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Abstract. For a continuous map T of a compact metrizable space X with finite
topological entropy, the order of accumulation of entropy of 7" is a countable ordinal that
arises in the context of entropy structures and symbolic extensions. We show that every
countable ordinal is realized as the order of accumulation of some dynamical system.
Our proof relies on functional analysis of metrizable Choquet simplices and a realization
theorem of Downarowicz and Serafin. Further, if M is a metrizable Choquet simplex, we
bound the ordinals that appear as the order of accumulation of entropy of a dynamical
system whose simplex of invariant measures is affinely homeomorphic to M. These bounds
are given in terms of the Cantor-Bendixson rank of ex(M), the closure of the extreme

points of M, and the relative Cantor-Bendixson rank of ex(M) with respect to ex(M).
We also address the optimality of these bounds.

1. Introduction. In this paper, a topological dynamical system is a
pair (X, T'), where X is a compact metrizable space and 7" is a continuous
mapping of X to itself. For such a system (X,T'), the topological entropy
hiop(T") provides a well-studied measure of the topological dynamical com-
plexity of the system. We only consider systems with h,,(7) < oco. Let
M(X,T) be the space of Borel probability measures on X which are invari-
ant under 7. The entropy function h : M (X,T) — [0, 00), where h(u) is the
metric entropy of the measure u, quantifies the amount of complexity in the
system that lies on generic points for p. In this sense, the entropy function
h describes both where and how much complexity lies in the system.

The theory of entropy structures developed by Downarowicz [§] pro-
duces a master entropy invariant in the form of a distinguished class of
sequences of functions on M (X, T) whose limit is h. The entropy structure
of a dynamical system completely determines almost all previously known
entropy invariants such as the topological entropy, the entropy function on
invariant measures, the tail entropy (or topological conditional entropy [16]),
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the symbolic extension entropy, and the symbolic extension entropy func-
tion.

Entropy structure also produces new entropy invariants, such as the or-
der of accumulation of entropy. Furthermore, the theory of entropy struc-
tures and symbolic extensions provides a rigorous description of how entropy
emerges on refining scales. Entropy structures and the closely related theory
of symbolic extensions [3] have attracted interest in the dynamical systems
literature [1I, [4, [5, [7, [8, 9] 10], especially with the intention of using entropy
structure to obtain information about symbolic extensions for various classes
of smooth systems. The purpose of the current work is to investigate a new
entropy invariant arising from the theory of entropy structures: the order of
accumulation of entropy, which is denoted ao(X,T).

Given a dynamical system (X,T), one may associate a particular se-
quence H(T) = (hi) to (X,T) with the following properties [8]:

(1) (hg) is a non-decreasing sequence of harmonic, upper semicontinuous
functions from M (X,T') to [0, 00);

(2) limk hk = h;

(3) hg+1 — hg is upper semicontinuous for every k.

This sequence, or any sequence uniformly equivalent to it (Deﬁnition, is
called an entropy structure for the system (X, T") [§]. This distinguished uni-
form equivalence class of sequences is an invariant of topological conjugacy
of the system [8]. Consequently, we sometimes refer to the entire uniform
equivalence class of H as the entropy structure of the system (X, T).

Associated to a non-decreasing sequence H = (hy) of functions hy :
M — [0, 0], where M is a compact metrizable space, there is a transfinite
sequence of functions u, : M — [0, 00|, indexed by the ordinals and defined
by transfinite induction as follows. Let f denote the upper semicontinuous
envelope of the function f (Definition by convention, f = oo if f is
unbounded). Let 7, = h — hy. Then

e let ug = 0;

e if u, has been defined, let uq41 = limg ug + 7%;
e if ug has been defined for all 3 < « for a limit ordinal a, let u, =
SUPg<q Ug-

The sequence (u,) is non-decreasing in o and does not depend on the partic-
ular representative of the uniform equivalence class of H. Since M is compact
and metrizable, an easy argument (given in [3]) implies that there exists a
countable ordinal « such that ug = u, for all 8 > a. The least ordinal «
with this property is denoted ag(H) and is called the order of accumulation
of H. In the case when M = M(X,T) and H is an entropy structure for
(X,T), the order of accumulation of entropy of (X, T) is defined as ag(H).
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Because the entropy structure of (X, T") is invariant under topological conju-
gacy, the sequence (u,) associated to (X, T) and the order of accumulation
ao(X,T) are invariants of topological conjugacy.

To explain the meaning of ag(X,T) and ua,(x 1), We discuss symbolic
extensions and their relationship to entropy structures. A symbolic extension
of (X,T) is a (two-sided) subshift (Y, S) on a finite number of symbols, along
with a continuous surjection 7 : Y — X (the factor map of the extension)
such that m o S = T o w. Symbolic extensions have been important tools
in the study of some dynamical systems, in particular uniformly hyperbolic
systems. A symbolic extension serves as a “lossless finite encoding” of the
system (X, T) [§].

If 7 is the factor map of a symbolic extension (Y,S), we define the
extension entropy function hl, : M(X,T) — [0,00) for p in M(X,T) by
ext (1) = max{h(v) : 7'v = p}.

The number hZ (1) represents the amount of complexity above the measure

4 in the symbolic extension.

The symbolic eztension entropy function of a dynamical system (X, T),
hsex : M(X,T) — [0, o], is defined for p in M(X,T) as
hsex(pt) = inf{hZ (1) : 7 is the factor map of

a symbolic extension of (X,T')},

where the infimum is understood to be oo if (X,7T") admits no symbolic
extensions. The symbolic extension entropy function measures the amount of
entropy that must be present above each measure in any symbolic extension
of the system.

Finally, we define the residual entropy function hyes : M(X,T) — [0, o0
as hres = hsex — h. The residual entropy function then measures the amount
of entropy that must be added above each measure in any symbolic extension
of the system. The functions hpes and hgex give much finer information about
the complexity of the system than the entropy function h. These quantities
are related to the entropy structure of the system by the following remark-
able result of Boyle and Downarowicz.

THEOREM 1.1 ([3]). Let X be a compact metrizable space and T :
X — X a continuous map. Let H be an entropy structure for (X,T). Then

hsex = h/ + U/Z{O(X’T).

The conclusion of the theorem may also be stated as uq,(x,7) = fres-
In this sense, the order of accumulation ag(X,T’) and the function uq,x 1)
each measure a residual complexity in the system that is not detected by the
entropy function h. The order of accumulation of entropy measures, roughly
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speaking, over how many distinct layers residual entropy emerges in the
system [3]. It is then natural to ask the following question.

QUESTION 1.2. Which countable ordinals can be realized as the order
of accumulation of entropy of a dynamical system?

It is shown in [3] that all finite ordinals can be realized as the order
of accumulation of a dynamical system. There are constructions in [4} [10]
(built for other purposes) that show that some infinite ordinals are realized
in this way, but these constructions do not allow one to determine exactly
which ordinals appear. Moreover, it is stated without proof in [§] that all
countable ordinals are realized.

We prove that all countable ordinals can be realized as the order of
accumulation of entropy for a dynamical system (Theorem , answering
Question In proving this result, we rely on the following realization
theorem of Downarowicz and Serafin.

THEOREM 1.3 ([8, [11]). Let ‘H be a candidate sequence on a Choquet
simplex K that is uniformly equivalent to a harmonic candidate sequence
with u.s.c. differences. Then H is (up to affine homeomorphism) an entropy
structure for a minimal homeomorphism of the Cantor set.

In light of Theorem the proof of Theorem [4.5] reduces to establishing
the following result, which is purely functional-analytic.

THEOREM 1.4. For every countable ordinal o, there exists a metrizable
Choquet simplex M and a sequence H = (hg) of functions on M such that

e (hg) is a non-decreasing sequence of harmonic, upper semicontinuous
functions from M to [0,00);

o limy hy exists and is bounded;

® hpi1 — hy is upper semicontinuous for every k;

o ap(H) = a.

Building on the approach suggested by Downarowicz and Serafin to re-
duce questions in the theory of entropy structure to the study of functional
analysis, we also consider what constraints, if any, the simplex of invariant
measures may place on orders of accumulation of entropy.

QUESTION 1.5. Given a metrizable Choquet simplex M, which ordinals
can be realized as the order of accumulation of a dynamical system (X, 7))
such that M (X,T) is affinely homeomorphic to M?

For a metrizable Choquet simplex M, we let S(M) denote the set of all
ordinals that can be realized as the order of accumulation of a sequence H
on M satisfying properties (1)—(3). The realization theorem of Downarowicz
and Serafin (Theorem reduces Question [1.5to the following question in
functional analysis.
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QUESTION 1.6. Given a metrizable Choquet simplex M, which ordinals
are in S(M)?

Theorem answers Question (and therefore Question com-
pletely in the event that M is a Bauer simplex by giving a precise description
of S(M) in terms of the Cantor-Bendixson rank of the extreme points of M.
Theoremaddresses the general case, giving constraints on S(M) in terms
of the Cantor-Bendixson rank of the closure E of the space E = ex(M) of
extreme points of M and the relative Cantor-Bendixson rank of £ with
respect to E. Theorems and address the optimality of these con-
straints, and Section [6.3| summarizes our progress on this question and poses
some remaining questions.

In the language of dynamical systems, if M is a metrizable Choquet
simplex, we have found constraints on the orders of accumulation of en-
tropy that appear within the class of all dynamical systems (X,7") such
that M(X,T) is affinely homeomorphic to M. These constraints are in
terms of the Cantor-Bendixson ranks of the closure E of the space E of
ergodic measures and the relative Cantor-Bendixson rank of £ with respect
to E.

REMARK 1.7. Relying on many of the results in this work, McGoff has
shown in [I5] that for each countable ordinal o and each compact mani-
fold M, there exists a continuous map f : M — M such that ag(f) = a.
Furthermore, it is shown in [I5] that if the dimension of M is at least 2, then
f can be chosen to be a homeomorphism. The results in the current work
illuminate some aspects of the functional analysis underlying the theory of
entropy structures, whereas the results in [I5] show in a more concrete fash-
ion how certain entropy structures may appear in the class of continuous
maps on manifolds.

2. Preliminaries

2.1. Ordinals. We assume a basic familiarity with the ordinal numbers,
ordinal arithmetic, and transfinite induction. The relevant sections in [18]
provide a good introduction. Here we briefly recall some notions that are
used in the present work.

We view the ordinal « as the set {3 : § < a}. The symbols w and w; will
always be used to denote the first infinite ordinal and the first uncountable
ordinal, respectively.

DEFINITION 2.1. An ordinal « is irreducible if whenever o« = a1 + oo
with a3 > ao, it follows that ag = 0.

Recall the well-known Cantor Normal Form of an ordinal.
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THEOREM 2.2. For every ordinal o > 0, there exist natural numbers
ni,...,n, and ordinals By > --- > [y such that o = wPng + - + wPlkny.
Furthermore, the numbers nq,...,ng and the ordinals (1, . .., B, are unique.

The following corollary is an easy consequence of the Cantor Normal
Form.

COROLLARY 2.3. An ordinal o > 0 is irreducible if and only if there
exists an ordinal B such that o = WP.

In light of this corollary, one can view the Cantor Normal Form of « as
a decomposition of « into a finite sum of irreducible ordinals.

The following corollary is then a simple consequence of Corollary [2.3]and
the fact that any non-zero ordinal (3 is either a successor ordinal or a limit
ordinal.

COROLLARY 2.4. If a > 0 is countable and irreducible, then either
(i) there exists an irreducible ordinal & < o such that sup,cyan = «a, or
(ii) there exists a strictly increasing sequence (o )ken of irreducible ordinals
such that sup,cy o = o

Any ordinal « can be viewed as a topological space with the order topol-
ogy (sets of the form {y € a: v < 8} or {y € a: f < v} form a subbase
for the topology). With this topology, « is a completely normal, Hausdorff
space, and if « is countable, then it is a Polish space (see below for defini-
tion). The space « is compact if and only if « is a successor ordinal. The
accumulation points in « are exactly the limit ordinals in a.

For ease of notation, if « is a successor ordinal, let @ — 1 denote the
unique ordinal g such that o = 8+ 1. Also, for countable ordinals o < 3, we
will write [, 8] to denote the ordinal interval {y: a <~y < g}. If B = wq, we
make the convention that [, 5] = {7 : o <~ < }. We also make use of the
notation Ja, B] = {7 : @ < v < B}, as well as the other possible “half-open”
and “half-closed” notations.

2.2. Polish spaces. A general reference that covers Polish spaces is [20].
We recall that a topological space E is a Polish space if it is separable and
completely metrizable. In particular, any compact metrizable space is Polish.
Moreover, any closed subset of a Polish space is itself a Polish space. Some
of the definitions and statements below hold for more general topological
spaces, but we require them only in the case of Polish spaces.

For any Polish space FE, let E' denote the set of accumulation points
of E,

E' ={z € F:3(z,) C E\{z}, z, — x}.
Note that E’ is closed in E.



Orders of accumulation of entropy 7

A subset A of a Polish space E is a perfect set if A is a compact subset
of E and A contains no isolated points (in the subspace topology). The
following result is a special case of the Cantor-Bendixson theorem.

THEOREM 2.5. Let E be a Polish space. Then E = C' U A, where C is
countable, A is closed and has no isolated points, and C N A = ().

We will also use the following fact (see [20]). Let C denote the Cantor
space.

THEOREM 2.6. Let A be a non-empty Polish space with no isolated
points. Then there is an embedding of C into A.

The following statement is an immediate corollary of the previous two
theorems.

COROLLARY 2.7. Let E be any uncountable Polish space. Then there is
an embedding of C into E.

The following corollary is an easy consequence of Corollary

COROLLARY 2.8. Let E be an uncountable Polish space. Then for every
countable ordinal o and every natural number n, there exists an embedding
g:w*n+1— FE.

2.3. Cantor—Bendixson rank. Given a Polish space F, we now use
transfinite induction to define a transfinite sequence of topological spaces,
{Ir*(E)}. Let I'°(E) = E. If I'*(E) has been defined, then let I'**1(E) =
(I'“(E)) c I'Y(E). If ais a limit ordinal and I"%(E) is defined for all 3 < a,
then let I'*(E) = 5, I'3(E). Each set I'*(E) is closed in E and therefore
Polish.

Note that I'*(E) = I'*"1(E) implies that I'*(E) has no isolated points
(in the subspace topology) and then that I'*(E) = I'*(E) for all 8 > a.
For any Polish space E, Theorem [2.5] implies that there exists a countable
ordinal o such that I'*(E) = I *tY(E).

DEFINITION 2.9. With the notation above, the Cantor—-Bendizson rank
of the space E, denoted |E|cp, is defined to be the least ordinal « such that
I'Y(E) = I*tY{(E).

When E is compact, I'”lcB(E) is a perfect set (which may be the empty
set). Now we mention a pointwise version of Cantor—Bendixson rank.

DEFINITION 2.10. Let E be a Polish space, and let « be in E. We define
the topological rank of x, denoted r(x), to be
() = {sup{a cx € I*(E)} ifx ¢ I'Flos(E),
w1 if z € I'Plos(R).
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The following proposition follows directly from the definitions and com-
pactness.

PROPOSITION 2.11. Let E¥ be a countable, compact Polish space. Then

(1) |E|cB is a successor ordinal.

(2) If |E|lcB = a + 1, then I'*(E) is a non-empty, finite set, and
Fa+1(E) — @

(3) |E|cB = (supyepr(z)) + 1 = (maxzep r(x)) + 1.

Now we state a well-known classification of countable, compact Polish
spaces, due to Mazurkiewicz and Sierpinski [14, p. 21]. We denote the car-
dinality of a set E by |E]|.

THEOREM 2.12. Let E and F' be countable, compact Polish spaces, and

assume that |E|cg = a+ 1. Then E and F are homeomorphic if and only
if |Elce = |Flcp and [[(E)| = [I"(F)].

REMARK 2.13. Let a be a countable ordinal. Then I'*(w® + 1) = {w“}
and |w® + 1|cp = a + 1. It follows from Theorem that if -y, is any
increasing sequence of ordinals such that sup, vz = w®, then w® + 1 is
homeomorphic to the one-point compactification of the disjoint union of the
spaces Vg, with the point at infinity corresponding to w®.

Note that for any countable ordinal «, the space w®n 4+ 1 has Cantor—
Bendixson rank o + 1 and exactly n points of topological rank « given by
wk for k = 1,...,n. Then by the above classification, the space wn + 1
provides a representative of the homeomorphism class of countable, compact
Polish spaces with Cantor-Bendixson rank «+ 1 and n points of topological
rank a.

2.4. Upper semicontinuity. Now we consider functions f: F — R,
where F is a metrizable space. For such a function f, we let || f| =
sup,ep | f(x)], where the supremum is taken to be +o0 if f is unbounded.

DEFINITION 2.14. Let E be a compact metrizable space, and let f :
E — R. Then f is upper semicontinuous (u.s.c.) if one of the following
equivalent conditions holds:

(1) f =1inf, g for some family {g,} of continuous functions;

(2) f = lim, g, for some non-increasing sequence (g, )nen of continuous
functions;

(3) for each r € R, the set {x: f(z) > r} is closed;

(4) limsup,_,, f(y) < f(x) for all z € E.

For any f : E — R, the upper semicontinuous envelope of f, written f, is
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defined, for all x in E, by
},v( ) {inf{g(ac) : g is continuous and g > f} if f is bounded,
xTr) =
400 if f is unbounded.

Note that when f is bounded, fis the smallest u.s.c. function greater
than or equal to f and satisfies
Fa) = max(f(x), limsup f(y) ).
y—a
It is immediately seen that for any f,¢g: F — R, f:—/g < f—l—ﬁ, with equality
holding if f or g is continuous.

DEFINITION 2.15. Let 7w : F — F be a continuous map. If f : ' — R is
any function, we define the lift of f, denoted ™ f, to be the function given
by fom.

If m: E — F is a surjection and f : E — R is bounded, then the
projection of f, denoted fU¥7, is the function defined on F by

fH @)= swp f(y).
yer—1(z)

REMARK 2.16. Let m: E — F be a continuous surjection.

(1) If f: F — R, then ("f)F] = f.

(2) If f : E — R, then 7(f¥1) > f, and the inequality is strict in general.

(3) If f: F — R is us.c., then fIF1 is also w.s.c. and the supremum is

attained.
(4) If f: F — Risus.c., then ™ f is also u.s.c.

2.5. Candidate sequences

DEFINITION 2.17. A candidate sequence on a compact, metrizable space
E is a non-decreasing sequence H = (hj) of non-negative, real-valued func-
tions on FE that converges pointwise to a function h. We often write
lim H = h. We always assume by convention that hg = 0.

A candidate sequence ‘H has u.s.c. differences if hyi1 — hg is u.s.c. for
all k. Note that in this case each hj is u.s.c., since hg = 0. If H has u.s.c.
differences, we may also refer to H as a u.s.c.d. candidate sequence, or we
may write that H is u.s.c.d.

Given a candidate sequence H, it is natural to seek a precise description
of the manner in which hj converges to h. For example, is this convergence
uniform or not? The notion of uniform equivalence, as defined by Downaro-
wicz in [8], captures exactly the manner in which hy converges to h.

DEeFINITION 2.18. Let 'H and F be two candidate sequences on a com-
pact, metrizable space E. We say that H uniformly dominates F, written
‘H > F, if for all € > 0 and for each k, there exists [ such that fr < h; + €.
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The candidate sequences H and F are uniformly equivalent, written
H=F, it H>F and F > H.

Note that uniform equivalence is in fact an equivalence relation.

3. Basic constructions

3.1. Order of accumulation

DEFINITION 3.1. Let ‘H be a candidate sequence on E. The transfinite
sequence associated to H, which we write as (ulf) or (u,), is defined by

transfinite induction as follows. Let 7, = h — hy. Then

e let ug = 0;

o if u, has been defined, let uq41 = limg ug + 715
o if ug has been defined for all 3 < « for a limit ordinal a, let u, =

SUPg<q UB-
Note that for each «, either u, = +o00 or u, is u.s.c. (since a non-
increasing limit of u.s.c. functions is u.s.c.). Furthermore, the sequence (u,,)
is non-decreasing in «. It is also subadditive in the following sense.

PROPOSITION 3.2. Let ‘H be a candidate sequence on E. Then for any
two ordinals o and (3,
Uat8 < Uq + UgG.

Proof. Let o be any ordinal. We prove the statement by transfinite in-
duction on 3. For 8 = 0, the statement is trivial. Now assume by induction
that the statement is true for v < 3. If 3 is a successor ordinal, then by the
inductive hypothesis,

—_— —_—

Ugsp = lilgn (Uag(g—1) + Tk) < U + liin (ug—1+ T) = uq + ug.
If B is a limit ordinal, then by the inductive hypothesis,
Ua+3 :s.ugﬂzr7 §ua+m <Uq+ug. =
<8 v<B
If H is a candidate sequence on E, then by Theorem 3.3 in [3], there

exists a countable ordinal « such that the associated transfinite sequence
satisfies uq = Ua41, which then implies that ug = u, for all 3 > a.

DEFINITION 3.3. In this setting, the least ordinal « such that ug = w41
is called the order of accumulation of the candidate sequence H, which we

write as either ag(H) or o)t

Both the transfinite sequence and the order of accumulation are inde-
pendent of the choice of representative of uniform equivalence class [g].

While it is true that u, = ua41 implies u, = ug for all 8 > a, it is
not true that for a fixed z, uq(x) = Uat1(x) implies ug(x) = uq(x) for all
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B > a. In fact, in many of the constructions in Section [ there is a point 0
and an ordinal « such that u(0) = 0 for all v < « and u4(0) = a > 0.
Nonetheless, we make the following definition.

DEFINITION 3.4. Let H be a candidate sequence on E. Then for each x
in E, we define the pointwise order of accumulation of ‘H at x, az)i(:v) or
ap(x), as

adt(z) = inf{a : ug(x) = ua(z) for all 8 > al.

REMARK 3.5. Note that at(r) is always a countable ordinal, and

ao(H) = sup af!(z).
zeE
The following proposition relates the pointwise topological rank (Defini-
tion [2.10]) to the pointwise order of accumulation.

PROPOSITION 3.6. Let H be a candidate sequence on E. Then for any x
mn F,

r(z) if r(x) is finite,
o) < { Jriw) s finie
r(z)+1 ifr(z) is infinite.

Proof. The proof proceeds by transfinite induction on r(x). If r(z) =0
it is easily seen that u~(z) = 0 for all v and «og(z) = 0.

Suppose the statement is true for all y with r(y) < «, and fix x with
r(z) = a. If v is finite, let € = «, and if « is infinite, let € = a4+ 1. We show
that for all § > «, ug(x) = uc(z), and here we use transfinite induction
on 3 > «. Note that there is an open neighborhood U of x such that for
all y in U, r(y) < r(z). Thus any real-valued function f on FE satisfies
lim SUPy .z f(y) = lim SUPy .z, r(y)<r(x) f(y)

Suppose 3 > « is a successor. Then

(u/g:\:m)(a:) = max (hI;l_%m (ug—1 + 1) (y), (up—1 + Tk)((E))
r(y)<a

Applying the induction hypotheses to all y with 7(y) < « and ug_;(x) gives

(g1 + 7)(z) = max(lim sup (et + 1) (1), (e + Tk)(x)).

y—a
r(y)<a

Letting k tend to infinity, we obtain ug(z) = u(x).
Suppose 3 is a limit ordinal. Then the inductive hypotheses imply
ug(r) = max <lim sup sup u(y), sup uw(x)>
V<8

r(y)<a

= max (hm sup ue—1(y), sup us(az)) = Ue(x). m
Er A
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It follows from the proof of Theorem [5.3] that these pointwise bounds
on ap(x) are optimal. Also, combining Remark Proposition and
Proposition [2.11](3), we obtain the following result.

COROLLARY 3.7. Let H be a candidate sequence on a countable, compact
Polish space E. Then

ao(H) < {

3.2. Construction of candidate sequences. Now we discuss vari-
ous ways of creating candidate sequences. We first begin with elementary
constructions that will be studied later in the context of Choquet simplices.

|Elcs =1 if [Elcs is finite,
|ElcB if |E|cB is infinite.

DEFINITION 3.8. Let ‘H be a candidate sequence on E. If I’ is a compact
subset of F, then we define the restriction candidate sequence, H|p, on F.

DErINITION 3.9. Let H be candidate sequence on F, and let F' be a
compact metrizable space with 7w : F' — F a continuous surjection. Then the
lifted candidate sequence of H to F, denoted ™H, is the candidate sequence
on F' given by ("hy) = (hy o).

DEFINITION 3.10. Let F = (fx) be a candidate sequence on F', and let
g : F — E be an embedding (continuous injection). The embedded candidate
sequence, gF = (hy), on E is defined to be

frog l(x) ifx e g(F),
e = {Jro70) 2o
0 ifxe E\g(F).
While all of the constructions in this section will be used, the following

two constructions (disjoint union and product candidate sequences) form
the basis of the proofs of Theorem and Corollary

DEFINITION 3.11. Let (H,) be a countable collection of candidate se-
quences, where H,, = (h}) is defined on E,. Then we define the disjoint
union candidate sequence, || Hy, as follows. Let E be the one-point com-
pactification of the disjoint union of the spaces F,,, with the point at infinity
denoted 0. For each k, let f; be the function on E such that f|g, = h} and
f1(0) = 0. Then the disjoint union candidate sequence, [ H,, is defined to

be (fk)-

Recall that ||f|| denotes the supremum norm of the real-valued func-
tion f.

LEMMA 3.12. Let (H,) be a sequence of candidate sequences on E,,
where h = lim H,,. Let H = [[ Hn. If |R™]| — 0, then for all 3,

(1) wff(0) = limsup,, [[uj"|;

Han
(2) llufll = supy, Jlug™|.
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Proof. For each n, E, is a clopen subset of E. Consequently, uzfi(m) =
uy" (x) for all ordinals v, and for all = in E,. Then (2) follows from the

definitions and (1). Also, upper semicontinuity of ug implies that ug(O) >

lim sup,, ||ug" ||. It only remains to show the reverse inequality.

The hypotheses imply that
u}t(0) < h(0) < lim ||h"] = 0.

Now we use transfinite induction on 3. The case § = 0 is trivial. Suppose 3
is a successor. By subadditivity of the transfinite sequence (Proposition|3.2)),
uy(O) < ugfl(O) + ult(0) = ugfl(O), which, along with induction, implies
the desired inequality. Now suppose ( is a limit ordinal. Monotonicity of the
transfinite sequence and induction again imply that

ug(O) = max(lim sup ug(y), sup u?f(O)) < lim sup ||ug”|| .
y—0 y<p3 n

By a marked space (E,0), we mean a compact, metrizable space E to-
gether with a marked point 0 in FE.

DEFINITION 3.13. Let F = (fi) and G = (gr) be two candidate se-
quences defined on the marked spaces (E7,0;) and (Es,03), respectively.
Then we define the product candidate sequence, H = F x G, on the marked
product space (E7 X Eo,(01,02)) as the sequence

i) = {2 0=
’ gr(y) ify # 0a.

Note that this definition is not symmetric under transposition of F
and G. In other words, this product is not commutative, but one may easily
check that it is associative.

Let H be a candidate sequence on the marked space (F,0). Define H*P
to be the candidate sequence on the product space (EP, 0P) given by iterated
multiplication: H*P = H*P~1) x H.

LEMMA 3.14 (Powers Lemma). Let H be a candidate sequence on the
marked space (E,0). Suppose that for some limit ordinal o and real number
a >0,

(i)
(if)
)

(iii

lluy|| < a for all v, and ||uy|| < a for v < a;

uy(0) =0 for all v < 0, and un(0) = a;

ap(z) < « for all z in E.

Then the transfinite sequence associated to H*P satisfies
(1) [[u}™]| < pa for all v;
(2) W7 < ka and ||u7fxp|| < ka for all v < ak and k < p;
(3) ozz]{xp(x) < ap for all v in EP;
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(4) u?fxp(Op) =la forallal <y <a(l+1)andl=0,...,p;

(5) agt™"(07) = ap.

Proof. We argue by induction on p. For p = 1, the claims (1)—(5) follow
from (i)—(iii).

Assume that (1)—(5) hold for p. We prove that (1)—(5) also hold with
p+1 in place of p. Let (uh) be the transfinite sequence for H*P = (h%), and
let h? = lim H*P. Recall that EP*1 = EP x E. The definition of H*®*+1 is

that W 2 y) { h(z) ify=0

ETT Uhiy) ity #£o0.
For all (z,y) in EPTY, (RPHL — WP (2, y) < (WP — BE)(x) + (h — hy)(y). Tt
follows from transfinite induction that for all 7, u pH(x, y) < ub(x) + uy(y).
Using the inductive hypotheses, we obtain || p“” <ap+a=a(p+1) for
all -y, proving (1).

It follows from subadditivity that HuZJ]g_lMH < E|lub| 4 [lu ™|, which
means that in order to establish (2) we only need to show that for all
v <a, |ul™| < a. Furthermore, since u2*' is u.s.c. and therefore at-
tains its supremum, it suffices to show that for all v < a and all (z,y)
in EPHL u?frl(x,y) < a. Let v < o and let (x,%) be in EPTL If y # 0,
then there exists an open neighborhood U of (z,y) in EP*! such that for
all (s,t) in U, t # 0. Then h¥™(s,t) = hy(t) for all (s,t) in U. Tt fol-
lows that up+1($,y) = u,(y) < a. Now suppose y = 0. Let € > 0. Since
u,(0) = 0 and u, is u.s.c., there exists an open neighborhood U of 0 in F
such that for all s in U, u,(s) < e. Then for all (¢, s) in the open set EP x U,

uP T (t, s) < ub(t) 4+ uy(s) < ub(t) +e. Since € was arbitrary, we deduce that
ub H(a:,O) < uf(z). Using the induction hypothesis for H*P, we conclude
that u2™(z,0) < a.
For any point (z,y) in EP*! with y # 0, we have already shown that
pH(a: y) = uy(y) for all 7. For any point of the form (z,0), we have shown
that u" (x,0) < a. Furthermore, by upper semicontinuity of u4", we have
ulT(z,0) > limsup u?™ (z, y) = limsup ua (y) = ua(0) = a.
y—0 y—0
Thus u5"(2,0) = a for all points of the form (x,0). This fact, in com-
bination with the fact that uﬁ“(x y) = uy(y) < a for y # 0 and all v,
immediately implies that ugfv(x, 0) = ub(z) 4+ a for all z in EP. Then in-
duction gives statements (3)—(5). m

DEFINITION 3.15. For the rest of this work, we let HP denote the renor-
malized product of H taken p times: if H*P = (h;7), then let HP = (kL) =
(3127).
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Now we discuss more general products than just powers of the same
candidate sequence. We will only consider products of marked spaces. Let x
be a point in the product space (En X -+ x E1,0), where 0 = (Op,...,01).
Let m; be projection onto E;. Then define the function

ind(z) = {mln{z cmi(x) #0;} if x #£0,
N ifx=0.
Also, let n;(zn,...,21) = (xN,...,z;). Note that with these notations, if
(hk) =Hy X - X Hl, then hk(.ilf) = h:‘ind(ﬁ)(’iﬁnd(x) (.CE)) for all x.
LEMMA 3.16 (Product Lemma). Let o be any non-zero countable ordi-

nal, and let o« = w'my + -+ + WPNmy be the Cantor Normal Form of a.
Let a > 0 be a real number, and suppose a1 > --- > ay > 0 are such that

N

>_u=a,

i=1
and for each j=1,...,N —1,

a; N
3.1 L > a;.
(31) w2
i=j+1

(Note that for any a > 0, such ay,...,an ezist.) Now suppose that for each

Jjin{l,...,N}, Fj is a candidate sequence on (E;,0;) such that

(i) Huq,]H < aj; for all v, and Huyj | < aj fory<wh;
(i) w ( ;) =0 for all v < wbi;
(iii) w
)

.'F

/JB ( ) as;
(iv a( ) < Wi for all z # 0;
() a0(0;) = .

Denote H;j = F; " and o = WP m;. Then the product Hy x---xHy satisfies

(1) |luyll < a for all y, and ||u,|| < a for vy < a;
(2) ap(z) < « for all x # 0O;
(3) ap(0) = a, and uay(0) = a. In particular, ag(Hy X -+ X H1) = a.

Proof. The proof proceeds by induction on N. The case N = 1 follows
from (i)—(v). Now we assume that N > 1 and the statement holds for N —1,
and we show that it holds for V.

Let Hy x --- x Hy = (hg) be as above, with h = limy, hy, and let Hy X

-+ X Hg = (h},) with &' = limy, h}. By the definition of the product candidate
sequence, we observe that (h—h)(z) < (' = h})(n2(z)) + (h' = h}) (71 (2)).
It follows that uq (z) < ultN>*>H2(ny(2)) +ulft (7 (x)) for all x in E and a.
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Let « be in E. Then there exists an open neighborhood U in E such that
for all y in U, ind(y) < ind(z).

If ind(z) = 1, the existence of the neighborhood U implies that uy@) =
uyl (m1(z)) for all 4.

Now we prove that for v < w’ and z such that ind(z) > 1, we have
uy(x) < uyNX"'Xm (m2(z)). Since F satisfies the hypotheses (i)-(v), we
may apply Lemma and deduce that H; satisfies conclusions (1)—(5)
in that lemma. Now let v < w” and let « be in E with ind(z) > 1. By
conclusion (4) in Lemma applied to Hy, ul!*(01) = 0. Then for any
€ > 0, using the fact that u1 is u.s.c., there exists an open neighborhood
V of x such that for all y in V| uy(y) < uyNX”'XHQ (n2(y)) + €. Since € > 0
was arbitrary, we have the desired inequality.

By the induction hypothesis on N — 1 applied to Hy X - - - X Hs, we have
SUD.,, <81 U?Y_{NX".XH2(772(3:)) < E;VZQ aj. By conclusion (2) in Lemma

applied to H1, Hquﬂll || <ai/mi. Hence, for  in E,

N
ai al
ulls, () = ( sup uy) (x) < max<, E aj> < 4
J=2

'y<wﬁ1 mq mi

Then by upper semicontinuity of “5517 for any x with ind(xz) > 1 we have

. . ai
o (@) 2 limoupuli (v) = lmsup s, (ma(w) = s, (00) = o/

ma '
ind(y)=1 ind(y)=1
We conclude that for any x with ind(z) > 1, uyﬁl (x) = a1/m;. By subaddi-
tivity (Proposition , we have ufﬁlml(x) < a;. By upper semicontinuity,
for all z with ind(x) > 1,

u'  (x) > lim sup ug[}ml (m(y) = w2 (01) = a.

wh1 mi y— wﬁml
ind(y)=1
It follows that ugﬁlml(x) = q; for all  with ind(x) > 1, and then u?j@lml +w(a:)

=a;+ u?NXWXH? (n2(x)) for all  with ind(z) > 1 and all 7. Now with the
induction hypothesis on N — 1 applied to Hy X - - - X Ha, properties (1)—(3)
follow immediately. =

We end this section by stating the semicontinuity properties of these new
candidate sequences.

PROPOSITION 3.17.

(1) If Hy is a sequence of u.s.c.d. candidate sequences and ||h¥|| — 0,
then H = [ [ Hk is a u.s.c.d. candidate sequence.

(2) If Hi and Hy are u.s.c.d. candidate sequences and (limHz)(02) = 0,
then H = H1 X Hs is a u.s.c.d. candidate sequence.
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(3) If H is a u.s.c.d. candidate sequence on E and if F is closed subset
of E, then H|p is a u.s.c.d. candidate sequence.

(4) If H is a u.s.c.d. candidate sequence on E and "H is the lift of H
to F, where m : F — FE is a continuous surjection, then "H s a
u.s.c.d. candidate sequence.

Proof. (1) The condition ||h*|| — 0 implies that H has w.s.c. differences
at O for all k.

(2) Because H; is u.s.c.d., the condition (limHs2)(02) = 0 implies that
H has u.s.c. differences at (x,02) for all z and k.

(3) The restriction of any u.s.c. function to a subset is also u.s.c.

(4) The lift of any u.s.c. function under a continuous map is also u.s.c. m

3.3. Choquet simplices and candidate sequences. The relevant
chapters of [I7] provide a good reference for most of the basic facts about
simplices required in the present work.

Let K be a metrizable, compact, convex subset of a locally convex topo-
logical vector space. Then the extreme points of K, denoted ex(K), form
a non-empty Gs subset of K. We call a function f : K — R affine (resp.
convez, concave) if f(tx + (1 —t)y) =tf(x) + (1 —¢)f(y) (resp. <, >) for
all z and y in K and all ¢ in [0, 1].

DEFINITION 3.18. Let K be a compact, convex subset of a locally convex

topological vector space. Then K is a Choquet simplex if the dual of the
continuous affine functions on K is a lattice.

For any Polish space E, let M(E) be the space of all Borel probabilities
on E with the weak* topology. If E is compact, then M(F) is a Choquet
simplex, with the extreme points given by the point measures.

DEFINITION 3.19. Let K be a Choquet simplex. Then we define the
barycenter map, bar : M(K) — K, to be the function given for each p in
M(K) by

bar(p) = |y dp(y),

where the integral means that for all continuous, affine functions f : K — R,
f(bar(u) = | fdp.
K
The barycenter map is well-defined, continuous, affine, and surjective
(see [17]).
If K is a metrizable Choquet simplex, then a function f : K — R is
called harmonic (resp. subharmonic, superharmonic) if for all p in M(K),

f(bar(p) = | fdp

ex(K)
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(resp. <, >). A harmonic (resp. subharmonic, superharmonic) function is
always affine (resp. convex, concave), but an affine (resp. convex, concave)
function need not be harmonic (resp. subharmonic, superharmonic). On the
other hand, a continuous affine (resp. convex, concave) function is always
harmonic (resp. subharmonic, superharmonic). Furthermore, by standard
arguments, any u.s.c. affine (resp. concave) function is harmonic (resp. su-
perharmonic). Also, any u.s.c. convex function is subharmonic.

In the metrizable case, Choquet proved the following characterization of
Choquet simplices.

THEOREM 3.20 (Choquet). Let K be a metrizable, compact, convex sub-
set of a locally convex topological vector space. Then K is a Choquet simplex
if and only if for each point x in K, there exists a unique Borel proba-
bility measure P, on ex(K) such that for every continuous affine function
f:K—R,

f@y= | fdP..
ex(K)

DEFINITION 3.21. If K is a metrizable Choquet simplex and f
ex(K) — R is measurable, the harmonic estension f" : K — R of f
is defined as follows: for x in K, let

ffr@y=\ fdr.
ex(K)

REMARK 3.22. Using Choquet’s characterization of metrizable Choquet
simplices, it is not difficult to show that if f : K — R is a measurable
function and for each z in K,

f@y= | fapr.,
ex(K)
then f is harmonic. It follows that the harmonic extension of a function
on ex(K) is, in fact, harmonic.

In the metrizable case, the following theorem of Choquet characterizes
exactly which topological spaces appear as the set of extreme points of a
Choquet simplex.

THEOREM 3.23 (Choquet [6]). The topological space E is homeomorphic
to the set of extreme points of a metrizable Choquet simplex if and only if E
is a Polish space.

The following result is stated as Fact 2.5 in [9], where there is a sketch
of the proof.

Facr 3.24. Let K be a metrizable Choquet simplex, and let f
K — [0,00) be conver and u.s.c. Then (f|eX(K))har is u.s.c.
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If K is a metrizable Choquet simplex, we denote by M(ex(K)) the
set of measures p in M(K) such that pu(K \ ex(K)) = 0. Consider the
map 7 : M(ex(K)) — K given by the restriction of the barycenter map
to M(ex(K)). This restriction inherits the continuity and affinity of the
barycenter map. Furthermore, this restriction is always bijective (by Cho-
quet’s characterization of metrizable Choquet simplices, Theorem , but
it may not have a continuous inverse. In fact, 7 has a continuous inverse if
and only if ex(K) is closed in K. These considerations lead to the study of
Bauer simplices.

DEFINITION 3.25. A metrizable, compact, convex subset K of a locally
convex topological vector space is a Bauer simplez if K is a Choquet simplex
such that ex(K) is a closed subset of K.

If E is any compact, metrizable space, then M(FE) is a Bauer simplex
with ex(M(FE)) homeomorphic to E. If K is a Bauer simplex, then the
restriction 7 : M(ex(K)) — K of the barycenter map has a continuous
inverse and is therefore an affine homeomorphism.

PROPOSITION 3.26. If K is a Bauer simplez and f : K — [0,00) is

bounded and harmonic, then ]? is harmonic and ﬂeX(K) = fl;(;)'

Proof. Since f is harmonic, in particular f is affine. Let x and y be in K,

and let ax + by be a convex combination in K. We have f(ax + by)
> f(ax + by) = af(z) + bf(y). For fixed a,b, and y, the above formula

implies that f(aﬁavc +by) > af(z) + bf(y). Now fixing a, b, and z, we obtain
flaz +by) > af(z) + bf(y). Now since f is u.s.c. and concave, it follows
that f is superharmonic.

Let E = ex(K). It follows from the definitions that
(3.2) £ =\ fledP. < | (flz) dP, < | Fap..
E E E

Now consider the two functions g1, g2 : K — R given for each ¢ in E by

fle(t) ifteE f| i
0 ift¢ FE, 0 ift¢ E.
Since F is closed, g1 and go are u.s.c. They are also obviously convex. Then

by Fact G1 = ((91)|g)™ and Go = ((g2)|g)"" are u.s.c. Note that for
teK,

Gi(t) = | (flp)dP: and Ga(t) = | faP..
E E

Thus, taking the u.s.c. envelope of the expressions in (3.2) and using the
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fact that G1 and G5 are u.s.c., we have

(3.3) Ft) < \ (flp) dPy < | FaPy,
E E

which shows that fis subharmonic. Now we have shown that fis harmonic
and the inequalities in (3.3 are all equalities. =

A candidate sequence H = (h) on a Choquet simplex is said to be har-
monic if each hi is harmonic. The following proposition relates the trans-
finite sequence of a candidate sequence H on a Bauer simplex K to the
transfinite sequence of H|ex(x)-

PROPOSITION 3.27. If H is a harmonic candidate sequence on the Bauer
simplex K, then for each o, ult is harmonic and

Hlex
(3.4) ult = (up e yhar,

Proof. The proof proceeds by transfinite induction on «. For all &, since
h; and h are harmonic, 7, = h — h;, is harmonic.
Suppose u*! is harmonic and (3.4) holds. Then u/f + 74 is harmonic. By

Proposition [3.26, we deduce that ulf + 74 is harmonic, and for ¢ in K,

—_ H
(Wl + 7)) = | (¥ + 7)|pdPr = | (uld'® + )| p dP.
E E
Recall that {uq + 7% }% is a non-increasing sequence in k. Thus we can take
the limit in k£ and apply the Monotone Convergence Theorem to deduce that

ult,; is also harmonic, and for ¢ in K,

il (t) = [ ulls ap,

E
which implies that (3.4) holds with o 4+ 1 in place of «.

The previous arguments apply in a similar way to the case when « is a
limit ordinal. m

REMARK 3.28. Let K be a Choquet simplex which is not necessarily
Bauer. Even when the candidate sequence H on K is harmonic, the functions
ut are not in general harmonic. However, we check now that if H is har-

«
monic, then u/f is concave for all a. Assuming by induction that ut is con-

cave, we see that ult + 74 is concave, as it is the u.s.c. envelope of a concave

function. Then uyﬂ is the limit of a sequence of concave functions, and so

ult, is concave. Now for any countable limit ordinal «, there is a strictly in-

creasing sequence () of ordinals tending to a.. Then supg_, ug = lim,, uz)fn

since the sequence (u}}) is increasing in 3. Hence SUPg<q ug is concave, as
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it is the limit of a sequence of concave functions (by induction), and thus

ul is concave for any countable limit ordinal as well.

When ex(K) is not compact, M(ex(K)) is not a Bauer simplex, and
the restriction of the barycenter map to this set is not a homeomorphism.
Instead of using this restriction in such cases, we consider the Bauer simplex
M(ex(K)) and the continuous surjection 7 : M(ex(K)) — K, the restric-
tion of the barycenter map to M(ex(K)). In the following two lemmas we
consider candidate sequences which may arise as embedded candidate se-
quences.

LEMMA 3.29. Let E be a compact, metrizable space, and let K be a
metrizable Choquet simplex. Suppose there exists a continuous injection
g:E— K. Let F be a u.s.c.d. candidate sequence on E, let H' = (h},)
be the embedded candidate sequence gF, and let H be the harmonic exten-
sion of H'|ex(ry to K. If hy | — by is convex for each k, then H is u.s.c.d.
In particular, if g(E) C ex(K) then H is u.s.c.d.

Proof. Since F is u.s.c.d. and g(E) is closed, we see that hj_ , — hj is
u.s.c. for each k. Then hj_ | — hj, is convex and u.s.c. for each k. By applying
Fact we deduce that hyi 1 — hy is u.s.c. for each k. Thus H is u.s.c.d.

In particular, if g(£) C ex(K), then hj_ , —hj takes non-zero values only
on ex(K). Therefore hj_, — hj is convex for each k, and by the previous
argument, H is u.s.c.d. m

The following lemma is used repeatedly throughout the rest of this work.
The utility of this statement lies in the fact that it allows one to compute the
transfinite sequence on a (frequently much simpler) subset of the simplex
and then write the transfinite sequence on the entire simplex in terms the
transfinite sequence on this subset. When K is a Choquet simplex that is not
Bauer and H is a harmonic candidate sequence on K, then this statement
takes the place of an integral representation of u’f.

LEMMA 3.30 (Embedding Lemma). Let K be a metrizable Choquet sim-
plex with E = ex(K). Suppose H is a harmonic candidate sequence on K
and there is a set F' C E such that the sequence {(h — hi)|p\r} converges
uniformly to zero. Let L = F, and let 7 : M(E) — K be the restriction of
the barycenter map. Then for all ordinals o and for all x in K,

(3.5) ult(z) = max SUZﬂL dp,
per—i(z) ;

H

and ag(H) < ao(H|L). In particular, if F' is compact, then u/t|p = uHlF for

all a, and ag(H) = a(H|F).

Proof. Note that equation (3.5) implies immediately that ag(H) <
ap(H|L). Further, suppose F' is compact. Then L = F C ex(K), and if
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xis in F, then 7~!(z) = {e,}, where €, is the point mass at z. In this case,
1mphes that ult|p = WM for all a, and ag(H) = ap(H|r). We now
prove

Observe that since L is closed and u?} is w.s.c., the function 17, -uglL is
u.s.c., where 1y, is the characteristic function of the set L. Then the function

p— uglL dp is u.s.c., and therefore by Remark (3)7 for each z in K,

Iz

sup S ultt dp = max S ultt dp.
pem—l(z) I, NEW*I(I)

Let 2 be in K. Since u’! is concave (see Remark|3.28) and u.s.c., it follows
that ! is superharmonic. Therefore

ult(z) > S ultdp  for all p e nt(x).
K
Using the fact that u’f|; > ulf . we obtain, for all peni(x),
ull(@) > \ultdp > \ult dp > {ulfe dp.
K L L
It follows that for each ordinal «,

ult(z) > max SuZﬂL du.
pE™ (z)L

We now prove, using transfinite induction on «, that for all o and =
in K,
(3.6) ult(z) < max Suy“ du,
per—i(z) ¢

which will complete the proof of the lemma.

The inequality in is trivial for o = 0. Suppose holds for some
ordinal «. For simplicity of notation, we allow y = z in all expressions
involving limsup,,_,,, below. First we claim that for any y in K, there exists
a measure i, supported on L U E such that p, is in 771 (y) and
(3.7) max S wltle dy = S ullt dy,.

per—t(y) 1 I
Indeed, suppose the maximum is attained by the measure v. If v(L) =
then we are done. Now suppose v(L) < 1. Then v = v(L)vr+(1—v(L ))VE
Where vg is the zero measure on S if v(S) = 0 and otherwise vg(A) =
(

S
ﬁ v(SNA). Let z = bar(yE\L) which exists since v, ; is in M(E) (using
(

L))P.

the fact that v(E\ L) = 1—v(L) > 0). Now let pu, = v(L)v + (1 —
Then g, is supported on L U E, bar(u,) =y, and

S u?'L dv < S ug‘L dpiy.

L L
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Thus the maximum in is attained by the measure p,, which is sup-
ported on L U E and satisfies bar(u) = y.

Now let € > 0. Since H is harmonic, also 73 is harmonic. Then for any y
in K and k large enough (depending only on €),

ubt () +m(y) = max Nulllt du+mip(y) = Yull dpy + | 7 dps,

ueﬂfl(y) i 7
= S a2 dpry + STk dpy + S Th Aty
L L E\L
§Su |Ld,uy Sdeuy—Fe—S( H‘L—FTk)duy—i-e
L L L
HlL Ev
SS + 7))L dpy + € < max S( + 1)L dp + €

Then we have (allowing y = x in the upper limits)

ult, | (x )—hmhmsupu (y) + 7 (y)

y—
< lim lim sup max S ey k)| dp + €
k Yy—T peT™ L
(3.8) <lim max S (qu'L + 1)L dp + €
ko perl(z) 7
\L
3.9 < a d
( ) o ue?*fix) S Yat1 OH te

where the inequalities in and are justified by Lemmas
and respectively. Since € was arbitrary, we have shown the inequal-
ity in with the ordinal a replaced by « + 1.

Now suppose the inequality in holds for all § < «, where « is a
limit ordinal. Using monotonicity of the sequence qu‘L
y = x in the upper limits)

, we see that (allowing

P

ult(z) = sup uﬁ( x) = limsup sup max Su;”L dy

B<a y—r  B<o HETT 1(y)L

<limsup max S HL dp < max Suy\L du,
y—a peT () 7 per—i(z) 7

where Lemma justifies the last inequality. Thus we have shown that (3.6)
holds for «, which completes the induction and the proof. =

REMARK 3.31. Given the assumptions of the Embedding Lemma, if x
is in ex(K), then 7= !(z) = {e,}, where ¢, is the point mass at z. It follows
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that, if z is in L Nex(K), then ult(x) = uzf'L(:v) for all . Further, if z is in
ex(K) \ L, then u(x) = 0 for all a.

REMARK 3.32. With the notation of the Embedding Lemma, equa-
. . . H _ HlL
tion 1) implies that ||uf|| = [Jua'"] for all a.

LEMMA 3.33. Let K be a metrizable Choquet simplex and L a closed
subset of K. Let f : K — [0,00) be u.s.c. Then for all x in K,

limsup max \fdu < max \ fdu,
y—z Neﬂ_l(y)é per—t(x) S

where m is the restriction of the barycenter map on M(K) to M(ex(K)).

Proof. Let T : M(K) — R be defined by T'(u) = §, fdu. Then fxy is
u.s.c. since f is non-negative and u.s.c. and L is closed. It follows that T is
u.s.c. Now the result follows from Remark 2.16{3). =

LEMMA 3.34. Let K be a metrizable Choquet simplexr and L a closed
subset of K. Let (fr : K — [0,00)) be a non-increasing sequence of u.s.c.
functions, with limy, fr, = f. Then for oll x in K,

lim max dp < max du,
’f—’OOuGWI(I)Efk = uewl(a:)[xlf :

where T is the restriction of the barycenter map on M(K) to M(ex(K)).

Proof. Let x be in K. Define T, : M(K) — R and T : M(K) — R by
the equations
Ti(u) =\ fedp and T(u) =\ fdp.
L L
Since frxr and fxr are u.s.c., T and T} are u.s.c. Proposition 2.4 of [3]
states (in slightly greater generality) that

3.10 li T, = lim T ().
(3.10) i max (1) | hax | lim k(1)
By the Monotone Convergence Theorem,

(3.11) T(p) = U T (p).

Combining (3.10)) and (3.11]) concludes the proof. =

REMARK 3.35. Even when the hypotheses of the Embedding Lemma are
satisfied, it is possible to have ag(H) < ag(H|r). Due to space considera-
tions, we do not present such an example.

4. Realization of transfinite orders of accumulation. Recall that
for every countable ordinal «, w® + 1 is a countable, compact, Polish space.
Then let K, be the (unique up to affine homeomorphism) Bauer simplex
with ex(K,) = w® + 1. For notation, let 0, be the point w® in K, and let
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E, = ex(K4). In this section we construct, for each countable «, a harmonic,
u.s.c.d. candidate sequence H, on K, such that ag(Hs) = a.

The idea of the following theorem is to construct, for each countable,
irreducible ordinal «, a candidate sequence H such that the transfinite se-
quence does not converge uniformly at «, in some sense. The main tools of
the proof are the disjoint union candidate sequence and the powers candi-
date sequences.

THEOREM 4.1. For all real numbers 0 < € < a, and for all countable,
irreducible ordinals 6 and o, with § < «, there exists a harmonic, u.s.c.d.
candidate sequence H, on K, such that

(1) ||2|l < a if « is finite, and ||| < € if a is infinite;

(2) [lus| <

(3) lluyll < a for all~y, and ||u,|| < a for vy < a;

(4) h(0n) =0, uy(0n) =0 for all vy < a, andua( o) = a;
(5) ao(Ha) = .

Proof. Suppose that we have constructed a u.s.c.d. candidate sequence
H' on w*+ 1 and shown that it satisfies (1)—(5). Since K, is Bauer, Propo-
sition implies that we can let H, be the harmonic extension of H' to
K, and properties (1)—(5) carry over exactly. So without loss of generality,
we will define H,, directly on F, and work exclusively on F,.

The rest of the proof proceeds by transfinite induction on the non-zero
irreducible ordinals « (o is non-zero because 6 < «). This is equivalent, by
Corollary to writing o = w® and using transfinite induction on 3. The
base case is when § = 0.

CASE 8 = 0. In this case E o = F; = w + 1, the one-point com-
pactification of the natural numbers. Now § must be 0 and by definition
up = 0. Let H = (hg), where hg(n) = 0if k < n, hg(n) = a if £ > n,
and hi(01) = 0. Then h < a. Since each n is isolated in Ej, r(n) = 0,
which implies that ag(n) = 0 and u(n) = 0 for all v (by Proposition [3.6).
The point at infinity, 01, has topological order of accumulation 1, which
implies that a(01) < 1 (by Proposition [3.6/again). It only remains to check
that u1(0;) = a. Fix k. For any n > k, 74(n) = h(n) — hiy(n) = a. Thus
Tr(01) > a. Letting k go to infinity gives u1(01) > a. Since uy < h< a, we
obtain u1(01) = a, as desired.

CASE (8 implies 8 + 1. We assume the statement is true for w?, and
we need to show that it is true for wf*tl = sup,, wPn. In this case E s+
is homeomorphic to the one-point compactification of the disjoint union of
the spaces E_gs,, (by Theorem . With this homeomorphism, we may
assume without loss of generality that E s+1 is the one-point compactifi-
cation of the disjoint union of the spaces E gs,. Fix 0 < € < a, and let
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(ap) be a sequence of positive real numbers such that a, < a for all p
and limy a, = a. Using the induction hypothesis, for each p, we choose a
u.s.c.d. candidate sequence H,_ s on E s which satisfies conditions (1)—(5)
with parameters a,, €, and § < wB. For each p, let HZB be the p-power

sequence of this H,s restricted to E,s, (note that w?’P 41 C (0’ +1)P).
P

H
Then ||lim(H”;)|| < a/p, and ||uw[;5|| < a,/p. Let N be such that a/N <,
and define Hp+1 = [[,> 5 Hs. It remains to check (1)—(5) for H,s+1.
(1) Using that h(0_s+1) = 0,

Al = Sup [Hm A5 = HhmH 5] < N <e<a.

(2) For irreducible § < wf*! we have § < w”. Monotonicity of the
transfinite sequence implies

lotg ) < |

for every n. Also, Lemma [3.12] implies
H’VL
W
[us|| = sup [lus <.
n>N
Putting these inequalities together gives

H™ H™
lusll = sup lluz "l < sup flu,5" || < S<e
(3) For every 7, Lemmas n and [3.14 - imply

Hn
[yl = sup. luy <7l < a.
n>

Further, for any v < «, there exists m such that v < w”m. Using subaddi-

H™
tivity (Proposition |3. , Jusy <7 < ||u °|l < (m/n)ay. Then

wﬂm

H™ 8 m
lluy|| = sup |luy " || < max(al, vy Ay, SUP an> < a.
n>N n>m T
(4) By definition, h(0,s+1) = 0. Let v < . There exists a k such that
v < wPk. Then Lemma [3.12, monotonicity, and Lemma imply

H™ H™ k
Uy (0,641) < lim 1 Sup |uy || < limsup Huwg]f | < limsup Za =0.
n—oo n—oo

Also, Lemmas [3 and [3.14] imply

H
e (0,5+1) > limsup ug “’ (0,5,) = a,
n—oo

which (combined with (3)) implies that us (0 s+1) = a.
(5) For x # 0,511, there exists n such that € E_s,,, which implies that
r(z) < wPn. Then Proposition [3.6| gives ag(r) < w’n + 1 < wlt!. The fact
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that ag(0,s+1) = w?T! then follows immediately from (3) and (4). Thus
ao(H) = Wit

CASE 3 limit ordinal. We assume the statement is true for all w® with
¢ < B, and we need to show that it is true for w”. In this case there is a
strictly increasing sequence (w”") of irreducible ordinals with sup,, w®" = w”?,
and E,_ s is homeomorphic to the one-point compactification of the disjoint
union of the E s, (by Remark . With this homeomorphism, we may
assume without loss of generality that E_s is the one-point compactification
of the disjoint union of the spaces E, s,. Fix 0 < € < a, and let (a,) be a
sequence of positive real numbers with a,, < a for all n and lim,, a,, = a. By
the induction hypothesis, for each n > 1, there exists a u.s.c.d. candidate
sequence H,s, on E s, satisfying (1)-(5) with parameters a,,, ¢/n, w’* and
6 = w1, Now fix § irreducible with § < w”. Since sup,, w”* = w?, there
exists N such that wfN-1 > 4. Let H,s =[]~ Heysn- All that remains is
to verify (1)-(5). -

(1) Using h(0,s) = 0, we get

1h]| = sup [lim Mo || < — < e
n>N N

(2) Since § < w-1, Lemma and monotonicity imply (as in the
previous case)

Hpn M, €
lusl| < sup [lug =" || < sup [lu_z™ || < sup ~ <e.
n>N n>N n>N T
(3) For any +, by construction,

H
lus || < sup luy =™ || < a.
n>N
wﬂn H

. H
Further, for v < a, there exists m such that v < w’». For n > m, |jus
< ¢/n. Then

H,6n €
luy|| < sup |luy ™| < max| ai,...,am, sup — | < a.
n>N n>m T
(4) By definition, h(0,,s) = 0. For any v < w”, there exists some k such
that for all n > k, w® > ~. Then

uy(0,6) < limsup Hu?“’ﬁ" | <limsup Hqu’ﬁnl | < limsup A
n—00 n—o00 wrnT n—oo N
(5) For any = # 0,, there exists n such that x € E_g,. Then ag(z) <
r(z) < wh < wPl. By (3) and (4), ag(0,5) = w®. Therefore ag(H) = w®. =

COROLLARY 4.2. For all positive real numbers a and non-zero countable
ordinals «, there exists a harmonic, u.s.c.d. candidate sequence H on K,
such that the transfinite sequence corresponding to either H or Hlex(k.)
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satisfies

(1) ||uy|| < a for all vy, and |luy|| < a for all v < «;
(2) h(04) =0, and ua(0,) = a;
(3) ao(H) = ao(Hlex(k.)) =

Proof. Let a be a non-zero countable ordinal, and suppose the Cantor
Normal Form of « (as in Theorem [2.2)) is given by

a=oaimi+---+anmpy.

Let a; > --- > any > 0 be real numbers such that Zaj = ¢ and for each
j=1,...,N—1,

For each j = 1,...,N, let F; be a harmonic, u.s.c.d. candidate sequence
given by Theorem with parameters a; and ;. Define H; to be the
product sequence ]—"j ? restricted to Ko m,, and let H = Hy x --- X Hy
restricted to K,. By definition of H, h(0,) = 0. The rest of properties
(1)—(3) follow from Lemma =

COROLLARY 4.3. Let a > 0, and let a be a countable, infinite ordinal.
Then there is a harmonic, u.s.c.d. candidate sequence H on K, such that
the transfinite sequence corresponding to either H or H|e(k,) satisfies

(1) [|uy|| < a for all v, and |luy|| < a for v < a+1;
(2) h(04) =0 and ua+1(04) = a;
(3) ao(H) = ao(Hlex(ky)) = @+ 1.

Proof. Using Proposition[3.27] we may deal exclusively with u.s.c.d. can-
didate sequences on E, (as opposed to K,), and all properties will carry
over to K.

The proof is executed in two stages. First we prove the statement for the
countably infinite, irreducible ordinals. In the second stage, we prove the
statement for all countable, infinite ordinals.

STAGE 1. Let a be a countably infinite, irreducible ordinal. Let o = w?
(since « is infinite, § > 0), and let b = %a. Let F be given by Theorem
with parameters b, «, €, and 4. Recall from the proof of Theorem [4.1] that we
may take F = | | F,, where the exact form of the F,, is as follows. Let (a,,) be
a sequence of positive real numbers with a,, < b for all n and lim,, a,, = b. If
0 is a successor, then we may take F,, = G", where G satisfies the conclusions
of Theoremwith parameters a,, €, w? 1, and 6. Otherwise, if £ is a limit
with (3, increasing to (3, then F, satisfies the conclusions of Theorem
with parameters a,, €, w%, and §. Let F = (fi), and let 0,, denote the
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marked point in Eg, (so Eg, is the domain of F,,). Let H = (hy) be defined
by the rule
fel@) itz # 0,
hi(z) =< 0 ite =0y, k<n,
b/2  ifx=0,,k>n.
By definition, let hy(0,) = 0. Note that H is again a u.s.c.d. sequence on E,,

and ul!(z) = uZ (x) for all v and all z # 0. It follows that qu(ac) < b for
all v and all x # 0,. Computing the transfinite sequence at 0,, we see that

ult(0,) =0/2 for1<l<a, ull(0,)=0b, u (0,)=0b+0b/2=a.

«Q

Since ap(04) < 7(04) + 1 = a4+ 1, we conclude that ag(0,) = o + 1. Thus
we obtain properties (1)—(3).

STAGE 2. Let o = wP'my + -+ + w’¥my be the Cantor Normal Form
of a. The construction proceeds by cases. In the first case, suppose W’V is
infinite. Let a > 0, and select a; > --- > ay as in Lemma [3.16] Let F; be
given by Lemma with parameters a; and wh for j =1,...,N. Let Fy
be given by Stage 1 corresponding to ay/my and w®~. For j =1,...,N—1,
let H; = f;nj, and for j = N, if my > 1, let H; = ]-']T\?N_l. Now let H’ be
given by the product (where Hy is omitted if my = 1)

H = Fy x Hy x -+ X Hy.

Let H be the restriction of H' to E,ey1. Note that h(0,) = 0. Then using
Lemmas and we conclude that

N-1
ap(H) = ( Z w’gimi> +WPNmy —1) + (W +1) =a+1.
i=1

For the second case, we suppose that w® is finite, which implies that
Wiy = 1. Let @ > 0, and select a; > --- > ay as in Lemma with
the additional condition that ay_1/(3mnx—1) > an. Let F; be given by
Lemma with parameters a; and whi for j =1,...,N. Since a is infinite,
it follows that w”~-1 is infinite. Let Fj_ be given by Stage 1 corresponding
to ay_1/mn_1 and wO¥-1 (so that the condition ay_i/(3my_1) > an
implies b/2 > ay in the notation of Stage 1). For j € {1,...,N —2, N}, let
H; = ,}"jmj. Ifmy_1>1,let Hy_1 = .7-"]7\751_171. Now let H’ be given by the
product (where Hy_1 is omitted if my_1 = 1)

H =Hn X Fy_1 X Hy_1 X - x Hj.

Let H be the restriction of H' to F,a11. Note that h(0,) = 0. Then the
reader may easily adapt the proofs of Lemmas and with the addi-



30 D. Burguet and K. McGoff

tional assumption that ay—_1/(3my—1) > an to check that
N—2
2

H _ L ON-1 _ an-1 2
Huw51m1+---+w’3N*1mN—1 = ; ai my—1 (my—1 = 1)+ my-1 3’

N-1
H —
||uwﬁlm1+~~-+wﬂN—1mN,1+l|| - Z @i
=1

N-1 a
H _ Z _ N —
Huwﬁlm1+“'+wﬁN*1mN—1+1+k” - ai + me for k=1,...,mn,
i=1

and
N-2

ag(H) = ( Z wﬁimi) +WPN Ty =)+ (WP D)+ my=a+ 1.
i=1

REMARK 4.4. In Corollaries and one may further require that
Hlex(k.) has the following property (P): for any ¢ in ex(K, ), for any sequence
{sn} of isolated points in ex(K,) that converges to t, limsup,, 7(s,) =
lim,, 7% (sy). Let us prove this fact. In the case @ = 1, there is only one
sequence of isolated points in ex(K;) = w + 1, and the candidate sequence
F constructed in the proof of Theorem [4.1|satisfies (P). Then we note that
if each of the candidate sequences Fi, ..., Fy satisfies this condition, then
so does the product F = F7 x - -- X Fn. To see this, note that the projection
my onto the last coordinate of any isolated point x in the product space is
not the marked point Oy, and thus F(z) = Fn(nn(z)). Hence the product
candidate sequence satisfies (P) because Fy does. Now suppose there is
a sequence (F,) of candidate sequences such that each F, satisfies (P).
Let A = lim F,, and let I,, be the set of isolated points in the domain
of F,. Further suppose that h™|;, converges uniformly to 0. Then [, F,
satisfies (P) as well (to see this, note that (P) is satisfied on the domain of
each candidate sequence F,, separately because F, has (P), and then it is
satisfied at the point at infinity because h"|;, converges uniformly to 0). The
constructions used in the proofs of Theorem [.1] and Corollaries [£.2] and [4.3]
only rely on these three types of constructions (o = 1, product sequences,
and disjoint union sequences with A"|;, tending uniformly to 0), and thus at
each step we may choose candidate sequences satisfying (P). Making these
choices yields H|cx(k,) With the desired property.

We conclude this section by stating these results in the language of dy-
namical systems. The following theorem follows from Corollary [£.2] by ap-
pealing to the Downarowicz—Serafin realization theorem (Theorem [1.3)).

THEOREM 4.5. For every countable ordinal o, there is a minimal hom-
eomorphism T of the Cantor set such that « is the order of accumulation of
entropy of T.
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5. Characterization of orders of accumulation on Bauer
simplices
DEFINITION 5.1. For any non-empty countable Polish space E, we define
|E|lcg — 1 if |E|cp is finite,
p(E) = . e o
|E|cB if |E|cp is infinite.
For any uncountable Polish space E, we let p(E) = w, the first uncountable
ordinal.

DEFINITION 5.2. For any metrizable Choquet simplex K, we define

S(K) = {~ : there exists a harmonic, u.s.c.d. sequence H on K
with ag(H) =~}

Recall our conventions that if 5 < w, then [a, 5] denotes the ordinal
interval {y : a < v < (}, and if f = wy, then [, 3] = {7 : a < v < G}
We also require the use of “open” or “half-open” intervals, which have the
usual definitions.

THEOREM 5.3. Let K be a Bauer simplex. Then
S(K) = [0, p(ex(K))].

Proof. Let 'H be a harmonic, u.s.c.d. candidate sequence on K. Propo-
sition [3.6] implies that

a0(Hlex(r)) < plex(K)),
and it is always true that ag(H|ex(x)) < wi. Then since K is Bauer, Propo-
sition implies the same bounds for ag(H). It remains to show that if
ex(K) is countable, then S(K) D [0, p(ex(K))], and if ex(K) is uncountable,
then S(K) D [0,w].

Suppose E = ex(K) is countable. Let a@ < |E|cg. Then by Proposi-
tion there exists « in E such that r(z) = «, which implies that x is
isolated in I'“(E). Let U be a clopen neighborhood of x in E such that
UNI*(E)\{z}) =0. Then |U|cg = a+1 and |[I"*(U)| = 1. Hence by the
classification of countable, compact Polish spaces (Theorem, there is a
homeomorphism ¢ : w* + 1 — U. Let H’ be the u.s.c.d. candidate sequence
on w* + 1 given by Corollary with ag(H') = «a. Define H on K to be
the harmonic extension of the embedded candidate sequence gH’, which is
harmonic and u.s.c.d. by Lemma Since H’E\g(wa+1) = (0, the Embed-
ding Lemma (Lemma applies. Since g(w® 4 1) is a compact subset of
ex(K), we obtain ag(H) = ap(H') = a. Since a < |ex(K)|cp was arbitrary,
this argument shows that S(K) D [0, |ex(K)|cs — 1] (note that since K is
Bauer, ex(K) is compact and |ex(K)|cp is a successor). If |ex(K)|cp is in-
finite, then let o = |ex(K)|cp — 1 and repeat the above argument with H’
given by Corollary so that ap(H) = a + 1. In this case we deduce that
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S(K) D [0, |ex(K)|cg]. In any case, we conclude that S(K) D [0, p(ex(K))],
as desired.

Now suppose E = ex(K) is uncountable. Fix « < w;. Let g : w* +1 — E
be the embedding given by Corollary[2.8] and let H,, be the u.s.c.d. candidate
sequence on w® + 1 given by Corollary Then the harmonic extension
‘H of the embedded candidate sequence gH, on K is harmonic and u.s.c.d.
by Lemma Furthermore, H satisfies ag(H) = ap(Ha) = «, by the
Embedding Lemma (as g(w® + 1) is a compact subset of ex(K)). Since
a < wy was arbitrary, S(K) D [0,w;[. =

6. Orders of accumulation on Choquet simplices. In this section
we address the extent to which the orders of accumulation that appear on a
metrizable Choquet simplex K are constrained by the topological properties
of the pair (ex(K),ex(K)).

We will require a relative version of Cantor-Bendixson rank, whose def-
inition we give here.

DEFINITION 6.1. Given a Polish space X contained in the Polish space
T, we define the sequence (I'§(T")) of subsets of T" using transfinite induction.
Let I'V(T) = T. If I'¢(T) has been defined, then let I'¢TH(T) = {t € T :
A(tn) € TL(T) N X\ {t} with t,, — t}. If I'o(T) has been defined for all
B < o, where « is a limit ordinal, then we let I'¢(T) = Mo Iy (T).

Note that I'¢ (T') is closed in T for all o, and I'§(T") C F)ﬁ((T) for a > f.
For X and T Polish, there exists a countable ordinal § such that I'¢(T") =

FQ(T) for all a > 3.

DEFINITION 6.2. The Cantor—Bendizson rank of T relative to X, de-
noted |T'|&g, is the least ordinal 3 such that I'¢(T) = F)ﬂ((T) for all o > f3.

If X is countable, then I'¢(T) = 0 if and only if o > |T|&g. If X is
countable and T is compact, then by the finite intersection property, \T%B
is a successor ordinal.

DEFINITION 6.3. For ¢ in T, we also define the pointwise relative topo-
logical rank rx (t) of t with respect to X:

X

sup{oc:t € IE(T)} if t ¢ T OB (1),
rx(t) = BaE
w1 iftelI'y °®(E).

It follows that for X countable, for all ¢ in T', rx(t) < |X|cp, and thus
T|8s < [X|cp + 1. Also, [X|cp < |T|8g < |T|cB-

For a Polish space T, the usual Cantor—-Bendixson rank is obtained from
the relative version by taking X = 7' in the above construction. Thus, we
have |T|Lg = |T|cB.
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6.1. Results for Choquet simplices

DEFINITION 6.4. Let X and T be non-empty Polish spaces, with X C T
If X is countable, let

px(T) = T8 — 1 if |85 is finite,
T if |T|X., is infinite.
ITIc CB
If X is uncountable, let px(T') = w;.

Now we present bounds on the set S(K) (see Definition for any
metrizable Choquet simplex K. Recall our convention that for a countable
ordinal 3, [0, 58] ={a: 0 < a < B}, butfor f =w1,[0,0] ={a: 0 < a<w}
= [0, w1 [

THEOREM 6.5. Let K be a metrizable Choquet simplex. Then
[0, pex(re) (ex(K))] € S(K) C [0, pex(K))].

Proof. First we prove the lower bound on S(K).

Suppose ex(K) is uncountable. Then by Corollary for any count-
able «, there exists a map g : w*+1 — ex(K), where g is a homeomorphism
onto its image. Let F be a u.s.c.d. sequence on w® + 1, and let H be the har-
monic extension of the embedded sequence g}" on K. Then H is a harmonic,
u.s.c.d. candidate sequence on K by Lemma 9l Also, ’H!ex K)\g(wot1) = 0.
Thus the Embedding Lemma (Lemma [3.30) apphes and then since g(w*+1)
is a compact subset of ex(K), we obtain ag(H) = ao(F). Letting F vary
over all u.s.c.d. candidate sequences on w® + 1, it follows that S(M(w®+1))
C S(K). By Theorem[5.3] S(M(w*+1)) = [0, p(w*+1)]. Now p(w*+1) = a
if v is finite and p(w*+1) = a+1 if « is infinite. In either case, p(w*+1) > a.
Hence S(K) D [0, a]. Since this inclusion holds for any countable ordinal «,
we have S(K) D [0,w][, as desired.

If ex(K) is countable, then |ex(K )|%X]§K) is a successor ordinal. For each

ordinal a < |ex(K)|%X]§K), we have I'f, ) (ex(K)) # 0. Fix o < [ex(K) %XéK),

and let ¢ be in I'] ;o (ex(K)). Since t lies in L) (ex(K)), there exists
amap g : w*+ 1 — K, where g is a homeomorphism onto its image,
glw*+1) Cex(K)U{t} and ¢g(0,) = t, where 0, is the point w® in w® + 1.
Given some real number a > 0, let F = (f) be a u.s.c.d. candidate sequence
on w* 4+ 1 with ao(F) = « and satisfying (1)—(3) of Corollary [4.2] Recall
that f5(0n) = 0 for all k. Then let H' = (h}) be the embedded candidate
sequence gF on K.

Note that for s in K\ ex(K), (hy, — h},)(s) = 0. Also, for s in ex(K),
(hjyq — h,)(s) > 0. It follows that hj_ , — hj, is convex on K.

Now let H = (h), where hy, is the harmonic extension of h) on K. By
Lemma [3:29] H is a u.s.c.d. candidate sequence on K.
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Let F = g(w* + 1) Nex(K), and note that H|egxpp = 0. Also F =
g(w+1) and H|z = Fog~'. Applying the Embedding Lemma (Lemma,
we obtain ag(H) < ao(H|z) = ao(F) = a. We now show the reverse in-
equahty Recall that t = g(0,). For 7 < «, the Embedding Lemma implies
that ult(t) < Hu}- | < a (Where the strict inequality comes from Corol-
lary (1 Also, u(t) > u%(0,) = a. From these facts, we deduce that
a < af(t) < ao('H) Thus ao(’H) = a.

Since o < |eX(K)|%X]§K) was arbitrary, we obtain S(K) D [0, |eX(K)|%X]§K) [.
If |ex(K) gXéK) is infinite, then we may let o = |ex(K) gxéK) — 1 and repeat
the above argument with F given by Corollary so that ag(H) = a + 1.
Thus S(K) 5 [0, pex(ic) (5(K)))-

Here we prove the upper bound on S(K). Suppose ex(K) is uncountable.

Then p(ex(K)) = wp. Since the order of accumulation of any candidate
sequence on K is countable, we have (trivially) S(K) C [0,w;). Now suppose
ex(K) is countable. If ‘H is a u.s.c.d., harmonic candidate sequence on K,
then by Corollary the restricted sequence H|W satisfies

aO(H‘eX(K)) <

lex(K)|c — 1 if |ex(K)|cp is finite,
lex(K)|cB if |ex(K)|cp is infinite,

which is exactly the statement that ao(H| 77 K)) < p(ex(K)). Also, the Em-
bedding Lemma implies that ag(H) < ozo(H]ex(K) This establishes the
upper bound on S(K). =

6.2. Optimality of results for Choquet simplices. In this section
we study the optimality of the results in Theorem

The following theorem answers a question of Jerome Buzzi, and answers
the question of whether the bounds in Theorem can be improved using
only knowledge of the ordinals pey ) (ex(K)) and p(ex(K)).

THEOREM 6.6. Let oy < ag < ag be ordinals such that oy and as are
countable successors and as is either a countable successor ordinal or wq.
Then there exists a metrizable Choquet simplex K such that pex(x)(ex(K))

= a1, S(K) =[0,as], and p(ex(K)) = as.

We postpone the proof until after that of Theorem The proofs of
these theorems are very similar and we prefer not to repeat the arguments
unnecessarily.

Now we address the following question: can the bounds in Theorem

be improved with knowledge of the homeomorphism class of the compacti-
fication (ex(K),ex(K))? We will need some definitions.
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DEFINITION 6.7 ([12]). If E is a topological space, then a compactifica-
tion of E is a pair (E,g), where E is a compact, Hausdorff space and g is a
homeomorphism of E onto a dense subset of F.

If E is a topological space and (E,g) is a compactification of E, then
we may identify £ with g(E) and assume that E is a subset of E. In such
instances, we may refer to E as a compactification of F, or we may refer to
the pair (F, E) as a compactification.

Consider compactifications (E, E), where E is a topological space and
E is a compactification of E. Suppose there are two such compactifications,
(E1, E1) and (E2, E5). We say that the compactifications are homeomorphic,
written (B4, E1) ~ (F2, Es), if there is a homeomorphism g : E1 — E5 such
that g(FEq1) = FEs. Recall that Theorem may be strengthened as fol-
lows.

THEOREM 6.8 (Choquet [6]). Let E be a topological space and E a
metrizable compactification of E. Then there exists a metrizable Choquet

simplex K such that (ex(K),ex(K)) ~ (E, E) if and only if E is Polish.

Given a Polish space E and a compactification E, the proof of Theo-
rem below involves constructing a metrizable Choquet simplex K such
that (ex(K),ex(K)) ~ (E, E) while simultaneously controlling the possible
harmonic, u.s.c.d. candidate sequences on K. In this sense Theorem [6.10
may be viewed as a partial generalization of Theorem

REMARK 6.9. In Theorem [6.10] we restrict our attention to metrizable
compactifications of Polish spaces. Since we are only interested in studying
pairs (ex(K), ex(K)) where K is a metrizable Choquet simplex, Theorem 6.8
implies that there is no loss of generality in making this restriction.

THEOREM 6.10. Let E be a non-compact, countably infinite Polish space,
and let E be a metrizable compactification of E.

(1) If E is countable, then for each successor 3 € [pp(E), p(E)], there
exists a Choquet simplex K such that (ex(K),ex(K)) ~ (E, E) and
S(K) = [0, 3. i

(2) If E is countable and E is uncountable, then for each countable

ordinal B > pgr(E), there exists a Choquet simplex K such that
(ex(K),ex(K)) ~ (E, E) and S(K) D [0, 3].

Observe that when E is uncountable, Theorem shows that for any
metrizable Choquet simplex K with ex(K) homeomorphic to E, S(K) =
[0,w1[. The proofs of Theorem [6.10(1) and (2) rely heavily on Lemma [6.14}

which in turn relies on Haydon’s proof (see [13] or [2, pp. 126-129]) of
Theorem [3.23]
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Proof of Theorem [6.10(1)

6.2.1. Setup. Let 3 be a successor ordinal with pg(E) < 8 < p(E). Let
Bo = B if B is finite, and let By = 3 — 1 if 3 is infinite. We set T = E and
X = E. Since T is countable and compact, T' = w!TlcB=1n41 for some natu-
ral number n (by Theorem . We may assume without loss of generality
that n = 1 (if n > 1, then T is just the finite disjoint union of the case
when n = 1, and we may repeat the following constructions independently
n times). Using this homeomorphism of 7" and wTles=1 4 1 we obtain a
well-ordering on T such that the induced order topology coincides with the
original topology on T'. Thus we may assume without loss of generality that
T = wlTles=1 £ 1. Also, we fix a complete metric d(-,-) on T

Let Y C T be the set w® + 1 in T = wlTles=t £ 1. Let Z = YV \ X,
which may be empty. There are two cases: either Y = T or Y C 7. The
case Y = T occurs if and only if 5 = p(T), while the case Y C T occurs if
and only if § < p(T'). If Y = T, then one may ignore the constructions in
Sections If Y C T, then Z may be empty. If Z is empty, then
one may ignore the construction in Section We make the convention
that an empty sum is zero.

6.2.2. Definition of the points zm,, Um, Um. Assuming Z is not empty, we
will define distinct points z,, € Z and uy,, v, € X. In the simplex K, they
will satisfy z,, = %(um + U ), and it is exactly this formula which allows us
to prove that [0, 5] C S(K).

Since T' is countable, Z is countable, and we may enumerate Z = {z,,}
(in the case when Z is finite, this sequence is finite). If z,, < w!TloB=1 in T,
then let u,, = 2z, +1 and v, = 2, +2 (successor ordinals). If z,, = w!Tles—1
in T, we let u, = 1 and v, = 2. Since X is dense in 7', any isolated point
in T must lie in X. Therefore any successor ordinals in 7" must be in X. It
follows that wu,,, v,, are points in X.

6.2.3. Construction of the sets V. Here we will use notations defined
previously, such as the relative topological rank, rx (z), of the point x (Def-
inition [6.3) and the relative Cantor-Bendixson derivatives I'¢(Y") (Defini-
tion 180, since it is an important hypothesis in this section, we remind
the reader that Y is clopen in T

In this section we assume that 7\ Y is not empty, which occurs exactly
when 5 < p(T), and we define certain sets Vj. The construction of the sets
Vi and the points zj and yi (see Section allows one to prove that
S(K) C [0,0]. In the simplex K, all points in the set Vj will lie in the
convex hull of x; and yg, which will imply that the order of accumulation
cannot be increased by the points in Vi \ {yx} (see Lemmas and [6.15)).

Below, by an interval in a subset A of T', we mean the intersection of an
interval of T (which may be a singleton) with A.
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LEMMA 6.11. If T'\'Y is not empty, then there exists a collection {Vj}
of non-empty subsets of T' with the following properties:

(1) if VienV; # 0, then k = j;

(2) for each Vi there exists an ordinal oy > 1 such that rx(t) = ay for
all t in Vi;

3) each Vj, is a clopen interval in I'y"(T);

4) if Vi, N X # 0, then VN X = {sup V. };

5 FLT)\Y = Uy Vi

6) limy diam(V%) = 0.

Proof. Suppose a € [1, p(T)] and the set A, ={t € I'G(T)\Y :rx(t) =}
is non-empty (which it must be for @ = 1 since Y # T'). For z € X N A,, let
a(z)=min{a € I (T)\Y : [a, 2] N (X N Aa) = {z} and [a,z] N [gTH(T) =0}.
Let U, = [a(x),x] N I'$(T) and note that U, C A,. The set I'sTH(T) is
closed and does not intersect A,, and the set X N A, has no accumula-
tion points in A,. Thus each U, is a clopen interval in I'¢(T"). Now let
Ug = Aa \ Uzexna, Uz, which may be empty.

If US is non-empty, then we claim that it is also a clopen interval in
I'$(T). Let yo = sup(X N A,). Note that Y is an initial subinterval of T
and X N A, C T'\'Y, which implies that [yp, max(T)] C T\ Y. We also
see that yp isin X U I §+1(T ), which implies that yg is not in US. We will
show US = [yo + 1,max(T")] N I'§(T). To see this fact, first note that if
y <z withy € Ay and x € X N A, then y € e xna, Uz- Thus we have
US C [yo + 1L, max(T)] N I'¢(T). To show the reverse inclusion, we show
that [yo + 1, max(T)] N Aq = [yo + 1, max(T)] N I'¢(T). We assume for the
sake of contradiction that there is a point ¢ in [yo + 1, max(T)] N I'g™H(T).
From this assumption and the fact that [yo + 1, max(7")] is open it follows
that [yo + 1, max(T")] N I'§(T) N X has t as an accumulation point (and
so, in particular, this set is non-empty). If [yo + 1, max(T)] N I'$(T) N X
contains a single point s with rx(s) = «, then we see that s € X N A, and
s > 1o, which contradicts the definition of yy. Now suppose that for all s in
[yo+ 1, max(T)|NI'E(T)NX, rx(s) > a. Then [yo+ 1, max(T)|NI'¢(T)NX
is a non-empty, countable, metrizable space with no isolated points, which
implies that it is not Polish. But [y + 1, max(T)] N I'§(T') is closed in T,
which implies that it is a G5 in T', and X is Polish in 7', which implies it is
a Gg in T, and the intersection of two Gy sets is a Gy. Also, any G set in
a Polish space is Polish. Thus, [yo + 1, max(7")] N I'¢(T") N X is Polish, and
we arrive at a contradiction.

Let {V}/} be an enumeration of all the non-empty sets U, and US con-
structed above, for any o € [1, p(T')]. The collection {V}/} satisfies conditions
(1)—(5) but not necessarily (6). However, given V; a clopen interval in I'§ (T')
contained in A,, we may find a finite collection of pairwise disjoint clopen
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(in I'¢(T)) intervals V) ., contained in A,, whose union is V}/, such that each
V. ; has diameter at most 1/k. Renumbering the collection {V};}, we obtain
the required collection {V}}. m

Note that since T\ X C I'y-(T), we have T\ (X UY) = | |, Vi \ X.

6.2.4. Definition of the points xp and y,. The points xx and y; are
part of the construction that allows one to bound the possible orders of
accumulation on K from above.

Assuming 3 < p(T'), we let {Vi} be a collection of non-empty subsets
of T' given by Lemma [6.11] and fix a natural number k. There are two cases:
either V,NX = 0 or V; NX # (). Suppose VN X = (). Then choose a point ¢,
in Vi, If t, = sup T, let z, = w? + 3 and y; = w® + 4, and otherwise let
rp =tp+1and yp =t + 2. If Vi N X # 0, then let y, = sup Vj, (which is
in X by conclusion (4) of Lemma @ If yy =sup T, let 2, = w” + 5 and
otherwise let x; = yx + 1. The fact that the V} are pairwise disjoint implies
that the points x; and y; are all distinct. Note that for all k, x; and y; are
in X.

Notice that the points zg, yr, 2m, Um, and v, and the sets Vj have
been chosen so that (i) the quantities diam(V}), maxey, dist(zy,t), and
max;cy;, dist(yg,t) each converge to zero as k tends to infinity, (ii) d(zm, um)
and d(zm, vy ) each converge to zero as m tends to infinity, (iii) the points
Thy Yk Zms Um, and vy, are all distinct, (iv) the points xg, Yk, Um, v, are all
in X, (v) if Vu N X #0, then Vi N X = {yx}, (vi) for all m and k, 2, ¢ Vi,

and (vii) the sets Vj are pairwise disjoint.

6.2.5. Definition of F}, and Gj. Choose Borel measurable functions F}, :
T — [0,1] and G : T'— [0, 1] with the following properties:

(1) Fi,Gp <1 OHT\X;

(2) Fy and Gy, are continuous and injective on Vi and 0 on 7'\ Vj;
(3) Fi+ G = xw;

(4) Fi(yx) =0 and Gy(yx) = 1.

The existence of such maps follows easily from the fact that T" can be order-
embedded in (0,1) and V} is closed.

6.2.6. Conclusion of the proof of Theorem[6.1(1). Let Cy, = (Up—1 V&)
U{z1,...,2n} for each n. Consider the collection of points {xp} U {yx} U
{um} U{vm}. To each point x; we associate the function Fj. To each point
yr we associate the function Gy. To each point u,;, or v, we associate the
function %sz. Then the hypotheses in Lemma @ are satisfied by the
countable collection of closed sets {C,,} U {D,}, the countable collection

of points {zr} U {yx} U {um} U {v,} in X, and the associated functions
{F}U{Gr}U{3x:,, }- Lemma gives a metrizable Choquet simplex K
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and a homeomorphism ¢ : 7' — ex(K) such that ¢(X) = ex(K) and such
that, for all ¢ in T\ X,

(6.1)  (t) = Y (F(t)p(wr)+Cr(t)d szm P (Um)+(vm)).
k
LEMMA 6.12. Let X, Y, T, and K be as above. Then for everyt € T\Y,
there exists an open (in T) neighborhood Uy and points xy and y¢ in X \'Y
such that for all s in Uy, either rx(s) < rx(t), or else rx(s) = rx(t) and
d(8) = asp(xy) + bsd(yt) in K, with 0 < as,bs <1 and as + bs = 1.

Proof. Let t € T'\'Y. If rx(t) = 0, then ¢ is isolated in 7" and ¢ is
in X, since X is dense in 7. In this case we may choose U; = {t} and the
requirement is trivially satisfied.

If rx(t) > 1, then ¢ is in Vj for some k. Let U; be any open (in T')

neighborhood of ¢ with I'y rx(®) U; C Vi (such a neighborhood exists since

Vi is an open interval in FTX(t) (T)), and let z; = xx and y; = yx. We see
that for each s in Uy, elther rx(s) < rx(t) or sisin Vj. If s is in Vi, then

rx(s) =rx(t), and it follows from that ¢(s) = F(s)p(xr)+Gr(s)o(yk)
in K. Also, we have Fj(s) + Gi(s) =1. =

By Lemmas and we have S(K) C [0,p(Y)]. By Lemma
S(K) > [0, p(¥)]. Thus S(K) = [0, p(¥)] = [0, B].
This concludes the proof of Theorem [6.10{(1).

Proof of Theorem [6.10{2)

6.2.7. Setup. Let 3 be a successor ordinal with § > pE(E) Let Bo =0
if § is finite and let By = B — 1 if 3 is infinite. Set T' = F and X = FE.
Fix a metric d on T that is compatible with the topology of T'. Since T is
uncountable and compact, T' contains an uncountable perfect set P. Since
Bp is countable, P contains a set Y that is homeomorphic to w® + 1. Let
(aa)gijo be a transfinite sequence of real numbers a, such that 0 < a, <1
and Y. s @a = 1 (such a sequence exists since w® is countable). Let
Z =Y \ X, and choose an enumeration of Z = {z,,}. Note that Z may be
empty or finite. In the construction to follow, if Z is empty then we do not
choose points u,, and v,,, and any summation over the index m will be zero
by convention.

Let Xo = X UZ = X UY. Recall that since X is a completely metriz-
able subset of the compact metrizable space T, X is a Gs in T (see, for
example, [20]). Furthermore, Y is a G5 in T because it is compact. There-
fore Xy is a G in T, since it is the union of two Gy sets in T. Thus we
may let Xo = (,cy Gn, Where Gy, is open, Gi = T, and G,41 C Gy Let
F, = T\ G,, which is compact. Fix n. Choose a sequence ¢; strictly de-
creasing to 0. Let D.(F,) = {t € T : dist(¢, F},) > €}, which is compact for
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any €. Then for each [ there exists a countable collection {U] °, of open
sets such that

D (Fn) € U; Ul € Deyy (Fn);

diam(U7) < 2747 for all j;

diam(Uj) tends to 0 as j tends to infinity;

the collection {U}} separates points in D, (F,).

Then we may enumerate the collection of all sets U] to form the sequence
(VM2 ;- Repeating this procedure for all n, we obtain a collection of open
sets V' such that diam(V}") < 27" and diam(V}"*) converges to 0 as k tends
to infinity with n fixed. The sets V;" also satisfy J, V' = G, and separate
points in G, for each n. For each n and k, let ¢! (t) = min(dist(¢, 7\ V}"), 1)
and f]! = Q’k'gg. Then, for each n, >, fi* converges uniformly on 7". Now let

hn(t)_{o ifzkfl?(t):o

g TR @) 22 Fi () 3 30 fii(t) > 0

The functions A} are all continuous and satisfy hj(t) > 0 if and only if
t € V. Furthermore, ), hil = xg,. Now we let p} = h}! - xp\g,,, and
notice that ), >, pi = X7\ (xuy)- Also, the collection pj! separates points
in the sense that if t # s with ¢ and s in T'\ (X UY), then there exists n
and k such that p}(t) > 0 and p}(s) = 0.

Using induction (on m, n, and k simultaneously) and the fact that X is
dense in T, we choose points ,, Um, 27, and y;’ in X in such a way that (i)
d(zm, Um) < Gq,,, and d(2m, v;m) < aq,, , (ii) for each m, u,, and v, are not
accumulation points of Y (which is possible since the isolated points of Y,
corresponding to successors of w® + 1, are dense in Y and the set X \Y
accumulates at each of the isolated points of Y that is not in X), (iii) «}
and y; are in V;", and (iv) the union of all of these points is a disjoint union.

6.2.8. Conclusion of the proof of Theorem[6.1((2). Let Cy, = (T'\ Gy)
{z1,...,2n}. To each point z} or y}!, we assomate the function 3 p};‘ To each
point u,, or v,,, we associate the function ngm Then the hypotheses of
Lemma are satisfied by the countable collection of closed sets {Cy},
the countable collection of points {z}'} U {7} U {um} U {vn} in X, and
the associated functions {%p’]}:} U {%sz}. Lemma gives a metrizable

Choquet simplex K and a homeomorphism ¢ : T' — ex(K) such that ¢(X) =
ex(K ) and such that for all ¢t in T\ X,

Zzpk o(xy) + ¢(yi)) Zsz ¢(um) + ¢(vm))-

By Lemma u S D [0, 5].
This concludes the proof of Theorem [6.10(2). =
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Proof of Theorem Fix a1 < as < ag as above. Let X1 = w™ +1,
and let 77 = X4. If oy is finite, let Tp = w*? + 1, and if a9 is infinite, let
Ty = w1 + 1. In either case, let X5 be all the isolated points (successors)
in Ty. Let S be a non-empty compact subset of (0,1) x {0} in R?, chosen
so that if g is finite, then p(S) = ag — 1, and otherwise p(S) = as3. Let X3
be a bounded, countable subset of R?\ (R x {0}) whose set of accumulation
points is exactly S. Let T35 = X3 U S. Now we let T' = T U715 U T3 and
X = X7 U XU X3. Below we will construct a Choquet simplex K such that
(X, T) ~ (ex(K),ex(K)).

Let Y =T UTy, and Z =Y \ X. Note that Z is actually just the set of
accumulation points in 75. We have

px(T) =p(X1) =01, p(T)=p(T3) = a3, pY)=p(12) = as.

Let Z = {zi}. If 2, < supTh, choose u,, = 2z, + 1 and vy, = 2, + 2. If
zm = sup 15, choose u,, = 1 and v, = 2 in T5. Let xg and yg be a choice of
two isolated points in X3. Let F': T' — [0, 1] be the function such that, for

a point tin T,
Plt) = {s ift=(s,0) €8S,
0 otherwise.
Let G : T'— [0, 1] be such that for ¢ in T

G(t):{l_s ift = (s,0) €S,

0 otherwise.

Let C, = SU{z,...,2,} for each n. To each point u,, or v, we as-
sociate the function %sz. To the point zy we associate the function F,
and to the point yy we associate the function . Then the hypotheses
in Lemma are satisfied by the collection of closed sets {C,}, the
collection of points {zg,yo} U {tm,vm}, and the associated functions
{F,G} U {%sz}. Lemma @ gives a Choquet simplex K and a homeo-
morphism ¢ : T' — ex(K) such that ¢(X) = ex(K) and such that for all ¢ in
T\ X,

(6.2)  o(t) = F(t)p(xo) + G(¢ szm G (um) + ¢(vm))-

It follows immediately that pey(x)(ex(K)) = px (1) = a1 and p(ex(K)) =
p(T) = a3. We show that S(K) = [0, as].

LEMMA 6.13. Let X, Y, T, and K be as above. Then for every
t € T\Y, there exists an open (in T) neighborhood U; and points x;
and y, in X \'Y such that for all s in Uy, either rx(s) < rx(t), or else
rx(s) = rx(t) and ¢(s) = asp(x) + bso(yr) in K, with 0 < as,bs < 1 and
as +bs = 1.
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Proof. Let t bein T'\'Y = T3. If t is in X3, then ¢ is isolated in T" and
we let Uy = {t}. In this case the requirement on Uy is trivially satisfied.

If t is in T3 \ X3, then ¢ is in S and rx(t) = 1. Let U; be any open
neighborhood of ¢ in T3, and let x; = x¢ and y; = yo. Let s be in U;. If s
is in X3, then rx(s) = 0 < rx(¢t). If s is in T3 \ X3, then s is in S, and
then we have rx(s) = 1 and by [6.2)), ¢(s) = F(s)d(z0) + G(s)¢p(yo), where
F(s)+G(s)=1.m

Now by Lemmas and we have S(K) C [0,p(Y)]. By Lem-
ma [6.17 we have S(K) D [0, p(Y)]. Then S(K) = [0, p(Y)] = [0, awa].
This concludes the proof of Theorem .

6.2.9. Helpful lemmas. Recall the following notations. Suppose T is a
compact, metrizable space. Let SM(T) denote the set of all signed, totally
finite, Borel measures on 7. Recall that SM(T) = Cgr(T)*, and therefore
SM(T) inherits the structure of a normed topological vector space over R.
For p in SM(T), let = py; — p2 be the Jordan decomposition of p. Let
lu| = p1 + p2. The norm on SM(T) is then given by |u| = |u|(T). We
will use SM(T \ X) to denote the set of measures p in SM(T) such that
lp[(X) = 0. We write SMprob(T) = {p € SM : p > 0, ||u]| = 1}, and for
any subset M of SM(T'), My = {pu € SM : ||p|]| < 1}. Let €, be the point
mass at x.

LEMMA 6.14. Let T be a compact, metric space, and let X be a dense,
Polish subset of T. Suppose {Cy} is a countable collection of closed sub-
sets of T. Suppose {wy} is a countable collection of distinct points in X,
and to each point wy there is associated a Borel measurable function Hj :
T — [0,1]. Let Wy, = supp(Hy). Furthermore, suppose the following condi-
tions are satisfied:

(i) Cy C Cpy1 foralln, Co =10, and |J, Cr \ X =T\ X;
(iii) for allt in T\ X, Hi(t) < 1;
(iv) of Hr(s) = Hi(t) for all k with t,s € T\ X, then s =t;
v) for each k, there exists ny such that Wi, C Cp, 41 \ Cp,, and with
this notation, Hy, is continuous on Cp,41;
(vi) maxsew, d(t, wy) converges to 0 as k tends to infinity;
(vil) if Hx(x) > 0 for x in X, then x = wg, and Hi(wg) = 1.

Let a§ : SM(T) — SM(T), where for u in SM(T),
&(p) :N_Z(Sﬂkdﬂ>€wk~
k

Let M = {&(p) : p € SM(T\ X)}, and let ¢ : SM(T) — SM(T)/ M be
the natural quotient map. Let ¥ : T — SMpob(T) be ¥(t) = €, and let
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¢ =qo. Finally, let K = q(SMpob(T)). Then

M is a closed linear subspace of SM(T), and thus ¢ is continuous;
K is a metrizable Choquet simplex;

¢ 1is injective on T';

ex(K) = 6(X);

5) fort in T\ X, ¢(t) =, Hp(t)p(wy) in K.

Proof. This lemma is almost entirely a restatement of Haydon’s proof
(see [13] or [2, pp. 126-129]) of Theorem There are two differences.
Firstly, we allow Hj to be positive on X, while Haydon does not. Secondly,
we claim that ¢ is injective on all of T', whereas Haydon claims injectivity of
¢ only on X. For the proofs of properties (2), (4) and (5), theses differences
do not play any role, and one may repeat Haydon’s proof. For this reason,
we will prove only (1) and (3).

(1) Note that M is a linear subspace. Recall that M being closed in
the weak* topology is equivalent to M; being closed in the weak® topol-
ogy (a proof of this general fact, which follows from the Banach-Dieu-
donné theorem, can be found in [19]). Let o; be a sequence of measures
in Mj. Since ||E(p)|| > |[|p]| for all g in SM(T \ X), there exist mea-
sures f; in SM(T \ X); such that o; = £(u;). Since each C,, is compact,
each SM(C,); is compact in the weak® topology. Therefore a diagonal
argument gives a subsequence (v;) of (u;) such that there exist measures
" € SM(Cpy1) such that vc,,, converges to »™ for each n. (We note
that there may not be a measure o such that 7|¢, ,, = 0", since 0"|¢, may
not equal 7" 1))

Let v" = 0"|¢, . \x, and let 14 be the characteristic function of the
set A. Now define

n n
v= Z v ’Cn+l\cn = ZHlen+l\CnV ’
n k.n

where the second equality follows from hypotheses (i) and (ii). Let g =
Hy - 1¢,,,\c, and note that by hypothesis (v), g is continuous on Cpqq
for all £ and n. Then g;v; weak™ converges to g; 0" as i tends to in-
finity. Since ||v;|| < 1 and gj'v; weak® converges to g™, it follows that
|lv]| <1 and v is in SM(T \ X). Let us show that &(1;) converges to £(v)
in the weak* topology. Let f € Cr(T). Then for any p in SM(T \ X) we
have

Vrag(u) =\ fdp =Y\ flwe)Hedp=>_§(f = f(wr)) Hi dps

k k

=> X (w),
n,k
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where
(i) = (f = Flwr))gp dp.

For each k and n, we observe that (f— f(wy))g} is continuous on Cy,41 by hy-
pothesis (v). Therefore, by the choice of subsequence (v;), A\}(v;) converges
to AR (2"). Also, using hypothesis (vii), we see that if H(z)1¢,, \c, (%) >0
for some x in X, then x = wy. It follows that

A (D7) = S(f — flwg))Hyle, , \c, d0"
=\ (f = fwp) Hilc,, \c, dV"
+ (f(wg) — f(wr)) Hi(wi)1e, , o, (0r) 2" ({w})
= {(f = fw) Hile, o, 0" = N(W") = A (v).

This calculation shows that A} (;) converges to A} (v). For fixed f in Cr(T)
and € > 0, there exists a 6 > 0 such that |f(t) — f(s)| < e whenever
d(t,s) < 0, by uniform continuity. Then since max;cyw, d(wg,t) tends to
zero as k tends to infinity, there exists kg such that for k > kg and z € Wy,
|f(z) — f(wg)| < €. Then for any p in SM(T\ X), and K > kg and N,

‘Sfdﬁ(u)—ii)\ﬁ(ﬂ)‘ = > 3 Al

n=1k=1 n>N k>K

<3N NI = Fwr)lgg dlpl < el

n>N k>K

which implies that ny:l 5:1 A% () converges uniformly on SM(T\ X); to

{ f d&(p). Using this uniform convergence and the fact that A}'(1;) converges
to A} (v), we conclude that £(v;) converges to £(v).

(3) Suppose that ¢(t) = ¢(s), or equivalently, €, — €5 is in M. Thus there
exists a measure p in M(T \ X)) such that ¢, — e; = £(u). We consider three
cases.

If t and s are both in X, then we notice that {(u) = ¢; — €5 has no mass
in T\ X. As wy, are all in X, it follows from the definition of £(u) that we
must have |p|(7"\ X) = 0, which implies that p is the zero measure. Then
&(u) is the zero measure, and hence €, = €5, which means that ¢ = s.

If exactly one of t and s is in X, then we may assume without loss of
generality that t € X and s € T\ X. In this case, we notice that —e; =

(et — €s)lmx = &(w)lr\x = plr\x = p. Therefore
(6.3) e = &) +es =E(p) — =" Hi(s) - €u.
K

From this we deduce that t = wy, for some k. Then Hy(s) = 1, which gives
a contradiction since Hy < 1 on T\ X by hypothesis (iii).
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If t and s are both in T'\ X, then {(u) = & — s = &(p)lnx = K,
which implies that { Hy du = 0 for all k. Hence Hy(t) = Hy(s) for all k. By
hypothesis (iv), we obtain ¢t = s. =

LEMMA 6.15. Let K be a metrizable Choquet simplex. Let X be a Polish
subspace of a compact, metrizable space T, and let Y be clopen in T. Let
¢ T — ex(K) be a homeomorphism with ¢(X) = ex(K). Suppose that
for every point t in T'\'Y, there exists an open (in T') neighborhood Uy and
points xy and y; in X \'Y such that for all s in Uy, either rx(s) < rx(t), or
else rx(s) = rx(t) and ¢(s) = asp(xt) + bsp(yr) in K, with 0 < ag,bs <1
and as+bs = 1. Then for each point t in T \'Y, and any harmonic, u.s.c.d.
candidate sequence H on K,

az)'[M(T) (t) < { rx(t) Zf rx(t) Z:S ﬁnite':
rx(t)+1 if rx(t) is infinite.

Proof. For the sake of notation, we identify X,Y, and T with their im-
ages under ¢. Observe that 7'\ Y is clopen in 7. Thus, for every t in 7'\ Y,
u?'T(t) = u?'T\Y (t) for all ordinals 3, which implies az)ﬂT(t) = a?'T\Y (t).
For the sake of notation, we assume that H is defined only on 7"\ Y and
UE‘ = ug-.

Now we prove the lemma by transfinite induction on o = rx(t). For
a =0, we have rx(t) = 0, and thus ¢ is isolated in 7. Then o}f(t) = 0.

Suppose the lemma holds for all ¢ in 7'\ Y such that rx(¢) < a. If v is
finite, let 6 = a. If « is infinite, let § = a + 1. We now prove that for all
tin T\'Y with rx(t) = « and all v > 6, uy(t) = us(t). The proof of this
statement is by transfinite induction on ~.

Let v > § be a successor ordinal, and let ¢ be in T\ 'Y with rx () = a. Let
U; be an open neighborhood of ¢, and let x; and y; correspond to U; according
the hypotheses. Fix ¢ > 0. Choose k¢ such that max(7g(z;), 7%(y:)) < € for
all & > ko. Then if (s,) is a sequence in Uy with rx(s,) < rx(t) for all n,
then using the inductive hypotheses, we get

(Uy—1+ 71)(8n) = (us—1 + T&)(8n)-

If (s,) is a sequence in Uy with rx(s,) > rx(t), then by the hypotheses, we
have rx(s,) = rx(t) = o and s, = as,x¢ + bs,y;- Then by the induction
hypothesis on v and the harmonicity of 7%,

(6.4)

(Uy—1 4+ Tk)(5n) = us(Sn) + as, Ti(xt) + bs, T(yr) < €.
Thus we may conclude that
(uy—1 4 7)(t) < max((us—1 + 7&) (1), us(t) +¢€).

Letting k tend to infinity, we obtain u.(t) < us(t)+ €. Since € was arbitrary,
we have uy(t) = us(t).
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Now let v > ¢ be a limit ordinal, and let ¢ be in T\ 'Y with rx () = «a. Fix
Ui, x¢, and y; as in the hypotheses. Note that by the induction hypotheses,
if s is in Uy, then ug(s) = ug(s) for all B < 7. Then supg.., ug(s) = us(s)
for all s in U;. Taking upper semicontinuous envelope at t, we deduce that
uy (t) = us(t).

We conclude that for all ¢ in 7\ Y with rx(t) = a, al(t) < 4, as
desired. m

LEMMA 6.16. Let K be a metrizable Choquet simplex. Let X be a Polish
subspace of a compact metrizable space T, and let Y be clopen in T. Let
¢ : T — ex(K) be a homeomorphism with ¢(X) = ex(K). Suppose that
for each point t in T'\'Y and any harmonic, u.s.c.d. candidate sequence
H on K, equation holds. Further, suppose that px(T) < p(Y). Then
S(K) € [0,p(Y)].

Proof. Let 'H be a harmonic, u.s.c.d. candidate sequence on K. For t
in Y, we have that ozz]ilT(t) = az]ﬂy(t) since Y is open in T'. By Remark
ay‘y(t) < ag(H|y). By Proposition ap(Hly) < p(Y). Putting these
facts together, we obtain az)ﬂT(t) <pY)foraltinY.

For tin T'\ Y, equation shows that if rx(¢) is finite, then az)ﬂT(t)
< rx(t), and if rx (¢) is infinite, then aZf'T(t) <rx(t)+1. Since X is count-
able and T is compact, |T|& is a successor, and we have rx (t) < |T|&; — 1.
If | T|&}, is finite, then for all £ in T\ Y we have a7 (t) < rx (t) < |T|&s — 1
= px(T). If |T|&g is infinite, then for all ¢ in 7'\ Y we have az){lT(t) <
rx(t) +1 < |TIgg = px(T) < p(Y).

We have shown that for all ¢ in T, agﬂT(t) < p(Y). Taking supremum

over all t in T', we have ag(H|7r) < p(Y'). Now using the Embedding Lemma
(Lemma [3.30), we get ag(H) < apg(H|7) < p(Y'). Hence S(K) C [0,p(Y)]. =

LEMMA 6.17. Let K be a metrizable Choquet simplex. Let X be a Polish
subspace of a compact metric space T, and let Y be a subset of T with
Y = w% + 1, where By is a countable ordinal. Let ¢ : T — ex(K) be a
homeomorphism with ¢(X) = ex(K). Let Y \ X = {z,,}. Suppose there is
countable collection of distinct points W = {upm} U {vn} in X such that
each point w in W is isolated in Y UW and for each zp, in Y\ X, ¢(2m) =
$(¢(um) + ¢(vim)). Further suppose that d(up, zm) and d(vp, zm) both tend
to 0 as m tends to infinity. Then S(K) D [0, p(Y)].

Proof. For the sake of notation, we identify X,Y,W and T with
their images under ¢ and refer to these sets as subsets of K. Then let
g:Y — w% 41 be a homeomorphism. For any v in [0, 3g], there is a u.s.c.d.
candidate sequence F on w? 4+ 1 given by Corollary with ag(F) = 7.
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Since w¥ 41 C W% 41, we may extend F to a w.s.c.d. candidate sequence on
w? 11 (still denoted F) by letting F be uniformly 0 off of w” + 1. Note that
F on w + 1 still has the properties stated in Corollary We now con-
struct a harmonic, u.s.c.d. sequence H on K such that ag(F) = ag(H). Let
F = (fx) be given as above. Then let H' = (h},) be the candidate sequence
on K defined as follows. For t in K, let

0 ift¢YUW,
he(t) = q felg(®))  ifte Y \W,

fe(g(zm)) if t = up, or t = vyy,.
We claim that for each k, hj_, — hj is convex and u.s.c. Let ¢ be in K. If
tis in X, then (hj, — hy)(t) = {(hyy — hy) dP; since Py = . If ¢ is
in K\ (YUW), then 0 = (hy, — hy)(t) < §y(Rj,y — hy)dPy. If ¢ is in
YUW)\X =Y\ X =Z, then t = 2, for some m, and we deduce that
P., = +(eu, +€y,). Then

Zm

(i~ W) (o) = (fia — i) (g(zm))
= 2 (Bl = ) o) + (g = B (o)) = | (b — ) 0P,

X

We have shown that hj_, — hj is convex.
Let us prove that hj_, — hj, is w.s.c. Since {up}, {vm} and {z,} each

have the same limit points, which are in Y (since {zp,} isin ¥ and Y is
closed), we find that Y U W is compact in K. Thus if ¢ is in K \ (Y UW),

—_~—

then (hj ., —hy)(t) = 0= (R — hy)(t). For ¢t in Y\ W, assume (t,) is a
sequence in K \ {t} converging to ¢ in K. Since (hj_; — h)|x\(vuw) = 0,
we may assume that ¢, lies in Y U W for all n. For each n, if ¢, is not
in Y, then there exists a natural number m,, such that ¢, € {un,,, ,vm, }. If
t, is in Y, then (hj ., — hi)(tn) = (ferr — f)(g(tn)), and if ¢, is not Y,
then there exists a natural number m,, such that ¢, € {um,,vm,} and

(M — D) (tn) = (frer1 — fr)(9(2m,.))- By the choice of {up,} and {vy,}, we
see that z,, also converges to ¢t. Then since F is u.s.c.d. and g is continuous,

we deduce that lim supn(h;6+1 —hp)(tn) < (fre1—fr)(9(t) = (h§g+1 —hy)(t).

Thus (hy,, —h})(t) = (hjyy — hy)(t). For t in W, t is isolated in Y U W,

and we conclude that (h;:_—/h;)(t) = (Rjyy — hy)(t). Thus (hy, — hy,) is
u.s.c.

Now for t in K, let H = (hy), where hy, is the harmonic extension of hj,
on K. Then H is harmonic by definition. Fact states that the harmonic
extension of a non-negative, convex, u.s.c. function on a Choquet simplex K
is a harmonic, u.s.c. function on K. Applying this fact to each element in
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the sequence (hj_, — hj), we find that H is a harmonic, u.s.c.d. candidate
sequence.

Let F=(YNX)UW and L = F =Y UW. Note that H|x\p = H'|x\r
= 0, which implies that we may apply the Embedding Lemma (Lemma
The Embedding Lemma gives that for all ordinals o and all ¢ in K,

u(t) = max Su?f'L dpu.
pem=i(t) ¢

Let us now prove that for all ¢ in K,

(6.5) u(t) = max S wlte dy
per—i(t) o

_ H|y _
= max dy = max o gdu.
ueﬂ‘l(t)}S, per=i(t) o S

The first equality in has already been justified as an application of
the Embedding Lemma. The second equality in will be justified by
showing that for all ordinals a, ug|L|L\y =0 and uZ‘lL|y = ulY. Recall
that H|y = F' o g, where ' = (f}) is the candidate sequence on w™ + 1
defined in terms of F = (f,) as follows. If ¢ is in (w® + 1)\ g(W NY), then

fr.(t) = fu(t), and if t is in g(W NY), then f,(t) = fr(zm) for t = g(um)

or t = g(vy,). Since g is a homeomorphism, we have uH‘Y =ul F o g for all

ordinals . Then we will justify the third equality in (6.5) by proving that
]: = f for all ordinals cv. We proceed with these steps and then conclude
the proof of the lemma using .
Notice that for all ¢ in W, TL(t) = 0 (¢ is isolated in L by hypothesis).
Thus, if ¢t € W, then quL( t) =0 for all a.
For ¢t in Y, suppose there is a sequence (s, ) in W such that s, converges
to t and limsup,_; 7, ‘L(s) = lim, 7, lL( n). Since s, is in W, for each n

there exists m,, such that s, € {um,,vm,}. Then 7, lL(sn) = T,ZﬂL(zmn),

H
Zm,, also converges to t, and since zy,, is in Y, 7, ‘Y(zmn) =7 |L(zmn).

Thus limsup, ,; 7, e (s) = hmn Ty |Y(zmn). By these considerations, we de-

duce that for all ¢ in Y, 7, A (t) = TZ_{ Iy(t). Letting k tend to infinity gives
quL(t) = uH|Y(t) for all t in Y.

Now we show by transfinite induction that ull = o] e |y for all ordi-
nals a. The equality holds for @« = 1 by the previous paragraph. Suppose
by induction that it holds for some ordinal «.. For the sake of notation, we
allow s =t in the following uper limits. Also, the upper limit over an empty
set is assumed to be 0 by convention. For ¢ in Y, the induction hypothesis

ly
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implies that

—_—

(qulL + 71)(t) = max <lim sup u?'L(s) + 7% (s), lim sup uy‘L(s) + Tk(S))
s—t s—1

seW seY

= max (hm sup 7;(s), limsup v (s) + Tk(8)>.
s—1 s—t

seW s€Y
Taking the limit as k tends to infinity implies that

HlL

ul (1) = max (] (8), w0 (1)) = max(u] (1), w2 (0) = ulP (1),

H H .
Thus we conclude that uaJerI = aJlrLl\y, proving the successor case of our

induction. For the limit case, suppose the equality holds for all ordinals
less than a limit ordinal «. Then for ¢ in Y, we have

ulr () = max <lim sup sup uglL (s), lim sup sup u?‘L (s))

G b e <
= max(O,lirnsup sup u?'ﬂs)) = u?;"y(t),
SE_);' B<a
S

which concludes the limit step of the transfinite induction.

Now we turn our attention towards showing that u’ "= u? for all ordi-
nals a. By Remark we assume (without loss of generality) that F has
property (P), i.e. for ¢ in w® +1,

(6.6) limsllp i (s) = }glg% 7 (s).
7“55:0 (s)=0

We also require the following topological fact. For every point ¢ in Y \ I,
there is a sequence in I \ W that tends to ¢, where I is the set of isolated
points in Y. To prove this fact, let ¢ be a point with 7(¢) > 1 and let U be an
open (in Y) neighborhood of ¢. Suppose for the sake of contradiction that
(I\W)NU = §. Since Y = w + 1 (a countable, compact Polish space),
we see that I is dense in Y and I''(Y) \ I'*(Y) is dense in I''(Y). Since
TY(Y)\ I'?(Y) is dense in I''(Y), there is a point ¢ in U with r(¢/) = 1.
Since I is dense in Y, there is a sequence (wy,) in I N U tending to ¢'. Since
(I\W)NU = 0, it must be that wy, is in W and then there is a sequence m,
such that wy, € {um,,, vm, } for all n. Then z,,, tends to t’. Note that z,,
is not in W by hypothesis, and since r(t') = 1, z,,, must be isolated in YV
for all large n. Thus (I \ W)NU # 0, a contradiction.

Using the fact that F has property (P), and the topological fact from the
previous paragraph, let us show that for any non-isolated point ¢ in w® +1,

f

we have 77 (t) = 77 (t). First note that for every sequence (s,,) converging to

t, there is a sequence (t,,) converging to ¢ such that T,g:l(sn) =717 (tn): if sy is
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not in g(WNY), then let t,, = sy, and if s,, is in g(W NY'), then there exists
my, such that s, € {g(um,,), 9(vm, )}, and one may take t,, = g(zm,, ). It fol-
lows that limsup,_, 7{ (s) < limsup,_,, 77 (s). Also, since ¢ is not isolated,
t is not in g(W NY) and 7 (t) = 7 (t). We deduce that 7 (t) < 17 ().
Now we show the reverse inequality. If (s,) is a sequence converging to ¢
with 7(s,,) > 0, then s, is not in g(W NY) and thus 77 (s,) = 7{ (s,). In
such a case, we have limsup,, 77" (s,) = limsup,, 77 (s,,). Now let (s,) be a
sequence converging to ¢t with r(s,) = 0. By the topological fact from the
previous paragraph, there is a sequence (t,) of isolated points in w® 41 that
are not in g(WW NY') such that ¢, converges to t. Using the fact that F sat-
isfies condition (P) (see (6.6)), we have limsup, 77 (s,) = limsup,, 77 (t,).
Since the points #, are not in g(W N'Y) we also have limsup, 7¢ (t,) =
limsup,, 77 (t,) < limsup,_,, T]'Z: '(5). We have shown that for every sequence
(sn) converglng to t, limsup, 77 (s,) < lim SUD;_y 77 (s). Tt follows that

7' (t) > 77 (t), and therefore we have shown T]‘Z: (t) =17 (1).

Finally, we prove by transfinite induction that for all ordinals «,
ul "= uZ. We make the conventions that we allow s = ¢ in the following
upper limits, and the upper limit over an empty set is 0. Note that if ¢
is isolated in w® + 1, then uZ(t) = 0 = uZ'(t) for all o, and thus we
need only show the equality at non-isolated points ¢ in w?® + 1. For the
sake of induction, suppose the equality holds for an ordinal «. Let ¢ be in
(w% + 1)\ g(I). For every sequence (s,) converging to ¢, there is a sequence
(tn) converging to t such that (ul + 17 )(sn) = (ul + 77)(ty): if s, is
not in g(W N I), then let t, = s,, and if s, is in g(W N I), then there
exists my, such that s, € {g(um,),9(vm, )}, and one may take t, = zp,,.

It follows that limsup,_,(uZ + 77 )(s) < limsup,_,(uZ + 7 )(s). Thus

e~

(W' + 7)) < (ul +77)(t). Now we show the reverse inequality. Let

(5,,) be a sequence in g(I) converging to t. Then (u’ + T,Z:)(sn) = 77 (sn)

and so limsup, (ul + 77)(s,) = limsup,, 7 (sn) < 77 (t) = T]‘Z:/ (t) (recall
that we showed the last equality in the previous paragraph). Now let (sy)
be a sequence in (w® + 1)\ g(I) converging to t. Since s, is not isolated,
sn is not in g(W NY), and we have (uZ + 17 )(sn) = (uZ + 77 )(sn). Also,

limsup,, (v + 1 )(sn) < (uf' + 7i")(t). Combining these considerations,
we have shown that

(WF +7F)(t) < max(rF (1), (uF' + 7)) (1) = (u + 1) (8).

Then we deduce that (uZ + 77) = (uZ’ + 7{"). Taking the limit over k gives
ul g = ufjrl, which concludes the successor step of the transfinite induction.
For the limit step, assume that uﬁ = uﬁ for all ordinals (3 less than a limit



Orders of accumulation of entropy 51

ordinal a. We show that uZ = uZ". For t in w41, the induction hypothesis
gives (allowing s = t in the lim sup)
f

Ug

(t) = lim sup sup ug(s) = lim sup sup u“;/(s) =ul(t).
s—t (<« s—t [B<a

We conclude that uf = ufl for all ordinals . This fact completes the
verification of .

It follows immediately from that ap(H) < ap(F) = v. We now show
the reverse inequality. Let 0, be the marked point in Corollary and let
t=g71(0,). Then qu(t) > u,]y:(Ov) = a. For an arbitrary o < +y, we also have
ul(t) < ||ul|| < a by and Corollary (1) Thus v = ap(t) < ap(H),
and we conclude that ag(H) = 7.

Since v < [y was arbitrary, we deduce that S(K) D [0, B]. For § finite,
Bo = [ and the proof is finished in this case. On the other hand, if 3 is
infinite, then By = # — 1 and we may repeat the above argument starting
with F on w® + 1 given by Corollary such that ao(F) = o + 1. In this
case, we conclude that S(K) D [0, Bp+1] = [0, 8], which finishes the proof. =

6.3. Open questions. In general, our analysis leaves open the following
problem.

QUESTION 6.18. For a metrizable Choquet simplex K, what is S(K)?

Theorem completely answers this question when pey(r)(ex(K)) =

p(ex(K)). In particular, when K is Bauer or when ex(K) is uncountable,
Theorem gives a complete answer. In general, Theorem gives upper
and lower bounds on S(K).

Theorem [6.6] shows that the bounds in Theorem [6.5] cannot be improved
using only knowledge of the ordinals pey(x)(ex(K)) and p(ex(K))). Theo-

rem (1) shows that if ex(K) is countable, then the bounds in Theo-
rem cannot be improved using only knowledge of the homeomorphism
class of the compactification (ex(K),ex(K)). Theorem (2) shows that
the upper bound in Theorem cannot be improved using only knowledge
of the homeomorphism class the compactification (ex(K),ex(K)). Thus we
have the following question remaining.

QUESTION 6.19. Let E be a countable, non-compact Polish space, and
let E' be an uncountable metrizable compactification of E. Let [ be a suc-

cessor in [pg(E),w:1[. Must there exist a metrizable Choquet simplex K such
that (E, E) ~ (ex(K),ex(K)) and S(K) = [0, 8]?

Also, when E is countable and E is uncountable, we do not know whether
the upper bound on S(K) may be attained. We state this problem as a
question as follows.
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QUESTION 6.20. Let E be a countable, non-compact Polish space, and
let £ be an uncountable metrizable compactification of E. Must there exist
a metrizable Choquet simplex K such that (E,E) ~ (ex(K),ex(K)) and
S(K) = [0,w[?

If the answers to Questions and are affirmative, then one could
conclude that the bounds in cannot be improved using knowledge of the
homeomorphism class of the compactification (ex(K),ex(K)), and further-
more, one could conclude that these bounds are attained.

Notice that for every simplex K for which S(K) can be computed,
S(K) is either [0,w;] or [0,[] for a countable successor (3. This observa-
tion leads to the following two questions.

QUESTION 6.21. If K is a metrizable Choquet simplex, must S(K) be
an ordinal interval?

QUESTION 6.22. If K is a metrizable Choquet simplex, must S(K) be
either [0, w1 [ or [0, 3] for a countable successor 37

If the answers to Questions [6.19H6.22] are all affirmative, then these re-
sults would give a complete description of the constraints imposed on orders
of accumulation by the compactification of the ergodic measures for a dy-
namical system.
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