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Equilibrium measures for holomorphic endomorphisms
of complex projective spaces
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Abstract. Let f : P — P be a holomorphic endomorphism of a complex projective
space P®, k > 1, and let J be the Julia set of f (the topological support of the unique max-
imal entropy measure). Then there exists a positive number k5 > 0 such that if ¢ : J — R
is a Holder continuous function with sup(¢) —inf(¢) < k¢, then ¢ admits a unique equilib-
rium state gy on J. This equilibrium state is equivalent to a fixed point of the normalized
dual Perron-Frobenius operator. In addition, the dynamical system (f, ue) is K-mixing,
whence ergodic. Proving almost periodicity of the corresponding Perron—Frobenius opera-
tor is the main technical task of the paper. It requires producing sufficiently many “good”
inverse branches and controling the distortion of the Birkhoff sums of the potential ¢. In
the case when the Julia set J does not intersect any periodic irreducible algebraic variety
contained in the critical set of f, we have Ky = logd, where d is the algebraic degree of f.

1. Introduction. The thermodynamic formalism for holomorphic en-
domorphisms of the Riemann sphere C and Hélder continuous potentials,
with sufficiently small oscillation, was originated in [DU]. The existence and
uniqueness of equilibrium states of such potentials was proved there (see
also [Pr]). The corresponding Perron—Frobenius operator was shown to be
almost periodic and the equilibria were shown to be K-mixing. Later ([DPU],
[Hal]) more refined mixing and stochastic properties of these equilibria were
established.

The natural question arises about the existence and uniqueness of equi-
libria in the higher dimensional case, namely, for complex projective spaces
of an arbitrary dimension. The existence of equilibria (for all continuous
potentials) follows imediately from the fact that for all C>° endomorphisms
of smooth compact manifolds the entropy function p — h,, ascribing to each
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invariant measure p its Kolmogorov—Sinai measure-theoretic entropy hy, is
upper semicontinuous (see works of Yomdin [Yo] and Newhouse [Ne]). How-
ever, up to our knowledge, so far, for holomorphic endomorphisms of higher
dimensional projective spaces, only the case of the potential ¢ identically
equal to zero has been treated to address the questions about uniqueness
of equilibria, their more direct construction, and finer stochastic proper-
ties. The measure of maximal entropy was constructed in [FSI] and [HP]
(another construction was presented in [BD]); see [BD| for the proof of its
uniqueness. Stochastic properties, in particular upper estimates of exponen-
tial speed of convergence of iterates of the corresponding Perron—Frobenius
operator, were established in [ES1], [FS2] and [DS3]; for related topics see
also [DNS] and [D2]. The expository paper [DSI] contains a complete survey
of up to date results.

An interesting class of invariant measures has been constructed and stud-
ied in [Du2]. The author applies an approach similar to that in [PUZ, I] and
[PUZ, TI]. Tt uses a special coding technique, and the resulting measure is
the image, under this coding, of a Gibbs measure for some Holder continuous
potential in the coding space.

Our goal in this paper is to build the thermodynamic formalism for holo-
morphic endomorphisms f : P¥ — P* and for Holder continuous potentials
¢ : J — R, with sufficiently small value, depending only on the endomor-
phisms f : P¥ — P* and denoted by r, of their oscillation sup(¢) — inf(¢).
Here and throughout J = J(f) denotes the Julia set of the map f : P¥ — P*,
i.e. the topological support of the measure of maximal entropy. Note that in
the literature our set J is usually denoted by J, and it may be essentially
smaller than the set Ji, which is also frequently called the Julia set and
which is defined with the use of the standard normality condition.

Another important backward invariant set is the exceptional set E, the
largest nontrivial backward invariant algebraic set. It is empty for a generic
holomorphic map. We do not know of any example of a map for which
the exceptional set intersects the Julia set J (it is easy to construct an
example for which E intersects J1). However, we do not have any general
argument showing that £ N J must be empty. (It seems that components
of E with codimension 1 cannot intersect J, but the argument does not
extend to higher codimensions.) So from now one we introduce the follow-
ing.

DEFINITION 1.1. A holomorphic map f is called regular if its exceptional
set B = E(f) does not intersect the Julia set J = J(f).

Throughout the whole paper we keep the following

ASSUMPTION 1.2. The map f is regular.
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The regularity hypothesis is essential for the topological exactness of the
map f : J — J, which means that for every open set U C P* intersecting
J there exists an integer n > 0 such that f™(U) D J. Indeed, we have the
following.

PROPOSITION 1.3. If f : P* — P* is a regular holomorphic endomor-
phism, then the dynamical system f :J — J is topologically exact.

This proposition is instrumental for the whole paper, appearing in the as-
sertions or proofs of the statements such as Proposition 3.6, Proposition
and Lemma [4.3

Our class of potentials contains the restrictions to J of Holder continuous
functions ¢ : P¥ — P such that sup(¢) — inf(¢) < ky. If the Julia set J
does not intersect any periodic irreducible algebraic variety contained in the
critical set of f, then we can take x; as large as possible, namely equal to
logdeg f. We observe (see Corollary that if k£ is equal to 2, then this
intersection (if nonempty) consists of finitely many critical periodic orbits
only, whence k is easier to estimate.

In the proof we cope with estimating the distortion of the Birkhoff sums
of the potential ¢. This task is entirely absent in the case of the measure of
maximal entropy, where the distortion is always zero. The bounded distor-
tion for, in a sense, most inverse branches, and the existence of sufficiently
many such “good” inverse branches, are the two main tools used to produce
upper and lower bounds of iterates of the corresponding Perron—Frobenius
operators. In the case of the measure of maximal entropy, this issue actu-
ally trivializes; the function identically equal to one is then a fixed point of
the Perron—Frobenius operator for free. Another source of serious technical
difficulties is the existence of critical periodic varieties intersecting the Julia
set J.

A basic notion of ergodic theory is that of metric (Kolmogorov—Sinai)
entropy h,(f) of an f-invariant probability measure ;. The basic notion of
thermodynamic formalism is that of topological pressure P(¢) = P(f, ¢) (see
[Rull). Their alternative definitions and properties can be found for instance
in [Wa2] and [PU]|. The formula relating these two, seemingly independent,
concepts is the celebrated Variational Principle stating that

(1.1) P(©) = sup{ b () + fodn .

where the supremum is taken over all Borel probability f-invariant mea-
sures p. The measures p for which h,(f) + { ¢ du = P(¢) are called equilib-
rium states for the potential ¢. We prove the following.

THEOREM 1.4. For every reqular holomorphic endomorphism, f : PF — Pk
of a complex projective space P*, k > 1, there exists a positive number
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ky > 0 such that if ¢ : J(f) — R is a Hélder continuous function with
sup(¢) — inf(¢) < Ky, then ¢ admits a unique equilibrium state g on J.
This equilibrium state is equivalent to a fized point of the normalized dual
Perron—Frobenius operator. In addition the dynamical system (f, pig) is K-
mixing, whence ergodic. In the case when the Julia set J does not intersect
any periodic irreducible algebraic varieties contained in the critical set of f,
we have Ky = logdeg f.

As we have already noted, the existence of equilibria is true for all C*°
smooth endomorphisms of compact differentiable manifolds. Our proof of
existence of equilibria is entirely different; in particular we do not use upper
semicontinuity of the entropy function. W prove much more than merely the
existence of equilibria. We in fact construct an equilibrium as a fixed point
of the normalized dual Perron—Frobenius operator. This gives a piece of a
valuable information about the structure of this equilibrium and allows us
to deduce the uniqueness of the equilibrium, by showing that the topological
pressure function is differentiable.

The K-mixing property is due to almost periodicity of the corresponding
Perron—Frobenius operator. We provide a more detailed description of the
allowed oscillation ky in Section [3l We also provide sufficient conditions
for k5 to be equal to logdeg f, nearly as good as in [DU]. The proof of
Theorem [1.4] contains two additional ingredients. Firstly, we prove a form
of uniformly subexponentially slow increase of local degrees of iterates of
the map f : P¥ — PF. This fact is related to some results of Favre ([F1]
and [E2]). Secondly, motivated by the argument of M. Gromov [Gi], we
prove that the topological pressure is not larger than the logarithm of the
eigenvalue of the dual to the Perron—Frobenius operator.

Our paper provides a generalization of corresponding results for the dy-
namics of rational maps in P'. The proof required the development of a new
approach, and several new major ideas appear in our arguments. Surpris-
ingly, in order to estimate the iterates of the Perron—Frobenius operator,
we have to extend our potential ¢ to some neighborhood of J and to es-
timate the Perron—Frobenius operator in this neighborhood. Furthermore,
we have to extend this potential to the entire projective space P*. We need
this extension in order to prove almost periodicity of the Perron—Frobenius
operator acting on the whole Banach space C(P¥) of continuous functions
on P

For the proof of the equality P(¢) < log A given in Section |§|, we need
to know that the iterates of the (normalized) Perron—Frobenius operator
are uniformly bounded above everywhere in P*, and not only in .J. The
reason is that we follow the idea of Gromov’s proof of the equality hiop(f) =
klog deg f which does require integrating against the volume measure every-
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where in P¥. We stress that we must produce this special extension even if
the original potential ¢ was defined everywhere in P*¥. The potential ¢ is
then modified in such a way as to guarantee a uniform upper bound of the
iterates £(1) of the Perron-Frobenius operator everywhere in P*.

Moreover, we have to cope with periodic varieties contained in the critical
set which may intersect the Julia set (see Section [3). This phenomenon
has no counterpart in dimension 1. We estimate separately the part of the
Perron—Frobenius operator acting “along” such “critical periodic varieties”.
This may cause the maximal allowable oscillation ¢ to be smaller than log d.
If no such varieties exist, then the set A%, responsible for all such issues, is
empty and calculations become considerably easier. On a first reading the
reader may assume that A% = () and skip the considerations concerning this
set.

We now comment on one issue entirely peculiar to the multidimensional
case. In higher dimensions there is no obvious canonical way of defining the
Julia set. Also, we would not gain more generality if rather than working
with the entire properly defined Julia set, we would only assume that we
work on some totally invariant closed subset of P¥. Indeed, let T' be the
Green current for f and denote by J; the support of TN . Then

1D DT =J.

The results of de Thélin (see [dT1], [dT2]) and Dinh (see [DI]) lead to the
following corollary (see [DS1l, Section 1] for a detailed presentation).

COROLLARY 1.5. Let f be an algebraic endomorphism of P* of degree d.
Let p be an invariant probability measure. If the (topological) support of
does not intersect the set 7, then

hy(f) < (p—1)logd.

However, it can be easily seen that every equilibrium measure v for the
potential ¢ with sup(¢) —inf(¢) < log d (the potentials in the current paper
do enjoy this property) satisfies h, > (k — 1)logd. This implies that every
equilibrium measure for every such potential must charge the Julia set J.
Since J is totally invariant, we thus get the following

COROLLARY 1.6. The topological support of every ergodic equilibrium
state of every potential ¢, defined in some neighborhood of J, and satisfying
sup(¢) — inf(¢) < logd, is contained in the Julia set J.

This means that, once we are given such a potential, even defined in the
whole P*, we can always restrict our considerations to the Julia set J. We

do this.

Our paper is organized as follows. In Section [2], we construct sufficiently
many exponentially shrinking inverse branches. In Section [3| we introduce
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and discuss the maximally allowed oscillation kf for the potential ¢, we
introduce the corresponding Perron—Frobenius operator, and we prove the
existence of the “geometric” Gibbs state mg (formula (3.10]). In Section
we establish upper and lower uniform bounds of iterates of the Perron—
Frobenius operator. In Section |5, we discuss almost periodicity of this oper-
ator, and its uniform version, needed for the proof of the uniqueness of the
equilibrium state pg. Consequently, we produce a continuous fixed point pg
of the Perron-Frobenius operator and the f-invariant measure py = ppmeg.
Based on almost periodicity of the Perron—Frobenius operator, we establish
its spectral properties, and we show that its iterates converge uniformly.
Hence we deduce K-mixing of the dynamical system (f, uug), whence its er-
godicity. We also prove the decay of correlations. In Section [6] developing
the idea of Gromov [Gr], we prove the equality of the topological pressure
P(¢) and the logarithm log A. Section [7]is devoted to proving existence and
uniqueness of equilibrium states. Section [8| contains the postponed proof of
uniformly subexponentially slow growth of local degrees of iterates of the
map. Finally, in Section [9] we give the postponed proof of almost periodi-
city.

2. Contracting inverse branches. We normalize the Fubini-Study
metric p on P¥ so that the area A of any ball of radius 1 on a projective line
is equal to 1. The following theorem is due to Lelong.

THEOREM 2.1. There exists a constant ¢ > 0 such that if x € PF and
0<R<L 2diamp(Pk), and if X is a 1-dimensional closed complex variety
contained in B(x, R), then

Area(X N B(z,R)) > ¢ 'R%.
Keeping f : P¥ — P* a holomorphic endomorphism, let Crit(f) be the
set of all critical points of f, i.e. points z € P¥ such that deg, f > 2.

DEFINITION 2.2. Given an integer n > 1 the periodic critical set A, is
the union of orbits of all irreducible varieties that are contained in the critical
set and are periodic under the iterate f' with some [ < n. In particular, the
orbit of every critical periodic point of period [ < n is in the critical periodic
set A,,.

DEFINITION 2.3. Given two integers 1 < p < n the set Eb is defined to
consist of all points = € P¥ for which there exists an integer 0 <¢<n-—1
such that f*(z) € A,. Equivalently,

n—1
B = f7i(4p) = F7V 4,
1=0

Obviously, Ef, C Ef_ .
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PROPOSITION 2.4. For every > 0 there exist p=p(5) and N = N(p)
such that for every n > N and for every x ¢ Eh we have

#{0<j<n:f(x) € Crit(f)} < Bn.
The proof of this proposition is presented in Section
Now, take v € (0,1). It follows from Proposition that there exist
P,

two least integers pi(7y) and po(y) such that if z € Jj > pa2(7), and
7 (Z) ¢ APl(’Y)’ then

(2.1) deg. () <777,
Let us record the following obvious observation.

REMARK 2.5. Obviously, for v < d~* one can take pa(y) =1, p1(y) =0,
and Ay () = 0. As v increases, so does the set A, (,). However, it is easy
to see that for every v, the set A, () is a finite union of algebraic varieties.
Thus, the three functions (0,1) 3 v = p1(7), p2(7), Ap,(y) are weakly in-
creasing and piecewise constant with a finite number of discontinuities in
each interval [0,¢], 0 <t < 1.

Put
Ay = Ay (1)

For any two distinct points a,b € P¥ denote by I a,p the projective line
passing through a and b. The following result holds for a generic (not every)
projective line I" passing through z (see condition in the proof below).
Below, we shall write “generic projective line” without specifying the precise
condition on I

LEMMA 2.6. For every v € (0,1), every integer s > pa(7y), and every
n > 0 there exists R(n) = R(v,s;n) € (0,1) such that for every z in
PF\ B(A,,n), every projective line I' passing through z, and for all n > 0,
there is a family Wy, (n, z, I') of connected components of f~"™(B(z, R(n))NI)
with the following properties.

(a) For all 0 < n < s the collection Z,(n,z) = Wy(n,z) consists of all

connected components of f~"(B(z,R(n))NTI).

(bp) max{diam(V):V € Wy(n,2,I')} <~"/2.

(cn) Wn(n,2,I") C Zp(n,2,1I") and
H(Zn(n, 2, 1)\ Wi, 2,T)) <754y + GstED)gh= DD,
where Zy,(n, z,I") is the family of all connected components of all
sets of the form f=Y(V), where V.€ Wy,_1(n,2,I") (¢ > 0 is the
constant coming from Lelong’s Theorem ([Lal, Theorem II.3.6] or

[McM, Theorem II1.3.6]) along with homogeneity of complex pro-
jective spaces, and G comes from condition (S)/) formulated below
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in the course of the proof; the precise value of G or its definition
are not important for further considerations).
(dn) Foralln > s+1 andV € Wy(n,z,I"), we have VN f(Crit(f)) = 0,
and ™|y is at most vy~ *-to-1.
REMARK 2.7. Note that this lemma is correctly stated for all v € (0,1).
However for v < d~1/3 it is trivially true (see (c3) and brings no new infor-
mation. When applying this lemma, we will always assume that v > d~1/6,

REMARK 2.8. Although in the proof below we do not explicitly use the
geometric distortion lemma from [BD], this lemma has motivated our ap-
proach here. We directly use Lelong’s inequality instead.

Proof of Lemmal[2.6 In virtue of (2.1]) there exists Ry (n) > 0 (depending
also on s) so small that if z € P¥\ B(A,,n) and z € f~%(2), and if V' is
the connected component of f~*(B(z, R1(n))) containing x, then

(2.2) deg(f*lvy) <77
We use an approach similar to [Gul proof of Lemme 3.4]. After noting

that for the estimate in [Gu] to hold, f!|ziy, need not be 1-to-1, Guedj’s
construction (in [Gu]) produces a number 0 < Ra(n) < Ri(n), and, for every
z € PE\ B(A,,n), sequences (W) (n,2))>, and (Z!!(n, 2)), of connected
components of f~"(B(z, R2(n))) with the following properties:
(P") For all 0 < n < s the collection Z//(n,z) = W}/(n, z) consists of all
connected components of f~"(B(z, Ra(n))).
(@) For all n > s the collection Z], ,(n,z) consists of all connected
components of the sets f~1(V), where V € W/ (n, 2).
(R!') For alln > s+ 1,
Wy (n,2) ={V € Z,(n,2) : VN f(Crit(f)) = 0}.
(S}) For all n > s,
#(2Z3(1,2) \ Wy (0, 2)) < Gs*F= DDl
with some constant G > 1 depending only on f : P¥ — P* and 1.

Since in P* all connected components of all open sets are open, it easily
follows from continuity of the map f : P¥ — P* that there exists a radius
r > 0 such that
(2.3) V> B(z,r)

for all z € P*\ B(A,,n) and all x € f~*(z), where V/ is the connected
component of f~*(B(z, Ri(n))) containing x. Next, take 0 < R3(n) < Ra(n)
so small that

(2.4) Vi C B(x,7)
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for every z € P*\ B(A,,7) and every = € f~%(2), where V is the connected
component of f~*(B(z, R3(n))) containing z. Denote the collection of all
connected components of f~"(B(z, R3(n))), n > s, by W/ (n, z). It follows
from and that the map f™* restricted to each such component
is 1-to-1.

Now, for every 0 < n < s define Z/ (n,z,I") to be the collection of all
connected components of the set f~"(B(z, Rs3(n)) N I"), and for all 0 <
n <sset W/ (n,zI)=Z (n,z1I). Next, we shall construct the collection
W) (n,z,I"), n > s, recursively such that the conditions (b)), (c},), and (dy)
are satisfied. The condition (b)) is

(b)) if V! '€ W!(n,z,T), then Area(V’) < 4"+2 /4c,

and (c}) is the same as (c,,) with v~% omitted; the constant ¢ comes from

Lelong’s Theorem ([Lal, Theorem I1.3.6] or [McM| Theorem 2.45]) along with
homogeneity of complex projective spaces. The base of our recursion is the
set

Wi,z I') = Zn,z,I').

Now assume that for some n > s the family W) (n,z, ") has been con-
structed so that conditions (b)), (c},), and (d,) are satisfied. The induc-
tive step is to construct the family W) 4+1(n,2,I") so that the conditions
(br41)s (¢ 41), and (dp1) are satisfied. The family W), (n, 2, I") is defined
to consist of all connected components V' of all the sets f~!(G) such that

G € W) (n,2,T), and V is contained in an element of W,/ (7, z), and
(2.5) Area(V') < (4¢) Iy tit2s,

Condition (b}, ) is then automatically satisfied, as also is the first part of
(dny1), which holds because of (Ry). Since for every V' € W (n,2, 1),
the map f8|fn+1—s(v/) is at most y7%-to-1 in view of , and since by
our construction, the map f**1=%|y is 1-to-1, condition (d,,y1) is thus fully
verified.

Let us show that (c/,, ) holds. Since Area(f~"+D(I")) = dk=D(+1) the
number of elements from Z], | (n, z, I") that fail to satisfy condition is
bounded above by

4cvf(n+1+2s)d(k71)(n+1) < 46773(n+1)d(k71)(n+1) )

Combining this with (.5;;), we conclude that the condition (¢, ;) for W’ and
7' is established, and the inductive construction of the family W/ (n, z,I")
satisfying conditions (a],), (b)), (c),), and (d},) is complete.

Now, decreasing R3(n) appropriately (the smaller radius will be called
R(7n)), we shall check that condition (by,) also holds. Let 0 < R(n) < Rs(n)
be sufficiently small as specified later in the course of the proof. For every
n > 1 define W, (n,z,I") to consist of all connected components V' of all
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elements of W/ (n,z,I") intersected with f~"(B(z, R(n)) N I"). Conditions
(a,,) and (d,) immediately follow from (a/,) and (d},) respectively. Since
each element of W) (n, z, ") contains at least one and at most v~ % elements
of Wy, (n, z,I'), item (c,) follows immediately from (c},).

We now show that (by,) holds. We shall specify the value of R(n) now.

First, fix a positive integer

S
(2.6) M > #(r nlUJ ff(crit(f))).
j=1
This intersection is a finite set of bounded cardinality for a generic line I
Then fix an integer a > 1 such that v*loga > 1, and let 0 < R(n) <
R3(n) be so small that

R(n) —(M+1)
<a .
R3(n)

Now, for all p=10,1,..., M, consider the annuli
A, = (B(z, a?™ R(n)) \ B(z, apR(n))) NnrI.

By the choice of M, there exists at least one annulus in this collection that
does not intersect the set [J7_; f?(Crit(f)). Let us keep the notation A, for
this specified annulus. Set

D'=B(z,Rs(n)) NI, D=DB(zR(n)NT,

Dy = B(z,a?’R(n)) NI, Dy=B(z,a®'R(n))NT
(so D C Dy C Dy C D). Let V € W, be a connected component of
f7%(D). Then, let V7 be the connected component of f~"(D;) containing V/,
let V5 be the connected component of f~"(Ds) containing Vi; further as
above, let V'’ be the connected component of f~"(D’) containing V5 (thus
V.c Vi CVacC V). Clearly, V' N f~"(A,) is a union of at most y~* of
the annuli, say, /1;-, the modulus of each annulus /1;- is bounded below by
~v¥loga, and, after appropriate rearrangement of indices 7,

\vi=J4
j=1

0<

with some m < 7. Since the modulus of every annulus A; in Vo \ V7 is
larger than v®loga > 1, we have
Lo 1 o inf? 1ength,p(l) . 1ength2(/z),
mod (A7) p  Areay(A)) Area(A))
where the supremum is taken over all measurable Riemannian metrics on
A;. and the infimum is taken over all closed piecewise-smooth curves that
separate both components of the boundary of A}. The values length(l) and
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Area(/l;.) respectively denote the length and the area calculated with respect
to the Fubini—Study metric. Thus for every annulus /1;- there exists a curve
l; in this family such that

length(l;) < |/Area(A}) < V/Area(Vy) < /Area(V').

We claim that this implies
(2.7) diam(V') < 2v/c\/Area(V’)y~°.

Indeed, one can enlarge V; so that the boundary of this modified domain is
exactly the union of the curves l4,...,l,,. Let us keep the notation V; for
this modified domain. Put @ = y/cy/Area(V’). Then consider the following
two cases. Either

(a) there exists € Vj such that d(z,l;) > Q for alli=1,...,m, or
(b) for every « € V; there exists I € {l1,...,l} such that d(z,l;) < Q.

In case (a), take 2 € V4 with this property, and let
U:=ViNnB(z,Q) C B(z,Q).

Then U is a closed algebraic variety in B(z, Q) and, using Lelong’s Theorem
([Lal Theorem I1.3.6] or [McM, Theorem 2.45]), we get

Area(U N B(z,Q)) > %QQ.

But Area(U N B(x,Q)) < Area(V') = (1/¢)Q?. This contradiction implies
that case (a) never occurs. In case (b) we get

vic|JB:Q) =B(L,QulJ B, Q).
=1 =2

Since the set V; is connected and both sets in the above union are open, they
must intersect, say B(l2, Q) N B(l1, Q) # 0. Thus, proceeding by induction
and permuting the sets B(l;, Q) if necessary, we can require that

J
B(lj+1,Q) N |J B, Q) # 0.

i=1
Therefore, if z € B(l;,Q) and y € B(l;,Q) then
dist(z,y) < jQ + jsuplength(l;).

This implies that
diam (V1) < mQ + msup length(l;) < 2v/c\/Area(V’)y~".

As V C Vq, formula (2.7) is thus proved. But, by our condition (b],) on the
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area of V', we can now write

So, (by,) is established. =

The reader is invited to think of elements of W,,(n, z, I") as of good com-
ponents of f~"(B(z,R(n)) NI") and of elements of Z,(n,z, ")\ Wy(n, z,I")
as of bad components of f~"(B(z, R(n))NI"). Note that if V € Z,,(n,z, ")\
Whn(n,z,I"), i.e. if V is a bad component of f~"(B(z, R(n)) N I"), then all
its images f(V), f2(V),..., f*(V) are good. In Section 4| we will need to
deal with an iterate f? of f rather than with f itself. We will need to esti-
mate the number of inverse images of a given point w, lying in components
Vgn of f79"(B(z,R(n)) N I') which are bad for the nth iterate of f9, i.e.
Van & Wan(n, 2, ) but f4(Vyn) € Wym—1)(n, 2, I"). Precisely, fix an arbi-
trary integer ¢ > 1 and let s = N¢ be an integral multiple of ¢. For every
n >0 and every w € B(z, R(n)) NI, set

Bn(n,2,q,T;w)
q—1
e AU ¥ 2\ 050,

j=0

REMARK 2.9. Note that the radius R depends not only on 1 but also
on N. In the notation, we skip this dependence. N will be fixed in the proof,
except for Section 6 (proof of almost periodicity).

A straightforward computation together with the use of Lemma[2.6]leads
to the following.

LEMMA 2.10. With the notation and hypotheses of Lemma [2.6] assume

in addition that s = qN with some integers q,N > 1. Then, for every
w € B(z,R(n)) NI, we have

(a) Bn(n,2z,q¢,T;w) =0 for all0 <n < N.

(bn) #(Bn(nv %,4, F? ’LU))
< qdF =2y 2N (4o =30 4 G (gN)AE=D)gb=Dan for gll n > 0.

Proof. Ttem (a) follows immediately from Lemma [2.6(a). To get (by),
using Lemma [2.6{c,,), we estimate for all n > N + 1 as follows:

#Bn(na Z,4, F7 ’l,U)

<> # (57 @) 0 7 (Uans 02, T50) \ Wy 01,2, T ) ))
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5
L

<3 NI Ly (0,2 T50) \ Wi (0, 2, T3 w)

[
Il
o

q—1
< 4N Z dFI =N (4ey=3n=0) o G(qIN) A1) gk (an—5+1)
=0
q—1
< 7—2qN 2(46’)/_3(1” + G(qN)4(k—1))d(k—l)qndj+k—1
=0
< qdk72+q,yf2qN(4C,yf3qn + G(qN)ll(kfl))d(kfl)qn' -

3. Potentials and conformal measures

3.1. Restrictions on potentials. For every v € (0,1) let
AJ7ry = A7 nJ.

Since the Julia set J is backward and forward invariant and since the set
A, fails to be backward invariant, and since the preimages of every point
in J are dense in J, there exists a least integer ¢ = p3(y) > 1 (an integral
multiple of p1(¥)!), and a positive A such that

(3.1)  deg(f%7,4)
= deg(f9: B(Ay,, A) N f9(B(Aj,, A)) = B(Aj,, A))
< d —1.

In other words, every point in B(A,, A) has at least one preimage (under
f9) outside the set B(A,,A). Note that like p; and po, the function p3 :
(0,1) — N is weakly increasing and is constant throughout the interval

(0,7x). For every v € (0,1), looking up at (3.1)), set
1
(3.2) Gy = max{ log,(deg(fP*);~, A)), k — 1} <k.
p3(v)

Now, for every x € (0,logd) let

(3.3) Ve = exp(g(k — logd)).

It follows from the definition of the set A, that the function (0,logd) >
k — A, is weakly increasing and constant on some interval (0, k). Con-
sequently, the function (0,logd) > k + g,, is weakly increasing and takes
on a constant value (in (0, k)) throughout some interval (0, k). Thus, the
function (0,logd) > k + k — g, is weakly decreasing and takes on a con-
stant value (in (0,k)) on (0, k). Therefore (k — g5, )logd > & for all K > 0
sufficiently close to 0 and we can define the maximal admissible oscillation
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of our potentials, usually denoted by ¢, as follows:
(3.4) kf:=sup{x € (0,logd) : (k — g,,)logd > k} € (0,logd],
and
Kf
3.5 =k———¢€k—1k).
(35) o= k= e k= 1k)

REMARK 3.1. We thus fix the value of ¢ according to the chosen value
of k. Having fixed some x < k¢, we fix v, according to (3.3). We then fix
p1(7), and finally ¢, according to (3.1)). In particular, if the set A, is empty,
one can keep ¢ = 1.

Let us now record the following obvious observation.
LEMMA 3.2. If A,NJ =0 for allp > 1, then
(3.6) ky = logd.

Note that the set A, N J may not be empty. The simplest example is
provided by some polynomial skew product in C? (see Example 9.1 in [J]).
In this example, the Julia set contains a “supersaddle point”, a fixed point
for which one eigenvalue of the derivative is larger than one, while the other
one equals zero.

3.2. The case of dimension 2. We now discuss the case k = 2. Al-
though the set A, N J does not have to be empty, the task to estimate r s
reduces to looking at finitely many periodic points only. Indeed, we recall
the following lemma from [FS1, Lemma 7.9].

LEMMA 3.3. Suppose that f : P? — P? is a holomorphic map of degree
d that maps a compact complex hypersurface Z into itself and such that Z
1s contained in the critical set of f. Then

dist(f(z), Z) = o(dist(z, Z)).

LEMMA 3.4. Suppose that f : P? — P? is a holomorphic map of degree d.
If D C C s an irreducible component of the critical set C', and D is periodic
under f (f{(D) = D for some | > 1), then D does not intersect the Julia
set J.

Proof. Let z € J and let U be an arbitrary neighborhood of z. It follows
from the construction of the maximal measure that |J,~, f*(U) = P\ E
where E is the exceptional set. Applying Lemma [3.3] we conclude that
if D is a periodic irreducible component of the critical set C' then there
exists a neighborhood of D which is mapped into itself under f!. Therefore,
DNJ=0.u

For every periodic point z of f let p(z) > 1 be the least integer such
that fP(*)(z) = 2. Denote by Per(f) the set of all periodic points of f. As a
corollary of Lemma [3.4] we get



Equilibrium measures for holomorphic endomorphisms 37

COROLLARY 3.5. If f : P2—P? is a reqular holomorphic map of degree d,
then the set
W:={z:deg, f>d} ={z:deg, f>d+1}

is finite and

1
ky > 2logd — max{log d, — 1Ogdegz(fp(z))}}-

max
zeWmPer(f)mJ{p(z)
In particular, if WNJ =0, or WNJNPer(f) =0 then ky =logd.

3.3. Conformal measures. As was indicated, our assumption is that
¢ : J — R is a Holder continuous function and

(3.7) sup(¢) — inf(¢) < Ky.
Let us take the first fruits of this assumption. Fix two positive numbers «
and [ such that

(3.8) sup(¢) —inf(¢) < a < B < Ky.
Set
(3.9) 0:6;a>0.

We consider the dynamical system f : J — J. Let C'(J) denote the Banach
space of all complex-valued continuous functions on J endowed with the
supremum norm. For every g € C(J) define L4g by the formula

Log(z)= > e"Wg(x),
zef~1(2)

where the inverse images of critical values of f are counted with multi-
plicities. Then L4g9 € C(J) and the linear operator Ly : C(J) — C(J)
is bounded. L4 is called the Perron-Frobenius (transfer) operator associ-
ated to the potential ¢. Consider the dual operator L} : C*(J) — C*(J),
C;M(g) = u(Lyg). Let M be the set of all Borel probability measures on J.
The map p— Lip/Lipu(1), p € My, is well-defined and continuous. Since
M is convex and compact (in the weak-* topology), this map has a fixed
point in virtue of the Schauder—Tikhonov Theorem. Denote this fixed point
by mg and set A = Lymy(1). Then
(3.10) Limg = Mg,
Such measures are called conformal. Using (3.7)), we get

A= S£¢]l dm¢, = S Z €¢(x) dm¢
zef~1(2)
> Sdk exp(inf(¢)) dmy = d* exp(inf(¢))
= exp(klogd + inf(¢)) > exp(sup(¢) — a + klogd).
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Equivalently,
(3.11) sup(¢) —log A < a — klogd.

Therefore, because of and , we get
(3.12)  log A —sup(¢) — (k—1)logd > logd — a =logd — f+ (8 — «)
= —6logys + 20.
This inequality will be used in future sections. Independently of this,
notice that since the Julia set J is completely invariant, iterating ,

and making use of the topological exactness of the map f : J — J (Propo-
sition , we obtain the following.

PROPOSITION 3.6. The measure mg is positive on nonempty open sub-
sets of J; in other words, supp(mg) = J.

4. Uniform bounds of iterates of the Perron—Frobenius oper-
ator. In this section we provide upper and lower uniform bounds on the
iterates of the Perron—Frobenius operator. This is naturally done by intro-
ducing several auxiliary operators and dealing with them in the following
several subsections.

We shall need the following well-known lemma.

LEMMA 4.1. Suppose that (X, p) is a compact metric space and F is
a closed subset of X. If g : F — R is a Hélder continuous function with
an exponent o € (0,1), then there exists a Hélder continuous function § :
X — R with the same exponent o and with g|p = g, sup(g) = sup(g) and

va(9) < 2va(g)-

4.1. Preliminaries. Consider the number 3 defined by formula (3.3]).
There then exists an integer Ng > 1 such that

_ —2qN — _ _
qdF 2Ty 22 (4ey 700 4 GgN MR < g0

for all ¢ > 1, N > Ng and n > N. Note that the left-hand side of this
inequality is the number appearing in Lemma Combining this and

, we get
(4.1) qd* 2Ty 2 N (4o 50+ G (gN) D) dE=D9 exp ((sup(¢) —log A)gn)
_ qdk—2+q,yg2qN(4c,y§3qn + G(qN)4(k—1))d(k—1)qn
-exp(gqn(sup(¢) — log A + (k — 1) log d))
< 7§6qn exp(qn(sup(qﬁ) —log A+ (k—1)log d))
< Vqun,ygqnefZan _ e—29qn
for all ¢ > 1, N > Ng and n > N. This inequality will allow us to esti-
mate from above the part of the Perron—Frobenius operator corresponding
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to the inverse images of a given point w lying in bad components, i.e. in

Bn(n,2,q,I';w) (see Lemma [2.10)).
We also assume N3 to be so large that for all ¢ > 1 and N > Npg,

(4.2) (1—e )71 4 (1 — em ) IN"9easup(@) gakye=0aN < 1 /4,
This inequality will be used to justify formula (4.26)). Now set
Ay = Ay, T=Au0d, g =gy,

As mentioned in the Introduction, the calculations below become consider-
ably simpler if A% = ). Apply Lemma [2.6} E 6| with v := 3. At this point, we
also fix the Value q, appropriate for k = 3, as Remark |3 - 1| shows. By (3.2 .
there exists Ay > 0 so small that

(43)  deg (f7: B(AS, A5 0 f~U(B(A%, AD) — B(A%, A7) < do1.
Now notice that for all closed sets E' and F' contained in a compact metric
space and for all € > 0 there exists 6 > 0 such that B(E,§) N B(F,d) C

B(E N F,¢). By our choice of ¢ > 1 as an integral multiple of (p1(y3))!, we
have

(4.4) f9(Ay) C A and  fI(AY) C A%

Since f79(A%) N A, C JN A, = A%, we therefore conclude that there exists
A € (0, 4;/2) such that

(45) (B4, AD)) A B(A., AD) C B(f~1(A5)N A, AL) C B(A%, AY).
It follows from (4.4) and continuity of f? that there exists A((IQ) € (0, Agl))
such that

(4.6) FUB(AG, AP)) € B4y, AY).

Now, since the sets J and A, \B(Aj,AgQ)) are closed (so compact) and
mutually disjoint, there exists A(3) € (0, A((f)) such that
(4.7) J N B(A,\ B(A5, AD), AP) = 0.

Also, by ([4.6)), f~9(A.\ B( A*,A( ))) NA, C A*\B(A*J,A((f)), and so there
exists AEI ) € (0, A((I )) such that

(48)  FU(B(AL\ B(AY, AD), A)) 1 B(A., AD)

Since {B(A%, Aél)), B(A.\ B(A%, A,(ll)), A,(14))} is an open cover of the com-
pact set A, there exists A, € (0, A((14)/2) such that

(49)  B(A., Ay C B(A3, AM) U B(A, \ B(A., AL), AW).

q
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This formula will be however used only in later sections, first in Section [4.3]
to estimate the part of the Perron—Frobenius operator taking preimages
from the Aj-neighborhood of A%.

We now extend the function ¢ (more precisely Z?;(l) $ o f7) beyond J,
in the following way. Fix 7 € R so small that 7 < sup(¢) and
(4.10) A tdkem < e7?

Define the function ¢, : J U B(A, \ B(A%, A((f)), A((13)) — R by

q—1
y .

bu(2) = ZO¢(f () ifzel,
qr if z € B(A. \ B(A%, AP), AD)).
Thus, we require ¢4 to be negative, with large modulus, on the part of A,
which is away from J. This function is well defined since, by , the sets
and B(A, \ B(A%, AéQ)), Agg) ) and J are disjoint. Clearly, this function is
Holder continuous and sup(¢,) < gsup(¢). Let ¢, : P¥ — R be the Holder
continuous extension produced in Lemma Remember that Sup(¢~>q) =
sup(¢q), and that d;q has the same Holder exponent as ¢, and ¢. Denote
this exponent by w and the w-variation of ng by Hg, which, by Lemma
is bounded by the double w-variation of ¢,. For every g : P* — R let

n—1
Sng = Zgo .

It follows from Lemma. ) that for every n > 0 and z € P*\ B(A,,n), for
a generic projective line I" passmg through z, for every connected component
Ve Wyn(n,2,I"), and all z,y € V, we have

n—1

(4.11) |Sndg() = Sndg(y)] <, |64 (f9 () = dq(f¥ (1))
<Y Hep”(f9 (), [ (y))
< qu_: l(3n J)aw/2 <H Z qui/2

Hence, for all n > 0,

(4.12) ct<

where C, = exp(H, (1 — 7;}/2)_1)-
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In this section we will need a few auxiliary Perron—Frobenius operators.
First, define £; - C (P¥) — C(P*) by the formula
Loz = 3 FWgla),
Tz€f~(2)

where the summation is taken over all points of f~9(z) counted with multi-
plicities. As in Preliminaries, £ b C(P*) — C(P*) is a bounded linear oper-
ator. It is also called the Perron—Frobenius operator associated to the poten-
tial ¢,. Define the operators ﬁq;q : C(P*) — C(P*) and L, : C(J) — CO(J)
by the formulas

Ly=X""Ly and L; =ATIL; .

Our goal is to prove uniform upper and lower bounds on the iterates ﬁg,
n > 0. This will be done inductively and several auxiliary operators will

be involved, labeled with subscripts and superscripts such as ol T G;n) o
lI7 bl
B™ , and L’*g. Fix

¢q»27§
0<n< A,
For every n > 0, set
(413) £Z]l = (qu]l”Bc(A*,Aq) and Eiqﬂ = (ﬁén]l)’Bc(A?},Aq).

4.2. First estimates away from A,. Let R(n) be the number pro-
duced in Lemma for s = Ngq (recall that, formally, R(n) depends also
on N, and as before, we skip this dependence in the notation). For every
n >0 and z € P¥\ B(A,,n), every projective line I" passing through z, and
every w € I'N B(z, Ry), set

A(n) _ —qn oy

G )= S T ep(Sudyla)),
€SI (w)NUWyn (n,2,I7)

BY jw)= 3 N e(Sdy(e)

z€By, (77’27Q7F;w)

The symbol G is going to indicate that the inverse branches involved in its
definition are thought of as good while B stands for branches thought of as
bad. It follows from (4.12)) that
G (w)
(4.14) C, < ff)i <G,
O )
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for a generic projective line I'. It also follows from Lemma [2.10] and from

formula (4.1)) that
(415) B (w) < A7 exp(sup(ég)n)# Ba(n, 7,0, I w)

qu7

< 75 29 exp(qn(sup(¢) — log \))

. qdk—2+q,y—2qN(4c,y—3qn + G(qN)4(k—1))d(k:—l)qn
< e 20an,
for every n > N -+ 1. This also holds for 0 < n < N as then

5(n) _
(4.16) B (w)=o.

4.3. Estimates in the neighborhood of A,. Let Lo (B(A«, 4,)) be
the Banach space of all real-valued bounded functions on B(A., 4,). For
every h € Loo(B(Ax, 4y)) and every z € B(A,, 4y), let

(4.17) L.h(z) = > A7 exp(¢q(z))h ().
e f~1(2)NB(Ax,4q))

Obviously, £.g(z) is a linear operator acting on Loo(B(Ax, 4,)). Tt repre-
sents the part of the Perron—Frobenius Eg collecting inverse images lying

q
close to A,. If z € B(A%, A(l)) then it follows from 1} 1} (13.4), (3.12)),

and the fact that A, < A /2 that
(4.18)  L.1(2) < A9+ 9¢5uP(%0) < exp(g(sup(¢) — log A + g, log d))
< exp(q(sup(qﬁ) —log A+ klogd — 5)) <e 4 < 7%

If, on the other hand, z € B(A, \ B(4%, A( )) A(4)), then it follows from
., -, and the definitions of ¢, and qbq, that

(4.19) L.1(2) < A 9dMed™ < e
Both (4.18) and (4.19)) along with imply that
L]l = (Lol < e
Consequently, for all n > 0 and all z € B(A,, 4,),
(4.20) LM(z) < e,

4.4. Estimates away from A,: the inductive step. Now, using the
estimates from Sections [4.2] and [4.3] we obtain an inductive formula for the
bound on the iterates of the Perron—Frobenius operator evaluated at points
away from A,. Keep 0 < n < A, fixed. Fix z € P¥\ B(A.,n), a projective
line I" passing through z, and a point w € I' N B(z, R(n)). Set

(4.21) B;(w) = BY)

¢q7zvp(w)'
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Then
(4.22) L7 1(w)
Sq

=3 X A (Sl 1)

€BC(A,Ag)NB;(w)

n n—j
+Y Y AN Yexp(Sidg(x1)) D> Y AT exp(Sigg(2))
I=1 g1 (w) =0 zpeAy (1)
S L O e 468, o)
x3€/13(r2)
where
A (w) = B(As, 4, )OBA(w)

(4.23) Ay(x1) = f79(xy mﬂf 9(B(A., Ay)),

1=0
Az(x2) = fU(z2) N B (Ax, 4y).

and the operator ﬁq was defined in 1D In other words, backward trajec-
tories starting from w are divided into groups according to the number of
consecutive steps at which the trajectori stays close to A,.

2) by EYI)(w) and the second by
Egn) (w). We will estimate each of them separately. Set, for all [ > 1,
M (¢g) = max{[[£]1 |00 : 1 < j <1},
M (¢) = max{[|[ LY 1] jape(a.,a,)lloo : 1 <5 <1}

We start with ZYL) (w). Because of 1) and 1) we have
(429 IV <D D NV exp(Sd(0)M;_1(dy)

Jj=1zeB;(w)

< M, (y) ZB¢q,zr w)

Denote the first summand in (4.2

= M,_ ¢q ZB])ZF <M, ((ng)zeieq]’
=N
S (1-e qe) TN (Sg)-

Now we turn to X. The calculatlon below is long but stralghtforward
Because of (4.15]), (4.16)), and (4.20) (see also the definition of L. (4.17)) we

have
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(4.25)
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25 (w)
n n—j
<Y Y AN Yexp(Gidg(@) Y Y A exp(Sidy(w2))
I=1 g1 e ) (w) =0 wp€Ah (1)
D0 AN (d)
:E3€A3(x2)

n

<M, ¢q Z E /\_qjeXP(Sjéq(%))
=1 0y e (w)

n—j

Z Z )\*qiexp(Siq;q(m))ﬁg,q]l(@)

1=0 3326/1%(1‘1)

<My y(P)L5 Ml Y Do AV exn(Sjdy(a1))

Jj=1 xleA{ (w)

Z Z /\*qiexp(Sing(xg))

1=0 :pgeAg(xl)

< M;y 1(89)lIL5, Il Z Y AV exp(Sidg(x1)) Y Lil(w)
Jj=1z1€A1(w) 1=0
n n—j
<My (@)L le Y D AV exp(Sidy(a1) Y e
I=1 2y eA] (w) =0
<My G)lILs oD D AV exp(Sidg(21))(1 — e )

J=1 :1:1€Aj (w)

* " —q9 -1
< M@y, ool - T BE ()
7=1
= My (G5, el — e ) ST B ()
]=N
< My (@)L, lloo(1 — e 9) 7! Z e 09
j=N

< (1= € )25 [looe N My ()
A4 sup(¢>q)dq/€( —_e qe)erquNM* 1((%(1)
(A

TG — )2 N AL (G,

IN A
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Combining (4.22)), (4.24) and (4.25]) together, and making use of (4.2]),

we get for all z € P*\ B(A.,n), for a generic projective line I" passing
through z, and for every w € I' N B(z, R(n)),

(426) L3 (D)(w) < (1= )T e VM (3y)
+ (ATt @ dkya(1 — em90) 20N A Lx | (6g) + szZ,zf( w)
(1—e )7 (14 (1 — e )TN 90O gak) 0N = ()

IN

4.5. Conclusion: upper estimates for the operator ﬁ¢, on the
Julia set. In particular, we can write the above estimate for w = 2, z €
J\B(A,, 77) Note that, for z € J we have L{"1(2) = L¢;(z) and in estimate

1.' 1((;5,1) can be replaced by M _,(¢). We thus get
(4.27) L31(=) <G () + M1 (9)

for all n > 1 and generic projective lines I" passing through z. So, we have

to estimate the good term Gl )Z F(z). The idea is to observe that the ratios
qv bl

of G evaluated at various points are uniformly bounded, and then to note
that at some point the value of G is uniformly bounded above. Precisely, it
follows from (4.14)) that

(4.28) Cl<ay ()@Y (:)<C,
for all w € I' N B(z, R(n)). In view of (3.10)), for every z € J \ B(A,n) we
get,
=\Ll1dmy> | LiTdmy > C7MLI1(w)
B(z,Rq)
with some w € J N B(z, Ry), where C’;l = inf{my(B(y,Rq)) : y € J} is
positive in virtue of Proposition Hence ﬁgﬂ(w) < C’q. Since the function

ﬁg 1: P¥ — R is continuous, we may assume that w # z, the line I}, ,, is
q

generic and E” 1(w) < 20,. So, G( ") (w) < 20,. Along with (4.28)),

lb bz, w

this implies that

Gg:L,Fz,w <Z) S C"qégz)vzypz,w (w) S Cq = QCA’QC’V'q‘

Inserting this into (4.27)), we get
(4.29) LI(z) < Cq+ 1My 1(9)
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for all n > 1 and all z € J \ B(A,n). Since
M (¢) = maX{HﬁZsj]HJﬂBC(A*,Aq)”oo 1< <1}
and since n < A, formula (4.29) obviously yields
(4.30) My (¢) < Cq+ 1M1 (9).
We can now prove, by induction, the following.

LEMMA 4.2. There exists a constant QF > 0 such that Hﬁinﬂoo < Qf
for alln > 0.

Proof. Put Q; = max {%C’q, Mg ((b)} It easily follows by induction that
M () < Qy for every n > 0. The case n = 0 is obvious. So, suppose that

n>1and My ;(¢) < Q. We then get, by (4.30),
(4.31) My(¢) < Cq+ 1Q% < 5Q5 + 1Q5 = Q.

The inductive proof is complete. Now, we estimate the iterates of ﬁg) on the
remaining part of J (i.e. on J N B(As, 4y)). Fix n > 0 and w € B(A,, 4y).
Keeping the same A’s as defined in (4.23]), it then follows directly from (4.20))
that

(4.32) A(w)

:Z A" exp(Sdq(x Z A4 ¢q(y)£n =11 (y)
3=0 4

ye/lg(w)

Z > N Yexp(Sidy(@) max{1, Y AT

7=0 ze A) (w) yEA3 ()

%13

| /\

< My _y(¢g) max{L, (A7'd" P9} 7 211 (w)

< M;'{_l(éq) max{1, (\"1dFesuP(®))a} Z o—04i

< max{1, (A_ldkesup(¢))q}(1 - e_qe)_lM* 1(¢~5q)-

Moreover, if w € B(A*, A )ﬁJ then M, (¢,) can be replaced by M* (),
and then along with , this estimate gives

ﬁlén]l(w) < max{1, A\~ ldkestP(@)yay (1 — e—qe)le;_
4.6. Estimates from below. Somewhat surprisingly, from this upper

bound, actually from its proof (formula (4.32))), we also get a uniform lower
bound on the iterates of the Perron-Frobenius operator acting on C(J).
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LEMMA 4.3. There exists a constant Q; > 0 such that [igsnﬂ(z) > Qg
foralln >0 and z € J.

Proof. Fixn > 0. Take z, € J\ B(Axs, 44) such that ﬁ‘é"]l(zn) = M} ().
It then follows from (4.27) that

Mi(6) < GE (o) + EM1(0) < G (an) + 55 (9)

d)q 321, 32N 7F

for a generic projective line I" passing through z,. Therefore,

(4.33) G (n) = M (9).

But Sﬁin]l dmg = {1dmg = 1, and so there exists a point y, € J such that
ﬁg)n]l(yn) > 1. If y, € J\ B(Ay, 4;), then we get
M;i(¢) > LT (yn) > 1.
Otherwise, that is, if y, € B(As, 4y), it follows from that
1< L (ya) < (A1 P@)I(1 — ) T M ()
< (AR @)1 — ) TIM; ().
Thus, M (¢) > (Ad~Fe=5®@))4(1 — ¢=99). In either case,
M (¢) > M := min{1, (Ad"Fe™s®@)2(1 — ¢79%)},
Hence, by ,
G (o) = M.

Thus, using (4.14)) we obtain, for every w € B(z,, R(n)) NI,

An A (n) A -1
quq]l(w) > G(z;q’ZmF(w) > 3(4C,) " M.

This holds for a generic line I'. Since ﬁg 1 is continuous, this inequality
q
extends to all w € B(z,, R(n)). Since, by Proposition the map f9:J—J
is topologically exact, there exists { > 1 such that f9(B(z,, R(n))NJ) = J.
Hence, for every x € J and n > [, there exists { € B(zy, Ry) N J such that
f2(¢) = x. Therefore,
AQN — . Aq(n—l1 AN — _ .
L2 1(x) > A exp(ql inf(¢) L5V 1(€) > 3(4C,) 7 MA™" exp(gl inf (). =
As a consequence of Lemmas and we get the following.

LEmMA 4.4. There exist constants Q+ > 0 and Q- > 0 such that
[1L%]lo0 < Q@+ for allm >0, and L31(z) > Q- for allm >0 and z € J.

5. Almost periodicity of the Perron—Frobenius operator. In this
section we establish almost periodicity of our Perron—Frobenius operator.
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5.1. A modification of the potential away from the Julia set. We
shall need the Perron—Frobenius operator to act on C(P¥) and all its iterates,
as operators on C(P¥), to be uniformly bounded above. We construct yet
another extension of the potential ¢, as a matter of fact, of ¢,. First, as an
immediate consequence of and Lemma we get

(5.1) G;’:)Z A(w) < C,QF

)

for all z € J\ B(A.,n), for generic projective lines I" passing through z and
for all w € B(z,R(n))NT.

LEMMA 5.1. There exists a Hélder continuous function (ZSq :PF 5 R
with the following properties:

(a) There exists a neighborhood U C P* of J such that ¢gly = ¢4 In
particular, ¢q4l; = Z?;é o fi.

(b) gzgq < ¢~>q throughout P*.

(¢) Qg :=suppzo{[|£] Lo} < o

Proof. Assume without loss of generality that

R(n) < %Aq'
Set
B, = B(J\ B(A.,A,/2),R(n)), F,:= P\ By)\ B(A,, 4,).
Since f4(J) = J, and F, N J = (), there exists g, € (0, R(n)/2) such that
B(J, €q) N (FyU fTU(Fy)) = 0.
Fix ¢ > 0 so large that
(5.2) et (AT2dH e PO (1 4 e (1 — e )TN < 1/4
and .
—t <inf{gq(2) : z € F, U f79(F,)}.

So, by Lemma there exists a Holder continuous function <ZA>q PP R
such Athat (Z;q|§((]75q) = bq, dA)q restricted to ]*jq U f79(F,) is equal to —t and
sup(¢q) < max{sup(qﬁqlg(kq)), —t} < sup(¢y). Conditions (a) and (b) are

satisfied by the very definition of ¢ with U = B(J,&,). We shall check (c).
Put

M = sup{ﬁg 1(z) : z € By}, M2 = sup{ﬁg 1(z) : z € Fy},
q q
M () = sup{ﬁgqn(z) 2 € PP\ B(A,, Ay} = max{ MV, M(?)}.

Fix now z € J \ B(A«, 4,4/2), a projective line I" passing through z, and a
point w € I'NB(z, R(n)). Since ¢4 < ¢, it then follows from l) applied
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with n = A,/2, that

L3 1(w) < G5 (w) + {M; ().

Applying we thus further get
ﬁgq]l(w) < éqQ;_ + %M;—l(ﬁgq)-
This means that
(5.3) MY < CQF + 1M1 (¢y)-
We shall now estimate the iterates ﬁg 1 in exactly the same manner as

q
for Eg 1 in (4.25) and (4.32)). The improvement is that now the estimate is
q

valid everywhere in P*. So, again, for every j > 0 put
J
Aj = () "(B(A., Ay)).
i=0

Using the definition of gzgq and 1} and the same straightforward stratifi-
cation as in (4.25), we deduce for all w € P that

(5.4) ﬁgqﬂ(w)

= Z ququq(z)ﬁg_l]l(aj)
w€f~a(w)NB (AL, Ag) ’

+3 S A Yexp(Sidely) Y. ATl @ LUy (g

@
=1 yef9i(w)n4, 2ef~9(y)NB(Ar,Ay) ’
+ > AT exp(Spog(x))
zef~m(w)NAp—1
—q sup(¢g) pn—1
Z A e quA)q 1(z)
z€f~1(w)NB¢(Ax,Aq)

FMLG)Y Y N en(Side) Y AT
J=1 yef—ai(w)NA; z€f~9(y)NB(Ax,Aq)
+ Z )\*qeéq(x)ﬁffl]l(aﬁ)
zEf~9(w)
< (AR OYIME L (6)

+ M;—l(ng) Z Z A4 exp(Sjéq(y))(A—ldkesup(@)q
Jj=1 yef_qj(w)ﬂ/lj
+ (A" dkes(9)yae—0a(n—1)

IN
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< (AT PONIME (6g) + My (9g) (AT AR PONTY T LI (w)

+ (Afldkesup(@)qe*e‘ﬂn*l)
< (WSO () + M (B) (P Y e
7j=1

+ (A" dkes(9)ya e —0a(n—1)
< NN (Bg) + My () (A e POy (1 ¢y
+ (Afldkesmo(@)q
< TM;(bg) + (A a5 @)1,
where T = (A"1dFesmP(®))1(1 4 ¢=9%(1 — e~%%)~1). Therefore, using the defi-
nition of ¢, and the definition of ¢ in 1) for every w € Fy we get
An _ —q $q() pn—1
Ed)qﬂ(w) Z A" 9eP ﬁ% 1(x)
z€f~9(w)

D ATIPONTM(Gg) + (A e
z€f~9(w)
= (TM;1(@) + (A dhe ™)) 37 ate
:cEf ()
= (AN (T4 (Bg) + AR PO)) < TMG (d) + T

Thus,

IN

MP <i+
Together with ([5.3)), this gives
Mrf(éq) < max{%, éqQ;r} + iM;:ﬂ((Z;q)-

Now we can prove in the same standard way as in the proof of Lemma
that M* := sup,,~1 M,;(¢4) < 0o. So, applying 1) for every n > 1 we get

=
=
3|*
-
—~
-
Q
N—

”ﬁgqﬂum < TM* 4 (A" 1dFesP(@))a o

5.2. Bounded distortion. We will need the following strengthening of
the distortion property (4.11)).

LEMMA 5.2. For every e > 0 and n € (0, 4] there exists 61 > 0 such
that

1S00q(x) — Sndy(y)| < €

foralln > 1, z € PP\ B(A,, 1), a generic projective line I' passing through z,
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all connected components V€ Wy, (n,2,I") and all x,y € V with
p(f7"(x), f"(y)) < 61

Proof. Let H > 0 be the Holder constant of the Holder continuous func-
tion gbq : P — R produced in Lemma Fix an 1nteger k > 1 so large
that HE k1 70“1]/2 < £/2. Since all the functlons S gzbq, j=1,...,k, are
contmuous (and there are only finitely many of them) it suffices to prove the
lemma for all n > k + 1. Take d2 > 0 so small that |¢q(b) — ¢g(a)| < £/2k
whenever p(a,b) < d>. By Lemma [2.6(b,,) there exists §; > 0 so small that
for all n > k+ 1 and every n — k < j < n — 1, we have p(f%(x), f9(y))
< §o whenever z,&,V, x,y are as in the hypothesis of the lemma. Applying
Lemma [2.6(b,,) again, with n,z,&,V, 2,y as in the hypothesis, we get

‘Sn(lgq(x) - Snéq (y) ’

n—(k+1) n—1
< D 18a(FY (@) = o(ST W+ Y 1dg(f7 () = Sg(FV ()]
7=0 j=n—k
—(k+1)

dnda2 . S~ £
ZH7]2§:]€

5.3. Compactness. Recall that a bounded linear operator L : B — B
acting on a Banach space B is called almost periodic if for every x € B, the
closure {L"(z) : n > 0} is compact in B.

PROPOSITION 5.3. The Perron—Frobenius operator ﬁqu : O(PF) — C(PF)
18 almost periodic.

The proof of Proposition is technically involved. It is postponed to
Section [Ql

As a consequence of this proposition and the fact that every g € C(J)
extends continuously to P* with the same supremum norm, we obtain

PROPOSITION 5.4. The Perron—Frobenius operator ﬁ% :C(J) — C(J)
is almost periodic, and consequently, so is the operator ﬁ¢ :C(J) = C(J).

It follows that the sequence (n~! Z?:_ol [Ié]l)go:o is pre-compact, and it
is easy to see that any of its limit points py is a fixed point of the operator
Ly and its integral against the measure mgy is equal to 1. Therefore:

PROPOSITION 5.5. There exists a continuous function pg : J — [0,00)
with the following properties: ﬁ¢p¢ = pg, Vppdmy =1, Q- < inf(py) <
sup(pg) < Q+. In particular, 1y = pemeg is an f-invariant Borel probability
measure equivalent to mey.
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Given H > 0 and 0 < ¢ < r let PL(f) denote the class of all Hlder con-
tinuous potentials ¢ : J — R such that ||¢]|o < H and sup(¢) — inf(¢) < ¢t.
Call all such potentials (H,t)-admissible. By the Arzela—Ascoli theorem,
Pt (f) is a compact subset of C(J). The following is a refinement of Propo-

sition (.3

LEMMA 5.6. For every H >0, 0 <t < Ky, and every relatively compact
set K C C(P¥), the set {ljg g: 6 € PL(f),g € K,n > 0} is relatively
compact. !

As a consequence of this lemma we get the following.

LEMMA 5.7. For every H >0, 0 <t < Ky, and every relatively compact
set K C C(J), the set {ﬁgg : ¢ € PL(f),g € K,n > 0} is relatively
compact.

5.4. Uniqueness of the equilibrium measures; preparatory step.
Let H : C(J) — C(J) be the bounded linear isomorphism defined by

(5.5) Hg = psg
and let Lo : C(J) — C(J) be given by Lo = H™ ' o L, o H, or pointwise

(5.6) Log(z) = p;@@(%g)(m.

In particular £y and ﬁ¢ are conjugate and

1 .
(5.7) Lol = —Lyps =22 =1.
P¢ Pg
The proof of the proposition below is rather standard. In a somewhat

different context it can be found in [Wal].

PROPOSITION 5.8. For every g € C(J), the sequence (L{g)5, converges
uniformly to § g dpg.

For a bounded operator A : B — B on a Banach space B, let B, be
the closure of the linear span of the unit norm eigenvectors of A, and let
By = {g € B : lim,_,5 A"g = 0}. The results below follow easily from
Proposition [5.8]

THEOREM 5.9. For the operator Lo : C(J) — C(J) we have
C(N)u=C1,  C(N)o={geC():[gdus =0},

and
C(J) = C(J)u® C(J)o,

i.e. C(J) splits into the direct sum of its two closed vector subspaces C(J),,
and C(J)o. In addition, if g = gy, + go with g, € C(J)y and go € C(J)o,
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then
Ju = (Sgd%)]l, 9o =g — (Sgdu¢)l

and the sequence (L{g)S2, converges to  gduey uniformly on J. In particu-
lar, pg is the only Borel probability measure on J satisfying Lipy = g and 1
is the only nonnegative fized point g of the operator Lo such that § g dps = 1.

REMARK 5.10. Since the operator /j¢> is conjugate to Ly via the isomor-
phism H : C(J) — C(J) defined by (5.5), an immediate consequence of
Theorem m is that it also holds for the operator ﬁ¢ : C(J) = C(J) with
C(J)u = Cpg and C(J)g = {g € C(J) : {gdmy = 0} and the sequence
(ﬁgg)ff:o converges to (| gdmg)pg uniformly on J.

We shall record two mixing properties resulting from Theorem and
Remark [5.10] The proof of the first one is the same as the proof of Corol-
lary 37 in [DU]; the second property is also its straightforward consequence.

THEOREM 5.11. The dynamical system (J, f,pug) is metrically ezact.
This means that (\,—_, f~™(B) consists only of sets of measure 0 and 1, where
B denotes the o-algebra of Borel subsets of J. In particular, Rokhlin’s natu-
ral extension of (J, f, ) is a K-system and the dynamical system (J, f, jis)
is mizing of any order. In particular, it is ergodic.

THEOREM 5.12 (Mixing). If g € C(J) and h € L*(mg) = L (pny), then
lim Shof" ~gdug = Shdudgd/@.

n—oo

6. Pressure versus eigenvalue. In this section, developing the idea
of Gromov [Gr], we prove the equality of the topological pressure P(¢) and
log A\. A major part of our argument is contained in the following.

THEOREM 6.1. Let ¢ : P¥ — R be a continuous function. Assume that
there exist A > 0 and @ > 0 such that sup(¢p) + (k — 1) logd < log A\ and

Liy1(z) < QA"
for all integers n > 1. Then P(¢) < log A.
Proof. We shall follow the idea of the proof of the inequality
hiop(f) < log(degyey, f) = klogd

which is due to M. Gromov [Gr]. Thus, Gromov’s inequality corresponds to
the case ¢ = 0. Let us consider the integral

| exp(Suyp)(w + frw+ -+ (f" ) w).
Pk
As in [Gr] we consider the embedding, a generalized graph,
fo PP = X, = (PR)"
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given by the formula

fal@) = (z, f(2), ..., [ (2)).

Let m; : X, — X® = P¥ be the projection onto the ith coordinate. We
endow X,, with a Kéhler form 7 by putting w; = mjw and n = w1 +- - - +wy.
Now, let E be an (n, 2¢)-separated set in P*, i.e. d,(z,y) > 2¢ for z,y € E,
x # y, where d,, is the metric in P* given by d,,(z,y) = maxo<;<, d(fiz, fiy).
Then

(6.1)  dy(fu(z), fnl <Zd ‘r, fly) ) 2 Iax d(f:z: fly) > 2e.

Thus, the balls B(fn(x),e), + € E, (with respect to the metric d,) are
mutually disjoint. Now, we use Lelong’s Theorem ([Lal, [McM]) for the form
n and the embedded complex analytic variety f,(P¥) C X,, to conclude that
the n-volume of f,(P¥) N B(p,e), i.e

oo
fn(PE)NB(p,e)

is bounded below by a constant c., depending on ¢ only. Now, fix 6 > 0.
Since the function % is uniformly continuous, there exists € > 0 such that if
d(xz,y) < e then |[¢(z) —¢Y(y )\ < 0, and consequently

e7? < V@) jePl) < o
Let E be an (n,2¢)-separated set. Then we can write

(62) > exp(Snt(w) <e™ D inf {exp(Spy)}

z€E zcE dn (e)

<IN it {exp(Sa0)) i (BUn(0), )

X,E
€ gep dnH

:65";2 inf {exp(Su)} (") (f B, (fa(2).2))

Bdn 376

< LN it {exp(Sat) i) (Ba, (2,9))

<L (S (i)

€ ]Pk
where we have used (6.1)) in the second inequality. Since fi(w;) = (f)*w
the last integral takes on the form

(6.3) | exp(Spth)(w + frw+ -+ (D) w)P.
[P?k:
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We shall estimate this integral from above. First, notice that if, instead of
the above integral, we had S]Pk (f (”))*wk , then the integral would transform
immediately to {y L2 (1)wk since the operator f* acts on measures on P*
as a conjugate to the operator

(6.4) fg@) = > gy

yef~H(z)
In our case, we have to write the integral as a sum of integrals, and
then to use the above observation:

6.5 | exp(Snv)(w+ frw+ -+ (FO D) w)k
[p)k
= fexpS)( Y e A W),
Pk 0<41,yin<n—1

Since all forms (f%)*w A --- A (f%*)*w are positive, we can treat them as
measures and estimate

(66) | exp(Suth)(w + frw+ -+ (FD) W)

Pk
< k! S exp(Sp 1)) Z (FY wA- A () w
Pk 0<i1 < <ig<n—1
n—1
= k> | exp(Suv) S UV WA WA A () ).
=0 Pk 0<jo<-<jp<n—i—1

Using the observation (6.4) again, one can rewrite the above sum as

(6.7)
n—k
k!z S Eib]l(x) eXp(Sn—iw(x'))[ Z w/\(ij)*w/\.../\(fjk)*w _
=0 pk o< <jp<n—i

Recall that, according to our assumptions, we have
Ly1(x) < QXN
for all € P*. By our assumption on 1) we can estimate the above sum by

n—k

(6.8) k'Q> Nexp((n—i)sup(y)) | > WA WA AR w.
=0

Pk ja<--<jrp<n—i

It remains to calculate the total mass of each measure w A (f2)*w A - A
(f7%)*w. Recall that (f’)*w = d’w in the de Rham cohomology group
H?(P*). Tt is then straightforward to check that

S w A (sz)*w Ao A (fjk)*w _ S izt k — qiattie < dkF—1D(n—i)
Pk Pk



56 M. Urbanski and A. Zdunik

since j,, <n —1i for all 2 < m < k. Now, the number of all possible choices
of ja, ..., jr can be estimated above by n*. Finally, we can estimate by

n—k
(6.9)  cxn® D Nexp((n — i) sup(sp)) kD=
i=0
n—k
= ¢nFA" Z[exp(— log A + sup(¢) + (k — 1) log d)]”_",
i=0

The last sum is bounded by a constant depending on k& but independent of n
since —log A+sup(¢) + (k—1)logd < 0. Therefore, we obtain the following.
For every ¢ > 0 there exists g = £¢(d) such that for every € < gy and every
(n, 2e)-separated set E we have

D " exp(Spip(x)) < C(e, k)nF A",
xelR

where C(e, k) is a constant depending on € and k. This gives immediately
P(¢) <log A + ¢ and, as ¢ was arbitrarily small, P(¢)) <log . =

7. Existence and uniqueness of equilibrium states. Let J,, be
the Jacobian of the map f with respect to the measure ji4.

PROPOSITION 7.1. The invariant measure py = pymy is an equilibrium
state for the potential ¢ : J — R. In addition, P(¢p) = log \.

Proof. Let ng : P — R be the extension of ¢q + J — R produced in

Lemma It follows from this lemma that the function gZ;q satisfies the
assumptions of Theorem for f7: P* — P*. Applying this theorem we
get P(¢) = (1/q)P(Sq¢) < P(¢q) < log A. Therefore,

Dy, + V@ dpg > Vlog 7, + {6 dpug

= Slogp¢du¢ — Slogp¢ o fdug +log A +S¢d,u¢ - Sgbd,u¢
— log A\ > P(¢).
Invoking the Variational Principle, i.e. formula ((1.1)), finishes the proof. m

In order to demonstrate the uniqueness of equilibrium states (Theo-
rem we use an appropriate version of differentiability of topological
pressure. The proof is based on Lemma and two facts formulated below.
It goes along the general scheme presented in [PU]. Therefore, only the steps
of the proof are indicated below; the detailed proofs are omitted.

PROPOSITION 7.2. For every H > 0 and every 0 <t < ky the function
C(J) D Py(f) > ¢ py € C(J)

is continuous with respect to the topology of uniform convergence on C(J).
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PROPOSITION 7.3. For every H > 0 and every 0 <t < k¢ the function
C(J) D Py(f) > ¢+ my
is continuous with respect to the weak topology on the space of Borel proba-

bility measures on J.

LEMMA 74. Fix H >0 and 0 <t < ky. If ¢ € Ph(f) and g € C(J),

then >
2 L5, (Sng)
n70a T <Sgdu¢)ILH =0.
£y 1 .
q
PROPOSITION 7.5. Suppose that ¢ : J — R is a Hélder continuous po-
tential with sup(¢) —inf(¢) < Ky and that g : J — R is a Hélder continuous
function. Then the function R 5 t — P(¢ + tg) € R is differentiable on a
sufficiently small open neighborhood of zero and

lim
n—oo

d
%P(Cf) +tg) = gdugieg.
We are now ready for the main result of paper:

THEOREM 7.6. If f : P* — P* is a regular holomorphic endomor-
phism of Pk, and ¢ : J — R is a Hélder continuous potential satisfying
sup(¢) — inf(¢) < K¢, then there exists exactly one equilibrium state for ¢.
This equilibrium state is equal to py = pgmg and it is metrically exact.

Proof. The fact that ;14 = pymg is an equilibrium state for ¢ was estab-
lished in Proposition [7.1] Its uniqueness follows directly from Proposition
and Corollary 2.6.7 from [PU]. Metrical exactness of the dynamical system

(f, pg) coincides with Theorem "

8. Local degree. Our main result in this section, Proposition [2.4, may
be understood as a complement (a uniform version) of Favre’s result, The-
orem 2.5 from [F1] in the contex of local degrees (comp. [D2]). Denote by
e(f™, x) the local degree of f™ at x. The statement in [F1] implies, in our
setting, that the limit e (z) = limn~'loge(f", x) exists everywhere. If the
limit is nonzero then the trajectory of = falls eventually into a periodic ir-
reducible variety V' contained in the critical set. This result is not sufficient
for our purposes.

We provide a more detailed (but elementary) analysis to obtain a uniform
bound of the frequency of visits of a trajectory to the critical set. It follows
immediately from our Proposition that eo(x) = 0 unless z falls into a
periodic variety V' C Crit(f) (and in this sense it can be understood as a
strengthening of Favre’s Theorem 2.5 in this particular context). However,
we do not prove anything about the existence and the value of the limit
e () along these exceptional trajectories.
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Let C := Crit(f). Recall two definitions from Section

DEFINITION 8.1. Given an integer n > 1 the periodic critical set A,
is the union of the orbits of all irreducible varieties that are contained in
the critical set and are periodic under an iterate f! with some [ < n. In
particular, the orbit of a critical periodic point of period | < n is in the
critical periodic set A,,.

DEFINITION 8.2. EP is the set of all points = € P* for which there exists
a nonnegative integer ¢ < n — 1 such that f*(z) € A,.

Our main result in this section is the following, stated above as Propo-
sition 241
PROPOSITION 8.3. For every B > 0 there exist p = p(f) and N = N(p)
such that for every n > N and for every x ¢ Eh we have
#{j <n: fi(z) € C} <np.
For its proof we need the following three simple lemmas.
LEMMA 8.4. Let h : X — X be an arbitrary map and let ' C X be an
arbitrary subset of X. Fiz a > 0 and consider the union
Fo= |J Fnhi(F).
i<[1/c]
Next, consider a trajectory x,h(x),...,hM=Y(z) of length M > [1/a]. If
#{s < M :h°(z) € Fo,} <aM,
then
#{s <M : h’(x) € F} <3all.
Proof. Divide the trajectory z, h(z),...,hM~1(z) into blocks, ending at
consecutive points in the trajectory, which are in F, i.e.
By = [z, h(x),...,h" (z)]
where s; is the smallest iterate of z which falls into F', and, inductively,
Bpy1 =[RS (x), ... h¥m+ ()]

while the last block is of the form [h* 1 (z), hA™~1(z)]. Let us choose all
blocks By, m < r, of length < [1/a] — 1. Notice that then h*"(z) € F,
since the distance $;,4+1 — sy, is not larger than [1/a]. Consequently, by our
assumption, the number of such blocks is not larger than oM. Moreover, in
the remaining blocks B,,, m < r, every appearance of an element of F' is
followed by at least [1/a] elements which are not in F'. Consequently, the
total number of elements of F' in the trajectory can be bounded from above
by aM +aM +1=2aM + 1 < 3aM (since M > [1/a]). =
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LEMMA 8.5. Let h : P¥ — P* be a holomorphic map and let D =
{Dy,...,Ds} be a collection of irreducible varieties in P¥ of the same codi-
mension p. If, for some i, h=*(Ds) N D, has an irreducible component of
codimension p, then hi(D,) = Dj.

Proof. Let V be a component of h=*(D4) N D, of the same codimension.
Since V' C D, and D, is irreducible, we have V = D,, and consequently
D, C h™(Dy). Thus, hi(D,) C D;. Next, since Dy is also irreducible and
dim h(Dy) = dim D,., we get h'(D,) = Ds. =

LEMMA 8.6. Under the assumptions of Lemma[8.5], there exists an inte-
ger 1 > 1 such that, for H = h', if H(D,) = D, for some i € N and some
D,,Ds € D, then H(D;) = Ds.

Proof. We build a natural graph with vertices D1,...,D;. We put an
arrow from D, to D, if D, is mapped onto D, under some iterate k¢ of h
and, for all 1 < j < i, the image h/(Dy) is not a variety in our family D.
Assign weight ¢ to this arrow. To every maximal path in this graph, which
is not eventually a loop, we assign a weight defined to be the product of the
weights of all arrows forming this path. Let [ be a multiple of the lengths
of all simple loops, which, in addition, is larger than the weights of all
maximal paths in the graph that do not contain loops. Then every variety
D, is mapped by H = h! either onto a variety which is not in D, or onto a
variety D, which belongs to a loop, thus fixed by H. =

We now pass to the proof of Proposition [8:3] The proof is in two steps.
First, we recursively construct appropriate families of irreducible varieties
contained in the critical set. They are then used in the inductive proof of
Proposition [8:3]

STEP I: Construction of families of irreducible varieties D%’Z’jg’”"jm)

and nonnegative integers ly, ..., ly. Given 8 > 0, let Sy = 3, f1 = 8/3, and
Bm = Bm-1/(3k) for all 2 < m < k. This choice of the sequence f,, will
become clear in the second step of the proof. First, let us use Lemma [8.6] for
the map f and for the collection Dgl) of irreducible components C,...,C;
of the critical set C. The superscript (1) stands here for the codimension 1
of all varieties in the family. We then replace the original map f by its
iterate gy = fY such that the statement of Lemma is satisfied for the
family Dgl). Next we define Dém) to consist of all irreducible components
of the intersections D, N g; Z‘(Ds) of codimension 2 (D,, Dy € Dgl)) where

i < [3/p]. Notice that for k = 2 the varieties in Dém) are just points, so our
construction ends at this step.

For k > 2 we proceed as follows. Using Lemma again, we find an
iterate go = glf such that the statement of this lemma is satisfied, i.e. for each
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D,, D, € D§1’2), if g&(D,) = Dy for some i > 1, then go(Ds) = Ds. Now, for
every 3 < j3 < k let D§1’2’] %) be the family of all irreducible components of all
intersections D, N g5 ' (Ds), Dy, Ds € Dy, that have codimension 3 < js < k
and 1 < i <[3/p]. Let

k
DS — U D§1727‘73)‘
J3=3

Again, notice that if £ = 3 then only j3 = 3 is possible and the procedure
ends at this point.

For a general k, proceeding by induction, fix m > 3 and assume that
for every 1 < jp, < k the family Dﬁi“’“""jm) of irreducible varieties of
codimension j,, has been defined. Also, assume that the map g,, has been
defined (as an appropriate iterate of f). We assume by induction that g,,

has the following property. If, for some ¢ > 1, and D,, D, € D%’Q’j&“"jm),

g., (D) = Dg, then g,,(Ds) = Ds. Fix 1 < j,, < k. If j,, = k then the

procedure ends at this point (note that the elements of D%’Q’j:”""’jm) ar

(1»2:j37~~~»jm7j'm+1)
Dm+1

(&

then just points). If j,, < k, we define the families where

1,2,53,0msJm+1)
D( ] ),
m—+1

Jm+1 > Jm as follows. The family consists of all irreducible

components of all intersections D, N g, (Ds), i < [3/Bm—1], that have codi-

mension jp,+1. Note that the range of admissible j,,11’s is {jm + 1,...,k}
but some families Dﬁf’f:‘""’]m’jm“) may be empty. Finally, for all families

1,2,53,005] . . :
Dﬁn +1]3 Im+1) defined in this way, we find, using Lemma a common

value l,,4+1 and an iterate g1 = ginm“ of g, such that if Dy = gan(DT)
for some D,., D, € Dgf’ljg""’jm“), then gp,11(Ds) = Ds.

StEP II. Fix N = Ny = l3 ... [;;Nj, where N > Ny and N} > [1/5;] so
that the statement of Lemma is satisfied for all M > N,g and all o > (.
Let Ny =lo...lpNgy ..., Ny = b1 - - - L Ng (so that Np,—1 = 1, N,,). Take
now an arbitrary point € P* and assume that the trajectory of = up to
fN(z) visits the critical set with a frequency larger than 3:

#{n < N: ffz e C} > N.

Since N = [; N1, the whole trajectory z, f(z), ..., fN~!(x) can be split in a
natural way into [; trajectories of the points f*(z), i <[y, under g;:

Fi@),a(fi@),...oo (i (),
and it is evident that there exists a point & = f7(z), j < l1, such that
#{n < N1 :g7(z) € C} > BN;.

Let us consider two cases. Either
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(1) there exist n < Ny and @ < [3/f] with n 4+ ¢ < Ny such that ¢7(z) €
Cy, giT(#) € Oy and the component of C,. N g;*(Cs) containing &
has codimension 1, or

(2) if g7(%) € C, and ¢g"™(%) € Cs for some n < Ny and i < [3/f] with
n+i < Nj then the component of C,.N gy *(Cs) containing g7 (#) has
codimension 2.

If case (1), we conclude that the point ¢"**(#), where n +1i < Ny,i < [3/8],
lands in a critical variety V' which is fixed by g¢; thus periodic for f with
period [1. This implies that f™(x) € V, where m < N, f4(V) = V, and
T € Eﬁ,. The proof is then finished.

In case (2) we proceed as follows. Using Lemma for a = /3, we
conclude that

#{0 <n<Ni:gi@e |J (@n g—iC)} > (8/3)N1.
i<[3/6)

This means that the trajectory g1(%), g3(%),. .. ,g{vl () of & under g; visits
the varieties D, from the family Dém) with frequency larger than /3. This

property is referred to as M;(Z) and reads as follows:

(8.1) #{o <n<Ni:gi@e |J Dr} > (8/3)Ni = B1 N1
D,eD{"?

It is now easy to conclude the proof if k = 2. Indeed, the varieties in D(12)

are then just points, and we can proceed as follows. Let R = R(3) = #D(12),
It is evident that if Ny is large enough then there exists a point z € D(1:2)
which is visited at least 51 N1 /R times. Thus, there are n, j with n+j < Ny
and j < R/B1 such that g7 (x) = ¢""(x) = 2,50 ¢ (2) = 2z and z is a critical
periodic point for f, with period p =1 - [1/51].

This concludes the proof if £ = 2.

For an arbitrary k& we use the following inductive procedure. Put p =
l1...lg. Recall that f; = /3. Let m < k and assume that for the point =
the following property M,,_1(x) holds:

#{0 <n< Nm—l : g?nfl<m) S U D} > /Bm—le—l
DG,D’Ei,?,jiS,...,jm)
for some sequence (1,2, js, ..., jm,) which depends on z. Note that for m = 2
this is precisely formula . Let D,, be the union of all families of the
form D%Q’j?’"“’jm). Recall that g, = gi;”ﬁl is the iterate of f such that (see
Step 1) if for some D,, Ds € Dy, g.,(Dy) = Dy then g, (Ds) = Ds. Since
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the trajectory
{$7 gm—l(x)’grznfl(x)v s 7gmm11(x)}

of the point x under g,,—1 can be split into [,, trajectories of the points
g 1(x), 0 < j <ly—1, under g, it is evident that there exists a point

=g’ ,(x) with j <, such that

#{n<Noign@e U D}z Bnala

DeD’Ei’Q,j?,wwjm)

Recall that N,,_1 = [,, N;,,. Now, as in the case of m = 1, we consider two
possibilities.

(Ind.1) There exist n < Ny, i < [3/Bm—-1] and D,, Ds € Dy, of the same
codimension, say j, such that ¢" (%) € D,., g (&) € D, and
the component of D, N g, ¢(D;) containing & has codimension jy,.

(Ind.2) If g*(%) € D, and ¢"* (%) € D; for some n < N, and i <
[3/Bm—1], then the component of D, N g,/(Ds) containing g ()
has codimension larger than j,,.

If (Ind.1) occurs then, by Lemmas [8.5 and [8.6] we get gn(Ds) = D;
and ¢t (%) lands in an irreducible variety D, which is fixed by g,,. In
particular, this case always occurs when j,, = k, i.e. the varieties D,., D, are
just points. Since ¢%'(Z) lands in the variety Dy, fixed by g, we see that

gﬁ;r_l’i"(nﬂ)( ) = g™»T(%) lands in the component D;. Note that j+1I,,(n+i) <
N1 and g™ [(Dg) = gm(Ds) = Ds. Thus, we conclude that for some
r < Np—1 the point g}, _;(x) lands in the variety Dy which is contained in
the critical set and which is periodic under g,,—; with period I,,. We are

then done.

In the case (Ind.2) we proceed as follows. Using Lemma for a =
Bm—1/3, we can write

#ln<Npign@me | U 0ngin)) > Bglem.

j§[3/ﬁm71] DT’DSEIDQ»QJ&-WJIWL)

Recall that the family Dﬁn +’1J3""’j'”’jm“) consists of all intersections D, N

g (Ds), 1 < j < [3/Bm—1], Dr, Dy € D7) which have the same
codimension jm,+1,

{D, ﬂg_ZD D,,D, € D(l 2,73,.. Jm)} _ U pl 12,]3, Jm’Jerl)’
]m+1

and since there are less than k possible j,41’s, we can choose one value of
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Jm+1 such that the following property M,,(Z) holds:

penl

Therefore, we have checked the following. If the condition M,,_;(x) is sat-
isfied for = then either there exists r < Ny,—1 so that g],_,(z) falls into a
variety which is contained in C' and is periodic under g,,_1 with period [,,,

or else, the condition M,, (%) is satisfied for some & = f(x), j < l,n, and

23Jm+1) Thig ends the inductive step.

some family Dg’
Now, take an arbitrary point € P¥ and consider the initial block of
its trajectory z, f(x),..., fN(z), where N = pNy, Ny > NY. Let us turn
again to the beginning of Step II. Since case (1) ends the proof, we consider
case (2). This leads to the condition M;(Z) (see (8.1))). We then apply the
above inductive procedure, starting from the point Z (renamed x again)
and m = 1. If, at some step, (Ind.1) occurs then the induction stops. It is
evident that the number of inductive steps is at most k. Assume that the
procedure ends for some m = mg < k. At each step of the induction the
starting point has been modified (with x replaced by Z). Let us denote by
Z the resulting starting point, at the final step of the induction. It then
follows that for some 7 < Ny, -1 the point g7, (%) lands in a variety Ds
which is contained in the critical set and which is periodic under g,,,—1 with
period [, thus periodic under f with period Ly lmy—1--.01 < p. Observe
that 2 is in the trajectory of z and in fact it is easy to see that & = f!(z)
for some t < Iy +lilo+ -+ 11... lyyy—1. Since gpmy—1 = fhobmo—1 we get
ft(x) € D for some t < N. Finally, take an arbitrary n > Iy ...y N{ = pNy.
Then n = pM + r for some M > N,g and 0 < r < p. It is evident that if
#{i <n: fi(z) € C} > 2nfB then #{i < pM : f'(x) € C} > npif M is large
enough. Thus, the statement follows from the proven part for N = pM. u

9. Proof of almost periodicity

Proof of Proposition [5.5. Fix € > 0. Recall that N was introduced in
Lemma Recall also that until now, we kept N fixed and we only re-
quired that N > Npg (see the beginning of Section . However, all the
estimates obtained until now work for an arbitrary N > Ng, with the same
constants. The only value which does depend on N is the radius R(n). So,
now we assume in addition that NV > 1 is so large that

(9.1) 2(1 — e ) 72(1 — 799 4 (N TLeSP(@)gF)0)e=NT ¢

Fix g € C(P*). We use the same decomposition as in (4.22)) for g instead of 1.
We keep the notation of (4.23)). For every n > N, every z € P¥\ B(A,, 4,),
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for a projective line I" passing through z, and for w € I' N B(z, R(n)), set

2wy =3 ST A exp(Sie(2)) L1 (9) (@),

Jj=N xEAj (w)

E(” Z Z AU exp(S;oq (1) Z Z A~ exp(Sigg(2))

J=N z1€AT (w) 1=0 acze/lZ (z1)

D AT LT (g) (o).
xrs3 6/13 (a:z)

Note that, formally, the sum should start from j = 1, but as B = () for
j < N, the first N summands are equal to 0. Formulas and -
obviously imply

9.2) 1= (9)(w)] < 2 (w)glloo < (1 — e~ e NN (Go) 19l oos

9.3) =5 (9)(w)] < 257 (w) | glloo
< (AL @ gF)a(1 — e 9) "2 INaALE (B3|l

Now, if w € I'N B(z, R(n)) then using these two estimates and (9.1)) we get,
for every n > 0,

(94) | g(w) — £2 9(2)|

= (£ (9)(w) — Z{(9)(2)) + (57 (9)(w) — Z5”(9)(2))
(@ (@)~ (9)(=))

< 12 (g) (w)] + | 2 u<n+w N(g) ()] + 1257 (9)(2)]
16 (@) =G (9)()
<2(1— e )2 (1 — e 4 ATLEPOdN) Qe N gl o
9w

+l6y) )G L(9)(2)]

SQﬂm5ﬁ+ﬂG%%F@Xw)—égLF@X@ﬁ

9)

Our goal is to estimate ]G( ZF(g)(w)—G(An) (9)(z)|. Denote G( ") F(g) by

[17 ) d)q?Z’F q: )
Gn(g). As before, set
Wi = Wei(n,2,I).
Let V be an arbitrary connected component in W,,. Since the map f9"|y :
V — I' N B(z,R(n)) is proper, its degree is well defined and is constant
throughout V. By Lemma (dn) this degree is bounded above by y~4V.
Let f%"(w) be the collection of all points z from f~7(w) N |JW,, each
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repeated according to the local degrees defined above. Let o be an arbitrary
bijection from f"(2) to f?"(w) respecting all components V' € W,. Put
d3 = min{R(n), 01,02}, where d; comes from Lemma and Jo from its
proof. Assume that ¢ < log 2.

Using Lemmas [5.2] and [5.1], we thus deduce that for all n > 0 and z €
PF\ B(A., Ay), for a generic projective line I" passing through z, and for
wel'N B(Z,(53),

[C(9)(w) = Gn(9)(2)]
> (A exp(Sudy(0(2)))g(0(2) = AT exp(Sudy(2))g(a) )|
z€fr ™ (HNUWa
Yo A e (Sudlo (@) — exp(Sud(@))| lg(o(@))]
s (2)NU Wa
+ > AT ep(Sud(@))lg(0(x) - g(@)
z€fr " (2)NU Wn

lgle D2 A max{exp(Snd(0(2))), exp(Snd(2))}
2efp 1" ()N Wa .

IN

IN

+ellglloo > A" exp(Sndg(x))
xef;q"(z)ﬂu Wh

< lgllo > A0 exp(S(x))|Snd(o(2)) = Sud()]

z€f7 ™ (2)NU W

+llgll > A~ exp(Sng(x))
zefr " (2)NU Wa

<lgloo(2e" D0 AT exp(Sud(e)) + L5, 1(2))
zef;qn(z)ﬂu Whn

< ellglloo(e Ly, 1(2) + Q) < 3Qqllglloce-

Combining this with we get

(9.5) \ﬁgqg(w) - ﬁgqg(zﬂ < Qqll9lloce + 3Qqllglles = 4Qyllglloce
for a generic line I and w € I' N B(z, d3). By continuity,

(9.6) 127 g(w) = £ 9(2)] < 4Qy]lg]ce

for all n > 0, z € P*\ B(A., 4,), and w € B(z,83). Thus, it remains to
check the equicontinuity condition only in the A,-neighborhood of A,. To
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do this, fix u > 1 so large that
(9.7) max{1, (A"1dFeS (@)1} (1 — e=10) "l < ¢

Let z € B(A, 4y). Recall that we denoted A; = {:0 f~%(B(A., 4,)) for
j > 0. According to (4.32)), we have

= A=Y exp(S;dq(x)) 3 A9ePa¥) £l g(y)
J=0zef~ai(2)NA; yef~4(x)NB(Ax,Aq)

3 A Yep(Sidgla) > AL ()

J=u zef~ai(z)NA, yef—1(z)NB(Ay,Ay)

Y A exp(Sudy(w) = 5+ Ri+ Ra.
zef~1(2)NAy

Now for every ¢ € P¥ and every integer n > 0, let f‘"(ﬁ) denote the
collection of all points in f7"(&) repeated according to the respective local
degrees of the map f" : P¥ — P*. From and Lemma (c) along with
the standard continuity argument, we conclude that there exists d4 € (0, 03]
so small that if z,w € P¥, for all 0 < u — 1 some set E; is contained in

f790tD(y) N B¢(A., A,) and 7 : E; — f7901(2) is an arbitrary function
such that p(7(y),y) < d4, then

u—1
30D (I exp (S )£ g(y)

Jj=0yekE;
—ATaUtY eXp(5j+1</3q(T(y)))ﬁg_(jﬂ)g(T(y)))‘ < Qqliglloce-
Now, take d5 € (0, d4) so small that for allj =0,1,...,u—-1 and all a,b € P*
with p(a b) <o there exists a bijection 7/ wb  fY(a ) — f79(b) such that
abOTb = Id and p(7] , (2), ) < d4 forallac € f~%9(a). Ifnow z € B(A., 4,)
and w € B(z,J5), then looking at we can write
(9.10) L% g(w) — £ g(2)
q q
=D (A9 exp(8;dq (1 (2))) A~ exp(dg (7}
(1)
— AN Y exp(Sjdq(x)) AT exp(dq

(y
+ Y (A exp (S5 (2, (2)))A™
2)

x Tz w(®@) (y))ﬁg_j_lg(T;Tg’w(x) (y))

)L g(y))
“exp(dq(y) L g(y)
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— A7 exp(Sjdq(w))A” qexp(¢q(7a WL 9773 )0 @)
+ D (7 exp(Ssdg(@) A" exp(de(y) £ g (y)

(3)
= XY exp(S6q (7 ()N exp (b (7!,
+ 55,(9) (w) — 3,4(0)(2),

where 2(1) is the sum over j, z, y such that 0 < j <wu—1,x € f_qj(z)ﬁ/lj,
y € f79(x) N B(As, Ay); Y sover0<j<u—-1xz¢€ 79 (2) N Ay,
y € [Tl w(@)) \ 7! ; (I)(f_q( z) N B(Ax, 4q)); and 375 is over 0 < j

X, Tz

Su—1ze (f9(w)N A\ u(f79(2) N 4)), y € () N BY(As, Ay).
Here X3, (9)(2) is a subsum of

WLy g, @)

T, Tz, w

= S A Vep(Sida) Y AL ()

J=uzef~4(z)NA; yef~1(x)NB(Ax,Aq)

D AT exp(Sudy(x)),

zef~Im(2)NAn

and likewise, X3, (g)(w) is a subsum of

= Z Z A" exp(Sjéq(w)) Z )\—qeéq(y)ﬁg—j—lg(y)

J=uze f~4i (w)nA; yef~9(x)NB(Ax,Aq)
+ D) A exp(Sndy()).
zef~9m(w)NA,

The same calculation as in (9.2) and (9.3)) gives that

(9.11) 125,,(9) ()] < 125, (I91) (w)] < 125, (19D ()] < Qqllglloce,
and similarly,
(9.12) 125.(9)(2)] <[22, (19D ()] < IE?{u(IgI)(Z)! < Qqllgllce-

In view of (9.9) each of the first three dlfferences in is bounded above

by QquHOOE Combining this with (9.11]), (9.12), and applymg (9.10), we
thus get

127 g(w) = £2 9(2)] < 50, gl
for all n > 0, all z € B(A4,4,), and all w € B(z,d5). In turn, combining
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this with , we obtain
(9.13) 22 g(w) — £2 g(2)] < 5Qqllgllce
q q

for all n > 0 and all 2,w € P* with p(z,w) < 5. Thus, the family
(Eg g) :10 is equicontinuous. Hence, invoking also Lemma H(c), it follows
I n=

from Arzela—Ascoli’s theorem that the family (ﬁgq 9)5 is relatively com-

pact. m
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