Í
V1

`�_j¶Hc%ªrªE±�ªr¬�ªrc�³{dª�·�a=¯
λ12

³>¬�·
λ21

Å
Ö�\Ä°(³>e�ª�dÇ�ª�±�ªr¬�ªrc�³>®�«�³�_fª�«B®bª^³>c%ªrc6«B\�¬�_%`�·�ªrc�dÇ�ªE«�³�_%ª

n = 3
Å

	N D NFX;Z0�\&pé�è�ê � é�êXè��[�9^
V P3

(Y�:¯�ÖvÇ�ªr\�c%ªr°ÚÃ�ÀUdÇ�ªR±�c%\�»�Í
V P3

`�_
±�ªr¬�ªrc�³{dª�·
a=¯ÊdÇ�ª�_%»�a�±�c%\�»�Í�_

V1
À
V2

³>¬�·�·�ªrº�¬�ª�·�a=¯ÊdÇ�ªEc%ªr®�³{d`b\�¬�_

λ12(λ13λ23) = (λ23λ13)λ12,

λ13(λ12λ32) = (λ32λ12)λ13,

λ23(λ21λ31) = (λ31λ21)λ23,

λ21(λ23λ13) = (λ13λ23)λ21,

λ31(λ32λ12) = (λ12λ32)λ31,

λ32(λ31λ21) = (λ21λ31)λ32.
��c%\�° dÇ�ª�_%ªEc%ªr®�³{d`b\�¬�_j¹vª§\�a�p³>`b¬�dÇ�ª§¬�ª���
®bªr°�°(³XÅ

��������� ¾ ��� �
V P3

é'Z0� ^���ìHì"�! Qç � 
 ���Bê�ë�ì�ç é�ç	��&]Z5��ì���¼

(i)
λλ12

13 = λλ12
32 λ13λ

−1
32 ,

λ
λ−1

12
13 = λ−1

32 λ13λ
λ−1

12
32 ,

λλ12
31 = λ32λ31λ

−λ12
32 ,

λ
λ−1

12
31 = λ

−λ−1
12

32 λ31λ32,

λλ12
23 = λ13λ23λ32λ

−1
13 λ

−λ12
32 ,

λ
λ−1

12
23 = λ

−λ−1
12

32 λ−1
13 λ32λ23λ13,

(ii)
λλ21

23 = λλ21
31 λ23λ

−1
31 ,

λ
λ−1

21
23 = λ−1

31 λ23λ
λ−1

21
31 ,

λλ21
32 = λ31λ32λ

−λ21
31 ,

λ
λ−1

21
32 = λ

−λ−1
21

31 λ32λ31,

λλ21
13 = λ23λ13λ31λ

−1
23 λ

−λ21
31 ,

λ
λ−1

21
13 = λ

−λ−1
21

31 λ−1
23 λ31λ13λ23,

 Z0�Bè��
ab

&pé"ë � �!& ^���è
b−1ab

(
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�:è����9^�(EÖjÇ�ªEº�cd_f�³>¬�·Ø_fª�«B\�¬�·�c%ªr®�³{d`b\�¬�_
\�¶jY `Hgj`b°�°�ª�·�`�³{dªr®�¯Ï¶H\�®b®b\^¹ã¶Hc%\�°âdÇ�ª
dÇ�`bcd·�³>¬�·(¶H\�»�cfdÇÏc%ªr®�³{d`b\�¬�_v\�¶

V P3
Y�_%ªrª
dÇ�ª�c%ªr®�³{d`b\�¬�_va�ªr¶H\�c%ª
dÇ�ª�®bªr°�°(³�gpÅ Î `b°�

`b®�³>c%®�¯�À�dÇ�ª§º�cd_f�³>¬�·�_%ª�«B\�¬�·Ïc%ªr®�³{d`b\�¬�_6\�¶vY `b`Hg:`b°�°�ª�·�`�³{dªr®�¯Ê¶H\�®b®b\^¹Z¶Hc%\�° dÇ�ª§º�¶�dÇ
³>¬�·�_%`���dÇ�c%ªr®�³{d`b\�¬�_6\�¶

V P3
Å

��»�cfdÇ�ªrcrÀU¶Hc%\�° dÇ�ªEº�cd_f�³>¬�·�_%ª�«B\�¬�·�c%ªr®�³{d`b\�¬�_�\�¶
V P3

¹vª§\�a�p³>`b¬

λ
λ1,2

23 = λ13λ23λ
−λ12
13 , λλ21

13 = λ23λ13λ
−λ21
23 .

C�_f`b¬�±�dÇ�ª(³>®bc%ª^³�·X¯¢Í�c%\^]�ª�·¢¶H\�c%°R»�®�³�_E¶H\�c
λλ12

13

³>¬�·
λλ21

23

À¹vªÄ±�ªBEdÇ�ªÄdÇ�`bcd·¢¶H\�c9�
°R»�®�³�_j\�¶jY `Hgv³>¬�·¸Y `b`Hg¤c%ª�_%Í�ª�«�d`�]�ªr®�¯�Å

ÖvÇ�ª�¶H\�c%°R»�®�³�_Ä¶H\�c²«B\�¬�×#»�±=³{d`b\�¬ a=¯
λ−1

12

³>¬�·
λ−1

21

«�³>¬Ìa�ª�\�a�p³>`b¬�ª�·É³>¬U³>®b\��
±�\�»�_%®�¯�Å

[6\�dª�dÇU³{vdÇ�ªrc%ª�ª��X`�_f�_�³>¬ÏªrÍ�`b°�\�c%Í�Ç�`�_f°
ϕ3 : V P3 → V P2

¹6Ç�`�«�ÇÊp³>e�ª�_¤dÇ�ª
±�ªr¬�ªrc�³{d\�cd_6\�¶

V2 = 〈λ13, λ23, λ31, λ32〉
d\µdÇ�ª§»�¬�`�
³>¬�·�º5�Xª�_vdÇ�ª§±�ªr¬�ªrc�³{d\�cd_6\�¶

V1 = 〈λ12, λ21〉
Å�ÖvÇ�ª�e�ªrc%¬�ªr®�\�¶�dÇ�`�_�ªrÍ�`b°�\�c%Í�Ç�`�_f° `�_6dÇ�ª�¬�\�c%°(³>®�«B®b\�_%»�c%ªR\�¶

V2`b¬
V P3

À�`xÅLª�ÅbÀ�e�ªrc
(ϕ3) = V ∗2

Å
�8ªB

u
a�ªRdÇ�ªÄªr°�Í��¯�¹¤\�cd·O\�cE³(c%ª�·�»�«Bª�·O¹¤\�cd·Ýa�ªr±�`b¬�¬�`b¬�±Ï¹6`�dÇ£³²¬�\�¬5�0´rªrc%\

Í�\^¹vªrcÏ\�¶
λ12

³>¬�·Éc%ªrÍ�c%ª�_%ªr¬=d`b¬�±É³>¬ ªr®bªr°²ªr¬=Ï¶Hc%\�°
V1
Å �5ªB

λ32(u) = λu32 =
u−1λ32u

Å �¸ªÄ«�³>®b®�dÇ�`�_§ªr®bªr°�ªr¬=§dÇ�ª�è��7�>ê � �#� � �! �Bè��9^µé'Z0�F
 � � ��è�ë�é.�>è λ32
¹6`�dÇ

Í�\^¹vªrc
u
ÅÐ6¬U³>®b\�±�\�»�_%®�¯�À5`b¶

v
`�_�dÇ�ªRªr°²Í��¯�¹v\�cd·O\�cE³²c%ª�·�»�«Bª�·O¹v\�cd·Oa�ªr±�`b¬�¬�`b¬�±

¹6`�dÇÊ³�¬�\�¬5�0´rªrc%\�Í�\^¹¤ªrc*\�¶
λ21

³>¬�·�c%ªrÍ�c%ª�_%ªr¬=d`b¬�±µ³>¬²ªr®bªr°�ªr¬=:\�¶
V1
À�dÇ�ªr¬²¹¤ª6Í�»�

λ31(v) = λv13

³>¬�·�«�³>®b®�`�.dÇ�ª�è��#�>ê � �#� � �� ��è]�9^�é'Z0� 
`� � �Bèdë�é.�>è λ31
¹�`�dÇ�Í�\^¹vªrc

v
Å

���������¸ä �,X;Z0�1
�è���ê � V ∗2
ça&�ë ^�è��7� 
�è���ê �  Qç é'Zb
 � � �Bèdë�é.��è7& λ13

À
λ23

ë � ��ë�ìHì
è��7�>ê � �#� � �� ��è�&��9^ λ31

ë � �
λ32

(
�:è����9^�(EÖ�\jÍ�c%\^]�ªQdÇ�ª.®bªr°�°(³*¹vª.«�³>¬E»�_%ª�dÇ�ª*©�ªr`�·�ªr°�ªr`�_fdªrc � Î «�Ç�c%ªr`bªrc�°�ªBdÇ�\X·À

a�»�v`�¤`�_*ª^³�_%`bªrc:d\�»�_%ª6dÇ�ª�·�ªrº�¬�`�d`b\�¬�_¤\�¶8¬�\�c%°Ê³>®�«B®b\�_f»�c%ª§³>¬�·Ê_%ªr°�`��"·�`bc%ª�«�vÍ�c%\X·0�
»�«��Å�Õ¤®bª^³>c%®�¯�À�dÇ�ªE±�c%\�»�Í

V ∗2
`�_j±�ªr¬�ªrc�³{dª�·�a=¯ÊdÇ�ª§ªr®bªr°²ªr¬=�_

λw13, λ
w
23, λ

w
31, λ

w
32, w ∈ V1.å"¬²]X`bªB¹É\�¶ �5ªr°�°Ê³E¾�À�`�:`�_*_%»��²«B`bªr¬=:d\�p³>e�ª6¶Hc%\�° dÇ�ª�_%ª
ªr®bªr°�ªr¬=�_*\�¬�®�¯

λ13
À
λ23³>¬�·�³>®b®5c%ª�·�»�«Bª�·�Í�\^¹¤ªrcd_�\�¶�dÇ�ªE±�ªr¬�ªrc�³{d\�cd_

λ31
³>¬�·

λ32
Å

ÖvÇ�ª�¶Hc%ªrª�·�\�° \�¶
V ∗2

¶H\�®b®b\^¹6_�¶Hc%\�°ÚdÇ�ª�c%ªrÍ�c%ª�_fªr¬=p³{d`b\�¬É\�¶
V P3

³�_²³Ý_%ªr°�`��
·�`bc%ª�«�ÏÍ�c%\X·�»�«��Åjå"¬�·�ªrª�·Àv_f`b¬�«Bª

V1 ∩ V ∗2 = e
À
V1V

∗
2 = V P3

À:`�(¶H\�®b®b\^¹
_²dÇU³{
V P3 = V ∗2 o V1

ÅUå"¬�dÇ�`�_6«�³�_%ªEdÇ�ª�·�ªrº�¬�`b¬�±(c%ªr®�³{d`b\�¬�_6\�¶
V P3

³>c%ª�ª �=»�`�]�³>®bªr¬=
d\
dÇ�ªR«B\�¬�×#»�±=³{d`b¬�±(c%»�®bª�_6\�¶ �5ªr°�°(³²¾�Å�ÖvÇ�ªrc%ªr¶H\�c%ª�À³>®b®�c%ªr®�³{d`b\�¬�_�·�ªrº�¬�ª�dÇ�ªR³�«�d`b\�¬
\�¶6dÇ�ªÏ±�c%\�»�Í

V1
\�¬ dÇ�ª�±�c%\�»�Í

V ∗2
Å Î `b¬�«BªÊdÇ�ªrc%ª�³>c%ª�¬�\Ý\�dÇ�ªrcÄc%ªr®�³{d`b\�¬�_rÀ�dÇ�`�_

°�ª^³>¬�_vdÇU³{
V1

³>¬�·
V ∗2

³>c%ªE¶Hc%ªrª§±�c%\�»�Í�_rÅ
Ð
_6³�«B\�¬�_fª �=»�ªr¬�«Bª�\�¶�dÇ�`�_�®bªr°�°Ê³XÀ�¹¤ªE\�a�p³>`b¬�dÇ�ªE¬�\�c%°Ê³>®8¶H\�c%°â\�¶�¹v\�cd·�_�`b¬

V P3
ÅXÐ6¬=¯Äªr®bªr°�ªr¬=

w
¶Hc%\�°

V P3
«�³>¬(a�ª6¹�c%`�%dªr¬(`b¬²dÇ�ª
¶H\�c%°

w = w1w2
À�¹6Ç�ªrc%ª

w1
`�_:³�c%ª�·�»�«Bª�·�¹¤\�cd·�\^]�ªrcQdÇ�ª�³>®bÍ�ÇU³>a�ªB {λ±1

12 , λ
±1
21 }

³>¬�·
w2

`�_*³§c%ª�·�»�«Bª�·Ä¹v\�cd·
\^]�ªrc�dÇ�ªÏ³>®bÍ�ÇU³>a�ªB {λ±1

13 , λ
±1
23 , λ31(u)±1, λ32(v)±1} À�¹�Ç�ªrc%ª λ31(u)

À
λ32(v)

³>c%ª
c%ª�·�»�«Bª�·�Í�\^¹vªrcd_j\�¶�dÇ�ªE±�ªr¬�ªrc�³{d\�cd_

λ31
³>¬�·

λ32
c%ª�_%Í�ª�«�d`�]�ªr®�¯�Å
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	N��N X Z0� � è����9^]� ^[X;Z0�7�>è���$��0( �5ªB
λ∗ij

·�ªr¬�\�dª�ªr`�dÇ�ªrc
λij

\�c
λji

¶Hc%\�°
V Pn

Å
��������� Ô���� �>è%��æ��Bè��

n ≥ 2
é'Z0�Bè�������ça&pé'&�ë Z0��$[�!$[�>è � Z�ça&7$ ϕn : V Pn →

V Pn−1
 Z�ç � ZÊé"ë � ��&�é'Z0��
 � � �Bèdë�é.�>è�&

λ∗ij
À
i = 1, . . . , n− 1,

é.��é'Z5�§ê � ç é¤ë � � ���`��&
é'Z0�\��é'Z5��è�
 � � �Bèdë�é.��è7& (

�:è����9^�(Eå0�`�_�_f»��²«B`bªr¬=�d\
Í�c%\^]�ª¤dÇU³{Q³>®b®�·�ªrº�¬�`b¬�±�c%ªr®�³{d`b\�¬�_�±�\6d\
dÇ�ª¤·�ªrº�¬�`b¬�±
c%ªr®�³{d`b\�¬�_�»�¬�·�ªrc

ϕ
Å ��\�cvdÇ�ªE·�ªrº�¬�`b¬�±²c%ªr®�³{d`b\�¬�_j\�¶

V Pn−1
dÇ�`�_j`�_vªB]X`�·�ªr¬=�Å�å"¶�dÇ�ª

«B\�°�°µ»�p³{d`�]X`��¯�c%ªr®�³{d`b\�¬ÈY�_fªrª�Y0¾ ��g%g6«B\�¬=p³>`b¬�_�_%\�°�ª�±�ªr¬�ªrc�³{d\�c�\�¶
Vn−1

dÇ�ªr¬
ϕnd»�c%¬�_6`��`b¬=d\�dÇ�ª§dc%`�]X`�³>®�c%ªr®�³{d`b\�¬8ÅÕ¤\�¬�_%`�·�ªrcjdÇ�ª�®bªr¶�6ÇU³>¬�·�_%`�·�ªE\�¶jY0¾�ß�gpÅ��£ª�_%ªrª

dÇU³{Ê`�(«B\�¬=p³>`b¬�_(ªB]�ªrcf¯È`b¬�·�ª��È�¹¤\£d`b°�ª�_rÅ �
ªr¬�«Bª�À*`b¶�dÇ�`�_�ÍU³>cfÊ`b¬�«B®b»�·�ª�_(_%\�°�ª
±�ªr¬�ªrc�³{d\�cR\�¶

Vn−1
Y `xÅLª�ÅbÀ�\�¬�ª(\�¶¤dÇ�ª(`b¬�·�`�«Bª�_�`�_

n
g
dÇ�ªr¬ _f\�°²ª�\�dÇ�ªrc�±�ªr¬�ªrc�³{d\�c

`b¬=]�\�®�]�ª�_vdÇ�ª�`b¬�·�ª��
n
Å�ÖjÇ�ªrc%ªr¶H\�c%ª�ÀXdÇ�ªrc%ª�³>c%ª
�¹v\µ±�ªr¬�ªrc�³{d\�cd_v\�¶

Vn−1
\�¬ÊdÇ�ª§®bªr¶�

ÇU³>¬�·£_%`�·�ª�\�¶*dÇ�ªÄc%ªr®�³{d`b\�¬8Å Î `b¬�«BªÄdÇ�ª�c%`b±�Ç=EÇU³>¬�·¸_f`�·�ª²«B\�¬=p³>`b¬�_�³>®b®Q±�ªr¬�ªrc�³{d\�cd_
¶Hc%\�° dÇ�ªE®bªr¶�6ÇU³>¬�·�_%`�·�ª�À

ϕn
d»�c%¬�_jdÇ�`�_�c%ªr®�³{d`b\�¬�`b¬=d\ÄdÇ�ª§dc%`�]X`�³>®5c%ªr®�³{d`b\�¬8Å

��������� Á � X;Z0� ^���ìHì"�! Qç � 
 ^��>è�$Rê�ìbë!&�ë>è#�Y&Bë�é�ça& � �7��ç � é'Z0�]
>è#�>ê � V Pn ¼
Y `Hg

λ
λεij
kl = λkl

À
max{i, j} < max{k, l} À ε = ±1 �

Y `b`Hg
λ
λij
ik = λ

λij
kj λikλ

−1
kj

À
λ
λ−1
ij

ik = λ−1
kj λikλ

λ−1
ij

kj

À
i < j < k

�>è
j < i < k �

Y `b`b`Hg
λ
λij
ki = λkjλkiλ

−λij
kj

À
λ
λ−1
ij

ki = λ
−λ−1

ij

kj λkiλkj
À
i < j < k

�>è
j < i < k �

Y `�]�g
λ
λij
jk = λikλjkλkjλ

−1
ik λ

−λij
kj

À
λ
λ−1
ij

jk = λ
−λ−1

ik
jk λ−1

ij λjkλkjλij
À
i < j < k�>è

j < i < k
À

 Z0�Bè��=À�ë!&§ê0&�ê�ë�ì"À �>ç � �Bè�� � é:ì"�réxé.��è�&]&pé"ë � � ^��>èb�>ç ���Bè�� � é*ç � ��ç � ��&�(
�:è����9^�(²Y `Hg¤`b°�°²ª�·�`�³{dªr®�¯Ê¶H\�®b®b\^¹6_�¶Hc%\�° dÇ�ªEº�cd_#
c%ªr®�³{d`b\�¬�\�¶�ÖjÇ�ªr\�c%ªr° Ã�Å
Õ:\�¬�_%`�·�ªrc�c%ªr®�³{d`b\�¬ Y0¾�ß�g¤¶Hc%\�°âÖjÇ�ªr\�c%ªr° Ã�¼

λki(λkjλij) = (λijλkj)λki.[
\�dª�dÇU³{jdÇ�ª�`b¬�·�`�«Bª�_j\�¶�dÇ�ª�±�ªr¬�ªrc�³{d\�cd_6³>c%ªE«B\�¬�¬�ª�«�dª�·�a=¯(\�¬�ª§\�¶5dÇ�ª�`b¬�ª �=»U³>®��
`�d`bª�_r¼

(a) k < j < i,

(d) j < i < k,

(b) j < k < i,

(e) k < i < j,

(c) i < j < k,

(f) i < k < j.
å"¬�«�³�_fª�_�Yx³�gj³>¬�·¸Y a�gpÀ�¶Hc%\�° Y0¾�ß�g:¹vª§\�a�p³>`b¬

λ
λkj
ki = λ

λkj
ij λkiλ

−1
ij ,¹6Ç�`�«�Ç�`�_jdÇ�ªEº�cd_#6¶H\�c%°R»�®�³µ\�¶vY `b`HgpÅ

å"¬�«�³�_%ª�_�Y�«^gv³>¬�·¸Y�·Ug:¹vª§\�a�p³>`b¬

λ
λij
ki = λkjλkiλ

−λij
kj ,

¹6Ç�`�«�Ç�`�_jdÇ�ªEº�cd_#6¶H\�c%°R»�®�³µ\�¶vY `b`b`HgpÅ
å"¬�«�³�_%ª�_�Y ª{gv³>¬�·¸Y ¶�gpÀ

λλkiij = λkjλijλ
−λki
kj .
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C�_f`b¬�±ØY `b`HgpÀ�¹vª§\�a�p³>`b¬

λλkiij = λkjλijλjiλ
−1
kj λ

−λki
ji ,

¹6Ç�`�«�Ç�`�_jdÇ�ªEº�cd_#6¶H\�c%°R»�®�³µ\�¶vY `�]�gpÅ
ÖvÇ�ªE¶H\�c%°R»�®�³�_j¶H\�c6«B\�¬�×#»�±=³{d`b\�¬�_6a=¯

λ−1
ij

«�³>¬�a�ª§ª�_fp³>a�®b`�_fÇ�ª�·Ø_%`b°�`b®�³>c%®�¯�Å
Ð
_d_f»�°²ªÏdÇU³{²dÇ�ª�dÇ�ªr\�c%ªr° `�_�Í�c%\^]�ªr¬ ¶H\�c�dÇ�ª�±�c%\�»�Í

V Pn−1
Å �
ªr¬�«Bª�À:³>¬=¯

ªr®bªr°�ªr¬=
w ∈ V Pn−1

«�³>¬�a�ª§¹�c%`�%dªr¬�`b¬�dÇ�ªE¶H\�c%°

w = w1w2 . . . wn−2, wi ∈ V ∗i ,¹6Ç�ªrc%ªÏª^³�«�Ç
wi

`�_Ä³�c%ª�·�»�«Bª�· ¹¤\�cd·,\^]�ªrcRdÇ�ª�³>®bÍ�ÇU³>a�ªB²«B\�¬�_%`�_fd`b¬�±¢\�¶jdÇ�ªÊ±�ªr¬5�
ªrc�³{d\�cd_

λ±1
ki

À
1 ≤ k ≤ i − 1,

³>¬�· c%ª�·�»�«Bª�· Í�\^¹vªrcd_Ï\�¶�dÇ�ª¢±�ªr¬�ªrc�³{d\�cd_
λki

À
1 ≤ k ≤ i− 1,

³>¬�·²dÇ�ªr`bcv`b¬=]�ªrcd_fª�_rÅ �8ªBv»�_¤·�ªrº�¬�ª�c%ª�·�»�«Bª�·ÊÍ�\^¹¤ªrcd_¤\�¶5±�ªr¬�ªrc�³{d\�cd_
`b¬ dÇ�ªÊ±�c%\�»�Í

V ∗n−1

ÅR�¸ªÏ_d³r¯¸dÇU³{µdÇ�ªÏªr®bªr°�ªr¬=
λnk(w) = λwnk

`�_�dÇ�ªÝè��7�>ê � �#�
� �! �Bè\�9^Eé'Z0�c
 � � ��è�ë�é.�>è λnk

`b¶
w
`�_jdÇ�ª�ªr°�Í��¯Ï¹v\�cd·�\�c�³µ¹¤\�cd·�¹6c%`�%dªr¬�`b¬�dÇ�ª

¬�\�c%°(³>®�¶H\�c%° ³>¬�·Øa�ªr±�`b¬�¬�`b¬�±Ï¹6`�dÇÝ³²c%ª�·�»�«Bª�·OÍ�\^¹vªrc�\�¶*_%\�°�ªR±�ªr¬�ªrc�³{d\�c
λlk

\�c
`��_j`b¬=]�ªrcd_%ª�Å

ÖvÇ�ª�_fp³{dªr°�ªr¬=R³>a�\�»��·�ª�«B\�°�Í�\�_%`�d`b\�¬,³�_�dÇ�ª²_%ªr°�`��"·�`bc%ª�«��Í�c%\X·�»�«�
V Pn =

V ∗n o V Pn−1
`�_1�=»�`�dª�ªB]X`�·�ªr¬=�Å�å06c%ªr°(³>`b¬�_vd\�º�¬�·�±�ªr¬�ªrc�³{d\�cd_
\�¶

V ∗n
³>¬�·�Í�c%\^]�ª

`��_j¶Hc%ªrª�·�\�°�Å
��������� � � X;Z0� 
�è���ê � V ∗n−1

ça& ^�è��7� ( �péça& 
 � � �Bèdë�é.�7�F���
λ1n, λ2n, . . . , λn−1,në � �Êë�ìHì5è��#�>ê � �#� � �! �Bè7&��9^§é'Z5��
 � � ��è�ë�é.�>è�& λn1, λn2, . . . , λn,n−1

(
�:è����9^�(EÖjÇ�ªjÍ�c%\�\�¶�`�_Q_%`b°�`b®�³>c�d\�dÇU³{.\�¶ �5ªr°�°Ê³�äXÅ3��c%\�° �8ªr°²°(³�Á
`�.¶H\�®b®b\^¹6_

dÇU³{vdÇ�ª�`b¬�·�`�«�³{dª�·Êªr®bªr°�ªr¬=�_v±�ªr¬�ªrc�³{dª
V ∗n−1

Å0��»�cfdÇ�ªrcrÀ�_f`b¬�«Bª�dÇ�ª�_fªBj\�¶�·�ªrº�¬�`b¬�±
c%ªr®�³{d`b\�¬�_:\�¶

V Pn
`�_.ª �=»�`�]�³>®bªr¬=¤d\EdÇ�ª
_fªB:\�¶8«B\�¬�×#»�±=³{d`b¬�±�¶H\�c%°µ»�®�³�_:·�ªrº�¬�`b¬�±�dÇ�ª

³�«�d`b\�¬�\�¶
V Pn−1

\�¬
V ∗n−1

À�\�¬�®�¯Êdc%`�]X`�³>®5c%ªr®�³{d`b\�¬�_�³>c%ª�_�³{d`�_fº�ª�·�`b¬
V ∗n−1

Å
ÖvÇ�ªr\�c%ªr° ¾R¶H\�®b®b\^¹
_j¶Hc%\�° dÇ�ª�_fªEc%ª�_%»�®��_rÅ
Ð
_6³µ«B\�¬�_%ª �=»�ªr¬�«Bª�ÀU¹vª§\�a�p³>`b¬�dÇ�ªE¬�\�c%°(³>®8¶H\�c%° \�¶�¹v\�cd·�_j`b¬

V Bn
Å

����������� � �
	 ¾ ���:æ��Bè��*�rì���$[� � é\�9^
V Bn

� ë � �#��ê � ç �Bê��rì �, Qè�ç éxé.� � ç � é'Z0�
^��>è�$

w = w1 . . . wn−1λ, λ ∈ Λn, wi ∈ V ∗i , Z0�Bè��
wi

ça&¤ë
è��7�>ê � �7�� �>è��
ç � é'Z5� 
 � � �Bèdë�é.�>è7&�À�è��#�>ê � �#� � �! �Bè�& �9^*é'Z0� 
 � � �Bèdë�é.��è7&
ë � �²é'Z0�BçHèEç � æ��Bè�&���&�(

ÖvÇ�ªÊÇ�\�°²\�°�\�c%Í�Ç�`�_f°Ú·�ªrº�¬�ª�·Ì³>a�\^]�ªÏ\�¶�dÇ�ªÊ]X`bcfd»U³>®va�c�³>`�· ±�c%\�»�ÍË\�¬=d\ÝdÇ�ª
¹vªr®�·�ª�·µa�c�³>`�·�±�c%\�»�Í(³>±�c%ªrª�_Q¹�`�dÇµdÇ�ª6·�ª�«B\�°�Í�\�_%`�d`b\�¬�¶Hc%\�°àÖvÇ�ªr\�c%ªr°Ñ¾�³>¬�·µ¹6`�dÇ
dÇ�ª�·�ª�«B\�°�Í�\�_%`�d`b\�¬�\�¶

Cn 'WBn
·�ª�_%«Bc%`ba�ª�·�`b¬ÏdÇ�ªEº�cd_#�_fª�«�d`b\�¬8Å

����������� � �
	 ä �,X;Z0� Z0�!$%�!$[�>è � Z�ça&7$ ϕVW : V Bn → WBn
ë 
�è��7��&[ Qç é'Z

é'Z0�F� � � ��$ � �!&�ç é�ç	� � &��9^�é'Z0��&�� 
�è��>ê � &�À5ç	(a��(bÀ�ç é $�ë � & V Pn
� � é.�

Cbn 'WPn
ë � �

é'Z0� ^Bë � é.�>è�&
V ∗i

� � é.�²é'Z5� ^Bë � é.��è7&
Di
À
i = 1, . . . , n− 1

(
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� N �FT�G 	RI�J�W�G�I!MrDUFRP�I{D�J S ��I{V�	 U*N �5ªB.»�_Q·�ªrº�¬�ªjdÇ�ª§ê � çHæ��Bè7&rë�ìK��èdë>ç	�]
>è#�>ê �
UBn

³�_�dÇ�ªµ±�c%\�»�ÍÝ¹�`�dÇÝ±�ªr¬�ªrc�³{d\�cd_
σ1, . . . , σn−1, c1, . . . , cn−1,

·�ªrº�¬�`b¬�±�c%ªr®�³-�
d`b\�¬�_�YfÃ^g���Y0¾�gpÀ�dÇ�ª§c%ªr®�³{d`b\�¬�_

cicj = cjci, |i− j| ≥ 2,
³>¬�·ÏdÇ�ªE°�`��Xª�·Ïc%ªr®�³{d`b\�¬�_

ciσj = σjci, |i− j| ≥ 2.
©jª�«�³>®b®�Y�_%ªrª¸½ �{Â g�dÇU³{ � è�é�ç ��� &[
�è��>ê � \�¶6dÇ�ªÏ�¯XÍ�ª

I
`�_RdÇ�ª�±�c%\�»�Í

AI
¹6`�dÇ

±�ªr¬�ªrc�³{d\�cd_
ai
À
i ∈ I À�³>¬�·�·�ªrº�¬�`b¬�±²c%ªr®�³{d`b\�¬�_

aiajai . . . = ajaiaj . . . , i, j ∈ I,
¹6Ç�ªrc%ª�dÇ�ª�¹v\�cd·�_
\�¬�dÇ�ª�®bªr¶�E³>¬�·Øc%`b±�Ç=�ÇU³>¬�·Ø_%`�·�ª�_�«B\�¬�_f`�_f�\�¶

mij
³>®�dªrc%¬U³{d`b¬�±

®bªB%dªrcd_
ai
³>¬�·

aj
Å

� ����� �����
	�� ��� Ã	� Y `Hg
UBn

ZXë!&§é'Z0���èdë>ç	�b
�è���ê � Bn
ë!&�ë[&�êW�.
�è��>ê � (

Y `b`Hg*X Z0�Bè��b����ça&pé &�ê�è _ � � é�çHæ��YZ5�!$[�!$[��è � Z=ça&#$b&

ϕUS : UBn → SGn, ϕUV : UBn → V Bn, ϕUB : UBn → Bn.Y `b`b`Hg
UBn

ça& � èBé�ç �� & 
�è��>ê � (
�:è����9^�(²Y `Hg ?Q]X`�·�ªr¬=d®�¯�ÀdÇ�ªrc%ªRª��X`�_f�_E³²Ç�\�°�\�°²\�c%Í�Ç�`�_f°

Bn → UBn
Å Æ ¬OdÇ�ª

\�dÇ�ªrc�ÇU³>¬�·À6_fªB%d`b¬�±
ψ(σi) = σi

À
ψ(ci) = e

À
i = 1, . . . , n − 1,

¹vªÝ\�a�p³>`b¬
³�c%ªBdc�³�«�d`b\�¬

ψ
\�¶
UBn

\�¬=d\
Bn

Å�ÖjÇ�ªrc%ªr¶H\�c%ª�À�dÇ�ª(_f»�a�±�c%\�»�Í 〈σ1, . . . , σn−1〉
\�¶

UBn
`�_j`�_%\�°�\�c%Í�Ç�`�«�d\ÄdÇ�ª§a�c�³>`�·�±�c%\�»�Í

Bn
Å

Y `b`Hg �ªrº�¬�ª§dÇ�ªE°Ê³>Í
ϕUS

³�_j¶H\�®b®b\^¹6_r¼

ϕUS(σi) = σi, ϕUS(ci) = τi, i = 1, . . . , n− 1.
Õ¤\�°�ÍU³>c%`b¬�±ÄdÇ�ª�·�ªrº�¬�`b¬�±(c%ªr®�³{d`b\�¬�_6\�¶

UBn
³>¬�·

SGn
À�¹vª�_fªrªEdÇU³{6dÇ�`�_�°(³>Í�`�_

³µÇ�\�°�\�°�\�c%Í�Ç�`�_%°�Å�Ð
¬U³>®b\�±�\�»�_%®�¯�À�¹vªE«�³>¬�_fÇ�\^¹ZdÇU³{jdÇ�ªE°Ê³>Í

σi 7→ σi, ci 7→ %i,
ª���dªr¬�·�_�d\²³µÇ�\�°�\�°�\�c%Í�Ç�`�_%°

ϕUV
ÀU³>¬�·ÏdÇ�ªE°(³>Í

σi 7→ σi, ci 7→ e,
ª���dªr¬�·�_�d\²³µÇ�\�°�\�°�\�c%Í�Ç�`�_%°

ϕUB
Å

Y `b`b`Hg.`b°²°�ª�·�`�³{dªr®�¯(¶H\�®b®b\^¹6_v¶Hc%\�°ÑdÇ�ª§·�ªrº�¬�`b¬�±Äc%ªr®�³{d`b\�¬�_v\�¶
UBn

³>¬�·(dÇ�ª§·�ªr¶H�
`b¬�`�d`b\�¬�\�¶�Ð6cfd`b¬8Ù�_j±�c%\�»�Í8Å

å0(_fÇ�\�»�®�· a�ª�¬�\�dª�·ÈdÇU³{(¬�\�¬�ª�\�¶�dÇ�ª�±�c%\�»�Í�_
SGn

À
V Bn

À
WBn

Y `b¬ÌdÇ�ª
¬U³{d»�c�³>®�Í�c%ª�_%ªr¬=p³{d`b\�¬�_�gj`�_�Ð
cfd`b¬8Ù�_�±�c%\�»�Í8Å

ÖvÇ�ªR¶H\�®b®b\^¹�`b¬�±=�=»�ª�_fd`b\�¬�_�¬U³{d»�c�³>®b®�¯Ý³>c%`�_%ªR`b¬ØdÇ�ªµ«B\�¬=dª���§\�¶QdÇ�ªµc%ª�_f»�®��_�\�a5�
p³>`b¬�ª�·Ø³>a�\^]�ª�Å
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Problems.
Y `Hg Î \�®�]�ªvdÇ�ªv¹¤\�cd·�³>¬�·µ«B\�¬�×#»�±=³�«�¯µÍ�c%\�a�®bªr°(_�`b¬

UBn
À
n > 2

Å
Y `b`Hg�å�_E`��Í�\�_d_f`ba�®bª(d\�±�`�]�ªÊ_f\�°�ª²±�ªr\�°�ªBdc%`�«²`b¬=dªrc%Í�c%ªBp³{d`b\�¬ ¶H\�c�ªr®bªr°²ªr¬=�_�\�¶

UBn
_%`b°�`b®�³>c�d\�dÇ�ªj±�ªr\�°�ªBdc%`�«v`b¬=dªrc%Í�c%ªBp³{d`b\�¬²¶H\�cQªr®bªr°�ªr¬=�_Q\�¶�dÇ�ªja�c�³>`�·

±�c%\�»�Í�_
Bn

À
SGn

À
V Bn

À
UBn

�

������� m ��� o � k

� �
	��>����	 8�pt������ õ ����õ � �pð���õbð��{ñ�÷�ÿ���þ �{õ�ñHó�ñ � �{ó�ð��� �{ó���ñbù �%ú0ðpñ�õbÿ��6ñbò^ó0ÿ�� � ���Xt#wxw%���E��w0|=� � |BA^uf�
í � # � � �Bí )�� � � $�� ���

� í 	 � � �:�  �p}xz>� � �d����� ò^ó¤÷"ñ ��ù>ö#ñ�ù �0ójÿ��¤ð��&�xÿpù%��ÿ��vö"ÿ��fû"ù��Bðpñ�õ ���Eð�ù^ñ�ÿpôvÿ�� �>òBõ�÷0ô:÷ ��������tf@{}0�
�X����� � � � í # ípî�î �	)�� � � �%$�� � � # ��� ��y{uxu0�¦�p�)��

� ��	��O� � ò{ó:÷"ñ ��ù{ö#ñ�ù �0óvÿ��*ñ�ò{ó!�&�xÿpù%��ÿ��¤ö"ÿ �%û"ù"�rðpñbõ ����ðpù�ñHÿpôvÿ � �>òrõ ÷"ô:÷vð���
ñbò{ó:ý õ ��ó0ð � �"ó ��0ó
#
÷fó��{ñHðpñbõbÿ���ÿ���ñbò{ó:ú��xðpõ �$�&�xÿpù%��÷Qÿ���÷#ÿpôjó.ôvð �>õ �#ÿpý ��÷ ���{}xtf�{}x���Bw # ����w0|=� � �&% î � î � í � � )��

� � 	��>� ���� ��}x���p�=��' �xðpõ �p÷ �(� õ ����÷�ð����*ï�ð �	�>õ ����ü�ý�ðp÷"÷$)��0ÿ�ù �>÷ � � }x���{~ft#w0���+*��{����� � }xtfu0u���{z
*��{�����{����¥�� � AB� � }xtfuxu%� � � � � �

� � 	��O�-, ó�� �^ÿ�õ �{ñ�÷.ÿ�� �dõ�ó��(õ �.� ��ÿpñ�ñ�ò{ó0ÿ�� � � �y{�����{���vtf}f�/�§��w0|=�����r~�� í ' # � ��� �	)�� í&� � $^í ' � �
� ��	10��� �}x��tfu � ��}x�
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