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Coordinatewise de
omposition ofgroup-valued Borel fun
tionsbyBenjamin D. Miller (Los Angeles, CA)
Abstra
t. Answering a question of Kªopotowski, Nadkarni, Sarbadhikari, and Sri-vastava, we 
hara
terize the Borel sets S ⊆ X × Y with the property that every Borelfun
tion f : S → C is of the form f(x, y) = u(x) + v(y), where u : X → C and v : Y → Care Borel.Given a set X, let X<N =

⋃

n∈N
Xn. The length of s ∈ X<N is the uniquenatural number |s| su
h that s ∈ X |s|. The restri
tion of α ∈ XN to n is thesequen
e α|n ∈ Xn whose ith 
oordinate agrees with that of α, for all i < n.We say that s is an initial segment of α ∈ XN, or s ⊆ α, if there exists n ∈ Nsu
h that s = α|n. The basi
 
lopen set asso
iated with s ∈ X<N is given by

Ns = {α ∈ XN : s ⊆ α}. The diagonal on X is de�ned by ∆(X) = {(x, x) :
x ∈ X}. Given a set S ⊆ X × Y , let S−1 = {(y, x) ∈ Y × X : (x, y) ∈ S}.A graph on X is an irre�exive, symmetri
 set G ⊆ X × X. A G-pathfrom x to y is a sequen
e 〈xi〉i≤n ∈ X<N su
h that x = x0, y = xn, and
∀i < n ((xi, xi+1) ∈ G). Su
h a path is a G-
y
le if n ≥ 3, x = y, and
〈xi〉i<n is inje
tive. We say that G is a
y
li
 if there are no G-
y
les. Thegraph metri
 asso
iated with su
h a graph is given by

dG(x, y) =

{

n if there is an inje
tive G-path 〈xi〉i≤n from x to y,
∞ if there is no G-path from x to y.Suppose that E is an equivalen
e relation on X. The E-
lass of x ∈ Xis given by [x]E = {y ∈ X : xEy}. The E-saturation of a set B ⊆ X isgiven by [B]E = {x ∈ X : ∃y ∈ B (xEy)}. We say that B is E-invariantif B = [B]E, and we say that B is an E-
omplete se
tion if X = [B]E. Aredu
tion of an equivalen
e relation E on X to an equivalen
e relation F on

Y is a fun
tion π : X → Y su
h that ∀x1, x2 ∈ X (x1Ex2 ⇔ π(x1)Fπ(x2)).2000 Mathemati
s Subje
t Classi�
ation: Primary 03E15; Se
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120 B. D. MillerAn embedding is an inje
tive redu
tion. A separating family for E is a familyof sets B0, B1, . . . ⊆ X su
h that
∀x, y ∈ X (xEy ⇔ ∀n ∈ N (x ∈ Bn ⇔ y ∈ Bn)).We say that an equivalen
e relation E on a Polish spa
e is smooth if there is aBorel redu
tion of E to ∆(2N), or equivalently, if E admits a Borel separatingfamily. A transversal of E is a set B ⊆ X su
h that ∀x ∈ X (|B∩ [x]E| = 1).Suppose that S ⊆ X ×Y , Γ is a group, and f : S → Γ . A 
oordinatewisede
omposition of f is a pair (u, v), where u : X → Γ , v : Y → Γ , and

∀(x, y) ∈ S (f(x, y) = u(x)v(y)).While our main goal here is to study 
oordinatewise de
ompositions in thedes
riptive set-theoreti
 
ontext, we will �rst study the existen
e of 
oordi-natewise de
ompositions without imposing any de�nability restri
tions.For the sake of notational 
onvenien
e, we will assume that X ∩ Y = ∅.The graph asso
iated with S is the graph on the set ZS = X ∪ Y givenby GS = S ∪ S−1. The following fa
t was proven essentially by Cowsik,Kªopotowski and Nadkarni [1℄:Proposition 1. Suppose that X, Y are disjoint , S ⊆ X × Y , and Γ isa non-trivial group. Then the following are equivalent :
(1) Every fun
tion f : S → Γ admits a 
oordinatewise de
omposition.
(2) GS is a
y
li
.Proof. To see ¬(2)⇒¬(1), suppose that there is a GS-
y
le of the form

〈x0, y0, x1, y1, . . . , xn+1〉. Fix γ0 ∈ Γ \ {1Γ } and de�ne f : S → Γ by
f(x, y) =

{

γ0 if (x, y) = (x0, y0),
1Γ otherwise.If (u, v) is a 
oordinatewise de
omposition of f , then

γ0 = f(x0, y0)f(x1, y0)
−1 · · · f(xn, yn)f(xn+1, yn)−1

= (u(x0)v(y0))(u(x1)v(y0))
−1 · · · (u(xn)v(yn))(u(xn+1)v(yn))−1

= u(x0)u(x1)
−1 · · ·u(xn)u(xn+1)

−1 = u(x0)u(xn+1)
−1 = 1Γ ,whi
h 
ontradi
ts our 
hoi
e of γ0.To see (2)⇒(1), let ES be the equivalen
e relation whose 
lasses are the
onne
ted 
omponents of GS , �x a transversal B ⊆ ZS of ES , and de�ne

Bn = {z ∈ ZS : ∃w ∈ B (dGS
(w, z) = n)}.For ea
h z ∈ Bn+1, let gn(z) denote the unique GS-neighbor of z in Bn, andde�ne u : X → Γ , v : Y → Γ re
ursively by setting u(x) = v(y) = 1Γ for

x, y ∈ B0, and
u(x) = f(x, gn(x))v(gn(x))−1, v(y) = u(gn(y))−1f(gn(y), y)
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tions 121for x, y ∈ Bn+1. To see that (u, v) is a 
oordinatewise de
omposition of f ,suppose that (x, y) ∈ S, and �x n ∈ N su
h that gn(x) = y or gn(y) = x. If
gn(x) = y, then u(x) = f(x, y)v(y)−1, thus f(x, y) = u(x)v(y). If gn(y) = x,then v(y) = u(x)−1f(x, y), thus f(x, y) = u(x)v(y).As a 
orollary of the proof of Proposition 1, we obtain a su�
ient 
ondi-tion for the existen
e of Borel 
oordinatewise de
ompositions:Corollary 2. Suppose that X, Y are disjoint Polish spa
es, S ⊆ X×Yis Borel , Γ is a standard Borel group, GS is a
y
li
, and ES has a Boreltransversal. Then every Borel fun
tion f : S → Γ admits a Borel 
oordi-natewise de
omposition.Proof. It is su�
ient to 
he
k that the fun
tions u and v 
onstru
ted inthe proof of Proposition 1 are Borel. Letting Bn ⊆ ZS ands gn : ZS → ZSbe as above, it follows from the fa
t that GS is a
y
li
 that

z ∈ Bn+1 ⇔ z 6∈
⋃

i≤n

Bi and ∃w ∈ Bn ((z, w) ∈ GS)

⇔ z 6∈
⋃

i≤n

Bi and ∃!w ∈ Bn ((z, w) ∈ GS),and results of Suslin and Luzin (see, for example, Theorems 14.11 and 18.11of Ke
hris [5℄ or Theorem 4.4.3 and Corollary 4.12.2 of Srivastava [8℄) thenimply that ea
h of these sets is Borel. As
graph(gn) = GS ∩ (Bn+1 × Bn),it follows that gn is Borel as well (see, for example, Theorem 14.12 of [5℄ orTheorem 4.5.2 of [8℄), and this easily implies that u and v are Borel.Our main theorem is that the su�
ient 
ondition given above is alsone
essary to guarantee the existen
e of Borel 
oordinatewise de
ompositions:Theorem 3. Suppose that X, Y are disjoint Polish spa
es, S ⊆ X × Yis Borel , and Γ is a non-trivial standard Borel group. Then the followingare equivalent :

(1) Every Borel fun
tion f : S → Γ admits a Borel 
oordinatewise de-
omposition.
(2) GS is a
y
li
 and ES admits a Borel transversal.Proof. As (2)⇒(1) follows from Corollary 2, we need only show (1)⇒(2).Towards this end, suppose that (1) holds. As the map f des
ribed in the proofof ¬(2)⇒¬(1) of Proposition 1 is 
learly Borel, it follows that GS is a
y
li
,thus ES is Borel (by Theorems 14.11 and 18.11 of [5℄ or Theorem 4.4.3 andCorollary 4.12.2 of [8℄).Fix a non-trivial 
ountable subgroup ∆ ≤ Γ , endow ∆ with the dis
retetopology, and endow ∆N with the 
orresponding produ
t topology. De�ne
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E∆

0 on ∆N by
αE∆

0 β ⇔ ∃n ∈ N ∀m > n (α(m) = β(m)),and de�ne F∆
0 ⊆ E∆

0 on ∆N by
αF∆

0 β ⇔ ∃n ∈ N ∀m > n (α(0) · · ·α(m) = β(0) · · ·β(m)).Let ∆ a
t freely on ∆N by left multipli
ation on the 0th 
oordinate, i.e.,
δ · α = 〈δα(0), α(1), α(2), . . .〉.Lemma 4. The a
tion of ∆ on ∆N indu
es a free a
tion of ∆ on ∆N/F∆

0 .Proof. It is enough to observe that
∀δ ∈ ∆ ∀α, β ∈ ∆N (αF∆

0 β ⇒ δ · αF∆
0 δ · β),whi
h is a trivial 
onsequen
e of the de�nition of F∆

0 .Suppose now that F ⊆ E are Borel equivalen
e relations on a Polishspa
e X. We say that E is relatively ergodi
 over F if there is no F -invariantBorel set B ⊆ X su
h that both B and X \ B are E-
omplete se
tions.Lemma 5. E∆
0 is relatively ergodi
 over F∆

0 .Proof. Suppose, towards a 
ontradi
tion, that B ⊆∆N is an F∆
0 -invariantBorel set su
h that both B and ∆N \ B are E∆

0 -
omplete se
tions. As B isan E∆
0 -
omplete se
tion, it follows that B is non-meager, thus there exists

s ∈ ∆<N su
h that B is 
omeager in Ns. De�ne C ⊆ ∆N by
C = ∆N \ [Ns \ B]

E∆
0

,and observe that C is an E∆
0 -invariant 
omeager Borel set and Ns ∩ C ⊆

B ∩ C. It only remains to show that C ⊆ B, whi
h implies that ∆N \ Bis meager, 
ontradi
ting the fa
t that ∆N \ B is an E∆
0 -
omplete se
tion.Towards this end, given α ∈ C, set n = |s| and de�ne δ ∈ ∆ by

δ = (s(0) · · · s(n − 1))−1(α(0) · · ·α(n)).Then αF∆
0 〈s(0), . . . , s(n − 1), δ, α(n + 1), α(n + 2), . . .〉, thus α ∈ B.Re
all that E0 is the equivalen
e relation on 2N given by

αE0β ⇔ ∃n ∈ N ∀m > n (α(m) = β(m)).Lemma 6. There is a Borel embedding π1 : ∆N → 2N of E∆
0 into E0.Proof. Fix an enumeration (kn, δn) of N × ∆. De�ne π1 : ∆N → 2N by

[π1(α)](n) =

{

1 if α(kn) = δn,
0 otherwise.It is straightforward to 
he
k that π1 is the desired embedding.Now suppose, towards a 
ontradi
tion, that ES has no Borel transversal.Lemma 7. There is a Borel embedding π2 : 2N → ZS of E0 into ES |X.
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tions 123Proof. Suppose, towards a 
ontradi
tion, that there is no Borel embed-ding of E0 into ES |X. As ES is Borel, so too is ES |X. It follows fromTheorem 1.1 of Harrington�Ke
hris�Louveau [3℄ that ES |X is smooth. Fixa Borel separating family B0, B1, . . . for ES |X, and observe that the sets
An = Bn ∪ {y ∈ Y : ∃x ∈ Bn ((x, y) ∈ S)}form a Σ

1
1 separating family for ES |(X∪projY [S]), where projY : X ×Y → Ydenotes the proje
tion fun
tion. It easily follows that ES has a σ(Σ1

1) sep-arating family, thus Theorem 1.1 of [3℄ implies that ES is smooth. As GS isa
y
li
, it follows from Hjorth [4℄ (see also Miller [7℄) that ES admits a Boreltransversal, whi
h 
ontradi
ts our assumption that it does not.For x1ESx2, we say that z is GS-between x1 and x2 if z lies along theunique inje
tive GS-path from x1 to x2. De�ne B ⊆ ZS by
B = {z ∈ ZS : ∃x1, x2 ∈ rng(π2 ◦ π1) (z is GS-between x1 and x2)}.As GS is a
y
li
 and rng(π2 ◦π1) interse
ts every ES-
lass in a 
ountable set,it follows that B is Borel. As ES ∩ (B× rng(π2 ◦π1)) has 
ountable se
tions,the Luzin�Novikov uniformization theorem (see, for example, Theorem 18.10of [5℄ or Theorem 5.8.11 of [8℄) ensures that it has a Borel uniformization

π3 : B → rng(π2 ◦ π1). We 
an 
learly assume that π3|rng(π2 ◦ π1) = id.De�ne π : B → ∆N by
π = (π2 ◦ π1)

−1 ◦ π3,and �nally, de�ne f : S → ∆ by
f(x, y) =

{

1Γ if x 6∈ B or y 6∈ B,

δ if x, y ∈ B and δ · π(y)F∆
0 π(x).Now suppose, towards a 
ontradi
tion, that there is a Borel 
oordinate-wise de
omposition (u, v) of f .Lemma 8. Suppose that x, x′ ∈ B ∩ X and xESx′. Then:

(1) u(x)u(x′)−1 ∈ ∆.
(2) u(x)u(x′)−1 · π(x′)F∆

0 π(x).Proof. Let 〈x0, y0, . . . , xn, yn, xn+1〉 be the unique inje
tive GS-path from
x to x′. To see (1), observe that, for all i ≤ n,

u(xi)u(xi+1)
−1 = (u(xi)v(yi))(u(xi+1)v(yi))

−1 = f(xi, yi)f(xi+1, yi)
−1,thus u(xi)u(xi+1)

−1 ∈ ∆. Noting that
u(x0)u(xn+1)

−1 = u(x0)u(x1)
−1u(x1)u(x2)

−1 · · ·u(xn)u(xn+1)
−1,it follows that u(x)u(x′)−1 ∈ ∆.



124 B. D. MillerTo see (2), observe that for all i ≤ n,
u(xi)u(xi+1)

−1 · [π(xi+1)]F ∆
0

= f(xi, yi)f(xi+1, yi)
−1 · [π(xi+1)]F ∆

0

= f(xi, yi) · [π(yi)]F ∆
0

= [π(xi)]F ∆
0

.Setting Ci = [π(xi)]F ∆
0

, it follows that
u(x0)u(xn+1)

−1 · Cn+1 = u(x0)u(x1)
−1 · · ·u(xn)u(xn+1)

−1 · Cn+1

= u(x0)u(x1)
−1 · · ·u(xn−1)u(xn)−1 · Cn...

= C0,thus u(x0)u(xn+1)
−1 · [π(xn+1)]F ∆

0

= [π(x0)]F ∆
0

.De�ne w : ∆N → Γ by w = u ◦ π2 ◦ π1, �x a 
ountable Borel separatingfamily Γ0, Γ1, . . . ⊆ Γ for Γ , and de�ne n : ∆N → Γ by
n(α) = min{n ∈ N : ∃δ1, δ2 ∈ ∆ (δ1w(α) ∈ Γn and δ2w(α) /∈ Γn)}.Lemma 8 ensures that if αE∆

0 β, then w(α)w(β)−1 ∈ ∆, thus
∆w(α) = ∆w(α)w(β)−1w(β) = ∆w(β),and it follows that n(α) = n(β). As π3|rng(π2 ◦ π1) = id, Lemma 8 alsoensures that w(α)w(β)−1·βF∆

0 α. It follows that if α = δ·β, then w(α)w(β)−1

= δ, thus w(α) = δw(β). De�ning A ⊆ ∆N by
A = {α ∈ ∆N : w(α) ∈ Γn(α)},it follows that A is an F∆

0 -invariant Borel set and both A and ∆N \ A are
E∆

0 -
omplete se
tions, whi
h 
ontradi
ts Lemma 5.Kªopotowski, Nadkarni, Sarbadhikari and Srivastava [6℄ have studied
oordinatewise de
omposition using another equivalen
e relation L whi
h,modulo straightforward identi�
ations, is the equivalen
e relation whose
lasses are the 
onne
ted 
omponents of the dual graph ĞS on S, 
onsist-ing of all pairs ((x1, y1), (x2, y2)) of distin
t elements of S su
h that either
x1 = x2 or y1 = y2. The equivalen
e 
lasses of L are the linked 
omponentsof S, and the linked 
omponents of S are said to be uniquely linked if GS isa
y
li
.Conje
ture 9 (Kªopotowski�Nadkarni�Sarbadhikari�Srivastava [6℄)..Suppose that X, Y are disjoint Polish spa
es and S ⊆ X × Y is Borel. Thenthe following are equivalent :

(1) Every Borel fun
tion f : S → C has a Borel 
oordinatewise de
om-position.
(2) The linked 
omponents of S are uniquely linked and L is smooth.
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tions 125In light of Theorem 3 and the above remarks, the following observationimplies that Conje
ture 9 is indeed 
orre
t:Proposition 10. Suppose that X, Y are disjoint Polish spa
es, S ⊆
X × Y is Borel , and GS is a
y
li
. Then the following are equivalent :

(1) ES admits a Borel transversal.
(2) L is smooth.Proof. To see (1)⇒(2), suppose that ES admits a Borel transversal

B ⊆ ZS . Let π1 : ZS → ZS be the fun
tion whi
h sends z to the uniqueelement of B ∩ [z]ES
, and let π2 = projX |S. Then π1 is a Borel redu
tion of

ES to ∆(ZS) and π2 is a Borel redu
tion of L to ES , thus π1 ◦ π2 is a Borelredu
tion of L to ∆(ZS), so L is smooth.To see (2)⇒(1), suppose that L is smooth, and �x a Borel redu
tion
π1 : S → 2N of L to ∆(2N). Put Z = projX [S] ∪ projY [S]. By the Jankov�von Neumann uniformization theorem (see, for example, Theorem 18.1 of [5℄or Theorem 5.5.2 of [8℄), there is a σ(Σ1

1)-measurable redu
tion π2 : Z → Sof ES |Z to L, thus π1◦π2 is a σ(Σ1
1)-measurable redu
tion of ES |Z to ∆(2N).It easily follows that there is a σ(Σ1

1)-measurable redu
tion of ES to ∆(2N),thus Theorem 1.1 of [3℄ implies that ES is smooth. As GS is a
y
li
, it followsfrom [4℄ (see also [7℄) that ES admits a Borel transversal.A
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