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Abstract. We show that if a colouring ¢ establishes wo - [(w1 : w)]? then c estab-
lishes this negative partition relation in each Cohen-generic extension of the ground model,
i.e. this property of ¢ is Cohen-indestructible. This result yields a negative answer to a
question of Erdés and Hajnal: it is consistent that GCH holds and there is a colouring
¢ : [we]? — 2 establishing w2 - [(w1 : w)]o such that some colouring g : [w1]?> — 2 does
not embed into c.

It is also consistent that 2“1 is arbitrarily large, and there is a function g establishing
2! [(w1,w2)],, but there is no uncountable g-rainbow subset of 2“*.

We also show that if GCH holds then for each k € w there is a k-bounded colouring
f i [w1]®? — w1 and there are two c.c.c. posets P and Q such that

VP = f c.c.c-indestructibly establishes w1 - [(w1; w1)]k-bdd,

but
Ve = w1 is the union of countably many f-rainbow sets.

1. Introduction. Anti Ramsey (polychromatic Ramsey, rainbow Ram-
sey) theory deals with the following kind of problems: given a colouring
f of certain subsets of a set X, can you find a large subset Y of X such
that f is inhomogeneous (e.g. injective) on the coloured subsets of Y7 Ob-
viously, to get positive results we should have some assumption concerning
the colouring f. In the first part of the paper we will assume that

e f establishes some negative partition relation,
i.e. there are no large f-homogeneous sets, and we will try
e to get large f-inhomogeneous sets,

or, more generally,
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e to show that f is universal for certain colourings,

i.e. a certain class of colourings embeds into f. Let us recall that given two
colourings d : [A]> — X and f : [Y]?> — X we say that d embeds into f,
or f realizes d (d = f, for short) iff there is a colour-preserving injection

ALY e
(V{¢, €} € [A]?) d(¢,€) = F(2(C), B(€)).

To formulate our results we will use different kinds of “arrow” notation,
so first we recall their definitions.
If A and B are two sets of ordinals let
[A,B] = {{a. B} : € A, B € B},
[A;B] ={{a,B} : € A, B € B, a<f}
Write A < B iff sup A < min B. If |A| = |B| write A< B iff otp(AN«) <

otp(B N a) for each v € A. We now define some negative partition relation
as follows.

DEFINITION 1.1. Let k, A, u and v be cardinals. We say that a function
f i [k]? — ~ establishes the negative partition relation
ko N3 (VA € [5]Y) f7[A]? =,
Ko [, Ny it (VA € [8]*)(YB € [8]) f"[A, B] =,
k= [(NA)], iff (VA, B € [k]*) if A< B then f"[A;B] =7,
k- [(u: A)], iff (VA € [s]*)(VB € [x]}) if A < B then f"[A, B] = ~.

A negative partition relation holds iff there is a function establishing it.

If p < A < K then clearly

2
v

moreover f establishes x - [(k; )], iff f"[A; B] = v for each A, B € [s]".

For a graph G = (V, E) define the function x¢ : [V]? — 2 by the formula
E = Xél{l}. Clearly a graph G is isomorphic to a spanned subgraph of a
graph H iff xo¢ = xum, i.e. x¢ embeds into xp.

Using this observation we can translate some results and problems of
Erdos and Hajnal from the language of graphs and spanned subgraphs into
the language of colourings and embeddings.

Erdés and Hajnal [5] observed that if a colouring g : [w;]? — 2 establishes
w1 = [(w,w1)], then g is universal for countable “graphs”, i.e., every function
h : [w]? — 2 embeds into g. This result cannot be generalized to higher
cardinals because of the following result of Shelah [10, Theorem 4.1]: It is
consistent that GCH holds and there is a colouring g : [w2])?> — 2 which
establishes wy — [(w1,w2)]y, but some colouring h : [w1]?> — 2 does not
embed into g.

k= [(p 2 A)], implies £ — [(A; )], implies x - [(A, A)], implies k - [A]
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Learning Shelah’s result Erdos and Hajnal raised the following question
in [6, Problem 6.b]: Assume that a colouring g : [wa]? — 2 establishes wo —
(w1 + w)? (i.e. there is no g-monochromatic set of order type wi + w). Do
all colourings c : [w1]?> — 2 embed into g?

We answer their question in the negative in Theorem 2.4. The proof is
based on Theorem 2.2 which says that the property “g establishes wy —
[(w1 : w)]y” is indestructible by adding an arbitrary number of Cohen reals
to the ground model.

Given a colouring f : [X]|" — C, a subset P C X is called rainbow for
f (or f-rainbow) iff f[[P]™ is one-to-one. We also answer another question
of Hajnal, [9, Problem 4.1], in the negative in Theorem 2.6: it is consistent
with GCH that there is a function f which establishes wy - [(w1 : w)]
such that there is no uncountable f-rainbow set.

w1

In Theorem 2.8 we show that it is also consistent that 2“1 is arbitrarily
large and there is a function g that establishes 2 - [(w1,w2)],, such that
there is no uncountable g-rainbow set.

In the second part of the paper we deal with rainbow Ramsey theorems
in which we have a different type of restriction concerning our colourings. In-
stead of establishing negative partition relations we assume that our colour-
ings are “bounded”: a function f : [X]|* — C is u-bounded iff |f~{c}| < p
for each c € C.

To formulate our result we should recall one more “arrow” notation:
A = ()l 4q holds iff for every s-bounded colouring of [A]™ there is a
rainbow set of order type a.

We say that a function f c.c.c.-indestructibly establishes the negative
partition relation @ »* ¥ iff

VP |= f establishes & »* ¥

for each c.c.c. poset P.
Since w1 — (a)2 holds for a < wy by [4], and it was proved by Galvin [7]
that

(+) A — (o) implies A =" (@)Fpads

we have wy —* (@)%, 4q for @ < wi. (A proof of (x) can be found in [1], or
see the proof of (x) just before Theorem 3.5 in the present paper.) Moreover,
Galvin [7] showed that

THEOREM. CH implies that wq —=* (wl)%_bdd.

(Lemma 3.3 also gives the result above.) On the other hand, Todorce-
vié [12] proved that

THEOREM. PFA implies that w; —* (wl)g_bdd.
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Abraham, Cummings and Smyth showed that MAy, is not enough to
get w; —* (wl)%_b ad- More precisely, they proved the following theorem:

THEOREM ([1, Theorem 3]). It is consistent that there is a function c :
[w1]? — w1 which c.c.c.-indestructibly establishes wi —* (w1)3.4q-

They also showed that the property that c¢ establishes w; —-* (wl)g_bdd
is not automatically c.c.c.-indestructible:

THEOREM ([1, Theorem 4]). If CH holds and there is a Suslin tree then
there is a function ¢ : [w1]?> — 2 and a c.c.c. poset P such that

(a) c establishes w1 +»* (w1)2 44>
(b) V¥ k= there is an uncountable ¢'-rainbow set.

We say that the negative partition relation wi -* [(wi;w1)], ,qq holds
iff there is a k-bounded colouring ¢ of [w;]? such that for each A, B € [w]*
there is £ € ranc such that |[{{«, 8} € [A; B] : ¢(o, B) = &} = k.

Clearly wi —»* [(wi;w1)]2-baa implies wy »* (w1)3,4q- We show that
even the negative partition relation wq +* [(w1;w1)]k-bdq 1S consistent with
MAy, for each k € w.

Moreover, Abraham, Cummings and Smyth used two different functions
in their theorems above. We show that a single function can play a double
role.

THEOREM 1.2. If GCH holds then for each k € w there is a k-bounded
colouring f : [w1]? — w1 and two c.c.c. posets P and Q such that

VP = f c.c.c.-indestructibly establishes wi +* [(w1;w1)]k-bdd,

but
Ve = w1 is the union of countably many f-rainbow sets.

The following question, however, remained open.

PROBLEM 1.3. Does wy " (w1)3,qq imply w1 »* [(w1;w1)]2-bdd ?

2. On a problem of Erdés and Hajnal. Given two functions f :
[X]? = C and d : [Y]? — C we say that d embeds into f (d = f, for short),
iff there is a one-to-one map @ : Y — X such that d(y,vy') = f(2(y), P(y'))
for each {y,y'} € [Y]%

Hajnal [8] proved that it is consistent with GCH that there is a colouring
establishing ws - (w1 + w)3. It turns out that his argument gives the
following stronger result:

PropPOSITION 2.1. [t is consistent that GCH holds and there is a func-
tion f : [wa]® — wi establishing wy - [(w1 : w)]2, .

Since Hajnal’s proof was never published we sketch his argument.
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Proof of Proposition 2.1. Assume GCH in the ground model. Define a
poset P = (P, <) as follows. The underlying set P consists of triples (c, A, &)
where ¢ : [supp(c)]? — w for some supp(c) € [wa]¥, A C [supp(c)]” is a
countable family and £ € w;.

Put (d,B,¢) < {c, A,¢) iff

(P1) ccd, ACB, £ <,
(P2) for each A € A and for each [ € (supp(d) \ supp(c)) Nmin A,

¢ Cd'l{B}, Al

Then P is a o-complete, wa-c.c. poset and if G is the generic filter for P then
g=U{c: (c, A &) € G} establishes wy = [(w1;w)]?, in VI[G]. =

w1

Proposition 2.1 validates the following question of Erdés and Hajnal, [6,
Problem 6.b]: Assume that a graph G establishes wy —+ (w1 + w)3. Do all
graphs of cardinality X1 embed into G ¢

To answer this question in the negative we prove a preservation theorem
which enables us to apply Shelah’s method used to prove [10, Theorem 4.1]:
It is consistent that GCH holds and there is colouring g : [w2]> — 2 estab-
lishing wg - [(w1,w2)]y, but some colouring h : [wi]?> — 2 does not embed
into g. Shelah actually argued in the following way. He proved two state-
ments:

(a) Assume that Kk, A and T are cardinals of cofinality greater than w
and g : [k]?> — 2. Then the property

(%) g establishes k = [(A, T)],

cannot be destroyed by adding a single Cohen real, i.e. if V = (%)
then VI@2) = (x).

(b) If you add a Cohen real to some model V' then in the generic exten-
sion there is a colouring c : [w1]? — 2 which does not embed into any
colouring g from V.

Hence starting from a model of GCH the generic extension VF*«:2) works
because any model of GCH contains a colouring g which establishes wy -
(w1, w2)]s.

The proof of (a) is based on the observation that if cf(u) > w then every
“new” subset A € VF@2) of ordinals with cardinality p contains an “old”
subset A’ € V of size pu. This argument does not entail that the property
“g establishes wa — [(w1 :w)]y” cannot be destroyed by adding a single
Cohen real because there are countable subsets of ordinals in VF*«:2) which
do not contain any infinite set from the ground model.

So, if we want to apply (b) in a similar way, we should prove the following
theorem in a different way.
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THEOREM 2.2. If u < wy and c establishes wy - [(w1 : w)]i then
VIn(e2) = ¢ establishes wy - [(w Fw)]2.
Proof. The following lemma is straightforward.

2

LEMMA 2.3. Let p < wy and ¢ : [we]® — p. The following are equivalent:

(1) ¢ establishes wy + [(w1;w)]2,
(2) (VB € [w2]*) (Vv € p)
{a<minB:v ¢ d[{a}, B]}| <w,
(3) (VB € [[wo]“]*) (V¥ € p)
H{a<minUB: (3B € B) v ¢ "[{a}, B]}| < w.
Suppose on the contrary that the theorem fails to hold. We can assume

that we add just w; many Cohen reals to V, i.e. kK = wi. We can choose
€ €Ewa, v E u, p € Fn(wy,2) and names A and B such that

plFAC[E* AB€lwa\ € Av ¢ "[A, B
We can assume that B € V2“2 and dom p C w. For each ¢ € Fn(w, 2)
with ¢ < p put
B(q) ={¢: (3r eFn(w,2)) r<qArl- (e B}
Let B = {B(q) : ¢ € Fn(w,2), ¢ < p}and A" = {a € wy : (3r < p) r Ik
a € A}. Then A’ € [¢]“* and B € [[w2 \ £]]“. Hence, by Lemma 2.3, there

is a € A" such that v € '[{a}, B(q)] for each ¢ € Fn(w,2) with ¢ < p.
Pick s € Fn(wy,2) with s IF o € A. Then v € ¢’[{a}, B(s|w)], i.e. there are

B €ws\ € and r € Fn(w,2) such that r < s|w and r I+ 3 € B. Then
sUrlFac ANBeBAv¢d'[A B,
but ¢(«, #) = v. Contradiction. =

THEOREM 2.4. For2 < p < wq it is consistent that GCH holds and there
is a colouring f : [wa]? — u establishing we —+ [(wy : w)]i such that g = f
for some colouring g : [w1]? — 2.

Proof. By Proposition 2.1 we can assume that in the ground model GCH
holds and there is a function f : [ws]? — wy establishing way - [(w1 : W)]w,-
If o <w and 7, : w1 — p is onto then the function f, = m, o f
establishes wy ~ [(w1 : w)],. Then, by [10, Theorem 4.1], in V¥™«2) there
is a function d : [w1]?> — 2 such that d = f,,.
Since
yin@?) fu establishes wy = [(w1 : w)],

by Theorem 2.2, we are done. =

As observed by Hajnal, the construction of Theorem 2.4 above left open
the following question which he raised in [9, Problem 4.1]:
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PROBLEM. Assume GCH holds and a colouring c : [w2]?* — w1 estab-
lishes wo - [(w1 : w)]w,. Does there exist a c-rainbow set of size wy ?

Before answering this question let us recall some positive results of
Hajnal. In [9], he proved that

THEOREM.

(1) If f: [w1]? — w1 establishes wy - [(w1;w1)]w, then d = f for each
d:w]? — wr.

(2) If f : [w1]® — w establishes w1 - [(w1,w1)]. then there exists an
infinite f-rainbow set.

When we colour the pairs of w; we cannot expect uncountable rainbow
sets because of the following fact.

PROPOSITION 2.5. If CH holds then there is a function f : [w1]? — w1
such that

(1) f establishes w1 - [(w,w1)]w;
(2) there is no uncountable f-rainbow.

Proof. Enumerate [wi]* as {4y : w < a < w;y} such that A, C a. By
induction on o, w < o < wy, define f(§, a) for & < « such that

(1) B C{f(&P): €€ Aa} for ar < f,

(ii) Aq U{B} is not an f-rainbow for o < f3.
Let A € [w1]¥, B € [w1]** and 0 € wy. Then A = A, for some o < w;. Let
B € B\ max(a,0). Then o € f"[Aq, {8} C f"[A, B] by (i). So (1) holds.

If A€ [wi]“" then choose @ < w; such that A, € [A]“ and then pick
B e A\ a. Thus A, U{fA} is not an f-rainbow by (ii), so we have (2). m

Next we answer [9, Problem 4.1] in the negative.

THEOREM 2.6. [t is consistent that GCH holds and there is a function
g : [wa]? — wy such that

(1) g establishes wy - [(w1 : w)]2,

(2) there is no uncountable g-rainbow.

Proof. Assume GCH in the ground model.

The naive approach is to try to modify the order of the poset P from
the proof of Proposition 2.1 by adding a condition (P3) to the definition of
the order:

(P3) for each A € A and for each 8 € supp(d) \ supp(c) the set AU {5}
is not a d-rainbow.

Unfortunately this approach does not work because the modified poset does
not satisfy wo-c.c.
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Indeed, we can construct an antichain of size wy as follows. Let f : [w]?
— w be a bijection. Fix a partition {4, : n < w} of w\ {0,1} into infi-
nite pieces such that n ¢ f"[4,]2 U f"[An, {0,1}] for n < w. Let {ay, 3, :
v < we} C we \ w be pairwise different ordinals. For each v < wy define a
condition p, = (¢, A,,0) as follows:

Supp(cl,) = (w \ 2) U {041/7 ﬂu}a
allw\ 2] = fllw\ 2%

cv(k, o) = f(k,0) for k € w ) 2,
cv(k,By) = f(k,1) for k e w)\ 2,
f(allaﬁl/> =0,

o A, ={A,U{a}:n<w}

Suppose on the contrary that ¢ is a common extension of p, and p, for
some v # p1 < wa. Let n = q(a,, B,). Then A, U{a,}U{B,} is a g-rainbow,
which contradicts (P3) because A, U{a,} € A,.

So we will argue in a different way. Define a poset P as follows. The
underlying set P consists of quadruples (c, A, £, D) where

(i) c: [supp(c)]? — w for some supp(c) € [wa]®,

(ii) A C [supp(c)]¥ is a countable family,

(i) w <& < wy,

(iv) D C [supp(c)]“ X w; is a countable family,

(v) (V(D, ) € D)(Vy € supp(c)) [{d € D : ¢(7,6) <o} = w.
Put (d, B,(,E) < (e, A, €, D) iff

(a) cCcd, ACB,£<(,DCE,
(b) for all A € A and ( € (supp(d) \ supp(c)) Nmin A,

¢ cd'[{B3}, Al

Clearly < is a partial order on P and P = (P, <) is o-complete.

LEMMA 2.7. P is wy-c.c.

Proof. For subsets A and B or ordinals we write A < B iff sup(4) <
min(B). We say that two conditions, p = (¢, A, &, D) and p' = (¢, A, ¢, D),
are twins iff there is an order preserving bijection ¢ : supp(c) — supp(c’)
such that

(1) K = supp(c) Nsupp(c’) is an initial segment of both supp(c) and

supp(c’),
K < supp(c) \ K <supp(c) \ K,

(2)

(3) (6 1) = ¢(¢(&), ¢(n)) for each {&,n} € [supp(c)]?,
4) A = {go”A Ae A},
(5) ¢
(6) D

’— {( "D,o):(D,o) € D}.
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Since CH holds, standard counting and A-system arguments show that any
subset of P of cardinality wy contains two elements which are twins. So
it is enough to show that if p and p’ are twins then they have a common
extension q = (d,B,0,E). Let B=AUA, p=¢(=¢ and E=DUTD'.

We should define d(v, ) for v € supp(c) \ K and p € supp(c) \ K.

We enumerate all “tasks” as follows: Let

To = {(B, A, ¢) : B € supp(c) \ K, A" € A", A" Csupp(c) \ K, ¢ < ¢},

T = {{y,(D',0"),n) : v € supp(c) \ K,
(D', 0"y e D'\ D, |D'\ K| =w, n <w},
T ={{(y,(D,o),n) : v €supp(c) \ K,
(D,o) e D\D', |ID\ K| =w, n < w}.
Since 7 = Ty U 77 U 75 is countable we can pick pairwise distinct ordinals
{nz : © € T} such that
o if x =(8,A, () € Ty then n, € A,
o if x = (v,(D,0'),n) € T thenn, € D'\ K,
o if x=(y,(D,o),n) € Ty thenn, € D\ K.

Choose a function d : [supp(c) U supp(c’)]?> — w; such that

e dDcUC,

® d(ﬁvnx) = < for z = <ﬁa A/a<> € %a

e d(v,nz) =0 for x = (v,(D',0’),n) € T,

e d(v,n.) =0 for z = (+,(D,o),n) € Ts.

Let ¢ = (d,B,0,E). To show ¢ € P we need only check condition (v).
So let (D,0) € £ and v € supp(d). Assume that (D,o) € D. (The case
(D,o) € D' is similar.)

If v € supp(c) then d[[{~v}, D] = ¢[[{v}, D] so we are done. So we can
assume that v € supp(c) \ K.

If D\ K is finite then the set

E={0eDNK:c(0,0 (7)) <o}
is infinite because p € P satisfies (v) and for each § € E we have d(d,v) =
(8,7) = (¢(8),7) = c(6,97(7)) < 0. So we can assume that D \ K is
infinite. In this case z,, = (v, (D,0),n) € T3 for n € w, so d(y,1z,) =0< o
and {n,, :n €w} € [D]¥. So q € P.

It is straightforward that ¢ < p because no instances of (b) should be
checked.

Finally, we verify ¢ < p'. Since condition (a) is clear, assume that A" € A’
and 8 € supp(c) \ K with 8 < min A’. Since sup K < 8 we have A’ C
supp(c’)\ K. Hence for each ¢ < £ we have z = (3, A’, () € Ty so d(B,n.) = C.
Thus ¢ C d"[{8}, 4.

This completes the proof of the lemma. =
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Let G be the generic filter for P and put g = J{c: (¢, A,&) € G}.

CLAIM. g establishes wy -+ [(w1;w)]2, in V[G].

Indeed, let p = (¢, A,£,D) € P. If A € [supp(c)]* and 1 € w; then
P = (¢, AU{A}, max(£,n), D) < p and for each 8 € min A \ supp(c),

p'IEn c g"[{B}, Al
CLAIM. There is no uncountable g-rainbow set in V|[G].

Indeed, assume that py IF X € [wa]“t. Since P is o-complete there are
p =2 po, p = (¢, A,§,D), and D € [supp(c)]* such that p IF D C X. Let
P = (¢, A, &, DU{(D, (supran(c))+1)}.). Then p’ € P and p’ < p. Moreover,

p' Ik X is not a g-rainbow.

Indeed, work in V[G], where p’ € G. Write X = {&, : v € w1 }. Then for each
v < w there are vy, < supran(c) + 1 and ¢, € D with ¢(6,,&,) = 7. Then
there are v < p < wy with 7, = 7,. Hence ¢(0,,&) = v = Y = 904, &)
and &, # &,, i.e. X is not a g-rainbow.

So, by the claims above, g satisfies the requirements of the theorem. =

In his Ph.D. thesis [3], Baumgartner proved that if CH holds and P =
Fn([x]?, w1;w1) for some cardinal k > wo, and G is the generic filter above P,
then the function g = |JG establishes k - [(w1,w2)]2,. The original proof is
not easily available, but a “stripped-down” version of the next proof gives
Baumgartner’s result (just remove the “side conditions”).

THEOREM 2.8. If CH holds and k > wsy is a cardinal then there is a o-
complete, wy-c.c. poset P such that in V¥ there is a function g : [K]? — w1
such that

(1) g establishes r — [(w1,w2)]2, .
(2) there is no uncountable g-rainbow subset of k.

Proof. Define poset P = (P, <) as follows. The underlying set P consists
of pairs (¢, D) where

(i) ¢ : [supp(c)]? — w for some supp(c) € [k]“,

(ii) D C [supp(c)]* X wy is a countable family,

(iii) (V(D, o) € D)(Vvy € supp(c)) [{d € D : ¢(7,d) < o}| = w.
Put (d,€) < (¢, D) iff ¢ C d and D C £. Then = is a partial order, and P is
o-complete.

We say that two conditions, p = (¢, D) and p' = (¢, D’), are twins iff
there is an order preserving bijection ¢ : supp(c) — supp(c’) such that

* ¢(£) = & for £ € supp(c) N supp(c'),

o c(&,n) = (p(£),p(n)) for each {&,n} € [supp(c)]?,
e D'={(¢"D,o):(D,o) € D}.
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LEMMA 2.9. Assume that p = (¢, D), p' = (¢, D’) are twins. Let ¢ < p,
= (d,€&), be such that supp(d) N supp(c’) = supp(c) Nsupp(c’). Let A €

[supp(d) \ supp(c)]¥, & € supp(c’) \ supp(c) and ¢ < wi. Then there is a
common extension r = (¢,,D,) of ¢ and p’ such that o C /[{{}, A].

Proof. Write K = supp(c) N supp(¢’) and fix a function ¢ witnessing
that p and p’ are twins. Let

%:Qa
= {<'77 <DI,O'/>,n> Y€ supp(d) \K7 <D/7U/> € 'Dlv‘D/\K| =w,n e w}a
T ={{y,(E,0),n): v €suppd \ K,(E,0) € £,|E\ K| =w,n € w}.

Since 7 = Ty U717 U 75 is countable we can pick pairwise distinct ordinals
{nz : © € T} such that

(a) if x = x € o then n, € A,
(b) if # = (v,(D,0),n) € T UT; then 1, € D\ K.

Let ¢, D dU ¢, be such that

o (N, &) = x if v = x € T,
o ¢, (Ng,y) =0if (v,(D,o),n) € Ty UT;.

To prove r = {¢,, D' UE) € P it is enough to check condition (iii).
Assume first that (D,o) € D'. If v € supp(c¢/) then ¢, |[{v},D] =
d1[{~}, D] so we are done. So we can assume that v € supp(d) \ K.
If D\ K is finite then (p~'D,0) e DC & and DNK = ¢ 'DNK, so
the set
H={e DNK :d(6,v) <o}

is infinite because ¢ € P satisfies (iii), and H C {0 € D : ¢,(0,7) < o}.

So we can assume that D\ K is infinite. In this case x,, = (v, (D,0),n) €
Th for n € w, 80 ¢ (7,Mg,) =0 < o and {n,, : n € w} € [D]*.

Assume now that (D, o) €. If v € supp(d) then ¢, [[{~}, D]=d[[{~}, D]
so we are done. So we can assume that v € supp(c’) \ K.

If D\ K is finite then 7' = ¢~1(v) € supp(c) C supp(d) and g € P imply
that the set

H={eDnK :d(s,) <o}

is infinite. But for each ¢ € H we have ¢, (g,7) = ¢ (¢,7) = ¢(e,v) = d(&,7).
So we can assume that D\ K is infinite. In this case z,, = (v, (D, 0),n) € Ta
for n € w, so ¢, (V,Mz,) =0 < o and {1y, : n € w} € [D]*. Sor € P and
clearly r < ¢q,p’.

Finally, for each ( < ¢ we have 7 € A and ¢.(§,1m¢c) = ¢. So ¢ C
¢/[{€}, Al -

LEMMA 2.10. P s wa-c.c.
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Proof. Since any family of conditions of size wy contains two conditions
p and p’ which are twins we can apply the previous lemma to show that p
and p’ are compatible in P. =

Let G be the generic filter for P and put g = J{c: (¢, A,&) € G}
LEMMA 2.11. g establishes k - [(w1,w2)]w, in V[G].

Proof. Assume that pl- X = {£, : v <wy} € [k]*2,Y € [r]*".

For each ¢ < w; we will construct a condition r < p such that r IF o C
¢"[X,Y]. Write p = (¢, D). For each v < wy pick p, = (¢,,D,) =< p such
that p, I- SV = ¢, for some &, € supp(c,). Since CH holds there is I € [wo]*?
such that

e {supp(c,) : v € I'} forms a A-system with kernel K,
e for each {v, u} € [I]? the conditions p, and p, are twins.

Since P satisfies wp-c.c. we can assume that &, € supp(cy) \ K for v € I.

Fix p € I. Pick a condition ¢ = p,, ¢ = (d,£), such that ¢ I Z C Y for
some Z € [supp(d) N (k \ K)]*. Choose v € I such that supp(c,) N supp(d)
=K.

By Lemma 2.9 there is a condition r = (¢, D, U ) € P such that
r = q,py and o C ¢/ [{£,}, Z]. Then r Ik o C /[{&}, Z] C ¢"[X,Y]. =

LEMMA 2.12. There is no uncountable g-rainbow set in V[G].

Proof. Indeed, assume that py I X € [wp]“'. Since P is o-complete
there are p < po, p = (¢, D), and D € [supp(c)]* such that pIF D C X. Let
p = (¢, DU{(D, (supran(c)) + 1)}.). Then p’ € P and p’ < p. Moreover

p' Ik X is not a g-rainbow.

Indeed, work in V[G], where p’ € G. Write X = {&, : v € w1 }. Then for each
v < w there are 7, < supran(c) + 1 and §, € D with g(6,,&,) = v,. Then
there are v < p < wy with v, = v,. Thus g(6,,&) = v = Y = 904, &)
and &, # &,, i.e. X is not a g-rainbow. =

So, by the lemmas above, g satisfies the requirements of the theorem. =

3. k-bounded colourings
DEFINITION 3.1. Let X € [w]“1, f: [X]? = w1, k € w.

(a) fis k-bounded iff |f~1{y}| < k for each v € ran(f).
(b) Put

DW(X) = {D e [[X]¥]<“ :dnd =0 for each {d,d'} € [D]?}.
(¢) For D € D®)(X) let
Hom(D, f) = {a : (Vd € D)(¥6,0" € d) f(6,a) = f(&,a)}.
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(d) Given any cardinal p let

DI(X) = {(D; i < p)y ¢ DP(X): (UD:))N(UD;) =0 for i < j < p}.

(e) fis an ARW) _function iff

e f is k-bounded,
e for each (D; :i <w) € D (X) there is v < wy such that
X\ v U{Hom(D;, f) :i < w}.

OBSERVATION 3.2. An AR _function f : [w1]> — wi establishes the
negative partition relation w1 - [(w; w1)]k-bdd-

Proof. Assume that A € [w1]¥ and B € [w]**. Pick pairwise disjoint
sets {d; : i < w} C [A]*. Write D; = {d;} and D = (D; : i < w). Since
D e D&k)(wl) and f is an AR®)-function, there is 3 € B such that 3 €
Hom(D;, f) for some i < w, which means that |f”[d;,{3}]| = 1. Since d; €
[A]¥ we are done. =

LEMMA 3.3. If CH holds then for each k € w there is an AR®) -function
[ [wi]? — wi.

Proof. The construction is standard. Let {Cy : w < a < w1} C [wi]* be
disjoint sets. Fix an enumeration (Dy : w < @ < wy) of D (w1) such that
UDa C a.

Let o < wy be fixed. For each £ < « pick i¢ € w such that the sets
{UDe(i¢) : € < a} are pairwise disjoint. Choose a function g, : o — Cq
such that
(*)  ga(8) = ga(8') iff {5,0'} € [d)? for some € < a and d € De(i¢).
For § < alet f(J,a) = go(d). =

THEOREM 3.4. If GCH holds and f : [wi]? — wi is an ARW)-function
then there is a c.c.c. poset P such that

VP E f c.c.c.-indestructibly establishes w1 —" [(w1;w1)]k-bdd-

We say that wi »* [(w,w1)],, qq holds iff there is a k-bounded colouring
c of [w1]? such that for each A, € [w1]* and B € [w1]*! there is £ € ranc
such that [{{«a, 8} € [A,B] : ¢(a, B) = £} = k.

Although an AR®)-function establishes w; —* [(w;w1)]r-bad, there is no
function which c.c.c.-indestructibly establishes w; -* [(w;w1)]k-baa because
Martin’s Axiom implies wq —* [(w,w1)]2-pad- Indeed, Martin’s Axiom (even
p > wi) clearly implies w; — [(w, w1)]2, so it is enough to show that

(%) w1 — [(w,w1)]2  implies w; —* [(w,w1)]2-bad-

We prove (%) using an argument Galvin used to prove that A — ()}
implies A —* (@)% ,4q- Let f : [w1]®> — w1 be 2-bounded. Then there is a
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function g : [w1]? — 2 such that f(z) = f(y) implies g(z) # g(y). Since
w1 — [(w,w1)]2 holds there are A € [wi]¥ and B € [w1]“' such that
g"[A, B] = {i} for some i < 2. Then f[[A, B] is injective. So (x) holds.

THEOREM 3.5. If GCH holds and f : [wi]? — w1 is an ARW)-function
then there is a set X € [wi]*! and a c.c.c. poset Q) such that

Ve E X has a partition into countably many f-rainbow sets.

Before proving the theorems above we need to introduce some notions.

Given a set = denote by TC(z) the transitive closure of z. Let x be a large
enough regular cardinal (k = (2¢1)% works). Put H, = {z : |[TC(z)| < &}
and H, = (H,, €, <), where < is a well-ordering of H,.

DEFINITION 3.6.

(a) A sequence N = (N, : a € A) of countable, elementary submodels
of H, is called an A-chain iff A C w1 and whenever o, 3 € A with
a < 3 we have N, € Ng.

(b) Suppose that N = (N, : a € A) is an A-chain and Y C w;. We say
that Y is separated by N iff for each C € [Y]? there is an a € A with
INoNC|=1.

LEMMA 3.7. Assume that f is an AR® functwn If (Np, - m < n) is

an elementary n + 1-chain, f € Np, DO,...,Dn_l c D&)(wl) N Ny, and
m € Npt1 \ Ny for m < n then the set

{i <w: (Ym < n) am € Hom(D,, (i), )}
18 infinite.
Proof. We prove the lemma by induction on n. So assume that the set
I={i<w:(Ym<n—1) an € Hom(Dy,(i), f)}
is infinite. (If n = 1 then I = w.)
Write I = {i; : j € w} and for each ¢ < w put
E'= (D 1(ij) : £ < j < w).
Let v, be the minimal ordinal such that
wi\ v C U{Hom(Dy1(i5), f) : j € w \ £}.
Since f is AR® and E € Dfuk) (w1), we have 7y < wi. So if we take v =
sup{7¢ : £ < w} then for each a € w; \ 7y the set
Jo ={i €I:aecHom(D,_1(i), f)}
is infinite.
. Since f,Dg,...,Dp_1,00,...,0p_2 € Np_1 we have I € N,_1 and so
E' € N,,_1 as well. Thus (v, : £ < w) € N,,_1 because it is definable there
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and so v = sup(yp : £ < w) € N,_1 as well. Hence a1 € Ny \ N1 Cwy\y
and so J,,_, is infinite.
But
Jo, o ={i <w: (Ym <n) apm € Hom(D,, (), f)},

so we are done. m

Proof of Theorem 3.5. Let N = (N¢ & < wi) be an wi-chain with

f e Ny and let X € [w]“! be N-separated. Let H,, be the family of those
sets whose transitive closure is countable.

LEMMA 3.8. H,, CJ{N¢: €& <wi} under CH.

Proof. Since CH holds we have |H,, | = wi. Since Ny is an elementary

submodel of H,, the family H,, has an enumeration h= (ho : a < wq) € Np.
Then

(1) {ha v € NyNwi} C Ny

For v < < wy we have N, € N, and so N, Nwy € N, N p. Thus
(2) pC NyNwy for p < wy.

(1) and (2) together give the statement of the lemma. =

Let us recall that Fn(X, w) denotes the family of finite functions mapping
a subset of X into w. Define the poset Q = (Q, <) as follows:

Q= {qeFn(X,w): ¢ {n} is an f-rainbow for each n € ranq},
and let ¢ < ¢ iff ¢ D ¢.

LEMMA 3.9. Q satisfies c.c.c.

Proof. Assume that {q, : v < w1} C Q. Let z, = domg,, L, = rang,,
and z,,0 = ¢, {¢} for £ € L,. For two subsets z and y or ordinals we write
x < y iff sup(z) < min(y).

We can assume that

(1) {zy : v < wy} forms a A-system with kernel z,

(2) v < (xe\ ) < (xe\ ) for ( <& <wr,

(3) L, = L for each v < wy,

(4) there is a g such that g, [[z]? = ¢ for each v < wy.

For ¢ € wy let
F(Q) ={¢ <wi: fMlwg,x \ @] N fwe, we \ 2] # 0}
Since f is k-bounded, F'(¢) is finite, and so there is an F-free set Z = {(; :
i <wi} € [wi]¥, de (G & F(G) fori # j < wi.
For z € w; let o(z) = min{v : € N, }. For each £ € X pick d¢ € [w]*
such that £ € d¢ and o(n) = o(§) for each n € d¢. For ( € Z let D¢ =

{de - € € ¢\ x}. Let D = (D¢, @i < w). Clearly D e D&k)(wl). Since
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CH holds there is v < w; such that D e N,. Let ¢ € Z be such that
Nwﬂ($<\l‘) = 0.

Apply Lemma 3.7 for n = |z¢\ z|, Dy, = D for m < n and {am :m < n}
= x¢ \ . Then there is i < w such that

(Vm < n) am, € Hom(D(i), f).
By the construction it means that

(Vn € mc \ @) (V€ € ¢, \ ) (V6 € de) f(d,n) = f(& ).
CLAIM. g;, Uge € Q, i.e. fis 1-1 on [z¢, 0 Uxcg)* for all € € L.

Let £,n,8, 0 € x¢, 0 Uz with § < nand & < 7/ such that f(§,n) =
f(E&n).

Assume first that {£,n}, {¢,n'} € [z¢,.0)% U [w¢4)?. Since qc,,qc € Q we
can assume that {£,n} € [z¢, ]2\ [w¢)? and {&, 0’} € [wc)? \ [z¢,4)? (or
F(€m) = J(€'1f) plies €1} = {€7'}). Then f(€1) € f'lac, e, \ 2
and f(€1/) € [lrc.xc \ ], 50 G & F(C) mplies £(€,n) # (€17

So we can assume that e.g. {£,n} & [z, ]2 U [m¢4)?, ice. € € ¢, 0\ @ and
n € x¢y \ x. But we know that

(Vo € de) f(6,m) = f(&,m).
Since f is k-bounded and |d¢| = k we have

{& '} fE& ) = F&m} ={{o.n}: 6 € de}.
But de N (x¢, 0 Uxce) = {£} because o(6) = o(§) for each 6 € d¢. Hence
f(&n') = f(&n) implies { = ¢ and n =17
Since {q € @ : £ € domg} is dense in Q for each £ € X, we see that
if G is the generic filter in Q and g = |JG, then {g~'{n} : n € w} is a
partition of X into countably many f-rainbow sets, which completes the
proof of Theorem 3.5. =

To prove Theorem 3.4 we need some more preparation. We will use a
black box theorem from [11].
Given a set K and a natural number m let

Fnp, (w1, K)= {s: s is a function, dom(s) € [w1]™,ran(s) C K}.
A sequence (sq : a < wi) C Fnp(wi, K) is dom-disjoint iff dom(ss) N
dom(sg) =0 all @ < f < wy.

Let H be a graph on w; x K and m € w. We say that H is m-solid
if given any dom-disjoint sequence (s, : @ < wi1) C Fny, (w1, K) there are
o < B < wi such that

[Sa, s8] C H.

H is called strongly solid iff it is m-solid for each m € w.
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BrLAack Box THEOREM ([11, Theorem 2.2]). Assume 2" = wsy. If H is
a strongly solid graph on wi x K, where |K| < 2!, then for each m € w
there is a c.c.c. poset P of size wy such that

VP = H is c.c.c.-indestructibly m-solid.

The theorem above is build on a method of Abraham and Todorc¢evié
from [2].

We need one more lemma before we can apply the Black Box Theorem
above.

LEMMA 3.10. There is a function r : w1 — w such that for any A, B €
[w1]<¥ if r(A) = r(B) then AN B is an initial segment of A and B.

Proof. Let D be a countable dense subset of the product space w*!
Moreover, for each o <wy fix a function f, : « L Let A={ag,...,an_1}

€ [w1]=¥ with ap < -+ < @p-1.

Pick d4 € D such that d4(«;) =i for each ¢ < |A]. Let

r(A) = (da, (fi,(ANai) 1i < |A])).

Since the range of r is countable it is enough to prove that if r(A) = r(B)
then AN B is an initial segment of A and B.

Write A = {a; 19 < m} with ag < -+ < ap—1, and B = {f; : j < m}
with Gy < -+ < Bm—1.

Assume that o; = ;. Then da(a;) =4 and dg(B;) = j. Since da = dp
it follows that i = j. So r(A) = r(B) yields f, (ANa;) = fo.(BNay). Since
fa; is 1-1 on «; it follows that AN, = BNa;. w

We will use the following corollary of this lemma.

COROLLARY 3.11. There is a function r : w1 — w such that for any
A, B € [w1]¥ if min(A) # min(B) and r(A) = r(B) then AN B = .

Proof of Theorem 3.4. Let N = (N¢ & < wi) be an wi-chain with
f € Ny. Fix the function r from Corollary 3.11 above. For £ € w; let o(§) =
min{v : £ € N, }. Let K = [w1]¥ x w1 x w. For any function ¢ : [w1]? — w1
define a graph H. on w; x K as follows.

If .Z',J}/ €Ew XK,z = <C7 <d7§7m>>a x = <C,a <dl7§/am/>>a ¢ < C/a let

{z,2'} be an edge in H, provided the conditions
(1) o(§) = Cand o(¢') = ¢/,

(2) ¢ <mind and ¢/ < mind’,
E ; ({C} Ud) m and r({(’} ud)=m
imply

(5) ¢(6,&) = c(e,&) for all 0,¢e € d.
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LEMMA 3.12. If H. is 1-solid for some colouring c : [w1]?> — wy then c
establishes wi -+ [(w1;w1)]k-bad for each k < w.

Proof. We will show that for all X = {&g : < w1} € [wi]*" and for
any disjoint family {dy : @ < w1} C [w1]* there are o < B < wy such that
max d, < &g and |c’[da, {&g}]] = 1.

By thinning out and renumbering the sequences we can assume that

e 0({n) <mind, < maxd, < (&) for a < f < wy,
o r({0(n) Udy}) = m for some m € w for each o € wy.

Let 2o = (0(&a), (das Ea, m)) for o < wy. Since the sequence ({xq} : o < wi)
is dom-disjoint, and (1)—(4) hold for each oo < 8 < wy, there are o < § < wy
such that (5) holds for z, and xg because H, is 1-solid, i.e. |¢”[dq, {£a}]| = 1,
which was to be proved. =

LEMMA 3.13. Ifc is an AR® -function and CH holds then H. is strongly
solid.

Proof. Let m € w and (zq : @ < wi) C Fnp(wi, K) be a dom-disjoint
sequence. Write x4 = {Zq; : ¢ < m}, za; = (Cais (dasisEavis Nayi)). A pair
(¢, {d,&,m)) € w1 x K is good iff

(g1) o(§) = ¢,
(g2) ¢ < mind,
(g3) r({¢}ud) =m.

We can assume that every z, ; is good because if ((,t) € wy x K is not good
then {((,t),(¢',¥')} € H, for each ({',t') € w; x K with ¢’ # (. So we have

() o(§ai) = Cavis
(11) Ca’,’i < min da,i7
(iil) r({Ca,i} U (dayi)) = ni.
By thinning out our sequence we can assume that

(lV) Neayi = Ny,
(v) maxdy; < (g for a < 8 <wy and 4,5 < m.

Let N ={n; :i <m}. For « <wj and n € N put D, ,, = {dn,; : n;i = n}.
CLAamM. D, € D) (w1).

Indeed, if ¢ # j < m and n; = n; then r({¢ai} Udai) = ni = nj =

r({ij} U da,j) but min({Ca,z‘} U da,i) = Ca,i # Ca,j = min({ca,j} U da,j) S0
da,i Ndy; = 0 by the choice of the function r.

(iii) and (v) together give max(|J Da,n) < min(J Dg,,) for o < f < wy
and n € N. Thus D, = (Dy,, : £ < w) € D&k)(wl).
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Sin(ie CH holds, from Lemma 3.8 it follows that there is v < w; such
that {D), : n € N} C N,. Pick a < wy such that N, N {C; : j < m} = 0.
Let D; = D';L] for j <m.

We are going to apply Lemma 3.7 as follows: M = (Ny, N, j < m) is

—

an elementary m + 1-chain, f, 130, covyDm—1 € No and &qj € N, \Ngj.71 for
j < m, where (_; = . Hence, by Lemma 3.7 there is ¢/ < w such that for
each j < m,

() £aj € Hom(D;(0), f).
CLAIM. [z, 24| C He.

Let 4,5 < m. We show {z;,zq,;} € He. (2)-(4) hold by construction. If
n; # nj then (1) fails so we are done. Assume that n; = n; =n € N. Then
dy; € D!, (¢) = D;(£). Thus
(V57 6/ € df,i) f(67 fa,j) = f((S/a ga,j)
by (o). Hence (5) holds and so {z/;,zq ;} € He. =

Now we can easily conclude the proof of 3.4.

Let f : [w1]> — w; be an AR®)-function. By Lemma 3.13, the graph Hy
is strongly solid. Since GCH holds, we can apply our Black Box Theorem to
find a c.c.c. poset P such that

VP = H; is c.c.c.-indestructibly 1-solid.
But then, by Lemma 3.12,
VP |= f c.c.c-indestructibly establishes wi —* [(wi;w1)]k-bdd. ®

Proof of Theorem 1.2. Since GCH holds, by Lemma 3.3 there is an
AR®)_function g : [w1]> — w1 . By Theorem 3.5 there is a set X € [w]*!
and a c.c.c. poset @@ such that

Ve E X has a partition into countably many g-rainbow sets.
Let h: w1 — X be a bijection and put f = g o h. Then
Ve = wi has a partition into countably many f-rainbow sets.

Since f is an AR®)-function as well, we can apply Theorem 3.4 to deduce
that

VP £ f c.c.c-indestructibly establishes w; —* [(w1;w1)]k-bdd
for some c.c.c. poset P, which proves the theorem. m
Lemma 3.3 and Theorem 3.4 give immediately

COROLLARY 3.14. wy »* [(w1;w1)]k-bdd s consistent with Martin’s Az-
iom for each natural number k.
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