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��ù�,wörÞ�à[�ýßdÝ�Þ���Þ�ö¢Ý�øJ��)
à ��, ,í÷tÞ�ß�ö#��ùHöAà *R� 6 �Høkù ßd÷(�Uß`÷�àt÷<ø��
Þ���Þ�ö¢Ý�ø �(örÞ��

n
ß�ö 6 6dÝHø ùHöAà *yà)� � �C÷<ø

H1(M
(2)
L1
,Z) = H1(M

(2)
L2

;Z),
�!��÷�ß`÷

M
(2)
Lù�÷<økÝ�Þ"÷<à5Þ��C÷ ù�Ý�4�6�)�÷ 6�ß �Hø'�)�C÷`ù �pÝ/��÷<ßËÝ��

S3 6�ß ��ø �)�C÷pù���)�ÝHø�� ��)ÐöAø�*
L
�
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(�ßdÝyÝ��)� �8â<�
Ω(T0; {D1, . . . ,Dn}, {bk1, . . . , bkn}) (k = 1, 2)

å�â��d_�â��d_�â�c�[^e%{6î
åUaHh�cQb%âtä�b%âWe%âth6�pa��d[�f�h�e²f�ò

R1
aHh�c

R2 = d0(R1)
b%âWe%ä�âW]��d[�ú�âtï�|�iUb%âtïva��dâWcQå6|À�d_�âoc�[�î

_�âWc�b`aHï	��|Cä�â
d0
æ/�7â<�

B3 å�â-�d_�â 3
î*åUaHï�ïCegã�]`_��d_Ua��

B3∩Lk
[^e8�d_�âÏ�paHh���ï�âÅ[�h���b%âWc�[�âth6�

f�ò
Ω(T0; {D1, . . . ,Dn}, {bk1, . . . , bkn}) (k = 1, 2)

aHh�c
B3

0 = B3 − intN(D1 ∪
· · ·∪Dn)

i�á\_�âtb%â
N(D1∪· · ·∪Dn)

[^e-a5b%ât��ã�ïvaHb�h�ât[���_�å�f�b%_�f�fCcÀf�ò
D1∪· · ·∪Dn[�h

B3 æÅj�_�âtb%âNaHb%â�]<f�ôíäUa�]��Wim]<f�h�h�âW]��dâWc
imä�f�edeg[�å�ï�| h�f�h�f�b%[�âth6�paHå�ï�â�e%ã�b%ò�a�]<âWe
Fk

(k = 1, 2)
[�h
S3 egã�]`_Q�d_Ua�� Fk ∩B3 = D1 ∪ · · · ∪Dn ∪ bk1 ∪ · · · ∪ bkn

aHh�cQ�d_�â
e%ã�b%ò�a�]<â

Fk ∩ (S3 −B3)
[^e�]<f�h�h�âW]��dâWc
æ���â5òAf�ï�ï�fyá ç��yé [�hÍ]<f�h�eg�db%ã�]��d[�h��Àa egã�b%��âtbg|

c�âWed]<b%[�ä��d[�f�hÀf�ò��d_�â²c�f�ã�å�ï�â²å�b`aHh�]`_�âWcV]<fyú�âtb-ã�e%[�h��o�d_�â²egã�b%ò�a�]<â
Fk
æ���â�áÅf�b%{Ëá²[��d_

F1
aHh�c

L1
/��d_�âo]<f�h�eg�db%ã�]��d[�f�hºòAf�b

F2
aHh�c

L2
[^e�b%âtïva��dâWcñå6|Íaýc�[�_�âWc�b`aHï ��|Cä�â�æ

��_�f�f�e%â\a
ä�f�[�h6�
vi
[�h
Di∩∂B3 (i = 1, . . . , n)

æ��7â<�
Gk

å�â\aYegä�[�h�â�f�ò
Fk

á²[��d_
�d_�âËú�âtbg�dâ��Èe%â<� {v1, . . . , vn}

e%ã�]`_È�d_Ua��
Gk ∩ B3 [^eYaVe%ä�[�h�âwf�ò D1 ∪ · · · ∪Dn ∪

bk1 ∪ · · · ∪ bkn
æ��8â<�

Tk ⊂ S3 − intB3 å�â�awe%äUaHh�h�[�h��ý�db%âtâ5f�ò Gk
i�aHh�c

Gk/Tk
a

e%ä�[�h�â²f�å��paH[�h�âWcVòAb%f�ô
Gk

å6|í]<f�h6�db`a�]��d[�h��
Tk

�dfwa¬ä�f�[�h6�
v
æ��3â\ôÀat|ía�ede%ã�ôíâ��d_Ua��

N(Gk/Tk) ∩ Fk
]<f�h�eg[^eg�`eýf�ò
a c�[^eg{

Dk0
]<f�h6�paH[�h�[�h��

v
aHh�c�ôwã��dãUaHï�ï�|�c�[^e 
#f�[�h6�

c�[^e%{Ce
b′k1, . . . , b

′
km

e%ã�]`_Q�d_Ua��
b′ki ∩Dk0 = ∂b′ki ∩ ∂Dk0

aHb%â¬��áÅfíc�[^e 
#f�[�h6�YaHbd]te�[�h
∂b′ki (i = 1, . . . ,m)

i
(Dk0 ∪ b′k1 ∪ · · · ∪ b′km)∩B3

0 = (bk1 ∪ · · · ∪ bkn)∩B3
0

i�aHh�c
(D10 ∪ b′11 ∪ · · · ∪ b′1m)−B3

0 = (D20 ∪ b′21 ∪ · · · ∪ b′2m)−B3
0

æ8�7â<�
ϕ : S3 → S3

å�âo�d_�âËc�f�ã�å�ï�â�å�b`aHh�]`_�âWcº]<fyú�âtb
å�b`aHh�]`_�âWc aHï�f�h��
∂Dk0

æUj�_�âth
M

(2)
Lk

[^e\f�å��paH[�h�âWc
òAb%f�ô

S3 å6|Íegã�b%��âtbg|ÈaHï�f�h��ý�d_�âoòAb`aHôVâWcQï�[�h�{ ϕ−1(b′k1 ∪ · · · ∪ b′km)
æ��²f��dâ¬�d_Ua��

ϕ−1((b′k1 ∪ · · · ∪ b′km) ∩B3
0) = ϕ−1((bk1 ∪ · · · ∪ bkn) ∩B3

0)
aHb%â5��áÅf

n
î*b%f��df�bdeYaHh�c

ϕ−1((b′11 ∪ · · · ∪ b′1m)−B3
0) = ϕ−1((b′21 ∪ · · · ∪ b′2m)−B3

0).
þ�[�h�]<âÅâya�]`_

ϕ−1(b′ki)
[^e�a²]<f�ôíä�f�h�âth6��f�ò

ϕ−1(b′k1∪· · ·∪b′km)
i�[���[^e�h�f���_UaHbdco�dfYe%âtâ

�d_Ua��Ï�d_�âtb%â�[^e�a
å�ïva�]`{�å�f6aHbdcíòAb`aHôVâWc
i�f�b%[�âth6�dâWcýï�[�h�{
ck1∪· · ·∪ckm

e%ã�]`_ �d_Ua��-âya�]`_
cki

]<f�b%b%âWegä�f�h�c�e¬�df
b′ki

aHh�c å�f��d_N]<f�ôíä�f�h�âth6�`e¬f�ò
(ck1 ∪ · · · ∪ ckm) ∩ ϕ−1(B3

0)aHb%âºf�b%[�âth6�dâWc
n
î*b%f��df�bdetæ�þ�f

c21 ∪ · · · ∪ c2m
[^eVf�å��paH[�h�âWc òAb%f�ô

c11 ∪ · · · ∪ c1må6|Î��ámf3f�b%[�âth6�dâWc
n
î*b%f��pa��d[�f�h�e<æ �-| j�_�âtf�b%âtô è æ ê Xr[�[�[Anpi��d_�âºï�[�h�{�[�h���ôÀa��db%[^]<âWeÀf�ò

c11 ∪ · · · ∪ c1m
aHh�c

c21 ∪ · · · ∪ c2m
]<f�[�h�]<[^c�â�æ¬þ�[�h�]<âN�d_�âNï�[�h�{�[�h��zôÀa��db%[1�Ìf�ò

ck1 ∪ · · · ∪ ckm
[^eYaíb%âtïva��d[�f�h ô�a��db%[1�ñf�ò��d_�â-��bde#�¬_�f�ôíf�ï�f���|ñ��b%f�ã�ä f�ò

M
(2)
Lk

iUáÅâ
_Uatú�â5�d_�â�]<f�h�]<ï�ã�e%[�f�h7æ

��f�b%f�ï�ïvaHbg| è æ �ÀaHh�cñ�d_�âËâ���aHôíä�ï�âË[�h õ�[���æ ê æ ê aHï�ï�fyá?ã�e\�df�]<f�h�]<ï�ã�c�âË�d_Ua��¬h�f��
â<ú�âtbg|

n
î*b%f��df�b²_Ua�e²a eg|Côíôíâ<�db%[^]5c�[^e%{6î*åUaHh�cñb%âtä�b%âWegâth6�pa��d[�f�hÈá²[��d_

n
åUaHh�c�etæ

�7â<�
FL

å�â\a¬þ�ât[�òAâtbg�-e%ã�b%ò�a�]<âmf�òkaHh f�b%[�âth6�dâWc ï�[�h�{
L
æ��
âth�f��dâ�å6|

ψ : H1(FL;Z)
×H1(FL;Z)→Z �d_�â�þ�ât[�òAâtbg��òAf�b%ô a�e%e%fC]<[va��dâWcËá\[��d_

FL
Xr[¢æÓâ�æ

ψ(x, y) = lk(x+, y)
i

á²_�âtb%â
x+ c�âth�f��dâWe��d_�â5]<ã�bgú�â

x
ä�ã�e%_�âWcñegï�[���_6�dï�|Qf3�

FL
[�h6�dfý�d_�â¬ä�f�e%[��d[�ú�â�c�[�b%âW]�î

�d[�f�h�npæ���_�f�f�e%[�h��oaHh f�bdc�âtb%âWc åUa�e%[^e�òAf�b
H1(FL;Z)

aHï�ï�fyá²e�ã�e��df¬c�âWed]<b%[�å�âm�d_�âmòAf�b%ô
ψ
å6|Í�d_�âw]<f�b%b%âWe%ä�f�h�c�[�h��Èþ�ât[�òAâtbg�¬ôÀa��db%[1�kæ;�8â<� AL

å�â��d_�âýþ�ât[�òAâtbg�¬ô�a��db%[1�ñf�ò��d_�â
òAf�b%ô

ψ
á²[��d_ñb%âWegä�âW]��²�dfVegf�ôíâ5f�bdc�âtb%âWcñåUa�e%[^e\f�ò

H1(FL;Z)
æ



¼�� Ê ¾��Å¾����p:�·��d£�¡¢·W¥;%P"  �7��

�7â<�
FL

å�âVaÍegäUaHh�h�[�h��ºe%ã�b%ò�a�]<â�i�ä�f�e%e%[�å�ï�|Nh�f�h�f�b%[�âth6�paHå�ï�â�i�f�òmaHh�ã�h�f�b%[�âth6�dâWc
ï�[�h�{

L
æ���â�ã�e%âo�d_�âËòAf�ï�ï�fyá²[�h��À��âth�âtb`aHï�[�ðya��d[�f�h�f�òÏþ�ât[�òAâtbg�

(2)
aHh�c��Yf�âtb%[��dðËòAf�b%ôÀe

c�â0��h�âWc�å6|��Yf�bdc�f�h�aHh�c �8[��d_�âtb%ïvaHh�c [�h ç 
 é æ
õ�f�bY�d_�â egäUaHh�h�[�h��ñegã�b%ò�a�]<â
FL

]<f�h�î
e%[^c�âtbwaÍb%ât��ã�ïvaHb�h�ât[���_�å�f�b%_�f�fCc
i

N(FL)
i�f�ò

F 3
L

[�h
S3 − L æ�j�_�âth N(FL)

[^ewaHh

I
î*å�ã�h�c�ï�âífyú�âtb

FL
i�aHh�c��d_�â

∂I
î*å�ã�h�c�ï�â

F̃L
[^e�aQc�f�ã�å�ï�âÀ]<fyú�âtbof�ò

FL
Xrä�f�edeg[�å�ï�|

c�[^ed]<f�h�h�âW]��dâWcUnVá²[��d_ �d_�â ä�b%f�
#âW]��d[�f�h ôÀaHä
p : F̃L → FL

æmj�_�â å�[�ï�[�h�âyaHbQòAf�b%ô
GFL : H1(FL;Z)×H1(FL;Z)→ Z

c�â0��h�âWcÍå6| GFL(x, y) = lk(p−1x, y)
iCá\_�âtb%â

x
aHh�c

y
aHb%âÀf�b%[�âth6�dâWcÿï�f�f�ä�eË[�h

FL
i�[^eË]WaHï�ï�âWc3�d_�â��\Ýy÷�ß�örÞ�� �<ÝHß , a�e%e%fC]<[va��dâWcÿ�df

�d_�âíe%ã�b%ò�a�]<â
FL

æ8õ�f�b�aHhNf�bdc�âtb%âWc�åUa�eg[^e5f�ò
H1(FL;Z)

�d_�â	�Yf�âtb%[��dðíòAf�b%ô GFL
[^e

b%âtä�b%âWe%âth6�dâWcñå6|ñawô�a��db%[1�
GFL

i�]WaHï�ï�âWcÍ�d_�â
�\Ýy÷<ß�örÞ���, ��Þ�ßpö�.5f�ò
FL

æ
jm_�âÍòAf�b%ô GFL

c�â0��h�âWczfyú�âtb
Z
]WaHhÎå�âÍâ����dâth�c�âWcz�df3a òAf�b%ô ĜFL

fyú�âtb
C
æ

�3â²úC[�â<á ĜFL
a�e��d_�âE�²âtb%ôV[��d[vaHhÀòAf�b%ô b%âtä�b%âWe%âth6�dâWc�[�hÍa�åUa�eg[^eÅå6|í�d_�âE�²âtb%ôV[��d[vaHh

ôÀa��db%[1�
ĜFL

Xr[¢æÓâ�æ
ĜFL = ĜtFL

npæ
õ�f�b
aýegäUaHh�h�[�h��Àe%ã�b%ò�a�]<â

FLk
f�ò
Lk = Kk1 ∪Kk2 ∪ · · · ∪Kkm

i��d_�â5òAb`aHôV[�h��
f�ò
Lk

[^eYã�h�[ �6ã�âtï�|�c�â<�dâtb%ôí[�h�âWc å6|
FLk

a�e
òAf�ï�ï�fyá
e
(3)

û �7â<�
K
FLk
ki

å�âýaíäUaHb`aHï�ï�âtï
]<f�ä6| f�ò

Kki
�d_Ua��-ôí[^edegâWe

FLk
æ���â\c�â0��h�â\�d_�â\òAb`aHôí[�h��

Kki
�dfoå�â

lk(Kki,K
FLk
ki )

æ
�3â5ä�ã��

e(FLk) = −
∑

i

lk(Kki,K
FLk
ki ) = − tr(Lk).

��â�b%âW]WaHï�ï��d_�âËc�â0��h�[��d[�f�h f�ò��d_�âËj�b%[^e#�db`aHô ���8â<úC[�h�â eg[���hUa��dã�b%â f�òÏaHhÈf�b%[�âth6�dâWc
ï�[�h�{�æ

Definition
è æ 
ñX çÓì i ê �yé npæ �8â<�

L
å�âoaHh�f�b%[�âth6�dâWcQï�[�h�{V[�h

S3 aHh�cÀï�â<� ω å�âoa
]<f�ôíä�ï�â��ºh�ã�ôwå�âtb²á²[��d_ |ω| = 1, ω 6= 1

ækj�_�â �CßpöAà�Þ�ß ��,�� ��÷T�WöAøk÷ àpö$�Hø;��Þ 4Cß`÷²f�ò
L,c�âth�f��dâWc å6|

σω(L),
[^ew�d_�âÍe%[���hUa��dã�b%âÍf�ò\�d_�â �²âtb%ôV[��d[vaHh�ô�a��db%[1�

(1 − ω)AL +
(1− ω)AtL,

á²_�âtb%â AL
[^em�d_�âwþ�ât[�òAâtbg�²ô�a��db%[1��f�ò

L
æ

Definition
è æ � X ç 
�i ê�� i ê�ê�é npæ �8â<�

L
å�âºaHhzã�h�f�b%[�âth6�dâWc ï�[�h�{�[�h

S3,
aHh�c

ï�â<�
L̂
å�â��d_�â�ï�[�h�{Íf�å��paH[�h�âWcºòAb%f�ô

L
å6|ºaí]`_�f�[^]<âËf�ò(f�b%[�âth6�pa��d[�f�h7æ7jm_�â�
 4Cß �Hà 4 ��ö

àpö$�Hø;��Þ 4Cß`÷
σ̂(L)

f�ò�aHhÀã�h�f�b%[�âth6�dâWcÀï�[�h�{
L
[^e�c�â0��h�âWcí�dfËå�â

σ̂(L) = σ(L̂) + lk(L̂)
æ

Remark
è æ � æ �Èã�b`a�e%ã���[�eg_�fyámâWcË[�h ç�ê�ê<é �d_Ua��

σ(L̂)+lk(L̂)
c�f�âWe�h�f���c�âtä�âth�c

f�hV�d_�âY]`_�f�[^]<â
f�ò
f�b%[�âth6�pa��d[�f�h�f�ò
L
æCþ�f

σ̂(L)
[^eÅaHhV[�h6ú�aHb%[vaHh6��f�ò
ã�h�f�b%[�âth6�dâWcÀï�[�h�{Cetæ

�3âoeg_UaHï�ï�ã�egâoïva��dâtb\�d_�â5ò�a�]��\�d_Ua��
σ̂(L) = sign(GFL) + 1

2e(FL)
X�e%âtâ ç 
 é npæ

� M��ÍÚ�TU�H>r@CÚ�xy@CÛ ��T�xyI�xy>ATkÚ I�Ú�Û�=q����IUFW����>7Fy>���Ú�I�xy����@UMíü"h��d_�[^e�e%âW]��d[�f�hwáÅâ
ä�b%fyú�âV�d_Ua��Ë�d_�â �Èã�b`a�egã���[Åe%[���hUa��dã�b%â�f�ò�ã�h�f�b%[�âth6�dâWcÿï�[�h�{Ce�[^e�ä�b%âWe%âtbgú�âWcÿå6|3aHh6|
b%f��pa��d[�f�h7æÅjm_�âÍb%âWe%ã�ï��VòAf�ï�ï�fyá
eýòAb%f�ô a ôíf�b%âÍ��âth�âtb`aHï
e#�pa��dâtôíâth6��X�egâtâÈj�_�âtf�b%âtô

(2)
¿v�8¥§¡�«Å­�¤g¦�¤g *«p®§¥§¯g«p�*¥É�<¦
��°C�*Á�¤�¡¢;W±�±m¤#�* ¢¥§¯g«p�*¥É�<¦\�<°��*Á�¤ DW¤g¥§°¸¤g ���°¸�� ¢±Y¾

(3)
Ã8Á�¤Å ¢¤g­�©�®Ð«p (¦�¤g¥§­�ÁW:��� ¢Á��W�W¨Ë��°

Kki
¥É¦
Fk

¥§¡��*Á�¤Å°� *«p±m¤Å·W¦��p�-«p¡*¡*�tªg¥Ð«`�*¤g¨o�*�
Kki

¾�¿v�*¡
°¸ *«�±m¥§¦�­�´W£�Á�¤g¦Yªg��±mÂH«p ¢¤g¨
�*�Å�*Á�¤�¡¢�"«p¦�¨H«p ¢¨Y°¸ *«p±m¥§¦�­�´�¥§¡8­�¥ÉÇ<¤g¦
:t;

lk(Kki,K
FLk
ki )

¾
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�Cæ è n-�d_Ua��m�d_�â¬b%f��pa��d[�f�hÍä�b%âWe%âtbgú�âWem�d_�âo]`_UaHb`a�]��dâtb%[^e#�d[^]5ä�f�ï�|Ch�f�ôV[vaHï7f�ò7�d_�â �Yf�âtb%[��dð
ôÀa��db%[1�VXAá\[��d_5�d_�â�egä�âW]<[vaHïC]`_�f�[^]<âWe�f�ò�egã�b%ò�a�]<âWepnpæHü"hoäUaHbg�d[^]<ã�ïvaHb�j�_�âtf�b%âtô �Cæ è aHï�ï�fyá
e
ã�e8�df
f�å��paH[�hË�d_�â-b%âWe%ã�ï���ôVâth6�d[�f�h�âWc	��bde#��[�h ç�êyè�é �d_Ua���á\a�e�aHï^egf
ä�b%fyú�âthwå6|oj�b`a�]<ð<|C{
�d_Ua��\�d_�â�c�â<�dâtb%ôí[�hUaHh6�
f�ò(aHhÍã�h�f�b%[�âth6�dâWcÈï�[�h�{À[^e�ä�b%âWe%âtbgú�âWcñå6|ñaHh6|Qb%f��pa��d[�f�h7æ
���������	��
 �Cæ ê
� �8÷tÞ

L1
��ø�ù

L2
6d÷ � �8�HöAß5Ý�� 4�ø�ÝHß�ö¢÷<ø�Þ"÷pù

n
�"ßdÝ�Þ��HøUÞ�à
X �(örÞ��íø�Ý

ßd÷<à�Þ�ßpö#�tÞ�ö¢ÝHø�à�ÝHø
n
n � � ��÷�ø

σ̂(L1) = σ̂(L2)
�

jm_�â�ôÀaH[�hÈb%âWe%ã�ï��Yf�ò��d_�[^eYe%âW]��d[�f�hº[^e²j�_�âtf�b%âtô �Cæ è òAb%f�ô á²_�[^]`_ºj�_�âtf�b%âtô �Cæ ê
òAf�ï�ï�fyá
e<æ

�7â<�
L1

aHh�c
L2

å�âoaËäUaH[�bmf�ò�ã�h�f�b%[�âth6�dâWcÍb%f��paHh6�\ï�[�h�{Cetæ��Åf�h�eg[^c�âtb�ä�b%f�
#âW]��d[�f�h�e
f�òU�d_�â�ï�[�h�{Ce

L1
aHh�c

L2
f�h6�df

R2 á\[��d_ýb%f��df�b(äUaHbg�`e R1
aHh�c

R2
]<f�h6�paH[�h�âWcý[�híc�[^eg{Ce

D1
aHh�c

D2
i
b%âWe%ä�âW]��d[�ú�âtï�|�æ7�3â ]WaHh�c�âtòAf�b%ô �d_�âíe#�pa��df�boäUaHbg�`e

S1
aHh�c

S2
f�ò-�d_�â

c�[vaH��b`aHôVe\f�ò
L1

aHh�c
L2

[�h6�dfý�d_�âoä�f�eg[��d[�f�hºe%_�fyá\hñ[�hÈõ�[���ã�b%âX�Cæ ê æ
��â¬]<f�ï�f�bÅ�d_�â¬b%ât��[�f�h�emf�h

R2 å�f�ã�h�c�âWcQå6|í�d_�â5c�[vaH��b`aHôVemf�ò Lk
[�hñaË]`_�âW]`{�âtbgî

å�f6aHbdc ôÀaHh�h�âtb-a�e�[�híõ�[���ã�b%â �Cæ è æ��
e%[�h��Y�d_�â�å�ïva�]`{Ëb%ât��[�f�h�e�ámâÅòAf�b%ô?�d_�â\egäUaHh�h�[�h��
e%ã�b%ò�a�]<â

FLk
òAf�b

k = 1, 2
æÅ�3âN]`_�f�f�e%âNòAf�bÈa�åUa�eg[^eÍf�ò

H1(FLk ;Z)
�d_�â3aHh6�d[�î

]<ï�fC]`{6á²[^egâQf�b%[�âth6�dâWcÿå�f�ã�h�c�aHbg|�]<ã�bgú�âWewf�ò��d_�âÀå�f�ã�h�c�âWc3á²_�[��dâ�b%ât��[�f�h�e<iÏaHh�c3áÅâ
b%âtòAâtb��dfý�d_�[^e\åUa�eg[^e
a�em�d_�âíàpÞ���ø�ù ��ßdù 6 ��à`öAà`æ

D Dk k
D k

V�¥§­�¾/Yy¾§¹ V�¥§­�¾/Yy¾ Ô

��âoô�at|ñaHï^egf�a�edegã�ôVâ5�d_Ua��²�d_�â�òAb`aHôíâWcñï�[�h�{Ce
L1

aHh�c
L2

f�å��paH[�h�âWcÈòAb%f�ô
F1aHh�c

F2
b%âWegä�âW]��d[�ú�âtï�|VòAf�b%ô a¬äUaH[�bÏf�ò
b%f��paHh6�`e<æ �-|íjm_�âtf�b%âtô è æ ê i

tr(L1) = tr(L2)
i

e%f²áÅâ-_Uatú�â
e(FL1) = e(FL2)

æ�j�_�[^e�ò�a�]��WiHZ\âtôÀaHb%{ è æ � aHh�co�d_�â�òAf�ï�ï�fyá²[�h��²�d_�âtf�b%âtô
[�ôíä�ï�|Qj�_�âtf�b%âtô �Cæ ê æ

�Ì[��d_ñ�d_�âË]`_�f�[^]<âWe
òAf�b
Fk
óÉe
aHh�cñåUa�egâWe
f�ò

H1(Fk;Z)
óÉetiUôÀa�c�âËaHå�fyú�â�iUámâ�]WaHh

òAf�b%ôwã�ïva��dâo�d_�â5ôÀaH[�hÍb%âWe%ã�ï��²f�ò��d_�[^e²egâW]��d[�f�h7æ
���������	��
 �Cæ è � �8÷tÞ

GFk (k = 1, 2)
6d÷ÀÞ��C÷
�\Ýy÷<ß�örÞ�� ,���Þ�ß�ö#�`÷<à �(örÞ��ºß`÷�à���÷ �tÞ

Þ"ÝVÞ���÷oàpÞ��Høkù �Hß`ù 6 �Hà`öAà � �	�C÷<ø
det(GFL1

− λE) = det(GFL2
− λE)

�

(�ßdÝyÝ��`æ
(4)

�8â<�
XSk

aHh�c
XRk

å�â��d_�â�egã�å�e%â<�`eÍf�ò��d_�â�e#�paHh�c�aHbdc åUa�e%[^eÍf�ò
H1(FLk ;Z)

á²_�[^]`_Íï�[�ú�â5âth6�d[�b%âtï�|�[�hQ�d_�âoeg�pa��df�b²aHh�cQb%f��df�b�äUaHbg�\b%âWe%ä�âW]��d[�ú�âtï�|�ikaHh�c

(4)
×w¤�«p¨���©�¡¢��Á�¤g ¢¤8Ã� *«pªg¯#;y·�� ¡�±m¤#�*Á��W¨��Ó¹ ��	H�*���*Á�¤�ªg«�¡¢¤8�<°�©�¦��� ¢¥§¤#¦t�*¤g¨m ¢�p�*�< ¢¡�«p¦�¨²Ñ��t¤g ¢¥É�*¯

±\«`�* ¢¥§ª#¤g¡%¾
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ï�â<�
XMk

å�â\�d_�âY]<f�ôíä�ï�âtôíâth6��f�ò
XSk ∪XRk

[�hí�d_�â
eg�paHh�c�aHbdcÀåUa�eg[^etæCj�_�âth
XMk[^e(]<f�ôíä�f�egâWc f�ò��d_�â�å�f�ã�h�c�aHb%[�âWe(f�ò��d_�âmá\_�[��dâmb%ât��[�f�h�e([�h6�dâtbde%âW]��d[�h��5�d_�âmå�f�ã�h�c�aHbg|

f�ò��d_�âmb%f��df�btæ��3âm]WaHhw_Uatú�â
n
e%ã�]`_wb%ât��[�f�h�e�f�b(
#ã�eg��f�h�â�æ��3âÅ]WaHh7i�_�fyámâ<ú�âtbti�aHï�á�at|�e

a�edegã�ôVâ�iCôífCc�[�òv|C[�h��w�d_�âYb%f��df�bmäUaHbg��f�ò7�d_�â¬c�[vaH��b`aHô [�ò�h�âW]<âWe%e`aHbg|�iC�d_Ua��
XMk

_Ua�e
n
c�[���âtb%âth6�Ïâtï�âtôíâth6�`etæ��Åf�h�e%[^c�âtb��d_�â�egã�å�ôVfCc�ã�ï�âWe Sk

i Rk
aHh�c Mk

f�ò
H1(FLk ;Z)��âth�âtb`a��dâWcíå6|

XSk
i
XRk

aHh�c
XMk

æ��3âm_Uatú�â��d_�â�òAf�ï�ï�fyá²[�h���c�âW]<f�ôíä�f�e%[��d[�f�hí[�h6�df
�d_�â�c�[�b%âW]��Yegã�ô f�ò

Z
î*ôífCc�ã�ï�âWetû

H1(FLk ;Z) = Sk ⊕Mk ⊕Rk.
�8â<�

v
c�âth�f��dâÅ�d_�âm��âth�âtb`a��df�bÏf�ò M1

[�h6�dâtbdegâW]��d[�h��o�d_�â
y
a��C[^e�f�ò��d_�â�c�[�_�âWc�b`aHï8��|Cä�â

d
X�õ�[���æ �Cæ ��npæ�j�_�âtb%âm[^e(aHhýa�]��d[�f�hýf�ò��d_�âm]�|�]<ï�[^]m��b%f�ã�ä

Zn = 〈α | αn = 1〉 f�h R1⊕
M1

[�h�c�ã�]<âWc�å6|V�d_�â
2π/n

î*b%f��pa��d[�f�hÈaHå�f�ã��Å�d_�â5]<âth6�dâtbÅf�ò
D1

æ�jm_�ã�e��d_�âYf�bdc�âtb%âWc
e%â<�

XM1 = {v, α(v), α2(v), . . . , αn−1(v)} ]WaHh�å�âÅa�edegã�ôíâWc5�df\å�âÅamåUa�e%[^e�f�ò M1
æ

�8â<�
X∗R1

å�â5aËegâ<��f�ò7��âth�âtb`a��df�bdemf�ò R1
òAf�b%ôíâWcÀå6|V]`_�f�f�e%[�h�� f�h�â¬b%âtä�b%âWegâth6�pa��d[�ú�â

òAb%f�ô âya�]`_�f�b%å�[���f�òC�d_�â
Zn
î�a�]��d[�f�hËf�ho�d_�â�e#�paHh�c�aHbdc���âth�âtb`a��df�bde�f�ò R1

Xr[¢æÓâ�æ
X∗R1

=
XR1/Zn

npæ���â�]<f�h�e#�db%ã�]���a\å�[ 
#âW]��d[�f�h
η
å�â<��ámâtâthË�d_�â�egâ<�`e�f�òUeg�paHh�c�aHbdcw��âth�âtb`a��df�bde

f�ò
H1(FL1 ;Z)

aHh�c
H1(FL2 ;Z)

æ�õ�[�bdeg�Wi�c�â0��h�â
η|XS1

: XS1 → XS2

�df å�âÀ�d_�â
[^c�âth6�d[���|�ôÀaHä�e%[�h�]<âÏ�d_�âÅe#�pa��df�b�äUaHbg��[^e8ã�h�]`_UaHh���âWcËå6|5b%f��pa��d[�f�h7æ�jm_�â-ôÀaHä

η|XM1
:

XM1 → XM2

[^e\��[�ú�âthñå6|
η(αj(v)) = αj(d(v))

Xr[¢æÓâ�æ
αj(v)

aHh�c
η(αj(v))

_Uatú�â
�d_�âËe`aHôíâ�eg�pa��df�b²äUaHbg�`epnpæ�õ�[�hUaHï�ï�|�i

η|XR1
: XR1 → XR2

[^e\��[�ú�âthÈå6|
η(αj(x)) =

d(αj(x))
òAf�b

x ∈ XR1

æ�jm_�âÅå�[ 
#âW]��d[�f�h
η
â����dâth�c�e��df5aHhw[^e%f�ôíf�b%ä�_�[^egô

H1(FL1 ;Z)
→ H1(FL2 ;Z)

i�á\_�[^]`_Î[^eíaHï^egf�c�âth�f��dâWcÎå6|
η
æ��3âQã�egâQ�d_�âÍ[^e%f�ôíf�b%ä�_�[^e%ô

η
�df

[^c�âth6�d[�òv|
H1(FL1 ;Z)

á²[��d_
H1(FL2 ;Z)

æ�jm_�[^ew[^c�âth6�d[���]Wa��d[�f�h aHï�ï�fyá²e ã�eË�df�c�b%f�ä
�d_�âo[�h�c�[^]<âWe\[�h Sk,Mk

aHh�c Rk
aHh�cQá\b%[��dâ S,M aHh�c R æ

D 1

v

α(v)

α   (v)2

y

α   3 (v)

d

D 2

v

α(v)

α   (v)2

y

α   3 (v)

V�¥§­�¾�Yy¾ Y

��f�h�e%[^c�âtbË�d_�â�òAf�b%ôVe G1 = GFL1

aHh�c G2 = GFL2

f�hÿ�d_�âQe`aHôíâ�egäUa�]<â S ⊕
M⊕R æ�j�_�â<|�_Uatú�âo�d_�â5òAf�ï�ï�fyá²[�h��Vä�b%f�ä�âtbg�d[�âWe<û

G2(x, y) = G1(x, y)
òAf�b²aHï�ï

x, y ∈ S ⊕M,

G2(x, y) = G1(x, y)
òAf�b²aHï�ï���âth�âtb`a��df�bde

x, y ∈ R,
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G1(x, y) = G1(αl(x), αl(y))
òAf�b
aHï�ï8��âth�âtb`a��df�bde

x, y ∈ M⊕R,
G2(x, αl(v)) = G1(x, α−l(v))

òAf�b\â<ú�âtbg|Í��âth�âtb`a��df�b
x ∈ R,

G2(αl(x), v) = G1(αl(x), v)
òAf�b\â<ú�âtbg|Í��âth�âtb`a��df�b

x ∈ R,
G2(x, v) = G2(αl(x), α−l(v))

òAf�b\â<ú�âtbg|Í��âth�âtb`a��df�b
x ∈ R.

Gk(x, y) = 0
òAf�b
aHï�ï

x ∈ S, y ∈ R (k = 1, 2)
æ

�7â<�
S,M

aHh�c
R

å�âí�d_�â�e%ã�å�e%äUa�]<âWeËf�ò
(S ⊕M ⊕ R) ⊗ C ]<f�ôíä�ï�â��C[�òv|C[�h��

S,M aHh�c R i�b%âWegä�âW]��d[�ú�âtï�|�æ���âm_Uatú�âÅ�d_�â�[�h6ú�f�ï�ã��d[�f�h
¯: S⊕M⊕R→ S⊕M⊕R]<f�b%b%âWe%ä�f�h�c�[�h��ý�dfw�d_�â5]<f�h�
#ã��6a��d[�f�hñ[�h��d_�â¬ò�a�]��df�b

C
f�ò8�d_�âY�dâth�e%f�bmä�b%fCc�ã�]��Wæ�j�_�â

[�ôÀaH��â f�ò
x ∈ S ⊕M ⊕R

ã�h�c�âtb¬�d_�[^e¬[�h6ú�f�ï�ã��d[�f�h�[^e5c�âth�f��dâWcNå6|
x
æ �Yeg[�h��Q�d_�â

b%f��pa��d[�f�hUaHïÅeg|Côíôíâ<�dbg|�f�òÅ�d_�âíb%f��df�b�äUaHbg��ámâV]<f�h6ú�âth�[�âth6�dï�|3]`_UaHh���âV�d_�âVåUa�eg[^e�f�ò
M

aHh�cÍ�d_�âË��âth�âtb`a��d[�h���e%â<�
f�ò
R
[�hñ�d_�âËòAf�ï�ï�fyá\[�h��Vá\at|�æJ�7â<�

ωj
å�âËaHh

n
�d_Èb%f�f��

f�ò
ã�h�[���|�i
ωj = e2πij/n æ���âÍb%âtä�ïva�]<âÍ�d_�âÍåUa�eg[^e {αj(v) | j = 0, 1, . . . , n − 1}f�ò

M
å6| {vj | vj =

∑n−1
l=0 ω

l
jα

l(v)
i
j = 0, 1, . . . , n − 1} æÅõ�f�b R

áÅâº]<f�h�î
e%[^c�âtb ��áÅf ]`_�f�[^]<âWe�f�òV��âth�âtb`a��d[�h�� e%â<�`eº�d_Ua��3aHb%â�b%âtïva��dâWc?å6| �d_�â [�h6ú�f�ï�ã��d[�f�h

¯a�eÍòAf�ï�ï�fyá
etæ���â�b%âtä�ïva�]<â��d_�â�e%â<� {αj(yp) | yp ∈ X∗R
i
j = 0, 1, . . . , n − 1}å6| ât[��d_�âtb {yj,p | yj,p =

∑n−1
l=0 ω

l
jα

l(yp), yp ∈ X∗R, j = 0, 1, . . . , n − 1} f�b

{yj,p | yj,p =
∑n−1

l=0 ω
l
jα

l(yp), yp ∈ X∗R, j = 0, 1, . . . , n− 1} æ��f�h�e%[^c�âtb²�d_�âX�²âtb%ôV[��d[vaHhñòAf�b%ôÀe Ĝ1 = ĜFL1

aHh�c Ĝ2 = ĜFL2

iU[�h�c�ã�]<âWcºå6| G1aHh�c G2
i�f�hQ�d_�â�e`aHôíâoe%äUa�]<â

S⊕M⊕R
æ

jm_�âWe%â5h�â<á ��âth�âtb`a��d[�h��Àe%â<�`e�òAf�b
M⊕R

eda��d[^e%òv|��d_�âoòAf�ï�ï�fyá\[�h��À]<f�h�c�[��d[�f�h�etû

Ĝk(vj ,vm) = 0
òAf�b

j 6= m
i�á²_�âtb%â

vj ,vm ∈M
aHh�c

k = 1, 2
i

Ĝ1(xj,p,vm) = Ĝ2(xj,p,vm) = 0
òAf�b

j 6= m
i

á²_�âtb%â
xj,p ∈ R1, xj,p ∈ R2, vm ∈M

i

Ĝ1(xj,p,ym,q) = Ĝ2(xj,p,ym,q)
òAf�b

j 6= m
i

á²_�âtb%â
xj,p,ym,q ∈ R1, xj,p,ym,q ∈ R2,

Ĝ1(x,yj,p) = Ĝ2(x,yj,p) = 0
òAf�b
aHh6|

x ∈ S, yj,p ∈ R1, yj,p ∈ R2,

Ĝ1(yj,p,yj,q) = Ĝ2(yj,p,yj,q)
òAf�b²aHh6|

yj,p,yj,q ∈ R1, yj,p, yj,q ∈ R2
i

Ĝ1(vj ,yj,p) = Ĝ2(vj ,yj,p)
òAf�b²aHh6|

vj ∈M, yj,p ∈ R1, yj,p ∈ R2
i

Ĝ1(vj ,vj) = Ĝ2(vj ,vj)
òAf�b²aHh6|

vj ∈M
i

Ĝ1(x,vj) = Ĝ2(x,vj)
òAf�b²aHh6|

x ∈ S,vj ∈M.

õ�f�b²aw��[�ú�âth
ωj
i
0 ≤ j ≤ n− 1

i�ï�â<�
Wj

å�â¬�d_�âoe%ã�å�egäUa�]<âof�ò
M⊕R

c�â0��h�âWc
å6|V]`_�f�f�e%[�h�� [��`e-f�bdc�âtb%âWcÀåUa�e%[^e�[�hV�d_�âYòAf�ï�ï�fyá\[�h��Ëá\at|�æCj�aH{�â

vj
òAb%f�ô

M
��bdeg��aHh�c

yj,p
òAb%f�ô

R
[�h3aHh6|�f�bdc�âtbtæ�j�fÍf�å��paH[�h��d_�âíf�bdc�âtb%âWc�åUa�e%[^eof�ò

M ⊕R
ámâýä�ïva�]<â

�d_�âËåUa�e%[^e²f�ò
Wj

å�âtòAf�b%â��d_�âËåUa�e%[^e²f�ò
Wj+1

òAf�b
j = 0, 1, . . . , n− 1

æ�õ�[�hUaHï�ï�|�i�áÅâ
a�c�cñ�d_�âof�bdc�âtb%âWcÈåUa�e%[^e²f�ò

S
æ��3âo�d_�ã�e²f�å��paH[�h aHhÈf�bdc�âtb%âWcÈåUa�eg[^e²f�ò

H1(FL1 ;C)
æ
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�
f��d[^]<âÀ�d_Ua��wáÅâQ]WaHh�]<f�h�eg�db%ã�]��VaHh�f�bdc�âtb%âWc�åUa�eg[^ewf�ò
H1(FL2 ;C)

å6|3b%âtä�ïva�]<[�h��
âya�]`_

yj,p
á²[��d_

yj,p
æ

�7â<�
Ĝ1

aHh�c
Ĝ2

å�âí�d_�âVô�a��db%[^]<âWe�f�ò��d_�âÀòAf�b%ôVe Ĝ1
aHh�c Ĝ2

b%âWegä�âW]��d[�ú�âtï�|ÿ[�h
�d_�âof�bdc�âtb%âWcñåUa�egâWe\f�ò

S⊕M⊕R
]`_�f�egâthñå�âtòAf�b%â�æ�j�_�âth

Ĝ1 =




B10 0 tS0æ æ æ æææ

0 B1,n−1
tSn−1

S0 · · · Sn−1 S



,

Ĝ2 =




B20 0 tS0æ æ æ æææ

0 B2,n−1
tSn−1

S0 · · · Sn−1 S



.

ü"h �d_�âWegâ�åUa�egâWeti
B1j

Xrb%âWegä�âW]��d[�ú�âtï�|
B2j

npiHá\_�âtb%â
j = 0, 1, . . . , n−1

i�[^e��d_�â�ôÀa��db%[1�
f�ò��d_�âVb%âWe#�db%[^]��d[�f�hÿf�ò��d_�âíòAf�b%ô Ĝ1

X¢aHh�c Ĝ2
b%âWegä�âW]��d[�ú�âtï�|�n¬�dfÍ�d_�âÀegã�å�e%äUa�]<â

Wj��âth�âtb`a��dâWcËå6| {vj}∪{yj,p | yp ∈ X∗R1
} X {vj}∪{yj,p | yp ∈ X∗R1

} b%âWegä�âW]��d[�ú�âtï�|�npæõ�[�hUaHï�ï�|�iU�d_�âËb%âWeg�db%[^]��d[�f�h�e
f�ò Ĝ1
aHh�c Ĝ2

�dfV�d_�âËeg�pa��df�b
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i�á\_�âtb%â

vj ,vm∈M, k = 1, 2,

θ1(xj,p,vm) = θ2(xj,p,vm) = 0
òAf�b

j 6= m,
á²_�âtb%â

xj,p ∈ R1, xj,p ∈ R2, vm ∈M,

θ1(xj,p,ym,q) = θ2(xj,p,ym,q)
òAf�b

j 6= m
i

á²_�âtb%â
xj,p,ym,q ∈ R1, xj,p,ym,q ∈ R2,

θ1(x,yj,p) = θ2(x,yj,p) = 0
òAf�b
aHh6|

x ∈ S, yj,p ∈ R1,yj,p ∈ R2,

θ1(yj,p,yj,q) = θ2(yj,p,yj,q)
òAf�b
aHh6|

yj,p,yj,q ∈ R1, yj,p,yj,q ∈ R2,
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θ1(vj ,yj,p) = θ2(vj ,yj,p)
òAf�b²aHh6|

vj ∈M, yj,p ∈ R1, yj,p ∈ R2,

θ1(vj ,vj) = θ2(vj ,vj)
òAf�b²aHh6|

vj ∈M,

θ1(x,vj) = θ2(x,vj)
òAf�b²aHh6|

x ∈ S,vj ∈M
æ

j�aH{�âÍ�d_�âñe%ã�å�e%äUa�]<â
Wj

f�ò
M ⊕ R

]<f�b%b%âWe%ä�f�h�c�[�h��3�df
ωj
i�aHh�cz]`_�f�f�egâÈ[��`e

f�bdc�âtb%âWcNåUa�e%[^e5å6|º�paH{�[�h��
vj

òAb%f�ô
M
��bdeg�

(5)
aHh�c �d_�âýb%âWeg�of�òma�åUa�e%[^e5f�ò

WjòAb%f�ô �d_�â���âth�âtb`a��d[�h��Ëe%â<�
yj,p

f�ò
R
[�hÀaHh6|wf�bdc�âtbtæ6j�f5f�å��paH[�hý�d_�â\f�bdc�âtb%âWcýåUa�eg[^eÏf�ò

M⊕R
ámâÏä�ïva�]<â(�d_�â-åUa�e%[^e8f�ò

Wj
å�âtòAf�b%âÏ�d_�âÏåUa�e%[^e8f�ò

Wj+1
òAf�b

j = 0, 1, . . . , n−1
æ

õ�[�hUaHï�ï�|�i�áÅâQa�c�cÿ�d_�âÀf�bdc�âtb%âWc�åUa�e%[^eËf�ò
S
æ�j�_�âth3ámâ�_Uatú�âÍaHhÿf�bdc�âtb%âWc�åUa�e%[^ewf�ò

H1(FL;C)
æ��3â¬aHï^e%f f�å��paH[�hñaHh�f�bdc�âtb%âWcQåUa�eg[^emf�ò

H1(FL2 ;C)
å6|Vb%âtä�ïva�]<[�h��ýâya�]`_

yj,p
á\[��d_

yj,p
æ

��â�h�fyá f�å��paH[�hÈ�d_�âËôÀa��db%[^]<âWe\f�ò��d_�â�òAf�b%ôVe
θ1

aHh�c
θ2

[�hñ�d_�âËf�bdc�âtb%âWcÈåUa�eg[^e
f�ò

S⊕ (M + R)
û

H ′L1
=




B10 0 tS0æ æ æ æææ

0 B1,n−1
tSn−1

S0 · · · Sn−1 S



,

H ′L2
=




B20 0 tS0æ æ æ æææ

0 B2,n−1
tSn−1

S0 · · · Sn−1 S



.

ü"hw�d_�f�e%âmåUa�e%âWe<i
B1j

Xrb%âWe%ä�âW]��d[�ú�âtï�|
B2j

npiHá²_�âtb%â
j = 0, 1, . . . , n−1

iH[^e��d_�âmôÀa��db%[1�
f�òm�d_�â�b%âWe#�db%[^]��d[�f�h f�òm�d_�âÀòAf�b%ô

θ1
X¢aHh�c

θ2
b%âWe%ä�âW]��d[�ú�âtï�|�no�dfÈ�d_�â�e%ã�å�egäUa�]<â

Wj��âth�âtb`a��dâWcËå6| {vj}∪{yj,p | yp ∈ XR1}
X {vj}∪{yj,p | yp ∈ XR1}

b%âWegä�âW]��d[�ú�âtï�|�npæ
õ�[�hUaHï�ï�|�i��d_�â¬b%âWeg�db%[^]��d[�f�hÍ�df �d_�â5eg�pa��df�b�äUaHbg�Wi

S
i�[^eÅ�d_�â5e`aHôíâ¬òAf�b�å�f��d_

θ1
aHh�c

θ2
æ

�
f��d[^]<â5�d_Ua��
Bt

1k = B2k
i
Sl = (sl10 · · ·0)

iUaHh�c
sl1

[^em�d_�â���bdeg�²]<f�ï�ã�ôVhÍf�ò
Sl
æ

jm_�â
ôÀa��db%[^]<âWe
Mk = H ′Lk −λE (k = 1, 2)

e`a��d[^egòv|V�d_�â¬]<f�h�c�[��d[�f�h�eÅf�ò �Ïb%f�ä�f�î
e%[��d[�f�h è æ � f�ò ç�ê 
 é òAf�bmaHh6| b%âyaHï�h�ã�ôwå�âtb

λ (6)
æ6j�_�ã�e

det(M1) = det(M2)
òAf�bÅaHh6|

b%âyaHï
λ
æ�þ�fý�d_�â�c�â<�dâtb%ôí[�hUaHh6�`e
aHb%âoâ��6ãUaHï8òAf�b
aHh6|Í]<f�ôíä�ï�â��Qh�ã�ôwå�âtb

λ
a�emámâtï�ï¢æ

� M��ËT���ÚkxW@���@��8I�� '��r@CF�Mýü*��á�a�emä�b%fyú�âthñ[�h ç�ê�é �d_Ua��
aHh6|�äUaH[�b�f�ò�f�b%[�âth6�dâWc
3
î

f�b
4
î*b%f��paHh6�Ëï�[�h�{Ce�e%_UaHb%âý�d_�âíe`aHôíâ��
f�ô���|Cä���ä�f�ï�|Ch�f�ôí[vaHï
Xr[�h�äUaHbg�d[^]<ã�ïvaHbti��Åf�h�î

á\at|5ä�f�ï�|Ch�f�ôí[vaHïAnpæ�ü"h ç�ê 
 é j�b`a�]<ð<|C{5e%_�fyámâWc5�d_Ua���a�äUaH[�b�f�ò�f�b%[�âth6�pa��d[�f�h�î*ä�b%âWegâtbgúC[�h��
n
î*b%f��paHh6�Ëï�[�h�{Ce�eg_UaHb%âí�d_�âVe`aHôíâ���f�h6á\at|�ä�f�ï�|Ch�f�ôí[vaHï¢æ��
hN�d_�âíf��d_�âtb�_UaHh�c
i�òAf�b

(5)
¿A°

vj = 0
´y£�Á�¥§ª"ÁYª%«p¦¬ÁH«pÂ�Â�¤g¦¬¥§°C�*Á�¤(­�¤g¦�¤g *«`�*¥§¦�­m¡*¤#� {v, α(v), α2(v), · · · , αn−1(v)} ¥É¡¦��p��«Å:H«p¡*¥É¡8��°

M
´y£
¤�¡*·t¥§Â
�*Á�¥§¡8¤g®É¤g±�¤#¦t�7£�Á�¤#¦¬:�©�¥É®§¨�¥§¦�­�«Å:H«p¡¢¥§¡8��°

H1(FL;C)
¾

(6)
×w¤Åª%«p¦�©�¡*¤ÅµU ¢��Â���¡¢¥É�*¥§��¦wÔW¾ »\¤#Ç<¤g¦Ë¥§°�¡*��±m¤-Ç<¤gª#�*�� ¢¡

wj ∈ Wi,j
±�«%;5:�¤

0
¾�¿A¦Ë¡¢©�ª�ÁË«

ª%«p¡*¤��*Á�¤(:�®§�Wª"·
Wi,j

¥§¡8�� ��*Á���­<��¦H«p®��*�Å�*Á�¤��p�*Á�¤g 8°�«pª#�*�� ¢¡ W
S
«p¦�¨

Wi,j′
´
j′ 6= j

Z�¾
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f�b%[�âth6�pa��d[�f�h�î*b%â<ú�âtbde%[�h��
n
î*b%f��paHh6�`e

(n ≥ 6)
i��d_�âm[�h6ú�aHb%[vaHh�]<â�á�a�e(aHh f�ä�âth �6ã�âWeg�d[�f�h7æ

�3â�ä�b%âWe%âth6�ÀaHh�â���aHôVä�ï�â�f�òYaÈäUaH[�b f�ò
6
î*b%f��paHh6�ý{�h�f��`ewá²[��d_ c�[��kâtb%âth6�À�Åf�h6á\at|

ä�f�ï�|Ch�f�ôí[vaHï^e�aHh�czc�[��kâtb%âth6� ��f�h�âWeíä�f�ï�|Ch�f�ôí[vaHï^etæ�jm_�âtb%âtòAf�b%â�iÏ�d_�âñ[�h6ú�aHb%[vaHh�]<âº[�h
ç�ê<é f�ò��d_�âË��f�h6á\at|�ä�f�ï�|Ch�f�ôí[vaHï�aHh�c��d_�â	��f�h�âWe�ä�f�ï�|Ch�f�ôí[vaHï8òAf�bm�d_�â5f�b%[�âth6�pa��d[�f�h�î
b%â<ú�âtbde%[�h��3b%f��paHh6�Vï�[�h�{Ceý[^e �d_�âÍå�âWeg�íä�f�ede%[�å�ï�â�æ(�3âñe%_�f�ã�ï^c aHï^egf3eg�db%âWe%e �d_Ua��V�d_�â
b%f��paHh6�`e�c�âWe%]<b%[�å�âWcÌ[�h õ�[���æ � æ ê _Uatú�âºc�[��kâtb%âth6�#��f�h�âWe�aHh�c ��f�h6á\at|Îä�f�ï�|Ch�f�ôí[�î
aHï^eti-å�ã��í�d_�â<| eg_UaHb%âÈ�d_�âºedaHôíâºc�â<�dâtb%ôí[�hUaHh6�QaHh�cÎ�d_�âºedaHôVâñ_�f�ôíf�ï�f���|Îf�òY�d_�â
]<f�b%b%âWe%ä�f�h�c�[�h���c�f�ã�å�ï�â�å�b`aHh�]`_�âWcñ]<fyú�âtbdetæ

L1 L2

V�¥§­�¾�AW¾§¹

�7â<�
L1

aHh�c
L2

å�â5�d_�â5{�h�f��`e�X � î*b%f��paHh6�`epnm[�ï�ï�ã�eg�db`a��dâWcñ[�hñõ�[���æ � æ ê æ �
e%[�h��ý�d_�â
ä�b%f���b`aHô ��� �¬j çÉëyé i�ámâ���h�cQ�d_�âoòAf�ï�ï�fyá\[�h���æ

jm_�â �Åf�h6á�at|Íä�f�ï�|Ch�f�ôí[vaHï^e XAá\[��d_ñ�d_�âËe%{�ât[�hºb%âtïva��d[�f�h 5L+
−5L− = z5L0

)aHb%â�c�[���âtb%âth6�Wû

5L1
(z) = 1 + 3z2 − 37z4 + 17z6 − 3z8 − 2z10 − 59z12

− 34z14 − 55z16 − 48z18 − 10z20 − 4z22 − z24,

5L2
(z) = 1 + 3z2 − 25z4 − 116z8 − 57z10 − 174z12 − 157z14

− 119z16 − 102z18 − 37z20 − 8z22 − z24.

jm_�â ��f�h�âWe²ä�f�ï�|Ch�f�ôV[vaHï^ewXAá²[��d_ñ�d_�âËe%{�ât[�hºb%âtïva��d[�f�h
t−1VL+ − tVL− = (

√
t−

1/
√
t)VL0

nmaHb%â�c�[���âtb%âth6�Wû

VL1 = t23 − 16t22 + 131t21 − 713t20 + 2881t19 − 9193t18 + 24058t17

− 52926t16 + 99534t15 − 161854t14 + 229195t13 − 283357t12

+ 304679t11 − 280476t10 + 211413t9 − 112418t8 + 7697t7 + 77824t6

− 127092t5 + 136195t4 − 114114t3 + 77214t2 − 41391t+ 16087

− 2934t−1−1501t−2+1760t−3−954t−4+343t−5−84t−6+13t−7−t−8,
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VL2 = t23 − 16t22 + 131t21 − 713t20 + 2881t19 − 9193t18 + 24057t17

− 52919t16 + 99503t15 − 161752t14 + 228932t13 − 282808t12

+ 303730t11 − 279098t10 + 209727t9 − 110701t8 + 6314t7 + 78540t6

− 126958t5 + 135242t4 − 112578t3 + 75451t2 − 39756t+ 14823

− 2118t−1−1933t−2+1941t−3−1010t−4+354t−5−85t−6+13t−7−t−8.
jm_�ât[�b�_�f�ôíf�ï�f���| ��b%f�ã�ä�e�aHb%â��d_�âÎedaHôíâ�û

H1(M2
L1

;Z) = H1(M2
L2

;Z) =
Z/3⊕Z/397449

æ�j�_�ât[�b�c�â<�dâtb%ôV[�hUaHh6�`e�]<f�[�h�]<[^c�âma�e8ámâtï�ï¢û
∆L1(−1) = ∆L2(−1) =

−1192347
Xr_�âtb%â

∆L(t) = ∇L(z)
òAf�b

z =
√
t− 1/

√
t
npæ

������� � ��� � � �

�É¹ 	 �Ï¾Uµ�¾U³�¦�¡��*¤g¤�´JQH¾��-¾�µ� ¢¯�;W�r;Wª�·t¥�«p¦�¨��Å¾�����®§°¸¡*¤g¦6´ F >�=�" N&=�7 G�>�=�' )$ �7 +[ �>�L ��%(>�%(K4 �7 )
	 %<L
' .�"  �"$)�= >�´�Ã���Â���®§��­p;Ë³�Â�Â�®^¾@YtÔ!W�¹%»�¼<»TZ�´�Ô�Yt½%ÄyÔ �<»RC�Át�¢�*Â ? ���dÒWÒtÒ�¾ ®§«�¦�®�¾ ­��dÇ
�p«p:�¡��`±�«p�*Á6¾ Ñ�Ã��
Õ �tÕTA�Y�¼<Ôy¾

� Ô 	 �Ï¾p¿"¾��k ¢�W��·t¡%´�Ö�¾p³-¾���¾
DW±�¥É�*Á6´d³-¾��-¾
Dt�*��¦�¤8«p¦�¨-×�¾`Ã�©y�¢�*¤�´���#R% L�) +�+5%<*("�)$=�> =�� K<%<*("  �> �
7 %(+
) >/" =�+��(./ K�%P+p´���©�·�¤ÏÊo«`�*Á6¾/Q�¾�½IW�¹%» �<ÕTZ�´/Yy¹dÔ%Ä�Y �<Õy¾

� Y�	 QH¾ ��;y±�«p *«y´pÃ�¾�Qt«p¦W©�¡¢¯g·W¥É¤#£�¥§ª#¯7«p¦�¨MQ�¾��-¾`µ� ¢¯�;W�r;Wª�·t¥^´�,/G '�N�7 %<*5"$)�* +�"�KP.R*("�.�K<% =�> *�=�79=�KP) >���+p´
�  ��K< >��
)$ �> "  �>���7 %P+  �>�L��	)2"$+ 0(.�) 79L�) >��
+p´�Â� ¢¤gÂ� ¢¥§¦<�%´�ÔpÕ�Õy¹�¾

� � 	LÖ�¾�Ê5ª#³-¾CÑ��� ¢¨���¦w«�¦�¨��Ï¾6³-¾6Æ�¥É�*Á�¤g ¢®Ð«p¦�¨6´�� >X"$#&%�+�) �
>� �"�.�K<% =��� B7 ) >���´6¿A¦<Çt¤#¦t�%¾�Êo«`�*Á6¾
�t½IW�¹%»t½p¼TZ�´/A�Y`Ä ��»y¾

� A 	 Ê ¾y¿A¡*Á�¥Ó£8«`�"«y´&Q�¾��-¾yµ� ¢¯�;W�r;Wª�·t¥6«�¦�¨²³-¾�S�«�¡¢©�ÁH«p *«�´
� K4 �>�*P#R%<L *�=���%(KP+U=��U"  >��
7 %(+�) >E"$#OK<%�%��
0< �7 7 +p´
Ö7«p¦H«p¨6¾²Êo«`�*Á6¾��k©�®§®^¾ � � WvÔpÕ�Õ
YTZ�´ YTA��dÄ�Y�� �/CmÁt�¢�*Â ? �
�p«� �ÒW¥ÉÇ�¾ �< ¢­ �`Â�¨�°��`±�«`�*Á6¾ Ñ�Ã��
Õy¹dÕ�»�Õ � ��¾

� ��	LÑ�¾yÃ(¾RQ<¥É¦
«p¦�¨ �Å¾y����®§°¸¡¢¤g¦6´ ,�=�'�% K<%P'� �K!� +-=�>EK4=�" = KP+U) >[7 ) >"� "$#R%4=�KPGH´�Ö
«p¦6¾HÊ5«`�*Á6¾"�k©�®§®^¾
Y �EW�¹%»<»y¹ Z�´ �<¼<ÕdÄ �<¼ �H¾

� ½ 	 �m¾����t¨H«�±�«y´ F$# �%�'& ,�=���"�HJ �K<%)(�´UÁt�¢�*Â ? ���d£8£7£Ï¾ ±�«`�*Á6¾ ·���:�¤#¶^©6¾ «pª�¾ ��Â*�,+g·<�t¨H«p±\«-�`¤#¶v¥É¦�¨�¤#Ò�¾
Át�*±m®^¾

� ¼�	 QH¾gÆC¤#ÇW¥§¦�¤�´�. =�7 G >�=�' )$ �7�) >
�  �KP)$ �>/"$+;=��/� >�=�"$+;=�� *�=3L )2'�%P>/+�)$=�>10�´%³�¦�¦6¾%�<°yÊ5«p�*Á6¾%¼ � W�¹%»����OZ�´
A�Yt½%Ä&A � �H¾

� »�	 QH¾�Ê ¾�Ê¬�<¦<�*¤g¡*¥É¦��<¡g´;,R.&K �O%(KPG!=�> 7 ) >"� +I �>�LXLT=�./0(7 %[0PK4 �>�*P#R%<LX*<=��
%PKP+ =��
S3 ´�¥É¦ ?+�(¦��p�*¡g´Ñ� ¢��©�Â�¡¬«p¦�¨ Y`¶vÊo«p¦�¥§°¸��®§¨�¡%´k³�¦�¦6¾7��°ÏÊo«`�*Á6¾ Dt�*©�¨6¾7¼ ��´7µU ¢¥§¦�ªg¤��*�<¦32�¦�¥ÉÇ�¾7µU ¢¤g¡¢¡%´�¹%»t½
AW´

Ô�Ô<½%ÄyÔ
Ap»�¾
�É¹%Õ�	 �m¾6Ê5©� *«p¡*©�­�¥^´4�;>� [*�%(KP"  )2>!>/.�'�%(KP)$*� 7�) >
�  �KP)$ �>/"�=�� 7 ) >��I"$GPNR%P+p´6Ã� *«p¦�¡g¾�³�±�¤g g¾6Êo«`�*Á6¾

DW�Wª�¾�¹�¹d½ W�¹%» �TA
Z�´/Y�¼<½%Ä �tÔ�ÔW¾
�É¹�¹ 	65 ´/� >["2#R% +�) ��>� �"$.&K<% =��-7 ) >"� +p´HÃC�<Â���®§��­p;
»BW�¹%»<½pÕOZ�´HÔ�¼
YdÄyÔp»<¼y¾
�É¹dÔ 	 QH¾7�-¾CµU ¢¯#;t�r;yª"·W¥�´J,�%< �K4*(# �(=�K L ) 8�%(K<%P>/"�7 )2>�� +�H�) "$# "$#R%�+( �'�%:9&= > %(+,; "$GPNR% N&=�7 G�>�=�' )$ �7 +�?

< LT%< �+ ��K4=�' �
K4 PN/#["2#R%<=�KPGB �>�LI+�"  "�) +�"�)$*� 7@'�%<*(#� �>/)$*5+p´�¥§¦ ?�µ�«p¦��� *«p±\«p¡���°UÊo«`�*Á�¤g±�«`�*¥§ªg¡%´
�7«p¦H«pª"ÁñÖ
¤g¦<�*¤g ²µ�©�:�®^¾ Y ��´k¿A¦�¡¢�%¾
Êo«`�*Á6¾§´kµ���®§¥§¡¢ÁQ³8ª%«p¨6¾ DWªg¥^¾§´�¹d»�»TAW´ Y�¼t½%Ä �tÔ�Ôy¾9CkÁ<�¢�*Â ? ���
ÒWÒtÒ�¾ ®Ð«p¦�®^¾ ­<�%Ç
�p«p:�¡��`±\«`�*Á6¾ Ñ�Ã=�pÕ �<ÕTA � �W½W¾

�É¹3Y�	65 ´O,"�
%() >�'�=3L�.�7 % LO% �(=�KP'� �"$)$=�>/+ =�� %P7 %P'�%(>/"  �KPGU'�=��
%P+ =�>�7 )2>�� +p´pÑ�¤g��±¬¾dÃ���Â���®^¾pÊ¬�<¦���­� g¾
�EWvÔpÕ�ÕtÔ
Z�´/Yy¹3YdÄ�YTYTA�CyÁt�¢�*Â ? �
�dÒWÒtÒ�¾ ®Ð«p¦�®^¾ ­<�%Ç
�p«p:�¡��`±\«`�*Á6¾ Ñ�Ã=�pÕTYy¹dÔ
A�Ô<½W¾

�É¹ � 	 µ�¾�Ã� *«pªg¯#;W·�´ 6 =�>/HJ �G N&=�7 G�>�=�' )$ �7J �>�LE= KP) %P>/" %<L K<= "  �>R" 7 )2>�� +p´6Ñ�¤#�<±Y¾3��¤g¨�¥§ªg«p�"«y´��*�²«pÂy¶
Â�¤g«� g¾

�É¹ A 	 ³-¾HÑ�¾yÃ� ¢¥§¡��* *«p±¬´�,�=�'�% *<=O0<=�K4L�) +�' ) >"�� �KP)$ �>R"�+ �(=�KU7 ) >"� +p´Wµ� ¢�tª�¾HÖ7«p±�:� ¢¥§¨�­�¤�µUÁ�¥§®§��¡g¾RDW�Wª�¾
���BW�¹%» ��»TZ�´HÔ
Ay¹�ÄyÔ � �H¾



,R)���>� �"$.�K�% =��-K4=�" =�KP+ »<½

�É¹ ��	 �-¾RV
¾yÃ� ¢�p�¢�*¤g g´ � =�'�=�79= �
G =�����K4=�. N +<G�+�" %(' +�H ) "2#E �NTN�7 )�*< �"�)$=�>R+-" =1� >�=�"J"$#&%<=�KPGH´�³�¦�¦6¾���°
Êo«`�*Á6¾�½��IW�¹%»��<ÔTZ�´ � � �`Ä �<»<¼y¾

�É¹d½ 	 ×�¾�Ã�¾�Ã�©y�¢�*¤�´�6 =3L�)$*(#TK<= '� �"�)$* �
K4 PN/#T+p´/QH¾HÖk�<±�:�¥É¦6¾�Ã7Á�¤g�� �;BDW¤g g¾
�º¹ � W�¹%»t½ �OZ�´�¹ �<¼dÄ�¹d½ �H¾
�É¹%¼�	65 ´�� =�" =�KP+U)2> �
K4 PN/# "$#R%<= KPG�´H³�¦�¦6¾���¥§¡¢ªg ¢¤#�*¤(Êo«`�*Á6¾ �BW�¹%»�¼�ÕTZ�´/Y �OYdÄ�Y �t½y¾

Ê ¾��m¾����p:�·<�%£�¡*·t¥
��¤gÂH«p ��*±�¤g¦<����°�Ê5«p�*Á�¤#±\«`�*¥§ªg¡
2�¦�¥ÉÇ<¤g ¢¡*¥Ó�r;²��°�ÃC¤#Ò�«p¡�«`� ��«p®§®Ð«p¡
��¥§ª"ÁH«p ¢¨�¡*��¦6´HÃ��N½
ApÕ�¼TY`¶vÕ ��¼�¼y´�2-¾ D�¾ ³-¾
� ¶^±\«p¥§®$?�±�¨H«p:���©y�*¨H«p®§®Ð«p¡%¾ ¤#¨�©
QH¾"�-¾�µ� ¢¯#;t�r;Wª�·t¥
��¤gÂH«p ��*±�¤g¦<����°�Ê5«p�*Á�¤#±\«`�*¥§ªg¡
Ã8Á�¤-Ñ�¤g�� ¢­�¤�× «p¡*Á�¥§¦�­p�*��¦ 2�¦�¥ÉÇ<¤g ¢¡¢¥É�r;
× «p¡*Á�¥§¦�­p�*��¦6´��(ÖñÔ�Õ�ÕTA�ÔW´"2-¾ D�¾ ³-¾
� ¶^±\«p¥§®$?�Â� ¢¯#;W�A;yª"·	��­p£�©6¾ ¤g¨�©

Êw¾H¿A¡¢Á�¥É£7«p�"«
��¤#ÂH«� ��*±m¤g¦<����°�Êo«`�*Á�¤g±�«`�*¥§ªg¡

Ã���·t;<��×w��±\«p¦ � ¡�Ö
Á� ¢¥§¡��*¥Ð«p¦ 2�¦�¥ÉÇ<¤g ¢¡*¥É�A;

 ¤g±mÂ�©�·W©���¥�Ôd¶ �p¶¢¹�´�DW©�­�¥§¦H«p±m¥§·W©

ÃC�<·<;<�Y¹ �<½d¶A¼TAp¼TAy´RQt«pÂH«p¦
� ¶^±\«p¥§®�?y±�«p·<����®Ð«p:6¾ �r£
ªg©6¾ «�ªp¾ ��Â

³-¾RS�«p¡*©�ÁH«p *«
��¤#ÂH«� ��*±m¤g¦<����°�Êo«`�*Á�¤g±�«`�*¥§ªg¡
ÃC�<·<;<�\Ñ�«p·t©�­<¤#¥�2�¦�¥ÉÇ<¤g ¢¡*¥É�A;
� ©�·t©�¥§·W¥É�"« �p¶*¹#¶¢¹<´�����­<«�¦�¤#¥
ÃC�<·<;<�Y¹%¼ �p¶A¼TApÕy¹<´RQt«pÂH«p¦

� ¶v±�«p¥§®�?W;t«�¡¢©�ÁH«p *«���©y¶v­<«p·W©�­�¤g¥�¾ «pª�¾ ��Â

� %<*P%P) �
%<L�
 0��! �G 0��������
) > K<%��3)2+(%<L �5= KP' 0�� # =���%('�0�%PK 0������


