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A higher Albanese map for complex threefolds
based on a construction by M. Green

by

Lorenz Schneider (Erlangen)

Abstract. We construct a higher Abel-Jacobi map for 0-cycles on complex three-
folds and prove that it can be used to describe Mumford’s pull-back of a differential
form, and that its image is infinite-dimensional in many cases. However, making a certain
assumption, we show that it is not always injective.

1. Introduction. According to the Bloch—Beilinson conjectures for al-
gebraic cycles on a smooth projective variety X, there should exist a filtra-
tion F'* CHP(X) of the Chow group CHP(X) which satisfies certain prop-
erties (see [Bei]). In particular, in the case of O-cycles on complex varieties
these properties are:

(i) F™*1 CHo(X) = 0, where n = dim X.
(ii) The filtration F" is stable under correspondences, that is, for I" €
CH™(X xY), m=dimY, the induced map

satisfies
F*(FZ CHD(X)Q) Cc F* CHQ(Y)Q,

where we write CHy(X)q for CHy(X) ®z Q.
(iii) The graded pieces of the filtration are governed by the global holo-
morphic forms and vice versa, i.e. the map

Gr'y I : Gry CHp(X)g — Grla CHo(Y)g
is zero if and only if the map
(D) HY(Y, Q%) — HY(X, Q%)
is zero.
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It follows from (iii) that F' CHo(X) = CHo(X )pom and also that
F? CHy(X) = CHo(X)am,

the subgroup of cycles lying in the kernel of the Albanese map.

An attempt to prove these conjectures for 0-cycles on smooth surfaces
defined over the complex numbers C was made by M. Green. In [Grel]
and [Gre2] he defined a map 3 from F2? CHy(S) := ker(albg) to a higher
Jacobian J2(S) and conjectured that it was an isomorphism.

Had this been true, the construction would have in particular given a
positive answer to Bloch’s conjecture for surfaces, since the Jacobian J22(5’ )
is built from the transcendental part of H?(S,Z). A filtration on CHg(S)
would have been obtained by setting

Fl CH()(S) = CHO(S)hom’
F?CHy(S) = ker(albg),
F? CHy(S) = ker(¢3) = 0.

Green’s construction involves principally extensions of mixed Hodge struc-
tures coming from short exact sequences in relative cohomology of a variety
and a codimension one subvariety.

However, soon after his paper had appeared C. Voisin published a coun-
terexample in [Voi3] to his claim that 13 was an isomorphism. Nevertheless,
in the same paper, she shows that Green’s higher Abel-Jacobi invariant has
the merit of governing Mumford’s pull-back of holomorphic 2-forms on the
surface S to a variety parametrizing 0-cycles on S. Since this pull-back tech-
nique remains one of the most important in the study of algebraic cycles, it
seems useful to prove an analogous result for threefolds (see Theorem 4.5).

In this article, we construct, for a smooth projective threefold X, two
maps ¢35 : ker(albx) — Jj and %3 : ker(¢3) — J3 from subgroups of
CHo(X) to higher Jacobians (see Definitions 2.2 and 3.10). The first map is
essentially Green’s map for surfaces. In our construction of the map wg’ we
use pairings derived from the perfect pairings

to couple the various one-extension classes and make the construction inde-
pendent of the chosen subvarieties Y;.

If it were to satisfy the conjectures, the map wg’ should be injective,
since the conjectural filtration F'* on CHy(X) should have exactly three
steps. However, it can be shown that if X is the product of a curve C' with a
surface .S, then for certain O-cycles on X, wg’ can be expressed as a product of
the Abel-Jacobi map juc for divisors on C' and Green’s map 3 for 0-cycles
on S. So, under a certain assumption, which is given in the final section,
Voisin’s counterexample also furnishes one in this case.
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Voisin proves that Green’s map does indeed have an infinite-dimensional
image if p,(S) > 0, just as Mumford’s theorem demands. Analogously, we
prove that the map wg’ for a threefold X also has infinite-dimensional image
on J3(X) if H*(Kx) # 0 (see Theorem 5.1).

One comment is in order: There are two ways of describing the one-
extension classes of mixed Hodge structures. One is due to J. Carlson and
involves integral and Hodge splittings of a short exact sequence associated
to the long exact sequence of relative cohomology of the pair (Y, Yi_1),
and the other one uses the image of the (modified) graph I'j of the map
j: Yi_1 — Y} on Griffiths’ intermediate Jacobian J2*~1(Y},_; x Y}). We need
both versions and use whichever one is more convenient for our purposes in
a given context.

An excellent source for many of the objects and techniques used in this
paper are the books [Voil] and [Voi2].

Acknowledgements. This article is taken from my Ph.D. thesis, which
was completed under the guidance of Claire Voisin. I would like to thank her
for her generosity and support. I also want to thank Jishnu Biswas, Catriona
Maclean and Gianluca Pacienza for many useful and exciting discussions,
and Chris Peters for his help with the proof of Proposition 5.2. Finally,
I would like to thank an anonymous referee for valuable comments and
suggestions.

2. Construction of 1/3. We begin by constructing a higher Abel-Jacobi
map on F?2 CHy(X) := ker(albx) for a threefold X, which is immediately
derived from Green’s map for surfaces. First of all we explain how his map
is defined.

2.1. Green’s higher Abel-Jacobi map. Let S be a smooth projective com-
plex surface, and let Zj be a 0-cycle of S in the kernel of the Albanese map.
Let i : C' — S be a smooth, but not necessarily connected curve, which
maps generically one-to-one onto its image i(C') on S, and let Z be a 0-cycle
supported on C, of degree 0 on each component of C, such that i.(Z) = Zp.

Green constructs two Abel-Jacobi invariants fc z and eg . The first is
just the image of Z under the Abel-Jacobi map puc : CHo(C)o — J(C),
where J(C) = H%Y(C)/H'(C,Z) is the Jacobian of C and CHy(C)y =
CHo(C)pom. However, here this Jacobian is interpreted as a real torus

J(C) = HY(C,7Z) @7 R/Z.
This is done via the isomorphisms H!(C,R) = H%!(C), obtained as the
composite H'(C,R) — H'(C,C) — H®'(C), and H*(C,R)/H(C,Z) =
HY(C,7Z) @z R/Z. We consider fc z as an element of this tensor product.

The second invariant eg ¢ is defined as the extension class of a short
exact sequence of mixed Hodge structures as follows. Let 7 : S — S be
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a blow-up of S along the singularities of the image of C, i.e. a birational
morphism such that i’ : ¢ — S’ is the inclusion map and 7 o4’ = i. The
long exact sequence in relative cohomology for the couple i’ : C' < S’ then
leads to the short exact sequence

HY(C,7)

2 2
m — H (S/,C,Z) — H (S/,Z)C — O,

(1) 0—

where
H%*(S',Z)c = ker(i"" : H*(S',Z) — H*(C,Z)).

There is naturally the same sequence with complex coefficients; the impor-
tant point is that it is a short exact sequence of mixed Hodge structures.
Let

H*(S,Z) C H(S,Z)
be the orthogonal of the Néron-Severi group NS(S) C H?(S,Z) (the sub-
group generated by classes of curves), i.e. the kernel of the map

(NS(S),-) : H*(S,Z) — Z

given by the intersection pairing (-,-) on H?(S,Z). This is the transcendental
part of H2(S,Z) and by definition it remains invariant under birational maps.
Since a class in H?(S,Z), naturally vanishes when pulled back via i* to
H?(C,7Z) and there is an inclusion 7*H?(S,Z) C H?(S',Z), we obtain the
inclusion map

t:H*(S,Z)y — H*(S',Z)c.

Again, this is also defined for the cohomology groups with complex coeffi-
cients, and the inclusion ¢ is actually a morphism of Hodge structures. Also
note that H'(S’,Z) = H'(S,Z); but to make the notation easier let us as-
sume for the moment that S is regular (otherwise we just keep writing the
quotient on the left).

Now the sequence (1) pulls back via this inclusion map to the sequence
(2) 0— HY(C,Z) — H*(S',C,Z)y — H*(S,Z)sx — 0,

where H?(S’,C, 7). is the fibered product of H?(S',C,Z) and H?(S,Z),
over H?(S',Z)¢. Because (2) is an exact sequence of mixed Hodge structures,
there is a section o7, of the sequence (2) that preserves the integral structure,

oz(H?*(S,Z)y) C H*(S',C, L)y,

and a section o that preserves the Hodge filtration,
op(FPH?*(S)y) € FPH*(S', Oy

The difference of these two sections will be viewed as a map

VY =op —oy: H*(S,C)y — HY(C,C).
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Evidently ¥ depends on the choice of the sections, but in the quotient
J(Hom(H?(S)w, H'(C))
L Homc (H?(S,C), H(C, C))
o FO HOIHC(HQ(S, C)tra H? (07 C)) + HomZ(HQ(Sa Z)trv HI(C’ Z))
it does not. This complex torus is isomorphic to Ext}, p;o(H?(S)t, H(C))
and therefore parametrizes the extensions of the sequence (2). Again we will
write it as a real torus: firstly we have
Home (H*(S,C)w, H'(C,C)) = H*(S,C);. ®c H'(C,C)
(and the same for Homy) and
FOHome(H?(S, C)yr, H'(C, C)) = F*(H?(S,C);, ®c H'(C,C)),
where in the last expression F'® is now the usual Hodge filtration and the
right hand side is seen as a Hodge structure of weight 3. Secondly, just as
for the Jacobian of the curve C', we may identify
H?(S,C)f. ®c HY(C,C)
F2(H?(S,C);, ©c H1(C, C))
and then write
HQ(Sa R):r ®RrR H' (07 R)
H2(S,Z)}, @z HY(C,Z)
Green considers the extension class eg ¢ as an element of this tensor product.
If we keep track of the irregularity, we get an element eg ¢ of

HY(C,Z)
H*(S,2)}, ®7 —=—+ @z R/Z.
Now the construction is almost done. Remark that if Zy € ker(albg), then
the Abel-Jacobi invariant pc(Z) must vanish under the map
iv 1 J(C) = HY(C,Z) 7 R/Z — Alb(S) = H(S,7) ®7 R/Z,

that is, uc(Z) € ker(i : HY(C,Z) — H'(S,Z)) ®z R/Z.
Use now the pairing

=~ H*(S,R);, ®r H'(C,R)

~ H?%(S,Z); @z H'(C,Z) @7 R/Z.

HY(C,z)

ker(i. : H'(C.Z) — H'(S.2)) @z g7y

— 7

to contract fc z and eg ¢ to an element
foz-esc € HX(S,2);, @z R/Z @7 R/Z.

Green defines U2(S) C H?(S,Z);, 2 R/Z @7 R/Z as the subgroup gen-
erated by all elements fc 7 - esc such that i.Z = 0 as a O-cycle of S. The
higher Jacobian J2(S) is defined as

H%(S,2), @z R)Z &7 R/Z
J3(S) = (5,2); ng(s)/ 2R/
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and the map
3 : CHo(S)a — J5(S)

is then defined as follows: if Zy € Z4(S)a, choose a curve C', a morphism
j: C — S, and a cycle Z on C homologous to 0 such that j.Z = Zj.
Then define 13(Zp) as the image of fc.z -esc in J2(S). By definition of
U3 this image does not depend on the choices of C' and Z. If now Zj is
rationally equivalent to 0, for some C' and Z, we may assume that Z is
rationally equivalent to 0 in C, and it follows that fc z = 0. Hence for this
choice fo z-esc = 0, which shows that 13 defined above on Z((.S)., factors
through rational equivalence.

2.2. Construction of 1. Let X be a smooth projective complex three-
fold. Let Zy be a 0-cycle of degree 0 in the kernel of the Albanese map:
albx(Zp) = 0 € Alb(X). Choose a smooth ample surface S C X containing
supp(Zp): by the Lefschetz hyperplane theorem H'(X,Z) = H'(S,Z), so
Alb(X) = Alb(S) and since albx(Zy) = 0, we have albg(Zp) = 0.

Let ¢ : C'— S be a smooth, but not necessarily connected curve, which
maps generically one-to-one onto its image i(C) on S, and Z a 0-cycle sup-
ported on C such that i.(Z) = Zp.

In general, we will consider all smooth surfaces j : S — X and smooth
curves i : C' — S carrying a O-cycle Z such that (j 0 i).(Z) = Zp and
albg(i«(Z)) = 0.

Given such S, C and Z we can apply Green’s construction of the higher
Abel-Jacobi map 2 for a 0-cycle on a surface. Let now j, : H?(S,Z) —
H*(X,7Z) be the Gysin morphism induced by j : S — X and also let

ju s HX(S,2)}, — HY(X,Z)/j. NS(S)
be the induced map on the quotient.

DEFINITION 2.1. H*(X,Z)f, = H*(X,Z)/{j. NS(S)) for all j : S — X,
where S is a smooth surface.
We have the projection
H4(X,7)
T ——
J« NS(S5)
DEFINITION 2.2. Let U3(X) be the group generated by all j.(es o fo.z)
for which (j 0i).(Z) =0 as a 0-cycle of X. Let

HYX,Z)}, @z R/Z @z R/Z

®zR/Z @z R/Z — H*(X,Z)}, 7 R/Z @7 R/Z.

LEMMA 2.3. The projection of j.(es.c - foz) into J3(X) is independent
of the surface S chosen in the construction.
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Proof. Suppose Z1, |Z1| € Cy o, S1 ELR X, and Zs, |Z3] C Cy I, So EE
are both 0-cycles mapping to Zy on X. Then Z; — Z5 with

|Zl —22’ C 01|_|02i/>51|_|52i>X
obviously satisfies (j' 04).(Z1 — Z2) = 0, and we have

jl*(esl,cl ’ fC’l,Zl) - jQ*(eSQ:CZ : fCQ,Zz)
= ji(e&USQ,ClUCz ) f01U027Z1—Z2) € US(X) u
So, by the independence from the choices made, this defines a map
U3 ker(albx) — J3(X),  Zo— [ju(esc - fo,2)],
which factors through rational equivalence. For if a cycle Zj is rationally

equivalent to 0, then there is a smooth curve C = X and a cycle Z rationally
equivalent to 0 in C such that i,Z = Zj. Then since foz = 0, i'(Z) is
Albanese equivalent to 0 in S, and furthermore we have j.(esc - fc,z) =0

for any C' LYSEN X, with S a smooth surface.

3. Construction of 1/)%. In this section we construct the higher Abel-
Jacobi map 93 defined on ker(¢3). We consider three extension classes
dx s, es,c and fc z, each one reflecting a codimension one subvariety in its
ambient variety. The classes eg ¢ and fc z are basically those of Green’s con-
struction from the previous section, but in order to contract them with dx g
we exploit the fact that they lead to an invariant that vanishes on J3(X).

The extension class dx g introduced here (see Definition 3.7) is not de-
fined via Carlson’s method, but instead by considering the graph I'; of the
morphism j : S — X. Modifying it by the (2,2)-Kiinneth component of
the cycle class of the diagonal Ag C S x S and the (3,3)-component of
Ax C X x X to obtain a homologically trivial cycle permits us to take its
A-J invariant on Griffiths’ intermediate Jacobian—however, for a technical
reason (basically because the Hodge conjecture is still a conjecture), it does
not work quite like this and we have to make a detour through Deligne
cohomology in order to carry out our construction.

Then we define the contraction of dx s, esc and fc 7z to dx s-esc- fo,z
and the higher Jacobian J§(X). This Jacobian is a quotient of J3(X) ®z
R/Z®7R/Z, where J3(X) is Griffiths’ intermediate Jacobian of X, and first
of all we must quotient by the image of the Abel-Jacobi map

¢x + Z1(X)hom — Jg(X)
in order to make this contraction well defined (see Lemma 3.9).
Finally, we show that the map 1/1% is independent of the chosen curve

and surface, and that 0-cycles rationally equivalent to zero are mapped to
(0) € J3(X).
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Let Zy be a 0O-cycle in the kernel of the map 3 : ker(alby) — J3(X).
For an appropriate choice of Z — C' — § we construct invariants

dX7S S J3(X)AJ 7z Hz(Sa Z)?lew’
€s.C - fC,Z € HQ(Sa Z);kr,new Xz R/Z ®z R/Z’

which we contract to an element lying in J3(X)a; ®z R/Z®?. This element
is then projected onto a certain quotient Jj(X) to obtain our third Abel-
Jacobi invariant of the 0-cycle Z.

The invariant eg ¢ - fc,z is essentially the one from Green’s construction
for O-cycles on surfaces. We show how to obtain dy g. Let I; C S x X be
the graph of the morphism j : S — X. It has its cohomology class [I}] in
HS(S x X,7).

Let Ax C X x X be the diagonal in X x X, and let [A3] = idgs(x z)
be the component of [Ax] lying in H3(X,Z) ®z H3(X,Z) in the Kiinneth
decomposition of H®(X x X,Z). Note that [As] is a Hodge class (i.e. it
maps to H33(X)), but it is not necessarily an analytic (algebraic) cycle
class.

Let Ag € S x S be the diagonal in S x 5, and let [As] = idg2(g7)
be the component of [Ag] lying in H?(S,Z) ®z H?(S,Z) in the Kiinneth
decomposition of H*(S x S,Z). Note that [As] is not only a Hodge class,
but by a result of Murre ([Mur]) it is also analytic (algebraic).

We recall that for any complex analytic manifold X there is a short exact
sequence

(3) 0 — J*7H(X) — HP(X, Z(p)) — Hdg*(X) — 0,

where

JPHX) = _H2p71(X’ L)

FrH?P-Y(X) + H>* Y(X,Z)
is the pth Griffiths intermediate Jacobian of X, Hp denotes Deligne coho-
mology, which is defined as the hypercohomology of the complex of sheaves
on X

Z(p)p:O—>Z(p)—>(’)X—>Q}(—>-~—>Q§(_l — 0,

and Hdg? (X) are the Hodge classes {n € H*(X,7Z) : a,n € HPP(X)},
with o, : H®(X,Z) — H?*(X,C) the natural map (see [EV] and [GMV]
for descriptions).

For two classes S'in X x Y and T'in Y x Z (which may be cohomology
classes in H*(X x Y'), Deligne cohomology classes in H;(X x Y'), or cycle
classes in CHP(X x Y) resp. ... (Y x Z)) we define the composed correspon-
dence S o T := p13.{pjsS - P33T} on X x Z. Here “” denotes cup product,
the product in Deligne cohomology and intersection product of cycles, re-
spectively, and the p;; are the various projection maps from X XY x Z (see
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Chapter 16 in [Ful]). In the case of Deligne cohomology, we will denote the
composition by “op”.

Now, since I'; and Ay are both algebraic cycles, we can compose them
to obtain I'j o Ay C S x X, with [Ij o Ay] € HS(S x X,Z).

LEMMA 3.1. [A3]o[[jo Ayl =0 on S x X.

Proof. This is clear by reasons of cohomological degree. =

For the cycle I'; o Ay we have the Deligne cycle class map
clp : CH*(S x X) — HY(S x X,Z(3)), Tjo Ay [Ijo Aslp,

which is compatible with the usual cycle class map cl, i.e. [I; o Ag]p goes
to [Ij o Ag] in the short exact sequence

(4) 0— J(S x X) — HS(S x X, 7(3)) — Hdg’(S x X) — 0.

Since we do not know whether [As] € Hdg®(X x X) is algebraic, we cannot
use the Deligne cycle class map, but we can still lift it to a class [As|p €
HY/(X x X,Z(3)) via the sequence

(5) 0—JY(X xX)— H(X x X,Z(3)) — Hdg®(X x X) — 0.

Then it is clear that [As]p op [[ o As]p € HS(S x X,Z(3)) will map to
[As]o[Ijo Ag) € Hdg®(S x X)), which we have just proven to be zero. Hence
[As]pop [Ijo Ag]p is in fact an element § € J*(S x X) = J(H?(S x X)). We
introduce a convenient notation for the Jacobian of a (pure) Hodge structure
of odd weight:

DEFINITION 3.2. Let (Vz, F'*) be a pure Hodge structure of weight 2k—1,
i.e. Vz is a finitely generated free abelian Z-module and there is a decompo-
sition

Ve:=Vz®2C = @ VP,
p+q=2k—1

where VP4 := FPVeN F4V is defined via the Hodge filtration F'®*. Then we
put
 FRVe+ Vg

Now using the Kiinneth decomposition H?(S x X) = 215):0 HP(S) ®
H’>"P(X), we obtain a natural projection from J(H’(S x X)) to

J(H*(S) ® H3(X)) = H}(X,Z) @7 H*(S,Z) @z R/Z,

J(V):

and a further projection to
S X)) L BT H(S7)
JHA(X) " jHY(S)) ~ jH(S,Z) " FH(X,Z)

Rz R/Z
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(see Lemma 1.2 in [Grel] for these isomorphisms) The projection ¢’ of § in
(X ) &, HASL)
(S) “F XY

this quotient can be seen as an element of

LEMMA 3.3. 0’ is independent of the lzftmg [As]p of [As].

Proof. Suppose that we had chosen a different lifting [As]p + v, v €
J?(X x X). We work with the projection maps from S x S x X x X. We
have

p34([Aslp + v) -0 pas[Tj]p - pra[Aalp
= (p34[As]p + p34v) -p P33 L] D Pia[A2]p
= P54 [As]p D P33 (1] D Pla[Ao]p + p34v - p33[I]] - Plo[A2]
in HI2(S x S x X x X, Z(6)), since the intermediate Jacobian is an ideal of
square zero (see Proposition 7.10 in [EV]), and where - denotes the action

of a cohomology class on the intermediate Jacobian. Now via the Kiinneth
formula we have the decomposition

ve (X xX)=JH X x X)) @J (H'(X) @ H7V(X)).

The class [I}] acts on J(H?(X x X)) as j* x idx (see Proposition 16.1.1
in [Ful]), and the class [As] kills all the components other than J(H?(S) ®
H3(X)). But anything in the image of j* : H?(X) — H?(S) goes to zero in
the quotient defined above, so we are done. m

LEMMA 3.4. & is independent of the choice of the representative Ay €
CH?(S x S) of [A2].

Proof. The proof is similar to the previous one. Murre stresses in his
paper [Mur, Section 5] that the choice of Ay as a cycle class is not canonical.
What is clear, however, is that such a representative will be sent to [Ag] €
H*(S x S,7), and so again any two representatives will at most differ by an
element i € J3(S x S) when mapped into the Deligne cohomology group
H3(S x S,7(2)).

The difference from the previous proof is that p will be pushed forward
via the graph of j, not pulled back, but this kind of element will be taken
care of by the quotient H3(X)/j,H'(S). We obtain

P34[A3]D D pa3[Ljlp - Pra([A2]p + 1)
= p34[As]p -p P3[I]D D Pla[A2]D + p34[As] - p23[I] - prap
in HE(S x S x X x X,Z(6)). We have the decomposition

pe JH3(S x S)) @J (H'(S) @ H371(S)).
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Now [Ij] acts on J3(S x S) as idg Xjx, and this time [A3] only leaves
J(H?(S) ® H3(X)), which completes the proof. m

We have to work a little more to obtain our final invariant dx s.
DEFINITION 3.5. Let H2(S, Z)new = ker(jx : H*(S,Z) — H*(X,Z)).
Then we have H?(S,Z)} ., = H*(S,Z)/j*H?*(X,Z). In order to contract

new
dx.s and esc - foz to dx.s - esc - fo.z, we quotient J3(X) by the image of
the Abel-Jacobi map ¢x : Z2(X)pom — J3(X), where Z2(X)pom denotes
the group of codimension two algebraic cycles of X which are homologically

equivalent to zero.
DEFINITION 3.6. J3(X)ay := J3(X)/im(¢x).
Note that im(¢x) D j«H'(S,Z) @z R/Z = j. Pic’(S).
DEFINITION 3.7. We define dx g to be the projection of ¢’ in
J3(X)ay @z H*(S,7)"

new:*

We now specify our choice of C' and S: since by assumption Zj lies in the
kernel of the map 1/13, we know that there exists a surface .S, a curve C' and
a lifting Z of Zy such that the invariant esc - fo,z € H?(S,7)f. @z R/Z%?
belongs to H?(S, Z)}; yew ©z R/Z¥?, where

. ,_ o . H*(S,z) HYX,Z)
H?(S,7) := ker (]*.Hz(S,Z)tr_ NS j*NS<S)>.

tr,new
Lift esc - fc,z to an element in H2(S, Z)new ®z R/Z®2. This lifting will
depend upon the choice of an element a € ker(j, : NS(S) — H*(X,Z)). In
order to have a well defined contraction between dx s and es ¢ - fc,z via the
pairing H?(S, 7)., ®z H?*(S, Z)new — Z, we must prove the following:

new

LEMMA 3.8.
dx.s-esc - foz € J2(X)as @7 R/Z¥?
is independent of the element o chosen in the lifting.
Proof. We can view
J3(X) H?(S,Z)

e
5, Picd(S) 7 jFHA(X,Z)

as an element

J3(X
= Hom<H2(S, Z) Nker jy, #)
J« Pic”(.9)
We now prove

LEMMA 3.9. The restriction of &' (the coboundary map in the diagram
below) to NS(S) Nker j. is equal to the composition

¢x 0 ji : NS(S) Nker i — Z(X)pom/is Pic’ () — J*(X) /5. Pic’(S).
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Proof of Lemma 3.9. Consider the action of
§ = [As]p op [I'j]p op [A2]p

on a class a € NS(S) Nker j, € NS(S) = Hdg?(S), which we can lift to an
element & € HA(S,Z(1)) = Pic(S):

0 — Pic?(S) —— H2 (S, Z(1)) — Hdg*(S) —=0
op[Aa]p id
0 — Pic’(S) —— H2(S,Z(1)) — Hdg*(S) —= 0
g op[I3]p=1j. g
0—— J3(X) —— HA(X,Z(2)) — Hdg*(X) —=0

id opl[Asz]p

0— J3(X) —— HA(X,Z(2)) — Hdg*(X) —=0

Since j.«(a) = 0 € Hdg*(X), j.(@) gives an element of J3(X), which is
precisely the Abel-Jacobi image ¢x (j«(a)) (see Proposition 1 in [EZ], for
example), and which is well defined up to an element in j, Pic’(S). m

But since we have quotiented by the image of the Abel-Jacobi map ¢x
in the definition of dx g, we see that the choice of a makes no difference in
our construction; this completes the proof of Lemma 3.8. u

Now we can define the higher Jacobian J3(X) and the corresponding
map 1[)§ for O-cycles on X:

DEFINITION 3.10. Let U3(X) be the group generated by all dx s - es,c -
fc,z for which (j 0 7).(Z) =0 as a O-cycle of X, let
J3(X)ay @z R/Z®2
U3 (X) ’

J3(X) =
and define the map
U3 ker(93) — J3(X),  Zo— [dxs-esc - foz)
What remains to be shown in order to have a well defined map is this:
LEMMA 3.11. ¢§’(Zo) 1s independent of the choice of the surface S.

Proof. The proof is like the one of Lemma 2.3: suppose again that Z; —
C1 — S1 and Zy — Cy — Sy are both 0-cycles mapping to Zy on X. Then
we immediately have
dxs1 - €81,01 - for,20 = dX.8;  €5,,05 * [C2, 2
= dx,8,U8, * €81085,C10Cs - fer0Cs,21-7, € US(X).



A higher Albanese map 123

Finally, we mention that—for exactly the same reason as 3 in Sec-
tion 2—the map 1/)??,’ factors through rational equivalence, and so indeed
defines a map from ker(¢3) C CHo(X) to J3(X).

4. A formula for the pull-back of holomorphic 3-forms. In this
section we prove that Mumford’s pull-back of a holomorphic 3-form on X to
a variety parametrizing O-cycles on X can be computed with our three Abel—
Jacobi invariants—this is Theorem 4.5. We change our point of view: instead
of considering fized 0-cycles, curves and surfaces, we now let them vary in a
family parametrized by an open complex ball B. This allows us to consider
the cohomology groups used before as local systems and the Abel-Jacobi
invariants as maps from the base B which we can then differentiate using the
Gauss—Manin connection. First we give a definition of Green’s pull-back of a
holomorphic form in order to state the theorem. Then we prove the theorem.
The homomorphisms dig, de and dfc are derived from the Abel-Jacobi
invariants (53(7 g» es,c and fc z of the previous section, and at each step we
describe the action of these maps geometrically (see Propositions 4.6, 4.9
and 4.12). Combining these three steps finally leads to our formula.

4.1. Statement of the theorem. We let our curves and surfaces vary in
families parametrized by the same open complex ball B. Consider the fol-
lowing situation: Let C and & be smooth complex varieties with proper
submersive holomorphic maps 7 and ¢ to B of relative dimensions 1 and 2,
respectively. Let i : C — S and j : § — X x B be analytic morphisms
making both squares in the diagram below commute:

c—es—.pxxx
T
B B B

Let s1,...,sny be holomorphic sections of 7 : C — B, and let my,...,my
be integers such that the 0-cycle

N
Zb = Z mlsl(b)
=0

satisfies the following conditions for all b € B:

1. It is of degree 0 on each component of the curve Cp,

2. 1y Zp is Abel-Jacobi equivalent to 0 in S, and

3. Juelen - f5) = 0 in HY(X,Z)/ s NS(Sp) @z (R/Z)%?,
where e, = es, 0y, fv» = fo,.2,, and ey~ fp € H?(Sy, )}, @7 (R/Z)%? is Green’s
contraction introduced in the previous section.



124 L. Schneider

We would like to differentiate the invariants (ep)pep with respect to the
parameters. However, since the groups H?(Sjy,Z )i do not form a local sys-
tem (the Néron—Severi group may jump), we cannot do that.

Instead, let e = e/Sb,Cb be the extension class of the short exact sequence
of mixed Hodge structures

H'(Cy) 2 2
6 0— ——~ — H*(S, C H*(S 0
( ) _)’LzHl(Sb)—) ( bs b)_> ( b)cb_) )
where H?(Sy)¢, = ker(i : H2(S,) — H?(C})). Identifying the intermediate
Jacobian in which e} lies with its underlying real torus, we have
el e Hl(cba Z)
b i HY(S), Z)
HY(Cy,Z) _ H?(S),Z)
= z
iy HY(Sy, Z) (Chr)
where the C, are the components of the curve Cj,. We know that the pre-
vious invariant e, is obtained by projecting e via the quotient map
H*(Sy,Z)  H?(Sy,Z)
—
(Cor) (NS(S))
Now since the first two quotients in the last expression above are locally
constant, and B is simply connected, we have natural identifications

Hl(cb)Z) ~ Hl(007Z) and Hz(‘s’baZ) ~ HQ(S(%Z)

i HY(Sy,Z) iy HY(So,Z) (Cory  (Copy
Next, the Abel-Jacobi invariant

fo=alb(Zy) € J(Cy) = H'(Cy, Z) @2 R/Z

belongs to H'(Cy,Z)new ®z R/Z by our second assumption, where
HY(Cy, Z)new := ker(ips : H(Cy, Z) — H3(Sy,Z)). The groups H*(Cy, Z)new
form a local system, and as above we identify canonically H'(Cy, Z)new =
HY(Co, Z)new- So now we can view (€, )pep and (fy)pep as maps
H1(007Z) HQ(S(%Z)
FH(S0,Z) -7 (Coy

®z (H*(Sy,Z)c,)* ®zR/Z

®z R/Z,

= H?*(S,Z)}..

¢:B—

®zR/Z, b+ eg,

and
f:B_)Hl(CO’Z)neW(gZR/Z’ beba

which are differentiable—in fact they are even real-analytic, since we know
by Griffiths’ results that the Abel-Jacobi invariants vary holomorphically in
the family. Differentiating these two functions gives maps

H1(007Z) H2(SO)Z)

de' : TR -
© BT HY (S0, 2) T (Coy)

®z R
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and
df : T — H*(Co, Z)new @z R,
and by adjunction real differential forms
HY(Cy,7) H?(So,7)
GH(S0,2) “F " (o)

de' € Z QE

and
df € Hl(c()a Z)new Xz QE

REMARK 4.1. Instead of trivializing the local systems and differentiating
the functions b — e}, b — f;, we could have introduced the Gauss—Manin
connections V on the local systems considered, and applied them to our
sections ej and f,. The two points of view are equivalent and both will be
adopted in what follows. The advantage of the second point of view is that
one does not need to distinguish a point 0.

Finally, contracting via the natural pairing between H'(Co,Z)pnew and
HY(Cy,Z))isHY(So,Z) = HY(Cy,Z)} ey, and using wedge product for 1-
forms, we obtain a real 2-form

(7) de' Ndf € N*Qf @z H*(S0,7)/(Co.r).-
Now we do the following: Firstly, by the duality
H?(S0,2)/{Coy) = (H*(Sp, Z)c, )",
this 2-form can be viewed as an element
de' A df € Homz(H?(Sy, Z)c,, N> 2%),
which gives, by C-linear extension, an element
de’ A dfc € Home(H?(Sp, C)c,, N2025).

Secondly, it follows from our third hypothesis that the 2-form (7) actually
takes values in

N’ 02 @ ker <j0* :

H*(S0,7)  H'(X,Z) )
<CO,1"> jO*(NS(SO)) ’
so that our homomorphism de’ A dfc in fact vanishes on
G (H*(X,C) N (jo.(NS(S0)) ™))

In particular, it will vanish on j; H 20(X), which will be crucial for a pairing
to come later, since we will be dealing with a complex 2-form of type (2,0)
on the surface Sy which is only defined up to the pull-back of a (2, 0)-form
on X.

We will similarly need to differentiate the third Abel-Jacobi invariant:
Recall that )

= H (Sba Z)

T H3X.Z)s )* @7 R/Z
b j;HQ(X,Z) ®Z< < ? )Sb) ®Z / ?
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where
H(X,Z)s, = ker(jy : H*(X,Z) — H*(Sy,Z)).
The groups H%(Sy,Z)/j; H*(X,Z) and H3(X,Z)s, form a local system,

hence we have natural identifications

H?%(S,,Z) H?(S),Z) 3 3

- = — and H°(X,Z)s, 2 H°(X,Z)g,.

GHAXT) . RHAX D) B, S B
This allows us to view ¢’ as a map

H2 (SO) Z)

JoH?*(X, Z)
which again by Griffiths’ results is differentiable and even real-analytic. Its
differential is a map

B — @7 (H}(X,Z)s,)* @z R/Z, b+ 3,

HQ(S(% Z)

s’ - TR —
BT HA(X, )

Rz (Hg(Xa Z)So)* Rz Ra

or a real 1-form
H 2(So, Z)
JoH*(X,Z)
This 1-form in turn can be viewed as an element
H2(507 Z) R)
Sos s v o @z 25 ),
v HA(X,Z) "

o' e ®z (H3(X,Z)s,)" ®z 25.

dé' € Homg, (HS(X, 7)

and again, by C-linear extension, as

H2(50,€)

JoH*(X,C)
The main result of this section concerns pull-backs to B of global holo-

morphic 3-forms on X. Before we can state it, we need a lemma. Note that

simply by reason of type, a (3,0)-form w on X will vanish when pulled back

to the surface Sj, so that its class [w] belongs to H3(X,C)gs,. Hence we

can apply our homomorphism dd( to it, and the following statement makes
sense:

dé € Home (H3(X, C)s,, ®c Qg).

LEMMA 4.2. Let w be a form of type (3,0) on X. Then at 0 € B,
H>Y(S)) H?(S),C) C

72,0 ) ®c 25 0-
JoH*(X) joH*(X,C)
This lemma is an immediate consequence of Proposition 4.6, which gives

an explicit description of the map dd and will be proved later in this section.
Assuming it and using the remarks made after the definition of

de’ A dfc € Home(H?(So, C)cy, N 25),

Ao ([w]) € ®c 254 C
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it follows that de’ A dfc(dog([w])) € !2%7076 is well defined. Here we use
contraction and wedge products of forms. Notice that, as mentioned in Re-
mark 4.1, Lemma 4.2 holds true at any point (with O replaced by b € B
everywhere), so that the construction in fact works over B and thus pro-
vides a 3-form on B.

DEFINITION 4.3. We call
dd’ Nde' A df ([w]) == de’ A dfc(dog([w]))
Green’s pull-back of the holomorphic 3-form w on X to B.

Next, following Mumford [Mum], another way to obtain a 3-form on B
from one on X is this: Define the maps

f; =prygojoios;:B—X, i=1,...,N,

and recall that my, ..., my are the coefficients of the 0-cycles
N
Zy = Zmisi(b)7 b€ B,
i=0

on the curves Cjy,.

DEFINITION 4.4. We call
N
M*(w) := Z m;0; (w)
i=0

Mumford’s pull-back of the holomorphic 3-form w to the variety B parametr-
izing 0-cycles on X.

Now we can finally state our main result of this section:

THEOREM 4.5. Let w be a holomorphic 3-form on X. Then dd§' A de' A

df ([w]) is holomorphic and equal (up to sign) to M*(w), i.e. Green’s and
Mumford’s pull-backs of w to B are the same (up to sign).

4.2. The proof of Theorem 4.5. For the proof, we shall use the following
alternative description of the Abel-Jacobi invariants e’ and ¢'.
Let ¢ : X — Y be a morphism of smooth projective varieties. There
is a mixed Hodge structure on the relative cohomology groups H*(Y, X, Z)
which fit in the long exact sequence
= H*(Y,X) - H*(Y) - H*(X) - H"'(V,X) — ---

This sequence splits into short exact sequences of mixed Hodge structures
H*Y(X)
FHI(Y)
where as usual H*(Y)x = ker(H*(Y) — H*(X)). It is known by results of
Carlson [Carl, Car2] that this exact sequence of mixed Hodge structures is

0— — H*(Y,X)— H(Y)x — 0,
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described by its extension class
H*Y(X)
eJ|H H(Y)x,————— ] |.
e G Gy
It turns out that these extension classes are exactly the Abel-Jacobi invari-

ants associated to the cycle I'y, = graph(¢) of X x Y. From now on we will
use this fact freely.

STEP 1: The action of dd¢. Let w be a holomorphic 3-form on X, let Qg
and !2"; denote the sheaves of holomorphic k-forms on B and S, respectively.
Define H?g = R?p,C ® Op, and let ’H?X be the trivial bundle over B with
fiber H?(X,C). Consider the following sequence of sheaves on S, defining K:

(8) 0—>K—>Q‘?§£>Qk29/B®Q*Q}BHO.

We project the section j*w of £23 to the section p(j*w) of Q?S/B ® 0* 2%,
further via g, to a section still denoted by p(j*w) of

* 2,0
0:82% )3 ® 0:0" 2 = Hg" ® 02 C HE © 25,

and finally via the projection ’H?.;’O — H?g’o / j*Hi’O to a section
2,0
a(w) € — S ® 2p.
Ty
Here H?S’O C ‘H% and Hi’o C H% are the Hodge bundles with fibers H%°(Sy)
= HO(_Q?%) C H%*(Sy,C) and H?>°(X) C H?(X,C), respectively.

PROPOSITION 4.6. Let w be a holomorphic 3-form on X. Then for any
b € B we have the equality

doc([w])e = a(w)s
via the inclusion
H?9(S,,C) H?(S,,C) c . H*So,0C)
i H?0(X,C) JPHA(X,C) "C TP T G H (X, C)
Proof. By Carlson’s description of 5’X7 s, @s an extension class it is the
class of o — 07 in the quotient

(9) Home (H*(X, C)s,, H*(S, C)/jy H?(X, C))

FOHomg(+, ) ® Homg(+, -) ’

where F*® is the natural Hodge filtration on the homomorphism group, and
Homy is the integral structure on the homomorphism group. Here

oF : H?’(X7 C)s, — H3(X, Sy, C)

®c Rpy C ®c 25 -

and
oz H3(X,Z)s, — H*(X, Sy, Z)
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are splittings of the sequence
H?(S)
JpHA(X)
which preserve the Hodge filtration and the integral structure, respectively.
The identification of the Jacobian (9) with its underlying real torus
Homg (H*(X,R)s,, H*(S, R) /s H* (X, R))
Homy (H?(X, Z)s,, H*(Sy, Z)/j*H*(X, Z))
comes from the identification
Homc¢ (H?3(X,C)s,, H*(Sy,C)/ji H*(X,C))
FOHomc¢(H3(X,C)g,, H?(Sp, (C)/jl’;H2(X, C))
>~ Homg (H?(X,R)s,, H*(Sy, R)/ji H*(X,R)).
This isomorphism translates into the fact that there is one and only one
real splitting that, when complexified, also preserves the Hodge filtration.
We call this splitting o r.
Hence we conclude that the Abel-Jacobi invariant we want to differenti-

ate, which is the Abel-Jacobi invariant 5’X7 s, seen as an element of the real
torus

(11) Homgz(H*(X,Z)s,, H* (S, Z)/j*H*(X,Z)) @7 R/Z,
is the class of
or r — oz € Homp(H?*(X,R)s,, H*(Sy, R)/H*(X,R))

in the quotient

(10) 0— — H*(X,S}) — H*(X)s, — 0

Homp (H3(X,R)s,, H2(S), R) /j;y H2(X,R))
Homy (H3(X, Z)s,, H?(Sp, Z)/jl;“HQ(X, 7)) '

Now, starting from the cohomology class [w] € H3%(X), we have a class
or p([w]) € F3H3(X, Sp); on the other hand, since Jpw = 0on Sy for all b, the
(3,0)-form w also determines a class in H3(X, S), which is easily seen to vary

holomorphically with b, so that we get a section w of the bundle H_:);(’OS, the

holomorphic vector bundle over B with fiber H>?(X,S,) ¢ H?(X, Sy, C).
We have

LEMMA 4.7. For any b € B, the equality or rp([w]) = @y holds.

Proof of Lemma 4.7. We have F3(H?(Sy)/ji H*(X)) = 0. Since the class
[w] belongs to F3H3(X), any Hodge lifting of [w] belongs to F3H3(X, Sp).
Since

H2(S,) H2(Sy)
F3H3(X,S) N el = 3 20—,
(X, 5b) jH2(X) jH2(X)

the Hodge lifting of [w] is unique. Hence w and o pj must coincide. =
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Recall (see Remark 4.1) that ddg is the C-linear extension of Vi’ g ,
where V is the Gauss—Manin connection applied to the family of tori (11).

On the other hand, we have just shown that 63(7511 = opRr — 0z modulo
Homy (H3(X,Z)s,, H*(Sy, Z)/j; H*(X,Z)). Since o7 is integral, hence flat,
we get Vd’X’Sb = Vopg.

Next, since [w] gives a flat section of the bundle H3 with fiber H3(X)sg,,
we find that

Vorr(w]) = V¥ (orz([w)]).

Here, on the right hand side, the Gauss—Manin connection acts on the bundle
H%Q ¢ of complex relative cohomology, with fiber H3(X,S}) at b € B, but
the resulting form lies in

2 ® (Hg/HX) € Qg © Hi s,
because the projection of opg([w]) in H2 is flat. By Lemma 4.7, we have
O-F,R([w]) = 67 and
(12)  dog(lw]) = Vo g,([w]) = Vorgr(W]) = V¥ (opr(w]) = VE@).
The proof of the proposition will be complete once we have shown that
(13) VES (D) = a(w).
This follows from a general fact concerning the Gauss—Manin connection
acting on the relative cohomology of a family (cf. [Voi3]).

Let X C Y be an immersion of two families of compact differentiable
manifolds parametrized by a basis B. Let a be a closed differentiable k-form
on ) which vanishes on each fiber X;. Then « also provides a natural section
a of the bundle ’Hé“,’ y of relative cohomology. The projection of & into HS“,
is flat, so that Va belongs to (Hl)’“{_l/HS’“fl) ® 5. On the other hand, since
« vanishes on Xj, the form a projects into a section of A¥=1(X;) ® 2py for
each b € B, which is closed. Hence we get an element

play) € H (X)) ® 25,

LEMMA 4.8. The projection of p(ap) into (H*1(X})/H*1(Y3)) ® 25
coincides with Va at any point b € B.

This lemma shows equality (13) and completes the proof of Proposi-
tion 4.6. =

STEP 2: The action of dei. Recall that we have the map
de’ A dfc € Home(H?(So,C) ey, N2025).

By (12) and (13) we have
7420
dt(]) = VES@) = alw) € 25 0 D),
) tx
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so that we can calculate de’ Adfc(dog([w])) as de’ Adfe(a(w)). Now, since a(w)
is the projection of p(j*w) € H?S’O ® (2B in the quotient (H?S’O/H_%(’O) ® 2B,
we have as well
(14) de’ A dfc(dog([w])) = de’ A dfc(p(j™w)).
We begin the computation again by writing
HY(Cy,Z) H?(Sy,Z)
iFHY(S0,2) " {(Co)
as a homomorphism (after C-linear extension)

1
o e & %)
This map in turn defines an extended homomorphism

H'(Cy,C)
2 C 0 2 HC
d@éc’l (S HOID(C <H (SO,(C)CO ®(C QB7 W ®(C /\ QB)

de’ €

R
7 125

de{c € Homc¢ (HQ(S(), (C)

by the rule
(15) deg 1 (a ®c ) = deg(e) A1,
Similarly, we have

df € (ker ig, : H'(Cp,C) — H3(Sp,C)) @¢ 25,

which we view as a homomorphism
1
dfc € Hom<7lfﬂff§0% : Q%),

which can be extended to

dfcs € Hom(% ®c N 025, /\39}g>
by the rule

dfca(a®cn) = dfc(a) An.

It is clear from these definitions that

(16) de’ A dfc(p(5*w)) = —dfca(dec ) (p(5w))).

(Notice that we are not allowed to write this equality with p(j*w) replaced
by a(w), since deg ; does not act on a(w).)
So first we have to compute deg ; (p(j*w)). On C we have a natural sur-
jective morphism
q: 28— /B ® T 5.

By pulling back via j o4, the holomorphic 3-form w on X gives a section
(joi)*w of £23; we project it via ¢ to the section ¢((joi)*w) of Qé/B Q%
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further via 7, to a section still denoted by ¢((j o i)*w) of
T ® mr Q= Hp' @ 0F CHE @ 03,

and then to a section

Here Hé’o and H}S’O denote the Hodge bundles with fibers H%?(C}) and
HO(Sy), respectively.

PROPOSITION 4.9. Let w be a holomorphic 3-form on X. Then for any
b € B we have the equality

de 1 (P(57w))y = B(w)s
via the inclusion
HLO(va(C) Hl(cb)c) Hl(COa(C)
i H0(5,,C) i H' (55, C) 51 (), C)
Proof. Carlson’s description of e/Sb,Cb as an extension class says it is the
class of 0, — o7, in the quotient
Homg (H?(Sy, C)c,, HY(Cy, (C)/i;’;H1 (Sp,C))
FOHomc(+, ) + Homg(+, -) ’
where o7, and o/, are Hodge and integral splittings of the sequence
(17) 0 — HY(Cy) /i HY(Sy) — H?(Sy, Cy) — H*(Sy)c, — 0

of mixed Hodge structures.
Just as in the previous step we find that €, ., is the class of op p — 07,
in the quotient

Homgz (H?(Sy, Z)c,, H' (Cy, R) /i; H(Sp, R))
Homz(H?(Sy, Z)c,,, H'(Cy, Z) /i; H (Sy, Z))
>~ Homg(H?(Sy, Z)c,, H (Cy, Z) /i H (Sy, Z)) @7 R/Z,

where Jk  is the unique real splitting of (17) that also preserves the Hodge
filtration.

Now, by the above we have
(18) de’ = V(opg — 07) = Vopp,
since o7, is an integral, hence flat section of the bundle with fiber

Hom(H?(Sp)c,, H (Cy) /i H (Sh)).

In what follows we shall denote by 'H% C H?S the flat subbundle with fiber
H?(Sy)¢, and by Héc the flat bundle with fiber H2(S,Cp). The Gauss—
Manin connection acts in a compatible way on all of these bundles.

2 2,C ~ 2,C
Rc “QB,b c Qc QB,b = Qc QBJ)-
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Since p(w) is a section of HZ ® 2p which is closed with respect to the
Gauss—Manin connection, it follows from Leibniz’s rule (15) and the formula
(18) that

(19) dec1 (p(j*w)) = (Vo) (p(5*w)) = V(opr(pw))),

where V on the right hand side acts on the bundle Héc of relative coho-
mology.
Now, the argument in the proof of Lemma 4.7 gives as well

LEMMA 4.10. If a € H?9(Sy), the class opgr(@) € H?2(Sy,Cy, C) is the
class of the closed form a, which vanishes on Cy.

It follows from this lemma that o p(p(j*w)) € Héc ® 2% is equal to

p?u?), where the tilde denotes the lifting H*°(Sy) — H?(Sp, Cy) described in
the statement of the lemma. Combining (19) and the lemma above, we get

P

(20) det1 (p(5*w)) = V(p(j*w)),
where V on the right hand side acts on ’H%}C ® 2%, but the resulting dif-

ferential lies in (H}/i*H}) ® A% 025, because the projection of p(j*w) into
HZ ® 25 is V-closed.
The proof of Proposition 4.9 is then concluded by the following

LEMMA 4.11. We have the equality

—_—

(21) V(p(j*w)) = B(w)
in (HE)i*Hs) @ N2 025,

This lemma follows from a slight generalization of Lemma 4.8, which
concerned the Gauss—Manin connection acting on the relative cohomology
of a family of pairs. Remember that p(j*w) € H% ® 25 is obtained from
the 3-form j*w on S by observing that j*w is closed and in LlAg—here
L* A% denotes the Leray filtration on the sheaf of differential forms on S (cf.
[Voi2]). Now the form i*(j*w) on C belongs to L?2A3, so this provides on the

one hand the lifting p(j*w) of p(j*w) to Héc ® 2p, and on the other hand
the projection ¢(i*(j*w)) € HE ® 2%. The equality (21) is then essentially
the same statement as the equality given in Lemma 4.8, just for the L? level
of the Leray filtration. This completes the proof of Proposition 4.9. =

STEP 3: The action of dfc. In this third and last step we calculate
de’ A dfc(déc([w])), that is, Green’s pull-back of w. We already noted that

de’ A dfc(dog([w])) = —dfca(deg (p(7w)).
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Since by Proposition 4.9 we know that
deg 1 (p(j*w)) = Bw) € —S5 © 23,

we do this by computing dfc 2(8(w)). Recall that §(w) is the projection of
q(i*(j*w)) € 2/ ® A% 25 in (Hé’o/i*H}S’o) ® 2%. It follows that we have
in fact dfca(B(w)) = dfc2(g(w)). Theorem 4.5 then follows from this last
result:

PROPOSITION 4.12. Let w' be a form of type (3,0) on C, and q(w') the
section of Hé’o ® 2% associated to it. Then

dfc,2(q Zmz ) € 23,

This proposition is proved exactly as in [Voi3, Lemma 8], where it is
stated for a 2-form on C.

5. On the image of the map wg . In this section we use Theorem 4.5
comparing Mumford’s and Green’s pull-backs to prove the following result:

THEOREM 5.1. Let X be a 3-fold with h'0(X) = by (X) = 0 (this
implies that the maps albx and 13 are identically zero). Then if

p39(X) := dim H°(02%) > 0,

the map 3 : ker(v3) — J3(X) has, modulo torsion, positive-dimensional
1mage.

Note that the conditions are fulfilled, for example, by 3-dimensional com-
plete intersections of hypersurfaces in projective space in view of Lefschetz’s
hyperplane theorem.

The theorem is obtained by arguing that if 13 is 0, then we can find a
diagram as at the beginning of the previous section, with

(joi)eZp =t — s,
0, - ep - fr =0 for any b, and the map b — (zp,y5) € X x X is submersive.
One can then apply Theorem 4.5 together with Proposition 5.4 below to
conclude that H39(X) = 0.

More generally, Mumford’s technique of pulling back a holomorphic form
on the symmetric product X*) x X*) of the variety X, induced by a holo-
morphic form on X, to a variety parametrizing 0-cycles, in order to bound
the dimension of the fibers of a map defined on this symmetric product, can
be combined with the reasoning above to prove that if H>?(X) # 0, then
the image of 3 is actually infinite-dimensional.
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We work with the diagram from the beginning of the last section, in
which the O-cycles, curves and surfaces are parametrized by a complex
ball B. The first step in the proof of the theorem is the following result:

PrROPOSITION 5.2. Let V. C B be a smooth, real-analytic subset such
that for all b € V, the Green contraction

ey fr € J(X)ay @z (R/Z)%?
18 torsion. Then for any holomorphic 3-form w on X, the 3-form dé' A de’ A
df (Jw]) defined in the previous section vanishes on V.
Here 0, = 0 5., e = €s,,0,, and fy = fo, 7,

Proof. To make the calculation a bit simpler, we will assume that the
surface S = Sy is regular, i.e. that H'(S,Z) = 0. Let C' = Cy and let

{aiaﬁ’i}7 i:17"‘7ga
be a symplectic basis for H(C,Z). Let

{7]}7 j = 17 .. ‘7b2(5)7 and {7;}7 ] = ]-7- . '7b2(S)neW7

be respectively a basis of H%(S,Z) such that {v;}, 7 = 1,...,b2(S)new,
induces a basis of

H?(S, Z)new = ker(ji : H*(S,7) — HY(X, 7)),
and the dual basis of H?(S,Z)%., = H*(S,7)/j*H?*(X,Z). Hence by defi-

new
nition we have (v;,7;) = 0 for i # j, i < ba(S)new and (v;,7;) = 1, where
(,-) is the duality between H?(S, Z)new and H?(S,Z)/j*H?(X,Z). Finally,
let

{0n}, n=1,...,b3(X),
be a basis of
H3(X,7Z)
J«HY(S,Z)’
which is equal to H3(X,Z) by our assumption that S is regular. Then we
can write explicitly

H(X,Z)§ =

g g
fo= _¢i(b) @z i + Y _vi(b) @z B; € R/Z &z H'(C,Z),
=1

i=1

(S) g g
= {Z 0ij(b) ®z7; @z 0 + > xi5(b) @z @z ﬁz‘},
j=1 =1

=1
modulo
R/Z ®7, NS(S) @z H*(C,7Z),
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and

new

Z (32(S ®Z'7]’

”Mx

where ¢;, i, 0ij, Xij and 1y, : B — R/Z are differentiable functions.
By assumption, Green’s contraction e - fj, belongs to

 HNSZ)  HAX.Z)
ker( ji : — —
NS(S) J« NS(S)
which is isomorphic to H?(S, Z)new/(NS(S) Nker j,). This means that

Z (Z 0i(b) @z i) = Y_xij(b) ¥z ¢i(b)) ®z )

=1

belongs to (R/Z)®2 ®z H%(S, Z)new modulo (R/Z)%? 7 NS(S). Let us write
b2(S) g

Z <Z QU ®Z djz Z Xz] ®Z ¢z )) K7, Vi =a +c,

with a € (R/Z)®? @z H?(S, Z)new, and ¢ € (R/Z)®? @7 NS(S). Then

b2( )new

g g
Z (Z b) ®z V;i(b) — Z xij(b) ®z ¢i(b)) ®z Vj
j=1 i=1 i=1
modulo (R/Z)%®? ®z (NS(S) N ker j,). Furthermore, by the definition of our
contraction &) - ey - fy, it is equal (modulo (R/Z)®? ®zim(AJx)) to the con-
traction &) - a obtained by making use of the pairing between H?(S,Z)new
and H?(S,Z) /j*Hz(X Z). Hence

new

(22) 51/) “€p - fb Z Z nnj

Rz {ZQZ‘]‘( Xz wz ZXU Xz ¢z )}®Z On
=1

modulo (R/Z)®? ®z im(AJx).

We have to show that if the expression (22) vanishes modulo torsion in
J3(X)ag ®z (R/Z)®? for any point b of V, then for any w € H>?(X), the
3-form dd A de A df (Jw]) defined on B vanishes on V.

First of all, we note that this assumption means that for any v € V there
exists a non-zero integer m € N such that mo; - e; - f = 0. The formula for
d, - ey - fp now shows that the locus V;,, C V where md; - ej - f, = 0 is a
countable union of real-analytic subsets of V. The assumption says that V'
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is the union over m of the V,,’s and by Baire’s theorem it follows that V
must be equal to some V;,,. So we may assume that md, - e; - fp =0 on V.

The image of the Abel-Jacobi map. The image im(AJx) of the Abel-
Jacobi map is a subgroup of J3(X); it is an extension of an Abelian subvari-
ety J3(X)ag of J3(X), its connected component of 0, by a countable group
Griff (X). J3(X)alg corresponds to a certain real subtorus

H*(X,Z)ag @2 R/Z C H¥(X,Z) @2 R/Z = J*(X),
where the sublattice H3(X,Z)ay C H3(X,Z) has the property that the
complexification H3(X,Z)a, ®z C C H3(X,C) is contained in H*!(X) &
H'2(X), and thus is perpendicular to H>?(X) with respect to Poincaré
duality.

A special case. Assume first that the stronger condition
(23) mdy ey foy=0 in (J(X)/J(X)ag) @z (R/Z)7?
is satisfied along V. We may suppose that the basis d,, has been chosen so

that the
Ok, k< b3(X)ag = rk H*(X, Z)ag,

induce a basis of H3(X,Z)a1g. Then from (22) we conclude that

b3 ) b2 new

(24) m Z Z M (b

n=b3(X)ag+1 J=1

g
®Z{2sz( ®z (b ZX” ®z ¢i( )}®Z5n
=1

vanishes in (H3(X,Z)/H*(X,Z)a1) ®z (R/Z)®3. Now we observe that since
[w] is perpendicular to d,, n < b3(X)ale, We have

b3 (X) b2 (S new

(25) dog(w) = ) > dnng(b){(On, [wW]) @]

n:b3(X)alg+l ] 1

in H2(S, C)pew @ Qg. It follows that the coefficients 7,; with n < b3(X)alg
will not play any role in the computation of dd A de A df ([w]).

Suppose we start out with finitely many real vector spaces Vi, ..., Vy,
all of finite dimension, and that we have a relation F' =0 in V1 ®q - -- ®q
Vi ®@¢ (R/Q)®*. Taking R-bases for the vector spaces this gives a number of
equations in (R/Q)®* together equivalent to the original relation F' = 0.

Suppose next that the vector spaces are the stalks at v € V of a local
system of R-vector spaces. Gauss—Manin allows one to differentiate smooth
sections in the corresponding vector bundle. For computations, B is a small
ball so that the local systems can be considered to be trivialized in a flat
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frame and the Gauss—Manin connection then amounts to differentiating the
coeflicients in this frame. We also suppose that the relation extends over
V' C B, a real-analytic submanifold, so that it can be differentiated. Say we
have
D i (v) ®q -+ ©g iy (v) =0,
I

where I = (i,...,ix), and the v, (v) are smooth sections of V; ®q (R/Q)
(see Proposition 3 and its proof in [Voi3]). As we saw above, the relation is
equivalent to equations of the form

Zril ®q - ®q iy, =0,
I

where I = (i1,...,ix), and the ri; are smooth functions on V' with values in
R/Q. One wants to see that there is a relation

Zdvil(v) A« ANdvg, (v) =0
I

inside _Q‘k/ This follows inductively by using the next result:

LEMMA 5.3. Let wy be a smooth section of 2% ®g (R/Q)®%, and ey a
smooth R/Q-valued function on V' such that

(26) ZU‘))‘ ®gex=0
el

in each stalk of 2% ®g (R/Q)®C+1). Then

Zw,\ ®gdey=0 in 25 ®g (R/Q)®®.
el
Proof. First we may assume that V' is connected. Then, by a Baire cat-
egory argument, there is a dense subset V9 of V with the property that
any relation Y a;e;(v) = 0 over V? holds over V. Now pick a subset J C I
such that e;(vg) gives a Q-basis for the Q-span of the e;(vg). This gives ex-
pressions for e;, @ € J, in terms of the e;, j € J, with constant coefficients,
hence similar expressions for de;, i € J, in terms of the de;, j € J, say
de; = ) azjde;,i ¢ J. Substituting this in the relation (26) above, we find
Wy = — ZzQJ AWy and so
Zwi ANde; = Z [Z —aijwi} o) dej + Zwi ®Q [Z aijdej] =0,
iel jed igd igJ jeJ
which proves the result. m

The general case. We now consider the general case where md; - e fj €
im(AJx) ®z (R/Z)®2%, in contrast to (23). With the above notation, this
means that the term (24) vanishes in the quotient of (H3(X, Z)/H?(X, Z)ag)
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z (R/Z)%3 by Griff(X) ®z (R/Z)®?, where the group
H3(X,7Z) LX)
H3(X’ Z)alg J3( )alg

is countable. This implies the existence of finitely many ¢,, € R/Z such that
we obtain the following equality in (H3(X,Z)/H3(X, Z)ag) ®z (R/Z)®3:

X b2 S)new

(27) m Z Z (b

n=b3(X)ag+1 J=1

g
®Z{ZQ1’]’( ®z ¥i(b szg ) @z ¢i( )}®Z5n
=1

b3(X)

= Z Z Cnk @7 Tnk D7 On,

TL:b3(X)alg+l k

Griff(X) C ®zR/Z

where 7, € C®°(V,R/Z)®?. It is clear that the right hand side vanishes
under the triple derivative
43 C®(V,R/Z)% — N* R, f@g®h— df Adg A dh.

But if we go back to the construction of dd’ A de’ A df ([w]), we see that
it is obtained by a suitable contraction using various Poincaré dualities of
d®(0'®e' ® f ®[w]). It follows that the equality (27) has the same implication
on dd’' Ade’ A df([w]) as the equality

b3(X)  b2(S)ne

m Z an

n=b3(X)ag+1 J=1
®Z{2sz( ®z pi(b ZX” ®z ¢i( )}®Z5n=0
i=1
considered before (see (24)). So in this case we also conclude that dd’ A de’ A

df (Jw]) vanishes on V. u

Putting together Theorem 4.5 and Proposition 5.2 we obtain the follow-
ing result:

PROPOSITION 5.4. LetV C B be a smooth, real-analytic subset such that
for allb € V, the product &) - ey, - fy is torsion in J*(X)as @z (R/Z)®%. Then
Mumford’s pull-back M*(w) of the holomorphic 3-form w on X wvanishes
on V.

The other half of the proof of Theorem 5.1 is:



140 L. Schneider

PROPOSITION 5.5. Assume that h'°(X) = by(X) = 0, and that the
map 3 vanishes modulo torsion in J3(X). Then there exist data

C—=S——=BxX

(N

B B B
together with sections s; of w, and integers m;, defining a family of 0-cycles
Zy =Y, misi(b) homologous to zero on Cy, with the properties:
(a) There exists a map ¥ = (¥1,¥;) : B — X x X such that
(pry 0 j 0 i)y Zy = W1 (b) — ¥a(b)
as a 0-cycle of X, for any b € B.
(b) There is a smooth locally closed real-analytic subset V. C B such
that, for allb eV,
Gy -ev- fo=0€ (J*(X)as @z (R/Z)®?)/T,
where T is the torsion subgroup of J*>(X)ay ®z R/Z @7 R/Z, and
(c) Yy is a submersion.
Proof. Since H*?(X) = 0 = H?%(X), the maps albx and 13 are zero.
So 13 is defined on the cycles # — y, z,y € X. The assumption that ¢3 = 0
modulo torsion implies that for any x,y € X there exist a curve C and a

surface S together with morphisms ¢ : C — S and j : S — X, and a cycle
Z on C homologous to 0, such that

1. The cycle j.(i+Z) is equal to x — y as a 0-cycle on X.

2. The cycle i.Z is Albanese equivalent to 0 on S.

3. For some non-zero integer m we have mc?’Xﬁ ~esc - fez = 0 in
J3(X)aj @z (R/Z)%2.

There are countably many algebraic varieties B,, parametrizing the data
above, except for condition 3. For each such variety B,,, we have a morphism

(T W) : By — X x X

given by property 1.

And for each of these varieties the equations provided by condition 3 are
satisfied on a countable union of locally closed real-analytic subsets V;, ,,.
Our assumption is that X x X is filled in by the countable union of the
images (1", ¥3")(Vinn). It then follows from Sard’s and Baire’s theorems
that some (¥]",¥3") must be submersive at some point of some V,, ,. u

This proposition, together with Proposition 5.4, now implies the theorem
as follows:

If wg’ = 0 modulo torsion, we are in a position to apply Proposition 5.5.
On the one hand, by property (a) we see that for any holomorphic 3-form
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w on X, Mumford’s pull-back M*(w) is ¥{ (w) — %5 (w). On the other hand,
by property (b) and by Proposition 5.4, we know that M*w vanishes on V.
Finally, by property (c) the map ¥}y : V' — X x X is submersive, so the

vanishing of . . . x %
Ui (w) = Y3 (W) = W|V(P1"1 (w) = pr3 (w))

implies that pri¥ (w) — pry (w) is zero on an open set of X x X, hence w is
zero, since it is holomorphic.

In sum, we have shown that, under the assumptions h'9(X) = by, (X)
=0, if wg’ = 0 modulo torsion, then there are no holomorphic 3-forms on X,
which is just Theorem 5.1.

REMARK 5.6. One can prove that the assumption h'"® = 0 is not neces-
sary here. Indeed, the set Zj a1, C X®) 5 X*) consisting of couples (Z, Z')
such that albx(Z — Z’) = 0 is a Zariski closed algebraic subset of codimen-
sion < g := dim Alb(X) in X®) x x*) Hence we can apply the argument
alluded to in the previous remark to Zj ,i, for & — oo to conclude that
im 13 is infinite-dimensional if h3%(X) is non-zero, even if g # 0.

6. On the non-injectivity of the map wg. To conclude, we show that
under an additional condition the map ng’ is not always injective. Consider
the special case where the threefold X is the product of a smooth surface
S and a smooth curve C. We establish a connection between the Abel-
Jacobi map albc = p¢ for C, the map 3 for S and the map ¢35 for X.
Concretely, we will define the map & indicated below and prove that the
following diagram commutes:

CHo(C)o ® CHo (), —— ker(3)
albe ®w§l wé’:l
J(C) @ J2(S) —F—= J3(C x 9)

Remark 6.6 explains how this fact can be used to give a counterexample
to the demanded injectivity of the map @Z)g’ based on the one by Voisin for
Green’s map.

There is a product “x” for O-cycles which factors through rational equiv-
alence (see [Ful, 1.10]):

CHo(C) ® CHy(S) — CHy(X), Z nile] x Z m;ld;] — Z ngm;le x dj].

We begin by showing
LEMMA 6.1. The map induced by this product
CHo(C)o ® CHo(S)ay — CHo(X)am

has its image in ker(13).
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Proof. We will start with the case when Z = Zg x Zg, with Zo =
p—q,p,q € C, and Zg € CHy(S)ap arbitrary. Then we can choose the
surface (px S)U(gx.S) C X to compute 13 (Z), since it contains the support
of Z = (p—q) x Zs. Now by construction the map 13 is given by pushing
forward 13(Zs) on p x S and —3(Zs) on g x S via the inclusion map, and
this is equivalent to pushing forward ¥3(Zg) via the Gysin morphism

o — dau  HY(S) — HY(X).
But the two push-forward maps in cohomology, jp« and jg«, are identical,
since they are induced by the homotopic maps j, and j,, and it follows that

(p—q) x Zs € ker(43).

The case of an arbitrary cycle Z € CHy(C)o® CHo(S)a follows by linearity
from this special case. »

We now construct the map
k:J(C)® J3S) — J3(S x O),
which will be based on the Kiinneth inclusion
i: HY(C,Z) @z H*(S,Z) — H3*(C x S,Z).
By definition,
H?(S,2)}, @z R/Z 27 R/ Z
U3(S5) ’

where H?(S,Z);, = H?(S,Z)/NS(S), and J(C) = H'(C,Z) @z R/Z.

LEMMA 6.2. The map
i: HY(C,Z) @z R/Z @7 H*(S,Z) @7 (R/Z)®? — H3(C x S,7) @7 (R/Z)®?
followed by the projections

7 H3(C x 8,7) @z (R/Z)®* — J3(C x S)a; ®z (R/Z)?

J3(8) =

and
w2, J2(C x S)as @z (R/2)%*

w2 2 J(C x S)ay @z (R/Z) U3(C x S)

= J3(C x S)

factors through J(C) @ J2(S).
(We recall that 7 is the composition of the identifications
H3(C x S,7Z) ®z (R/Z)®3 = H3(C x S,Z) ®z R/Z @z (R/Z)®*
=~ J3(C x S) ®z (R/Z)®?
and of the projection in J3(C x S)aj, that is, modulo the image of the
Abel-Jacobi map of C x S.)

We will denote by k : J(C) ®@ J3(S) — J3(C x S) the induced map on
the higher Jacobians.
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Proof. To begin, we show that for an element 1 € NS(S)®z (R/Z)®? and
an element v € J(C) = HY(C,Z) ®z R/Z, i(y ® n) belongs to im(AJ) ®z
(R/Z)®? and thus vanishes when projected via 7. In order to see this,
note that the class 7, being a Hodge class, induces a morphism of Hodge
structures

panU: HY(C,Z) — H3(C x S,7),
and the corresponding morphism of Jacobians
psnU: J(C) — J3(C x S)

is the Abel-Jacobi map associated to the family of 1-cycles Z¢ x 77 of C' xS,
where Z¢ is a 0-cycle on C of degree zero, and 7 is a 1-cycle on S of class 7.
Hence the image of pinU (which identifies with the tensor product map
via the Kiinneth decomposition), is contained in the image of the Abel-
Jacobi map of C' x S. It follows that for any n = Y. 1 ® a4, n; € NS(5),
a; € (R/Z)®%, and any v € J(C), i(y ® ) belongs to im(AJ) ®z (R/Z)%?,
which proves our claim.

The second thing to show is that this composite map factors through
J(C)® U2(S), but it can be seen that an element of J(C) ® U2(S) maps to
an element of U3 (X) via m1 o4 and hence vanishes when projected via 7.
Indeed, these elements are of the form albo(p — q¢) ® «, a being obtained
by Green’s contraction of some fé, 7 €s where Z is a 0-cycle of C and

(I C—Sisa morphism such that 1,2 = 0 as a cycle on S. We will show
below that albo(p—¢q)®a is the Green contraction of o with the Abel-Jacobi
invariant of the cycle I, — I';, of S x C' x S. Hence, by definition of ¢§’, we
find that albc(p — q) ® « belongs to U3(C' x S). =

Now we can discuss the commutativity of the diagram of the beginning
of this section.

ProOPOSITION 6.3. The diagram
(28) CHy(C)o @ CHo(S)am = ker(wg’)
albc w%l w;’:l
J(C) @ J2(S) —E—s J3(C x )

commautes.

Proof. This will result from the following description of the Abel-Jacobi
invariant d . ¢ — & g Let I, — I'j, be the difference of the graphs of
the two inclusion maps

Jp:S—=px8SCX and j,:5—=gxSCX.
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Then by definition &, ¢ — 0 .. 5 is obtained by projecting
AJ(L;, —I;,) € J°(S x X)

into the appropriate quotient.

By definition of wg, since we can see (p — q) X Zg as the cycle Zg on
px S and —Zg on q x Zg, we find that 13 ((p — q) x Zg) is obtained as the
projection in Jj(X) of Green’s contraction of any lifting

V3(Zs) € H*(S,Z) @z (R/Z)%?

of 93(Zs) and of the real version of O pxs — O gxs- Since the latter is
obtained as a projection of the (real version of the) Abel Jacobi invariant of
I;, — T, we start by computing AJ(I;, —I},) € J°(Sx X). Let Ag C SxS
be the diagonal; we see immediately that
(29) Iy, = I, = p13(4s) - p3(p — q)
as a cycle of § x C x S.

Now by (29) we have the following formula for its Abel-Jacobi image in

J5(S x X)=J(HS x X)):
(30) AJ(I}, — I5,) = pi3([As]) - pa(albo(p — q)).
We project this invariant via

pr: J(H(S x X)) — J(HA(S) © HY(X));
from (30), by analyzing Kiinneth types, it follows that

(31) pr(AJ(I}, — I35,)) = pi3([Asl2,2) - p2(albe(p — ),
where [Ag]s,9) is the (2,2)-Kiinneth component of Ag. Now since [Ag](2.2)
is a Hodge class, the identifications
J(C) = HY(C,Z) ®z R/ Z,
J(SxCx8)=H(SxCxS8,Z)2,R/Z
are compatible with the cup product with pj3[As](2,2) (Which via the Kiin-

neth decomposition is given by the tensor product with [Ag] 2).) Hence we
have proved

LEMMA 6.4. The invariant AJ(I;, — I

Jp Jq

H*(S,7) @z H*(C,Z) @7 H*(S,Z) @7 R/Z,

), viewed as an element of

is equal to
P13lAs](2,2) Upsfep—qg-

(Here the cup product identifies with a tensor product, and the element
fop—q € HY(C,Z) ®7 R/Z is the real version of albc(p —q).)
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In order to compute 13(Z), we have to make Green’s contraction of

V3(Zg) and AJ(I;, — Ij,). We now use the following lemma whose proof is
obvious:

LEMMA 6.5. The map H*(S,Z) — H*(S,Z), given by contraction with
the class [As)(20) € H*(S,Z) ®z H*(S,Z) using Poincaré duality, is equal
to the identity.

It follows from this lemma that Green’s contraction of 2(Zg) with

Pi3[As]2,2) UPsfp—qcC
is equal to

P

fep-q ©93(Zs) € H'(C,Z) ©z H*(S, Z) ®z (R/Z)®°.
This proves the commutativity of the diagram (28). =
To conclude this section, we point out the following fact:

REMARK 6.6. One knows that the map 13 is not injective (see [Voi3,
Section 2]). The description of the map 3 just given in this special case
shows that it is not injective if we assume that the following statement is
true:

Let Zg be a 0-cycle on a surface S which is not rationally equivalent
to 0. Then there exist a curve C and a 0O-cycle Z¢o of degree 0 on C' such
that Zg X Z¢ is not rationally equivalent to 0 on C' x S.

References

[Bei] A. Beilinson, Height pairing between algebraic cycles, in: Current Trends in Arith-
metical Algebraic Geometry, K. Ribet (ed.), Contemp. Math. 67, Amer. Math.
Soc., Providence, 1987, 1-24.

[Carl] J. Carlson, Extensions of mized Hodge structures, in: Géométrie algébrique (An-
gers, 1979), A. Beauville (ed.), Sijthoff & Noordhoff, 1980, 107-127.

[Car2] —, The geometry of the extension class of a mized Hodge structure, in: Proc.
Sympos. Pure Math. 46, Amer. Math. Soc., 1987, 199-222.
[EZ] F. El Zein and S. Zucker, Extendability of normal functions associated to algebraic

cycles, in: Topics in Transcendental Algebraic Geometry, Ph. Griffiths (ed.), Ann.
of Math. Stud. 106, Princeton Univ. Press, 1984, 269-288.

[EV] H. Esnault and E. Viehweg, Deligne—Beilinson cohomology, in: Beilinson’s Con-
jectures on Special Values of L-functions, M. Rapoport et al. (eds.), Perspect.
Math. 4, Academic Press, 1988, 43-91.

[Ful] W. Fulton, Intersection Theory, Ergeb. Math. Grenzgeb. 2, Springer, 1998.

[Grel] M. Green, What comes after the Abel-Jacobi map?, preprint, 1997, 54 pp.

[Gre2] —, Higher Abel-Jacobi maps, in: Proc. ICM Berlin 1998, Doc. Math. 1998, Extra
Vol. 11, 267-276.

[GMV] M. Green, J. Murre and C. Voisin, Algebraic Cycles and Hodge Theory, Lecture
Notes in Math. 1594, Springer, 1993.



146 L. Schneider

[Mum] D. Mumford, Rational equivalence of 0-cycles on surfaces, J. Math. Kyoto Univ.
9 (1969), 195-204.

[Mur] J. Murre, On the motive of an algebraic surface, J. Reine Angew. Math. 409
(1990), 190-204.

[Voil]  C. Voisin, Hodge Theory and Complex Algebraic Geometry I, Cambridge Stud.
Adv. Math. 76, Cambridge Univ. Press, Cambridge, 2003.

[Voi2] —, Hodge Theory and Complex Algebraic Geometry II, Cambridge Stud. Adv.
Math. 77, Cambridge Univ. Press, Cambridge, 2003.

[Voi3] —, Some results on Green’s higher Abel-Jacobi map, Ann. of Math. 149 (1999),
451-473.

Mathematisches Institut der Universitat Erlangen
Bismarckstrasse 1%

91054 Erlangen, Germany

E-mail: lorenz.schneider@btinternet.com

Received 21 January 2005;
in revised form 15 June 2005



