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Dynamical characterization of C-sets and its application
by

Jian Li (Hefei)

Abstract. We set up a general correspondence between algebraic properties of SN
and sets defined by dynamical properties. In particular, we obtain a dynamical character-
ization of C-sets, i.e., sets satisfying the strong Central Sets Theorem. As an application,
we show that Rado systems are solvable in C-sets.

1. Introduction. Throughout this paper, Z, Z,, N and Q denote the
sets of integers, non-negative integers, positive integers and rational num-
bers, respectively. Let us recall two celebrated theorems in combinatorial
number theory.

THEOREM 1.1 (van de Waerden). Let r € N and N = (J;_; C;. Then
there exists i € {1,...,7} such that C; contains arbitrarily long arithmetic
Progressions.

For a sequence {z,}72; in N, define the set of finite sums of {z,}7°, as

FS{zn}pry) = { Z Zn : « is @ nonempty finite subset of N}.
ne«
A subset F of N is called an IP set if there exists a sequence {zy}2>; in N
such that FS({z,}2 ) C F.

THEOREM 1.2 (Hindman). Let r € N and N = J;_, C;. Then there
exists 1 € {1,...,7} such that C; is an IP set.

The original proofs of the above two theorems by combinatorial methods
are somewhat complicated. In [I4) 12] Furstenberg and Weiss found a new
way to prove those theorems by topological dynamics methods.

A subset F' of N is called central if there exists a dynamical system
(X,T), apoint x € X, a minimal point y which is proximal to x, and an open
neighborhood U of y such that F' = {n € N: T"x € U}. The van de Waerden
Theorem and the Hindman Theorem follow from the following result.
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THEOREM 1.3 ([14], 12]).

(1) Every central set is an IP set and contains arbitrarily long arithmetic
Progressions.

(2) Let r € N and N = |J;_, C;. Then there exists i € {1,...,7} such
that C; is a central set.

Before going on, let us recall some notions. We call (S, -) a compact Haus-
dorff right topological semigroup if S is endowed with a compact Hausdorff
space topology and for each ¢t € S the right translation s — s-t is continuous.
An idempotent t € S is an element satisfying t - ¢ = t. The Ellis—Namakura
Theorem says that any compact Hausdorff right topological semigroup con-
tains some idempotent. A subset I of S is called a left ideal of S if ST C I,
a right ideal if IS C I, and a two-sided ideal (or simply an ideal) if it is
both a left and right ideal. A minimal left ideal is the left ideal that does not
contain any proper left ideal. Similarly, we can define a minimal right ideal
and a minimal ideal. An idempotent in S is called a minimal idempotent if
it is contained in some minimal left ideal of S.

Endowing N with the discrete topology, we take the points of the Stone—
Cech compactification SN of N to be the ultrafilters on N. Since (N,+) is a
semigroup, we extend the operation + to N so that (SN, +) is a compact
Hausdorff right topological semigroup. See [19] for an exhaustive treatment
of the algebraic structure on GN.

Ellis showed that we can regard (6N,N) as a universal point transitive
system ([I0]). One may expect that there is a natural connection between
algebraic properties of SN and sets defined by dynamical properties. For
example, in [5] Bergelson and Hindman showed that

THEOREM 1.4 ([5]). A subset F' of N is central if and only if there exists
a minimal idempotent p € BN such that F € p.

A subset F' of N is called quasi-central if there exists an idempotent
p € BN with each element piecewise syndetic such that F' € p. Of course,
every quasi-central set is central, but not conversely ([I8]). The authors of [§]
gave a dynamical characterization of quasi-central sets:

THEOREM 1.5 ([8]). A subset F' of N is quasi-central if and only if there
exists a dynamical system (X, T), a pair of points x,y € X where for every
open neighborhood V' of y the set {n € N: T"x € V,T"y € V'} is piecewise
syndetic, and an open neighborhood U of y such that F = {n e N : T"z € U}.

A subset F' of N is called a D-set if there exists an idempotent p € SN
with each element having positive upper Banach density such that F' € p.
It should be noticed that every quasi-central set is a D-set, but not con-
versely (J4]). There is also a dynamical characterization of D-sets:
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THEOREM 1.6 ([4]). A subset F' of N is a D-set if and only if there exists
a dynamical system (X, T), a pair of points x,y € X where for every open
neighborhood V' of y the set {n € N : T"y € V'} has positive upper Banach
density and (y,y) belongs to the orbit closure of (x,y) in the product system
(X x X, T xT), and an open neighborhood U of y such that F = {n € N :
Trx € U}.

Central sets have substantial combinatorial content. In order to describe
their properties, we first introduce some notation. By P¢(N) we denote the
set of all nonempty finite subsets of N. For a, 5 € P¢(N), we write a < 3
if maxa < min . Given a sequence $1,82,... in Z or Z™ and « € P¢(N)
we let so = > <, sn and call the family (sq)aep vy an IP-system. A ho-
momorphism ¢ : Pr(N) — Pg(N) is a map such that (1) if « N 3 = 0, then
d(a)Ne(B) =0 and (2) p(aUB) = ¢(a) Up(3). Evidently such a homomor-
phism is determined by ¢({i}) for each i € N, and then ¢(a) = (U;c,, ¢({7}).
Given an IP-system {s,}, an IP-subsystem is defined by a homomorphism
¢ : Pr(N) — P¢(N) and forming {s4(a)} C {sa}. If 7 € Z, we shall denote by
7™ the vector (r,...,r) € Z™.

PROPOSITION 1.7 (Central Sets Theorem [12]). Let F' be a central set
in N, and for anym > 1, let {so} be any IP-system in Z™. Then there exists
an IP-subsystem {sy(a)} and an IP-system {ro} in N such that the vector

7™ 4 Sp(a) 8 i F™ for each o € Pr(N).

Recently, the authors of [9, 20] proved a stronger version of the Central
Sets Theorem, and defined C-sets to be the sets satisfying the conclusion
of that stronger version. Here we will not discuss the strong Central Sets
Theorem, so we adopt an alternative definition of C-sets.

A subset F of N is called a J-set if for every m € N and every [P-system
{54} in Z™ there exist r € N and o € P¢(N) such that 7™ + s, € F™.
Denote by J the collection of all J-sets. A subset F' of N is called a C-set if
there exists an idempotent p € GN with each element being a J-set such that
F € p. Since every positive upper Banach density set is a J-set ([13]), every
D-set is a C-set. But there exist C-sets with zero upper Banach density ([17]),
so they are not D-sets.

In this paper, we obtain a dynamical characterization of C-sets.

THEOREM 1.8. A subset F' of N is a C-set if and only if there exists
a dynamical system (X,T), a pair of points x,y € X where for any open
neighborhood V' of y the set {n € N: T"y € V'} is a J-set and (y,y) belongs
to the orbit closure of (x,y) in the product system (X x X, T x T), and an
open neighborhood U of y such that F = {n e N:T"x € U}.

In [I2] Furstenberg used the Central Sets Theorem to show that any
central subset of N contains solutions to all Rado systems. Let A = (a;;) be
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a p X g matrix over Q. The homogeneous system of linear equations
Azy,...,29)T =0

is called partition regular (or a Rado system) if for every r € N and N =

Ui, Ci, there exists ¢ € {1,...,7} such that the system has a solution

(x1,...,24) all of whose components lie in C;. In [26] Rado characterized
when a homogeneous system of linear equations is partition regular.

THEOREM 1.9 (Rado’s Theorem). Let A = (ai;) be a pxq matriz over Q.
Then the system A(xy,... ,:Bq)T = 0 s partition reqular if and only if the
index set {1,...,q} can be divided into | disjoint subsets Ir,...,I; and ra-
tional numbers ¢} may be found for r € {1,...,1} and j € Iy U---U I such
that the following relations are satisfied:

Zaij =0,

jeh
> a5 3 dos
VISP) jen
doap= Y, ¢ ai
J€l; jenu--ul;_1
Let F be a subset of N. We say that Rado systems are solvable in F
if every Rado system A(z1,...,74)7 = 0 has a solution (z1,...,z,) all of

whose components lie in F'.
Furstenberg and Weiss improved Rado’s result by showing that

THEOREM 1.10 ([I4, 12]). Rado systems are solvable in central sets.
Recently, the authors of [3] extended Furstenberg and Weiss’ result to
THEOREM 1.11 ([3]). Rado systems are solvable in D-sets.

In this paper, we use the dynamical characterization of C-sets to show
THEOREM 1.12. Rado systems are solvable in C-sets.

This paper is organized as follows. In Section 2 we introduce some notions
related to Furstenberg families. In Section 3 the basic properties of the
Stone—Cech compactification of N are discussed. In Section 4 we set up a
general correspondence between algebraic properties of SN and sets defined
by dynamical properties. The dynamical characterizations of quasi-central
sets and D-sets are special cases of our results. In Section 5, we investigate
the set’s forcing, that is, the dynamical properties of a point along a subset
of N. In Section 6, we consider both addition and multiplication in N and SN.
In particular we show that if F' is a quasi-central set or a D-set, then for
every n € N both nF and n~'F are also quasi-central sets or D-sets. In
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Section 7 using the correspondence which is set up in Section 4 and some
properties of J-sets, we obtain a dynamical characterization of C-sets. In
Section 8, as an application, we give a topological dynamical proof of the
fact that Rado systems are solvable in C-sets.

2. Furstenberg families. Let us recall some notions related to families
(for more details see [1]). Denote by P = P(N) the collection of all subsets
of N. A subset F of P is called a Furstenberg family (or just family) if it is
upward hereditary, i.e., F1 C Fy and F} € F imply Fy € F. A family F is
called proper if it is a nonempty proper subset of P, i.e., neither empty nor
all of P. For a family F, the dual family of F, denoted by kJF, is

{FeP:FNF #£0,VF' € F}.

Sometimes the dual family xF is also denoted by F*.

A family F is called a filter when it is a proper family closed under
intersection, i.e., if Fy, Fy € F then Fy N Fy, € F. A family F is called a
filterdual if its dual kF is a filter. It is easy to see that a proper family F is
a filterdual if and only if it has the Ramsey property: whenever Fy U Fy € F
then either i € F or F» € F. Since x(kF) = F, a family F is a filter if
and only if KF is a filterdual.

Of special interest are filters that are maximal with respect to inclusion.
Such a filter is called an wltrafilter. By Zorn’s Lemma every filter is contained
in some ultrafilter. For any n € N the family {A C N : n € A} is an
ultrafilter, called a principal ultrafilter. Any other ultrafilter is non-principal.
The following two lemmas give basic properties of ultrafilters (see [1, [15] 19]
for example).

LEMMA 2.1. Let F be a filter. Then the following conditions are equiv-
alent:

(1) F is an ultrafilter;

(2) F =krF;

(3) F is a filterdual;

(4) for all F C N, either F € F orN\ F € F.

LEMMA 2.2. Let F be a filterdual and A C F. If for any finite collection
of elements Ay, ..., A, in A the intersection (\i_y A; is in F, then there
exists an ultrafilter F' such that A C F' C F.

Forn € Z and F C N, denote n+F = {n+m € N:m € F}. A family F
is called translation + invariant if n+ F € F for every n € Z4 and F € F,
translation — invariant if —n + F € F for every n € Z and F € F, and
translation invariant if it is both 4+ and — invariant.
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Any nonempty collection A of subsets of N naturally generates a family
F(A)={F CN: F D A for some A € A}.

A collection A of subsets of N is said to have the finite intersection property
if the intersection of any finite collection of elements in A is not empty. In
this case, the family generated by A is a filter.

Let F be a family. The block family of F, denote by bF, is the family
consisting of sets F' C N for which there exists some F’ € F such that for
every finite subset W of F’ one has m+ W C F for some m € Z, . It is easy
to see that ' € bF if and only if there exists a sequence {a,}72; in Z; and
F" € F such that (Jo2;(a, + F' N [1,n]) C F. Clearly, b(bF) = bF and bF

is translation + invariant.
LEmMMA 2.3 ([7, 22]). If F is a filterdual, then so is bF.

Now let us recall some important sets and families. Let Fi,s be the family
of all infinite subsets of Z,. It is easy to see that its dual family xkFi,s is the
family of all cofinite subsets, denoted by F¢.

A subset F' of Z is called thick if it contains arbitrarily long runs of posi-
tive integers, i.e., there exists a sequence {a, }5°; in Z, such that |J;~; (a,+
[1,n]) C F; syndetic if there exists N € N such that [n,n + N] N F # ( for
every n € N; piecewise syndetic if it is the intersection of a thick set and a
syndetic set. The families of all thick sets, all syndetic sets and all piecewise
syndetic sets are denoted by Fi, Fs and F, respectively. It is easy to see
that kFs = F;.

Let F be a subset of N. The upper density of F' is

- Fnll
d(F):limsup7| [ ,n]\’
n—oo n
where | - | denotes cardinality, and the upper Banach density of F is
|F'NI|

BD*(F) = limsup
I—oo ]
where I runs over all nonempty finite intervals of N. Using density we can
define lots of interesting families. For example, F,,q and Fpupq are the fam-
ilies of sets with positive upper density and positive upper Banach density
respectively.

Denote by F, and Feen the family of all IP sets and all central sets
respectively. We have the following basic properties of the familiar families
(see [IL, 19] for example).

LEMMA 2.4.

(1) Feen, Fips Fps, Fpud and Fpuba are filterduals.

(2) Fps; Fpud, Fpuba and Fg are translation invariant.
(3) bFet = Fi, bFs = Fps and bFpud = Fpubd-
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We now introduce the notion of F-limit. Let F be a family and {x;, }nen
be a sequence in a topological space. We say that x is an F-limit of {z,} if
for every open neighborhood U of x the set {n € N: x,, € U} is in F. The
Fep-limit is just the ordinary limit. It is easy to check that if F is a filter
then F-lim z,, exists and is unique in every compact Hausdorff space.

3. AN: the Stone—Cech compactification of N. Endowing N with
the discrete topology, we take the points of the Stone—Cech compactification
ON of N to be the ultrafilters on N, the principal ultrafilters being identified
with the points of N. For A C N, let A = {p € 8N : A € p}. Then the sets
{A: A C N} form a basis for the open sets (and a basis for the closed sets)
of BN.

Since (N, +) is a semigroup, we can extend the operation + to SN by

p+q={FCN:{neN:-n+Fe€q}ep}

Then (0N, +) is a compact Hausdorff right topological semigroup with N
contained in the topological center of GN. That is, for each p € N the map
pp : BN — BN, ¢ — g + p, is continuous, and for each n € N the map
An t PN — BN, g — n + q, is continuous. It is well known that OGN has a
smallest ideal K(ON) = (J{L : L is a minimal left ideal of SN} = (J{R : R
is a minimal right ideal of SN} ([19, Theorem 2.8]).

LEMMA 3.1. Let F be a filter. If for every F' € F there exists some
F' € F such that —n + F € F for every n € F', then (pcr F is a closed
subsemigroup of BN.

Proof. Since F has the finite intersection property, (pc £ F is nonempty.
Let p,q € Nper F. We want to show that p+ ¢ € Npep F. Let F € F.
It suffices to show that F € p + ¢. For this F, there exists some F' € F
such that —n + F € F for every n € F'. Then F' C {n e N: -n+ F € ¢}
and {n € N: —n + F € ¢} € p. By the definition of “+” in ON we have
Fep+qgm

LEMMA 3.2 ([19, Theorem 4.20]). Let A be a collection of subsets of N.
If A has the finite intersection property and for every F' € A andn € F there
exists F' € A such that n+ F' C F, then Npea F is a closed subsemigroup

of ON.
For a filterdual F, the hull of F is defined by
h(F)={pepN:pcC F}.

It is a nonempty closed subset of AN, and F € F if and only if FNh(F) # 0.
Conversely, for a nonempty closed subset Z of SN, the kernel of Z is defined
by

k(Z)={FCcN:FnZ#0}.
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It is a filterdual, and h(k(Z)) = Z and k(h(F)) = F. Thus, we obtain a
one-to-one correspondence between the set of filterduals on N and the set of
nonempty closed subsets of SN ([10, [15]).

LeMMA 3.3 ([15, 19]). We have the following correspondences:

(1) h(Fps) = K(PN).

(2) h(Fip) ={p € BN : p is an idempotent}.
(3) h(Feen) = {p € BN : p is a minimal idempotent}.
(4) h(Fpuba) = U{supp(p) : p € M}, where M s the set of all N-

invariant probability measures on GN.

LEMMA 3.4. Let F be a filterdual. Then F is translation + invariant if
and only if h(F) is a closed left ideal of SN.

Proof. Assume that F is translation + invariant. In order to show that
h(F) is a closed left ideal, it suffices to show that m+h(F) C h(F) for every
m € N.Letm € N;p € h(F)and F € m+p. Thenm € {n e N: —n+F € p}
and —m+F € p C F. Since F is translation + invariant, m+(—m+F) C F,
so e Fand m+p C F,ie, m+pe h(F).

Conversely, assume that h(F) is a closed left ideal of ON. Let F' € F
and n € N. We want to show that n + F € F. By Lemma there exists
some p € h(F) with F € p. Clearly, n € {m € N: —m + (n+ F) € p}, so
n+Fen+peh(F)andn+FeF. n

LEMMA 3.5. Let F be a filterdual and bF = F. Then h(F) is a closed
two-sided ideal of SN.

Proof. Since bF is translation 4 invariant, by Lemma h(F) is a
closed left ideal of SN. Thus it suffices to show that h(F) is also a right
ideal.

Let p € h(F), g € PN and A € p+ q. We need to show that A € F. Let
F={neN:—-n+Aecq} Then F € p C F. For every finite subset E
of F, N,cp(—n+ A) € ¢ is not empty; choose ng € (,cp(—n + A); then
ng +F C A. This implies A € bF = F. u

Let F be a filterdual. We call FF C N an essentiqvl F-set if there is an
idempotent p € h(F) such that F' € p. Denote by F the collection of all
essential F-sets. Then F is also a filterdual since

h(F) = {p € AN : p is an idempotent in h(F)}.
Let F be a subset of N. Then

(1) Fis an IP set if and only if it is an essential bFi,-set.
(2) F is a quasi-central set if and only if it is an essential Fps-set.
(3) Fis a D-set if and only if it is an essential Fpypq-set.
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(4) F is a C-set if and only if it is an essential J-set, where J is the
collection of all J-sets.

THEOREM 3.6. Let F be a translation invariant filterdual and {z,}72,
be a sequence in N. If FS({x,}5° ) € F, then for everym € N, FS({z,}5,.)
is an essential F-set.

Proof. We first prove the following claim.
CLAIM. For each m € N, h(F) NFS({zn}2,,) # 0.

Proof of the Claim. Clearly, the claim holds for m = 1. Now assume that
m > 2. Then
FS({zn}nl1) = FS({za}n ) UFS({zn}il,m)
U+ FS(fen )3 : ¢ € FS{an} i)},
Since F is translation invariant, p cannot be a principal ultrafilter, so
the finite set FS({z, }™!) is not in p. If FS({x,}°2,.) € p, then the claim

n=1
holds. Now assume that we have some ¢t € FS({z,}"7]') such that t +
FS({zn}52,,) € p. Choose q € FS({z,,}22,,) such that ¢t + ¢ = p. For every
Fegte{neN: —n+({t+F)e€qlsot+F €pC F.Since F is
translation invariant, we have F' € F and g € h(F). This ends the proof of
the claim.

By Lemma Mooy FS({z}52,,,) is a closed subsemigroup of AN, and
by Lemma h(F) is a closed left ideal of SN. Then by the above claim
RF)N(o—i FS{zn}52,,) is a nonempty subsemigroup of SN. By the well
known Ellis—Namakura Theorem, there exists some idempotent in this semi-
group. Thus for every m € N, FS({z,,}72,,,) is an essential F-set. m

For convenience, we also consider 3Z. , the Stone-Cech compactification
of Z4. There is a natural imbedding map i : SN — (Z defined by i(p) = pU
{AU{0} : A € p}. Thus we can regard SN as a subset of fZ, and fZ, =
BN U {0}. The advantage of SZ is that it contains the identity element 0,
but we do not want to take 0 into account when considering multiplication.

4. Relationships between algebraic properties of SN and dynam-
ical properties. A topological dynamical system (or just system) is a pair
(X,T), where X is a nonempty compact Hausdorff space and T is a contin-
uous map from X to itself. When X is metrizable or T is a homeomorphism,
we call (X,T) a metrizable or invertible dynamical system respectively.

Let (X,T) be a dynamical system and x € X. The orbit of x is Orb(z,T")
={T"z :n € Z4+}. Let w(x,T) be the w-limit set of x, i.e., the limit set of
Orb(z,T). A point x € X is recurrent if x € w(x,T). We call the system
(X, T) minimal if it contains no proper subsystems, and x € X is a minimal
point if it belongs to some minimal subsystem of X.
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A factor map w: (X,T) — (Y,S) is a continuous surjective map from
X to Y such that Som = moT. In this situation (X,T") is said to be an
extension of (Y, S), and (Y, S) is a factor of (X,T).

Let F be a family and (X, T) be a dynamical system. A point x € X is
called F-recurrent if for every open neighborhood U of x the entering time
set N(z,U) ={n e N:T"z € U} is in F. If x is F-recurrent, then so is T'x.
Let 7 : (X,T) — (Y,S) be a factor map. If € X is F-recurrent, then so
is 7(x). It is well known that x is recurrent if and only if it is Fjp-recurrent,
and x is a minimal point if and only if it is Fg-recurrent. If F is a filter, then
x is F-recurrent if and only if F-limT"x = z.

Now we generalize the notion of w-limit set. Let F be a family, (X, T) be
a dynamical system and x € X. A point y € X is called an F-w-limit point
of z if for every neighborhood U of y the entering time set N(z,U) € F.
Denote by wx(z,T) the set of all F-w-limit points. Then x is F-recurrent if
and only if x € wr(z,T).

An invariant measure for a dynamical system (X, T) is a regular Borel
probability measure p on X such that u(7T-'A) = u(A) for all Borel subsets
Aof X.

LEMMA 4.1. Let (X,T) be a dynamical system and x € X. If x is a
recurrent point with Orb(z,T) = X, then

(1) = is Fps-recurrent if and only if (X,T) has dense minimal
points ([24]).

(2) @ is Fpuba-recurrent if and only if for every open neighborhood U of
x there exists an invariant measure p on (X,T) such that p(U) >0
([23, [4).

LEMMA 4.2. Let F be a family and p € BN.

(1) Ifpis an idempotent and p C F, then p is F-recurrent in (Z4,\1).
(2) If p is F-recurrent in (Z, A1), then p C bF.

Proof. (1) For every neighborhood U of p, there exists some F' € p such
that F CU. Then N(p,F)={neN:(\)"pe F}={neN:n+pe F} =
{n € N: —n+F € p}.Since F € p = p+p, wehave {n € N: —n+F € p} € p.
Thus N(p, F) € F and p is F-recurrent.

(2) For every F € p, F is an open neighborhood of p and N (0, F) = F.
Let F' = N(p, F). Since p is F-recurrent, F’ € F. For every finite subset W
of F', by the continuity of A1, there exists an open neighborhood U of p such
that (A\1)"U C F for every n € W. Since p € Orb(0, \1), there exists some

m € Zy such that (A\;)™0 € U. Then m + W C N(0,F). Thus, F € bF. u

Let (X,T) be a dynamical system. Then (X*,T) also forms a dynami-
cal system, where X~ is endowed with its compact, pointwise convergence
topology and T acts on XX as composition. The enveloping semigroup of
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(X,T), denoted by E(X,T), is defined as the closure of the set {T" : n € Z}
in XX,

From the algebraic point of view, F(X,T) is a compact Hausdorff right
topological semigroup. On the other hand, (F(X,T),T) is a subsystem of
(XX, T). Those two structures are closely related. A subset L C F(X,T)
is a closed left ideal of E(X,T) if and only if (L,T) is a subsystem of
(E(X,T),T), and L is a minimal left ideal of E(X,T) if and only if (L, T)
is a minimal subsystem of (E(X,T),T).

Ifr:(X,T) — (Y,5) is a factor map, then there is a unique continu-
ous semigroup homomorphism 7 : E(X,T) — E(Y,S) such that 7(px) =
#(p)(a).

Let (X, T) be a dynamical system and I be any nonempty set. Let X' be
the product space and define T : X! — X! by TU ((z)ier) = (Txi)ier
Then there is a natural isomorphism between F(X,T) and E(X!, T7(). For
convenience, we regard E(X,T) acting on factors of (X,7T") and on product
systems of (X, T).

For each x € X, there is a canonical factor map

v BE(X,T) — (Orb(z,T),T), q+ qz.
Let (X,T) be a dynamical system. Z acts on X as
:7,xX—-X, (nx)—T"x.
Since BZ, is the Stone-Cech compactification of Z, we can extend @ to
BZ+x X — X, (p,x)r— pz.

For each z € X, the map &, : (8Z+, 1) — (Orb(z,T),T), p — pz, is a
factor map and @,(SN*) = w(z,T), where fN* = SN\ N.

LEMMA 4.3. Let (X,T) be a dynamical system, z € X and p € (N.
Then px = p-limT"x.

Proof. Clearly, the result holds for principal ultrafilters. Now we assume
that p is a non-principal ultrafilter. Consider the factor map

@y 2 (624, M) — (Orb(2,T),T),  pr— pz.

For every neighborhood U of pz, let V. = &,1(U). Then V' is a neigh-
borhood p. There exists a subset F' of N such that p € F C V. Hence
FcN(,V)C N(z,U). Thus, N(z,U) € p. =

We can also extend ¥ : Z, — XX, n s T" to fZy — E(X,T). It is easy
to see that ¥ is a semigroup homomorphism and ¥ : (6Z4, 1) — E(X,T)
is also a factor map. For every x € X, @, and ¢, o ¥ agree on Z, which is
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dense in BZy, so &, = p, oW, i.e., the following diagram commutes:

(BZs, M) —— (E(X,T),T)

o

(Orb(z,T),T)

Before continuing, we need some preparation about symbolic dynamics.
Let Y5 = {0,1}%+ and o : ¥y — X5 be the shift map

(2(0), 2(1), 2(2),...) = (2(1), 2(2), 2(3), ...

Let [igi1 .. .in] = {2 € Xy : 2(0) = dg,2(1) = i1,...,2(n) =iy} for i; = 0,1
and j =0,1,...,n. For any F' C Z,, we denote by 1 the indicator function
from Z4 to {0,1}, ie., 1p(n) = 1if n € F and 1p(n) = 0if n ¢ F.
In a natural way, each indicator function can be regarded as an element
of Y. It should be noticed that the enveloping semigroup of ({0, 1}%+,0) is
topologically and algebraically isomorphic to SZ ([10} [15]). Similarly, we
can define the two-sided symbolic dynamics ({0, 1}%,0).

THEOREM 4.4. Let F be a filterdual. Suppose that h(F) is a subsemi-
group of ON. Let (X,T) be a dynamical system and x € X. Then the fol-
lowing conditions are equivalent:

(1) x is F-recurrent;

(2) there exists an idempotent u € h(F) such that ur = x;

(3) there exists an F-recurrent idempotent v € E(X,T) with vx = x;
(4) x s F-recurrent, where F is the collection of all essential F-sets.

Proof. :>. Let
A={N(z,U) : U is an open neighborhood of x}.

Then A C F and the intersection of any finite collection of elements of A is
also in A. By Lemma there exists some p € h(F) such that A C p, thus
pr = 2.

Let L = {q € BN : gqx = x}. Then L is a closed subsemigroup of SN and
so is L N h(F) since p € L N h(F). By the Ellis-Namakura Theorem there
exists an idempotent u € L N h(F).

2)=(3). Let v = ¥(u). Since u is F-recurrent, so is v. Since ¥ is a
semigroup homomorphism, vv = ¥(u)¥(u) = ¥(uu) = ¥(u) = v. As ¢, =
oz oW, we have v = ur = Pp(u) = . (¥(u)) = p(v) = vz.

@)=, B)=(1) and (4)=(1) are obvious. =

PROPOSITION 4.5. Let F be a filterdual. Suppose that h(F) is a sub-
semigroup of BN. Let w : (X,T) — (Y,S) be a factor map. If y € Y is
F-recurrent, then there is an F-recurrent point x in 7 1(y).
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Proof. By Theorem there exists an idempotent u € h(F) such that
uy = y. Choose z € 77 1(y) and let x = uz. Then 7(z) = 7(uz) = ur(z) =
uy =y and ur = wuz = uz = x, 50  is F-recurrent and x € 7 1(y). =

REMARK 4.6. Recall that a point z € X is minimal if and only if it is
Fs-recurrent. Unfortunately, F is not a filterdual. Can we use some filterdual
instead of Fg to characterize minimal points? Intuitively, Fcen may be a good
choice. But this is not true: it is shown in [25] that there exist Feen-recurrent
points which are not minimal.

Let (X, T) be a dynamical system and x,y € X. We call x, y are prozimal
if there exists z € X such that (z,z2) € w((x,y),T x T).

ProposiTioN 4.7 ([10, 12, [5]). Let (X,T) be a dynamical system and
x,y € X. Then the following conditions are equivalent:

) x,y are proximal and y is a minimal point;
) there exists a minimal idempotent u € BN such that ux = uy = y;
) there exists a minimal idempotent v € E(X,T) with v = vy = y;

) (¥,9) € wr((2,y), T xT).

Let (X,T) be a dynamical system and x,y € X. We call x strongly
prozimal to y if (y,y) € w((z,y), T x T). It is easy to see that if y is a
minimal point then x,y are proximal if and only if x is strongly proximal
to y.

(1
(2
(3
(4

LEMMA 4.8. Let (X,T) be a dynamical system and x,y € X. Then the
following conditions are equivalent:

(1) z is strongly proximal to y;

(2) (yyy) € wfip((x7y)7T X T)7

(3) for every n € N, x is strongly proximal to y in (X, T™).

Proof. (2)=(1) and (3)=(1) are obvious.

(2)=(3) follows from the fact that if " is an IP set then for every n € N
the set {m € N:mn € F} is also an IP set.

(1)=-(2). Consider the factor map

Dy (BZ1, 1) — (Orb((2,y), T x T), T xT), q+~ q(z,y).

Let L = {p € AN : p(x,y) = (y.9)} = D, (y,y) N AN. Then L is a
nonempty closed subset of N, since (y,y) € w((z,y),T x T'). We show that
L is a subsemigroup of gN. Let p,q € L. Then p(z,y) = (pz,py) = (y,y)

and q(z,y) = (¢7,qy) = (y,9), so pq(x,y) = (pgz,pay) = (py,py) = (Y, y)-
By the Ellis-Namakura Theorem there exists an idempotent p in L. Then

by Lemmaand p C Fip one has (y,y) € wr, ((v,9), T xT). u

Let F be a family, (X,T) be a dynamical system and z,y € X. We say
that x is F-strongly prozimal to y if (y,y) € wr((z,y), T x T) ([]).
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THEOREM 4.9. Let F be a filterdual. Suppose that h(F) is a subsemi-
group of BN. Let (X,T) be a dynamical system and x,y € X. Then the
following conditions are equivalent:

(1) = is F-strongly prozimal to y;

(2) there exists an idempotent u € h(F) such that ur = uy = y;

(3) there exists an F-recurrent idempotent v € E(X,T) such that va =
vy =y;

(4) x is F-strongly proximal to y.

Proof. :>. Let
A={N((z,y),U x U) : U is an open neighborhood of y}.

By the definition of F-strong-proximity, we have A C F and the intersection
of finitely many elements of A is also in .A. Hence by Lemma [2.2] there exists
some p € h(F) such that A C p, so p(x,y) = (y,y). Let L = {q € fN: gz =
qy = y}. Then L N h(F) is a nonempty closed subsemigroup of SN. By the
Ellis-Namakura Theorem there exists an idempotent u € L N h(F).

.=>. Let v = ¥(u). Since u is F-recurrent, so is v. Then from

y) © ¥ we have v = vy = y.

:> By Theorem [4.4] there exists an idempotent u € h(F) such
that v =uv = W¥(u). Then @,y = @,y o ¥ yields ux = uy = y.

@)=@). Since u(z,y) = (y,y) and u is an idempotent in h(F), by
Lemma (v,y) € wz((z,y), T xT).

1' is obvious. =

PRropPOSITION 4.10. Let F be a filterdual. Suppose that bF = F. Let
(X,T) be a dynamical system and x,y € X. Then x is F-strongly proximal
to y if and only if y is an F-recurrent point and x is strongly prozimal to y.

xy

Proof. By definition, if x is F-strongly proximal to y, then y is F-
recurrent and z is strongly proximal to y.

Conversely, assume that y is F-recurrent and x is strongly proximal to y.
Consider the factor map

y) - (6Zy, A1) — (Orb((x,y), T xT), T xT), p+ p(z,y).

Since (y,y) € Orb((z,y),T xT) and (y,y) is F-recurrent, by Proposi-

tion there exists an F-recurrent point ¢ in ON with ¢(z,y) = (y,y).
By Lemma[1.2] we have ¢ C bF = F, so (y,y) € wr((z,y),T xT).

Now we can set up a general correspondence between essential F-sets
and sets defined by F-strong proximity.

THEOREM 4.11. Let F be a filterdual. Suppose that h(F) is a subsemi-
group of BN. Then a subset F of N is an essential F-set if and only if
there exists a dynamical system (X,T), a pair of points x,y € X where x
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is JF-strongly proximal to y, and an open meighborhood U of y such that
F = N(z,U).

Proof. The sufficiency follows from Theorem and N((z,y),U xU) C
N(z,U).

Now we show the necessity. If F' is an essential F-set, there exists an
idempotent u € h(F) such that F € u. Let x = 1p € {0,1}%+ and y = uz.
Then ux =y = y, so x is F-strongly proximal to y. Clearly, N(z, [1]) =
Then it suffices to show that y € [1]. If not, then y € [0]. Thus, N( [O])
and N(z,[0]) N N(x,[1]) # 0, This is a contradiction. m

REMARK 4.12. (1) In the proof of Theorem if we use {0, 1}Z instead
of {0,1}%+, then the proof shows that every essential F-set can be realized
by an invertible metrizable system.

(2) Since Fps and Fpypa are filterduals, and bFps = Fps, bFpubd = Fpubd,
Theorems and are special cases of Theorem (.11

We now give a combinatorial characterization of essential F-sets.

PROPOSITION 4.13. Let F be a filterdual. Suppose that h(F) is a sub-
semigroup of BN. Then a subset F' of N is an essential F-set if and only if
there is a decreasing sequence {Cy}o2 | of subsets of F' such that C,, € F for
everyn € N, and for every r € Cy, there exists m € N such that r+Cp, C C,.

Proof. If F is an essential F-set, there exists an idempotent u € h(F)
such that F' € u. Let = 1p € {0,1}?*+ and y = uz. Then u(x,y) = (y,%),
y € [1] and N(z,[1]) = F. For each n € N, let U,, = [y(0)y(1)...y(n)] and
Cn = N((z,y), U, xUy). Then by Theorem 4.9 each C,, is an essential F-set.
For every r € Cy,, we have (o x 0)"(y,y) € U, x Uy,. By the continuity of o,
there exists m € N such that (o x 0)" (U, X Up,) C Uy X Uy, 80 7+ Cpy, C Cy.

Conversely, assume that there is a sequence {C, }2° ; as in the statement.
By Lemma [2.2] there exists p € h(F) such that {C,, : n € N} C p. Let

= N2, Cp. By Lemma L is a closed subsemigroup of SN. Then
p € LNA(F) and LN h(F) is a nonempty closed subsemigroup of SN. By
the Ellis-Namakura Theorem there exists an idempotent in LN A(F). Thus,
each C), is an essential F-set. In particular, F' is an essential F-set. m

COROLLARY 4.14. Let p be an idempotent in BN and FF C N. Then F € p
if and only if there is a decreasing sequence {Cy}5° | of subsets of F such
that Cy, € p for every n € N, and for every r € C,, there exists m € N such
that r + Cp, C C,.

5. The set’s forcing. In this section, we discuss the set’s forcing. This
terminology was first introduced in [7]; the idea goes back at least to [11]
and [I5]. We say that a subset F' of N forces F-recurrence if for every
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dynamical system (X,7T) and x € X there exists some F-recurrent point in
TFx, where TH'z = {T"x : n € F}.

In [I1] and [I5], the authors call a subset F' of N big if there exists a
minimal point in Orb(z, o) N [1], where x = 1p € X.

ProposiTION 5.1 ([15, [7]). Let F' C N. Then the following conditions
are equivalent:

(1) F is big;

(2) F is piecewise syndetic;

(3) F forces Fs-recurrence;

(4) there exists a minimal left ideal L of BN such that F N L # ().

Let F be a family. Denote by Force(F) the collection of all sets that force
F-recurrence. Clearly, Force(F) is a family. It is easy to see that Force(F)
is not empty if and only if there exists an F-recurrent point in (5Z4, A1).

THEOREM 5.2. Let F be a family and F C N. Then F € Force(F) if
and only if there exists an F-recurrent point p € BN such that F' € p.

Proof. Let F' € Force(F). Consider the system (6Z4, A1) and 0 € 5Z.
Since F forces F-recurrence, there exists an F-recurrent point p € (A1)F0 =
{(\)"0:n € F}=F. Thus, F € p.

Conversely, assume that there exists an F-recurrent point p € SN such
that F' € p. For every dynamical system (X,7") and € X, consider the fac-
tor map @, : (8Z4, A1) — (Orb(x,T),T). Let y = pz. Then y is F-recurrent.
Thus it suffices to show that y € THz. For every open neighborhood U of y,
we have N (z,U) € p. Since F' € p, we have N(z,U)NF # (), thusy € TFx. m

COROLLARY 5.3. Let F be a family. Then

h(Force(F)) = U{ﬁZ+ +p: pis an F-recurrent point}.

PROPOSITION 5.4. Let F be a family. If Force(F) is not empty, then
Force(F) is a filterdual and Force(F) = b(Force(F)) C bF.

Proof. Let F € Force(F) and F = Fy U Fy. If neither F} nor F; is in
Force(F), then there exist dynamical systems (X,T) , (Y,S) and points

x € X, y € Y such that neither T%1z nor S¥2x contains F-recurrent points.
Consider the system (X x Y,T x S) and (z,y) € X x Y. Since F forces
JF-recurrence, there exists an F-recurrent point

(21,22) € (T x S)F(z,y) = (T x S)F1(z,y) U (T x S)F2(x,y).

Without loss of generality, assume that (21, 22) € (T x S)f1(x,y). Then z; €
TFiz and 2 is F-recurrent, a contradiction. Thus, Force(F) is a filterdual.

Let F' € b(Force(F)). Then there exists a sequence {a,} in Z; and
F' € Force(F) such that (J;”,(an + F' N [1,n]) C F. Let (X,T) be a
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dynamical system and = € X. Since X is compact, there is a subnet {a,,}
of {a,} such that lim Tz = y. Since F forces F-recurrence, there exists

an JF-recurrent point z € TFy. It suffices to show that z € TFx. For every
open neighborhood U of z, there exists k € F’ such that T%y € U. By the
continuity of 7', choose an open neighborhood V of y such that TV c U.
Since lim 7%z = y and {ay,} is a subnet of {a,}, there exists n > k such
that 7% 2 € V. Then ap, + k € F and T k2 € U, so z € TFz.

Let I € Force(F). We will show that F' € bF. Let x = 1p € {0,1}%+.
Since F forces F-recurrence, there exists an F-recurrent point y € TFx.
Clearly, y € [1] and N(z,[1]) = F. Let N(y,[l]) = F’. Then F' € F.
For every finite subset W of F’, by the continuity of o, there exists an
open neighborhood U of y such that ¢"(U) C [1] for every n € W. Since
y € Orb(z, o), choose m € Z; such that 0"z € U; then m+W C N(z,[1]).
So FeEbF. u

THEOREM 5.5. Let F be a filterdual and F' C N. Suppose that h(F) is a
subsemigroup of BN. Then the following conditions are equivalent:

(1) F forces F-recurrence;

(2) for x = 1p € {0,1}2+, there exists an F-recurrent point in
Orb(z,0) N [1];

(3) F is a block essential F-set, i.e., F € bF.

Proof. :>. Let = 1p € {0,1}%+. Since F forces F-recurrence,
there exists an F-recurrent point y in of'z C [1].

:. Choose an F-recurrent point y in Orb(z,o) N [1]. By Theo-
rem [4.4] 5 is also F-recurrent. Since N(z,[1]) = F and N(y,[1]) € F, by
the continuity of o we have F' € bF.

:>. By Proposition it suffices to show that every essential F-
set forces F-recurrence. Let F' € F. Then there exists an idempotent u €
h(F) such that F' € u. Let (X,T) be a dynamical system and = € X. Let

y = ux. Then uy = y, so y is F-recurrent. For every open neighborhood U
of y, N(z,U) € u. Since F € u, we have FNN(x,U) # 0, thus y € TFx. u

COROLLARY 5.6. Let F be a filterdual and F' C N. Suppose that h(F) is
a subsemigroup of BN. Let (X,T) be a dynamical system and x € X. Then
x s a unique F-recurrent point in (X,T) if and only if for every y € X,
K (bF)-m Ty = x.

Proof. Since F is a filterdual, /{(bﬁ') is a filter. If = is a unique F-
recurrent point, then by Theorem for every y € X and every F' € bF we
have € TFy, so k(bF)-limT"y = x.

Conversely, assume that there exists another F-recurrent point y € X.
Choose open subsets U, V of X such that z € U,y € V and UNV = (). Then
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N(y,U) € k(bF) and N(y,V) € F C bF. Thus, N(y,U)NN(y, V) # 0. This
is a contradiction. =

REMARK 5.7. (1) Since Fip, = .7-7ip, we have bFi, = b]?;p. Hence a subset
F of N forces recurrence if and only if F' € bFi, ([7]).

(2) It is shown in [27] that a subset F' of N forces Fpupq-recurrence if

and only if F' € Fpupd, i-e., bFpubd = Fpubd- For completeness, we include

a proof. Let F € Fpupa and x = 1p € {0,1}%+. By [12, Lemma 3.17],

there exists a o-invariant measure p such that p(Orb(z,0) N [1]) > 0. By

the ergodic decomposition theorem, choose an ergodic o-invariant measure

v such that v(Orb(x, ) N[1]) > 0. Then a generic point y in Orb(z, o) N [1]

for v is Fpupa-recurrent ([12, pp. 62-64]). Thus, F' forces Fpypq-recurrence.
It is interesting that central sets also have some kind of forcing.

PROPOSITION 5.8. Let F' C N. Then the following conditions are equiv-
alent:

(1) F is central;

(2) forx=1p €{0,1}%+, there exists a minimal point y € Orb(x, o) N [1]
such that x, y are proximal;

(3) for every dynamical system (X,T) and x € X there exists a minimal

point y € TFx such that z, y are proximal.

Proof. (2)=(1) follows from the definition of central sets and N(z,[1])
=F.

(3)=(2) follows from T*z C [1].

(1)=-(3). If F is central, then there exists a minimal idempotent u € SN
such that F' € u. Let (X,T) be a dynamical system and x € X. Let y = ux.
Then ur = uy = y, so y is a minimal point and x, y are proximal. Thus
it suffices to show that y € T¥z. For every open neighborhood U of y,
N(z,U) € u. Since F € u, we have FNN(x,U) #0,soye TFx. u

We say a subset F' of N forces F-strong proximity if for every dynamical
system (X,T) and z € X there exists y in TFx such that z is F-strongly
proximal to y.

PROPOSITION 5.9. Let F be a filterdual. Suppose that h(F) is a subsemi-
group of BN. Let F' C N. Then the following conditions are equivalent:

(1) F is an essential F-set;

(2) for x=1p € {0,1}2+, there ezists y € Orb(z,0) N [1] such that = is
F-strongly proximal to y;

(3) F forces F-strong proximity.

Proof. (2)=(1) follows from Theorem and N(z,[1]) = F.

(3)=(2) follows from T+z C [1].
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(1)=(3). If F is an essential F-set, then there exists an idempotent
u € h(F) such that F' € u. Let (X,T) be a dynamical system and = € X.
Let y = uz. Then ux = uy = y and by Theorem[.9] x is F-strongly proximal
to y. Thus it suffices to show that y € T¥x. For every open neighborhood
U of y, N(z,U) € u. Since F € u, we have FNN(z,U) #0,s0y € TFz. u

6. Multiplication in N and SN. In this section, we consider both
addition and multiplication in N and ON. For n € N and F C N, let nF =
{nm:m e F}and n™'F = {m € N:nm € F}. For p,q € 8N, the product
p-qin BN is

{AcN:{neN:n'Acq)ecp}

A family F is called multiplication invariant if for eachn € Nand F' € F
one has nF' € F. It is easy to see that F,, Fs and Fpupq are multiplication
invariant. Similarly to Lemma [3.4] we have

LEMMA 6.1. Let F be a filterdual. Then F is multiplication invariant if
and only if h(F) is a left ideal of (BN, ).

ProprosiTION 6.2 ([12], [6]). Let F C N. If F' is a central set, then for
each n € N both nF and n~1F are also central.

The main purpose of this section is to extend Proposition to more
general settings. In particular, similar results hold for quasi-center sets and
D-sets.

THEOREM 6.3. Let F be a filterdual and F' C N. Suppose that F is
multiplication invariant and h(F) is a subsemigroup of (BN, +). If F' is an
essential F-set, then for each n € N, nF' is also an essential F-set.

Proof. Let + = 1p € {0,1}%+. Then by Proposition there exists
y € oFz C [1] such that F-lim(o x o)™ (x,y) = (y,y). Fix n € N and let
Y = {1,...,n} be endowed with the discrete topology and X = {0, 1}2+ xY’.
Define T : X — X by T'(z,i) = (z,i+1) fori <n—1and T(z,n) = (0z,1).
For every neighborhood U of y, we have

N((z,1,y,1),U x {1} x U x {1}) = nN((z,y), U x U).

Since F is multiplication invariant, F-lim(7 x T)"™(z,1,y,1) = (y, 1,9, 1).
Thus, nF = N((z,1),[1] x {1}) is also an essential F-set. m

We say that F-recurrence is iteratively invariant if for every dynami-
cal system (X,7T") and every F-recurrent point x in (X,7T), = is also an
F-recurrent point in (X,T") for each n € N. It is well known that Fi,-
recurrence and JFy-recurrence are iteratively invariant. We show
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THEOREM 6.4. Let F be a filterdual and F' C N. Suppose that bF = F
and F-recurrence is iteratively invariant. If F is an essential F-set, then
for each n € N, n='F is also an essential F-set.

Proof. Let x = 1 € {0,1}%+. Then by Proposition there exists an

F-recurrent point y € of'z C [1] such that z is strongly proximal to y.
For each n € N, since F-recurrence is iteratively invariant, y is also an F-
recurrent point in ({0, 1}#+,¢"). By Lemma x is also strongly proximal
to y in ({0,1}%+,0™). Then by Proposition and Theorem nlF =
{m e N: (¢™)™x € [1]} is an essential F-set. m

A dynamical system (X,T) is called topologically transitive if for any
two nonempty open subsets U, V of X there exists some n € N such that
T"UNV # (. A point x € X is called transitive if the orbit of x is dense in X.
The system (X, T) is called point transitive if there exists a transitive point
in X. In general, there is no implication between topological transitivity and
point transitivity. For example, (6Z., A1) is point transitive but not topo-
logically transitive. The system (X, T) is called recurrent transitive if there
exists a recurrent transitive point, i.e., x € X whose w-limit set is X. It is
easy to see that every recurrent transitive system is topologically transitive.

The following is a “folklore” result; for similar results, see [2] for example.

LEMMA 6.5. Let (X, T) be a recurrent transitive system. Then for every
n € N there is k € N with k |n and a decomposition X = XoUX1U---UX_1
satisfying

(1) XZ#XJ,0§Z<j§k—1,

(2) TX; = Xi+1 (mod k) »

(3) (X, T™) is recurrent transitive, i =0,...,k—1,

(4) the interior of X; is dense in X;, i =0,...,k— 1.

Proof. Let x € X with w(z,T) = X. Let Y; = Orb(T%z,T") for i =
0,1,...,n—1.Then X =YoUY U---UY,1 and TY; = Y1 | (modn)- Since
x is recurrent in (X, T), T'z is also recurrent in (X, T"). Then (Y;, T") is
recurrent transitive for ¢ = 0,1,...,n — 1. Let k be the smallest positive
integer such that T%Yy = Y. Let X; = Y; for i = 0,1,...,k — 1. Now we
show that those X; satisfy the requirements.

Clearly, ¥k < n. Let n = [k +r with [ > 0 and 0 < r < k. Then
Xo = T"(Xo) = T"(T"Xy) = T"(Xo); by the minimality of k, we have
r=0,so k|n.

If there existed 0 < i < j < k — 1 such that X; = X, then T X, =
TI7H(T"Xo) =T (T Xo) =T (T"Xp) = T" Xy = Xo. This contradicts
the minimality of k. So X; # X, for 0 <i<j <k -1

For 0 <i# j <k-—1let Z;; = X;NXj. Then Z;; is a T"-invariant closed
subset of X;. Since (X;,T™) is topologically transitive, Z;; either equals X;
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or is nowhere dense in X;. If Z;; = XZ-', then Xi'C X;. Without loss of
generality, assume i < j; then Xo = TF'X; C Tk_’Xj = X,_;. Thus,

Xo C Xj—i C Xo(j—i) (modk) C =+ C Xk(j—i) (mod k) = Xo-
This contradicts the minimality of k. So Z;; is nowhere dense in Xj.

Now fix i € {0,1,...,k — 1} and let Z; = (J;,; Z;;. Then Z; is also
nowhere dense in X;. The boundary of X; in X is

J#i J#i
As X; = int(X;) U Z;, the interior of X; is dense in X;. =

LEMMA 6.6. Fps-recurrence and Fpupa-recurrence are iteratively invari-
ant.

Proof. Let (X,T) be a dynamical system and « € X be an Fps-recurrent
point. Without loss of generality, assume that Orb(z,7) = X. By Lem-
ma[L.1] (X,T) has dense minimal points. For every n € N, (X, T™) also has
dense minimal points. By Lemma the interior of Orb(z,T™) is dense in
Orb(x,T™), so (Orb(z,T™),T™) also has dense minimal points. Thus z is
Fps-recurrent in (X, T™).

Let (X,T) be a dynamical system and x € X be an Fpypq-recurrent
point. Without loss of generality, assume that Orb(x,T) = X. By Lemma
and since (X, T) is transitive, for every nonempty open subset U of X there
exists a T-invariant measure p on X such that pu(U) > 0. For every n € N,
by Lemma the interior of Orb(z,T™) is dense in Orb(z, T™). Then for
every nonempty open subset V' of Orb(xz,T™) there exists an open subset
U of X such that U C V. So there exists a T-invariant measure p on X
such that p(U) > 0. Clearly, p is also T™-invariant. Define a measure v
on Orb(z,T™) by v(A) = p(A)/u(Orb(z,T™)) for every Borel subset A of
Orb(z,T™). Then v is T"-invariant with (V') > 0. Thus x is Fpupq-recurrent
in (X,7T"). m

PROPOSITION 6.7. Let F C N and n € N.

(1) If F is a quasi-central set, then both nF and n~'F are also quasi-
central.
(2) If F is a D-set, then both nF and n~'F are also D-sets.

Proof. This follows from Theorems [6.4] and Lemma [6.6] and the fact
that Fps and Fpupq are multiplication invariant. m

7. Dynamical characterization of C-sets. In this section, we show
the following dynamical characterization of C-sets.
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THEOREM 7.1. Let FF C N. Then F' is a C-set if and only if there exists
a dynamical system (X, T), a pair of points x,y € X where y is J-recurrent

and x is strongly proximal to y, and an open neighborhood U of y such that
N(z,U) =

By Proposition and Theorem [4.11} it suffices to show the following
two lemmas.

LEMMA 7.2. J is a filterdual.

LEMMA 7.3. J =bJ and it is multiplication invariant. Then h(J) is a
closed two-sided ideal in (BN, +) and a left ideal in (ON, ).

Proof of Lemma [7.3 Let F be a J-set and F = F; U F,. Using an
argument from [21, Theorem 2.14], we first show the following claim.

CLAIM. For every IP-system {sq = (s(g), e ,ng))} in Z™, there exist

i € {1,2}, r € Z and o € Px(N) such that 7™ + s, € F/™.

Proof of the Claim. For j =1,...,m, define f; : N — Z by f;(n) = ()

~ Sy
Then s = Y nea fi(n) for o € Pe(N).

By the Hales-Jewett Theorem [16] pick n € N such that whenever the
length n words over the alphabet {1,...,m} are 2-colored, there exists a
variable word w(v) such that {w(j):j=1,...,m} is monochromatic.

Let W be the set of length n words over {1,...,m}. Forw =by---b, € W
define g, : N — Z by gy,(In+1i) = fo,(In+i) for l € Zy and i =1,...,n
Forl € Zy,let H = {ln+1,...,In+ n}. For every w € W and « € P¢(N),
let A = =D lca 2tem, Juw(t). Then (hy) = (h&“’) cw € W) is an IP-system
in ZW1. Hence there exist r € Z and «a € P¢(N) such that r + W) e F for
every w € W. Define ¢ : W — {0,1} by ¢(w) = 1 if r + h) e Fy. Pick
a variable word w(v) such that {w(j) : j = 1,...,m} is monochromatic
with respect to ¢. Without loss of generality assume that ¢(w(j)) = 1 for
j = k. Let w(v) = ¢1---¢, where each ¢; € {1,...,m} U{v}. Let

—{ze{l ,n} cz—v}#@andB—{l n}\AForl€Z+,let
HA = Hl N (ln + A) and HP = H,n (In + B). For j =1,...,m, rewrite
h(() (J))

h(w(j)) =3 Y 0 =33 9ui® + 33" guiy(®)

l€Ea teH) lEa tEHlA lea tGHlB
Then ZteHA Juw(j)(t) = ZteHA f(t) and ZteHlB Ju(;)(t) does not depend
onj. Let o = J;o, Hff and v’ =7+3",,, ZteHlB Guw(j)(t). Then r4+h0) =
r+ 5( 7 8o #(m) 4 5o € F{". This ends the proof of the Claim.
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We now show that in the Claim we can pick r € N instead of r € Z.
For every IP-system {s, = (3&1), ce s(()m))} in 2™, let s = —|a for each
a € P¢(N) and {s), = (s&o),sg),...,sgm))}. Applying the Claim to {s/}

yields i € {1,2}, r € Z and a € P¢(N) such that 71 4+ s/ € F™ . Since

T+ sg]) € F; and s&o) is negative, r must be positive.

If neither F} nor F» is a J-set, let {s, = (8&1),...,s&m))} and {s,, =

(s’cﬁl), cel sgml))} be witnesses to this fact. Let s = (8&1), PN ng)’
sgl), . ,sgm )). Applying the Claim to {s”}, we get a contradiction. m

Proof of Lemma[7.3. If F is a block J-set, then there exists a sequence
{an} in Z4 and F' € J such that |J,~,(an + F' N [1,n]) C F. For every
IP-system {s,} in Z™, there exist € N and o € P¢(N) such that 7™ +s,, €
F'™)_ Choose n large enough such that 7™ 4 s, € (F' N [1,7])™ and let
' =1+ ap. Then #™ + s, € F™. Hence, F is also a J-set.

Let F be a J-set and n € N; we want to show that nF is also a J-set.
Let {sq} be an IP-system in Z™. Without loss of generality, assume that
{sa} CnZ™. Let s, = n~'s,. Then {s.} is also an IP-system in Z™. Since
F is a J-set, there exist » € N and a € P¢(N) such that 7™ 4 s, € F(™),
Then 7™ + s, € nF(™) . Hence, nF is also a J-set. =

REMARK 7.4. It is shown in [I7] that there exists a C-set with upper

Banach density 0. Thus there exists a dynamical system (X,7) and € X
such that x is J-recurrent but not F,pq-recurrent.

8. Solvability of Rado systems in C-sets. In order to show that
Rado systems are solvable in C-sets, by the method developed in [12], pp.
169-174], it suffices to show the following two results.

LEMMA 8.1. If F is a C-set, then for eachn € N, nF and n~'F are also
C-sets.

THEOREM 8.2. Let F' be a C-set. Then for every m € N and every IP-
system {sq} in Z™ there exists an IP-system {ry} in N and an IP-subsystem
{84(a)} such that for every o € Pg(N), o Sp(a) € P

To discuss J-recurrence, we first introduce a new kind of dynamical
system. Let (X,T") be an invertible dynamical system. We say that (X,T)
has the multiple IP-recurrence property if for every IP-system {s, =

(s,(ll), e ,S&m))} in Z™ and every open subset U of X, there exists a € P¢(N)
such that m o

(T U #0.

i=1

If an invertible dynamical system is a minimal system, or if there exists
an invariant measure with full support, then the system has the multiple
IP-recurrence property ([12 [13]).
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LEMMA 8.3. Let (X,T) be an invertible dynamical system and n € N.
Then the following conditions are equivalent:

(1) (X,T) has the multiple IP-recurrence property;
(1)

(2) for every IP-system {sq = (S&”,-- -, s,(lm))} i Z™, every open subset
U of X and k € N, there exists a € P¢(N) with mina > k such that

Un\TU #0;
=1

(3) (X, T™) has the multiple IP-recurrence property.

Proof. (1)=(3) and (2)=(1) are obvious.

(1)=(2). Let {sq = (s(al),...,s(am))} be an IP-system Z™ and k € N.
Define a homomorphism ¢ : P¢(N) — P¢(N) by ¢({i}) = {i + k} for any
i€ N. Let s = 0 for any o € Pg(N). Then {s], = (8&0)7 Sél()a), e Sgg))} is
an IP-system in Z™*!. Now (2) follows by applying (1) to {s.}.

(3)=(1). Let {so} be an IP-system in Z™. Without loss of generality,
assume that {s,} C nZ™. Let s, = n~'s,. Then {s/,} is also an IP-system
in Z™. Then (1) follows by applying (3) to {s,} in (X,7"). =

Let {4 }aep;(v) be a sequence in a topological space X and z € X. We
say that x, — = as a Pg(N)-sequence if for every neighborhood U of x there
exists ay € Pr(N) such that x, € U for all a > ay. If {z4} is a Pr(N)-
sequence in a compact metric space, then there exists a Pr(N)-subsequence
{T¢(a)} which converges as a P¢(N)-sequence ([I2, Theorem 8.14]).

PROPOSITION 8.4. Let (X, T) be an invertible metrizable dynamical sys-
tem. Then (X,T) has the multiple IP-recurrent property if and only if for
every IP-system {sq} in Z"™ and every open subset U of X there exists x € U

(1)
and an IP-subsystem {sg(q)} such that Tée) g — x fori=1,...,m.

Proof. The sufficiency is obvious.
We now show the necessity. Let {s, = (ss),sg), . .,s&m))} be an IP-
system in Z" and U be an open subset of X. Let Uy = U. By Lemma [8.3

there exists ay € P¢(N) such that

m
(1)
Uy N ﬂ T Uy # 0.
i=1
Then choose an open subset U; with U C Uy and diam(U;) < 1 such that
m
(4)

U T3 U; C Up.
i=1
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Proceeding inductively, we define a sequence of open subsets Up, Uy, ... in
X and a sequence aj < az < --- in P¢(N) such that

— 1
Ups1 CU,, diam(U,) < —, UTSanU CUp,_1.
n
Then there is a unique point x in (0o, Uy. Now set p({n}) = oy, for each
n € N. For every f = {r;y <--- <rg}, f minf > n+1 then

e ) mo G )
U T*®U,, = U 7% ... T U, C Uy 1 C U,

(%)
Hence, for i = 1,...,m, T°*®x € U, if minB > n + 1. It follows that
(%)
Ty — g fori=1,...,m. m
THEOREM 8.5. Let (X, T) be an invertible dynamical system and x € X.
Then x is J-recurrent if and only if (Orb(z,T),T) has the multiple IP-

recurrence property.

Proof. Without loss of generality, assume that Orb(z,T) = X. If x is
J-recurrent, then for every open subset U of X there exists £ € N and
an open neighborhood V of z such that TV C U. Since z is J-recurrent,

N(z,V) is a J-set. Then for every IP-system {s, = (88), . (m))} in Z™

there exist r € N and a 6 Pr(N) such that Ty e v for i=1,.
Let y = T”kx Then T y = Tk(T”Sﬂ):c) eTtV cUfori=1,...,m. So
yeN, T4y,

Conversely, assume that (X,7T) has the multiple IP-recurrence property.
It is easy to see that x is recurrent. For every open neighborhood U of x
and every IP- System {80 = (s((ll), . )} in Zm there ex1sts a € P¢(N)
such that ﬂl 1 T8y # 0. Choose yeNin lT_Sa U; then T y € U for
i = 1,...,m. By the continuity of 7', choose an open neighborhood V' of
y such that T3V € U for i = 1,...,m. Since y € w(x,T), there exists
r € N such that 77z € U and 7™ 4 s, € N™. Then #™ + s, € N(z,U)™
Therefore, N(z,U) is a J-set. =

PROPOSITION 8.6. Let (X,T') be an invertible dynamical system, x € X

and n € N. Then x is J-recurrent in (X,T) if and only if it is J-recurrent
n (X, T").

Proof. Without loss of generality, assume that Orb(z,7) = X. Since
J is multiplication invariant, if z is J-recurrent in (X,7"), then it is so
n (X, 7).

Conversely, if z is J-recurrent in (X,7'), then (X,T") has the multiple
IP-recurrence property, and so does (X, T™). Since the interior of Orb(x,T™)
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is dense in Orb(x,T™), it is easy to see that (Orb(z,T™),T™) also has the
multiple IP-recurrence property. Thus x is J-recurrent in (X,7"). u

Proof of Lemma[8.1] This follows from Theorems|[6.4)and [6.3] Lemmal[7.3]
and Proposition [8.0] =

Proof of Theorem [8.3 Since F is a C-set, there exists an idempotent
p € h(J) such that F € p. Let 2 = 1p € {0,1}? and y = pzx € [1]. Then y
is J-recurrent, z is strongly proximal to y and N(z,[1]) = F.

Let {Sg(a) = (3&1), cee s&m))} be an IP-system in Z™. Let U; = [1]. Since
N((z,y),Ur x U1) is a J-set, there exist r1 € N and a; € P¢(N) such that
o X a“*sgi (z,y) € Uy x Uy for i = 1,...,m. By continuity of o, choose a
neighborhood Us of y such that Us C U; and

m ()
U o s, C Uy,

i=1
Now suppose that we have chosen neighborhoods Uy, ...Uy,,Uy41 of ¥,
T,...,rn in N and oy < -+ < ay, in Pr(N) satisfying the following condi-

tions: for every 8 C {1,...,n}, letting rg = 3,575, ¢(B8) = U5, and
Us = Umin g, We have

(1) Jrﬁ+s£f>i<)ﬁ>:v eUgfori=1,...,m,

(2) ar5+5<(;<>@)Un+1 CUgfori=1,...,m.
Since N((z,y), Un+1 X Uny1) is a J-set, there exist r,41 € N and a1 > ap
such that o x JT"“J“SEJBLH (z,y) € Upy1 X Upyq for i = 1,...,m. Choose a

neighborhood U,, 42 of y such that Uy1o C U,y and

m

(1)
U O_T‘n+1+5an+1 Un+2 C Un—&-l'
i=1
Now we show that (1) and (2) are satisfied with § replaced by §' =
BU{n+ 1} and n + 1 replaced by n + 2. This in fact follows from

i

(4) (2) (1) (2)
+
o BT e g P T50(p) (g’"n+1+8an+1 z) € o B340 Unt1 C Ug
and
rar+s) , rg—i—s(i) 1 +s) rﬁ—i—s(i)
(1)

Then by induction, o"?**¢® 2 € [1] for every 3 € P¢(N) and i = 1,...,m.
Thus, ’F&m) + 8¢(a) € F™ for every o € P¢(N). m

REMARK 8.7. One can use the algebraic properties of SN to prove The-
orem (8.2 ([3, 20]). It is of interest whether one can deduce Lemma [8.1] from
algebraic properties of SN.
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