FUNDAMENTA
MATHEMATICAE
190 (2006)

Brunnian local moves of knots and
Vassiliev invariants

by

Akira Yasuhara (Tokyo)
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Abstract. K. Habiro gave a neccesary and sufficient condition for knots to have the
same Vassiliev invariants in terms of Ck-moves. In this paper we give another geometric
condition in terms of Brunnian local moves. The proof is simple and self-contained.

1. Introduction. We will define local moves via tangles. Our definition
follows [11], [12]. A tangle T is a disjoint union of properly embedded arcs
in the unit 3-ball B3. Here T contains no closed arcs. A tangle T is trivial if
there exists a properly embedded disk in B3 that contains T. A local move
is a pair of trivial tangles (71, T2) with 077 = 9T such that for each compo-
nent ¢ of 17 there exists a component u of Ty with 9t = du. Two local moves
(Th,T2) and (U, Us) are equivalent, denoted by (T1,T3) = (Uy, Us), if there
is an orientation preserving self-homeomorphism v : B3> — B? such that
Y(T;) and U; are ambient isotopic in B? relative to B3 for i = 1,2. A local
move (11,T») is trivial if (T1,T>) is equivalent to the local move (77,77).
Note that (T1,T5) is trivial if and only if 7} and T are ambient isotopic in
B3 relative to 0B3.

Let (T1,T») be a local move, and let t1,...,t, and uq, ..., u; be the com-
ponents of T} and Ty respectively with 0t; = Ou; (i = 1,...,k). We call
(Th,T>) a k-component Brunnian local move (k > 2), or By-mouwe, if each lo-
cal move (T —t;, Ty —u;) is trivial (¢ = 1,...,k) [10]. If (7}, T3) is Brunnian,
then (7%,T1) is also Brunnian. For example, a crossing change is a Ba-move,
the delta-move defined in [7] is a Bz-move, and a Cj-move defined in [3], [4]
is a Bg41-move.

2000 Mathematics Subject Classification: Primary 57TM25.
Key words and phrases: Brunnian move, Vassiliev invariant, band sum.

[289]



290 A. Yasuhara

Let K; and K5 be oriented knots in the three-sphere S3 with a fixed
orientation. We say that Ky is obtained from K by a local move (T1,T5)
if there is an orientation preserving embedding h : B® — S2 such that
(h~Y(Ky),h Y (K3)) = (T1,Ty) and Ky — h(B3) = Ko — h(B3?) as oriented
tangles. Two oriented knots K and Ko are Bj-equivalent if K5 is obtained
from K7 by a finite sequence of Bi-moves and ambient isotopies. This relation
is an equivalence relation on knots.

We have the following geometric condition for knots to have the same
value of Vassiliev invariant.

THEOREM 1 (cf. Goussarov-Habiro Theorem [4], [2]). Two knots K1 and
Ky are Byy1-equivalent if and only if their values of any Vassiliev invariant
of order <1 —1 are equal.

REMARK. The authors of [5] and [6] showed independently that Bj,q-
and Cj-equivalence classes coincide. Therefore, the theorem above and the
Goussarov—Habiro Theorem are consequences of each other. Although The-
orem 1 can be obtained as a corollary of the Goussarov—Habiro Theorem
the author believes that a new and self-contained proof is worth presenting.
Moreover, the arguments used in our proof are shorter and simpler compared
to those given in [4], [2] and [12] for the proof of the Goussarov-Habiro The-
orem.

Let [ be a positive integer and let ki,...,k; (> 2) be integers. Suppose
that for each P C {1,...,l} we have an oriented knot Kp in S% and there
are orientation preserving embeddings h; : B> — S2 (i = 1,...,1) such that:

(1) hi(B) Ry (BY) = 0 i # ],

(2) Kp—U_, hi(B3) = Kp —J_, hi(B3) for all P,P' C {1,...,1},

(3) (hy'(Kyp),hi (K, 1y)) is a By,-move (i =1,...,1), and
K{l,...,l} N hZ(B3) ifie P,

Ky hi(B3) otherwise.

Then we call the set {Kp | P C {1,...,l}} of oriented knots a singular
knot of type B(ki,...,k;). Let IC be the set of knots, A an abelian group,
and ¢ : K — A an invariant. We say that ¢ is a finite type invariant of
type B(ki,..., k) if for any singular knot {Kp | P C {1,...,1}} of type
B(ki, ..., k),

(4) Kpﬂhi(Bg) = {

Y. (Plp(Kp) =o.
Pc{1,..,l}
Since a Bs-move is realized by some crossing changes we see that an invariant
¢ : K — A is a finite type invariant of type B(2,...,2) if and only if it is a
——

Vassiliev invariant of order <[ — 1. !
In order to prove Theorem 1, we need the following theorems.
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THEOREM 2 (cf. [4, Theorem 5.4]). The set of By-equivalence classes,
denoted by K/By, of oriented knots in S® forms an abelian group under
connected sum of oriented knots.

THEOREM 3 (cf. [12, Theorem 1.2]). Let [ (> 2) and k1,...,k (> 2)
be integers, and k — 1 = (ki — 1) + --- + (k; — 1). Then the projection
pr : K — K /By is a finite type invariant of type B(ki, ..., k).

REMARK. Since a Ci-move is the same as a Byii-move, Theorem 2
follows from [4, Theorem 5.4]. Theorem 3 is similar to [12, Theorem 1.2]. In
order to give a self-contained proof of Theorem 1, we will give self-contained
proofs of Theorems 2 and 3. Although the reasonings given in the proofs of
Theorems 2 and 3 are analogous to those in [4] (and also in [11] and [12])
we provide simpler and shorter arguments.

2. Band description. It is known that any knot can be expressed as
a “band sum” of the trivial knot and a split union of some Hopf links [§],
[13] (or Borromean rings [14]). K. Taniyama and the author showed that if
two knots are Cj-equivalent, then one can be expressed as a band sum of
the other and a split union of certain (k+ 1)-component Brunnian links [11],
[12]. By similar arguments to those in [11]|, we describe a relation between
By-equivalence and a certain band sum.

Let (T1,T%) be a k-component Brunnian local move. Let T C B3 be the
trivial k-string tangle illustrated in Figure 1, and let D be the disjoint union
of the k disks bounded by T and arcs in dB? (see Figure 2). Since T is a
trivial tangle, there is a tangle S such that (S,T") and (71, T5) are equivalent.
Then the pair (S,0D — T) is called a By-link model (see Figure 3).

N

By-move Bg-link model
Fig. 3
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Let (i, Bi) be By(;)-link models (i = 1,...,[), and K an oriented knot
(respectively a tangle). Let ¢); : B3 — S3 (respectively v; : B3 — int B3) be
an orientation preserving embedding for i = 1,...,l, and let b1 1,...,by o1),
b2y 302 502)5 -5 b0 1, - by o) e mutually disjoint disks embedded in S3
(respectively B3). Suppose that they satisfy the following conditions;

(1) %i(B®) nyp(B%) =0 if i # j,

(2) (B3 N K = () for each i,

(3) bix N K = 0b; ;N K is an arc for each i, k,

(4) b N Ué‘:1 Y (B3) = 0b; ;, N1p;(B?) is a component of ¥;(3;) for each
i, k.

Let J be an oriented knot (respectively a tangle) defined by

J=Ku(Jow)u( LZJ dilas)) = [ Jint(9bi N K) - LlJ Yi(int 57),
ik i=1 i=1

1y
where the orientation of J coincides with that of K on K — |, b if K is

oriented. We call each b; ; a band. Each image ;(B?) is called a link ball. We
set B; = (e, 5s), Vi, {bi71, cee, bz,g(z)}) and call B; a Bg(i)—ChO’r‘d. We denote
J by J = (K;{Bi,...,B}), and say that J is a band sum of K and chords
Bi,...,B;, or a band sum of K and {B1,...,B5;}.

From now on we consider knots up to ambient isotopy of S® and tangles
up to ambient isotopy of B? relative to dB? without explicit mention.

By the definitions of a Bj-move and a Bj-link model, we have:

SUBLEMMA 4 (cf. [12, Sublemmas 3.3 and 3.5]).

(1) A local move (T1,T5) is a Bg-move if and only if Ty is a band sum
of Ty and a By-link model.

(2) A knot J is obtained from a knot K by a single Bx-move if and only
if K is a band sum of J and a By-link model. =

Note that, by Sublemma 4(1), a set K of knots is a singular knot of
type B(ki,...,k;) if and only if there is a knot K and a band sum J =
Q(K;{Bu,...,B;}) of K and By,-chords B; (i =1,...,1) such that

K = {o(K; | J{B:) ‘P c{L,....1}}.
ieP

SUBLEMMA 5 (cf. [12, Sublemma 3.5]). Let K, J and I be oriented knots
(or tangles). Suppose that J = Q2(K;{Bu,...,B;}) for some chords By, ..., B,
and I = Q(J;{B}) for some By-chord B. Then there is a By-chord B’ such
that I = Q(K;{Bu,...,B;,B'}). Moreover, if for a subset P of {1,...,1} the
link ball or the bands of B intersect either the link ball or the bands of B; only
when i € P, then (R Uy piBi}): {BY) = 2(K: (Uyep{Bi}) U{B'}).
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Proof. If the bands and the link ball of B are disjoint from those of
Bi,...,B; then I = Q(K;{By,...,B;,B}). If not, then we deform I up to
ambient isotopy as follows. By thinning and shrinking the bands and the
link ball of B respectively, we may assume that the link ball of B intersects
neither the bands nor the link balls of By, ..., B;. And by sliding the bands
of B along J, we may also assume that the intersection of the bands with J
is disjoint from the bands and the link balls of By, ..., B;. Then we sweep the
bands of B out of the link balls of 1, ..., 5;. Note that this is always possible
since the tangles of a local move are trivial. Finally, we sweep the intersection
of the bands of B and the bands of By, ..., B; out of the intersection of the
bands of By,...,B; and K. Let B’ be the result of the deformation of B
described above. Then it is not hard to see that B’ is the desired chord. =

By repeated applications of Sublemmas 4 and 5 we immediately have the
following lemma.

LEMMA 6 (cf. [12, Lemma 3.6]). Let k be a positive integer and let K
and J be oriented knots (or tangles). Then K and J are By-equivalent if and
only if J is a band sum of K and some By-link models. m

Since the local moves illustrated in Figures 4 and 5 are a Bjyj-move
and Bjy_1-move respectively, the following two lemmas follow from Sub-
lemma 5.

Bp-link model

Bj-link model Bj-link model

Fig. 5

LEMMA 7 (cf. [12, Lemma 3.8]). Let K, J = Q(K;{Bi,...,B;,B0}) and
I = QK;{B1,...,B;,B)}) be oriented knots, where By,...,B; are chords
and By, B, are By-chords. Suppose that J and I differ locally as illustrated in
Figure 4, i.e., I is obtained from J by a crossing change between K and a band
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of By. Then I is obtained from J by a By11-move. Moreover, there is a Byy1-
chord B such that Q2(K; (U;cpiBi}) U{Bo}) = 2(K; (U,cp{Bi}) U{By, B})
for any subset P of {1,...,l}. =

LEMMA 8 (cf. [12, Lemma 3.9]). Let K, J = Q(K;{Bu,..., B, Boj, Bor})
and I = Q(K;{Bi,..., B}, By;, By,}) be oriented knots, where By, ..., B, are
chords and Boj,Béj (respectwely Boy, B)y,) are Bj-chords (respectively By,-
chords). Suppose that J and I differ locally as illustrated in Figure 5. Then
I is obtained from J by a Bjy,_1-move. Moreover, there is a B y_1-chord B
such that (K (UyepB:}) U1 Bojs Bor}) = 2(K; (Usep B ULBY, By BY)
for any subset P of {1,...,l}. =

We call the change from J to I in Lemma 8 a band exchange.

For a C)-move, “band description” is also defined, and Sublemmas 4, 5,
Lemmas 6, 7 and 8 hold [12]. However, the proofs given in [12] are not as
obvious as ours. In fact, more complicated arguments are needed. In contrast,
we need some arguments to prove the following lemma, which is trivial for
a Cj-move.

LEMMA 9. Let (Th,T>) be a By-move. For any integer | (< k), Ty is

obtained from T by Bj-moves. In particular, Bj-equivalent knots are Bj-
equivalent.

Proof. Let t1,...,t; and uq,...,u be the components with dt; = Ou;
(t=1,...,k) of T} and T respectively. We may assume that (77,7%) has a
diagram in the unit disk such that 77 — ¢; and 75 have no crossings.

Since (T} — tg,T5 — ug) is a trivial local move, Tb is obtained from T
by Bs-moves that correspond to crossing changes between t; and t5. By
Lemma 6, 7} is a band sum, §2(7%;B3), of 75 and a set Bg of Ba-chords.
Note that no band of Bs-chords intersects To — (u1 U ug).

Since (2(T%;B2) —t3,T5 —u3) = (11 —t3, T —u3) is a trivial local move,
T5 is obtained from 77 by Bs-moves that correspond to crossing changes
between t3 and some bands of Bs-chords. By Lemma 6, T7 is a band sum
2(T3; Bs) of T, and a set B3 of Bs-chords. Note that no bands of Bs-chords
intersects To — (u1 U ug Uusg).

Continuing this process we obtain the conclusion. =

3. Proofs of Theorems 1, 2 and 3

Proof of Theorem 3. Let Ky be a knot and K; a band sum of Ky and
By,~chords By ; (j =1,...,1). It is sufficient to show that

> (WM|e(Ko J{Bia})| =0 € K/,
Pc{1,...,l} JjEP

where [K] is the By-equivalence class which contains the knot K.
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Set
Kp = Q(K{); U {Bk]-,j})-
JjeEP
Cram. The knot Ky (= Kyy,.. ;1) is By-equivalent to a band sum of Ko
(= Ky) and a set |J; ;{Bi;} of local chords such that

(1) B;j is a B;-chord (i < k) and it has an associated subset w(B; ;) C
{1,...,1} with Zt€w y(ke —1) <i—1,
(2) for each P c{1,. }

e = [2(K U {Bu)]:
w(B;,;)CP

Here a chord B; ; is called a local chord if there is a 3-ball B such that
B contains all the bands and the link ball of B; ;, B does not intersect any
other bands or link balls, and (B, BN Kj) is a trivial ball-arc pair.

Before proving the Claim, we will finish the proof of Theorem 3. Suppose
K is Bj-equivalent to a band sum of K( and some local chords B; ;. Each
B; j represents a knot K ; which is connected summed with Ky. So the band
sum is a connected sum of Ky and Kj; ;’s. Then we have

> <—1>*P‘[9(Ko, U 1B.})]

Pc{1,..,1} Bij)CP
- ¥ <—1>‘P‘([Ko]+ > 1K)
Pc{1,..,l} w(B;,;)CP
= Y WP+ Y DY (K))
Pc{1,..,0l} Pc{1,..1l} w(B;,;)CP

=0+> (> D))k,

We consider the coefficient of [Kj;]. Since } e s, gk —=1) <k—=1, w(Bi;)
is a proper subset of {1,...,[}. We may assume that w(B; ;) does not contain

ac{l,...,l}. Then
> (= > (~)l”
PC{1,..l},w(B; ;)CP Pc{1,..l}\{a},w(B; ;)CP

+ Z (_1)\PU{G}\ -0
PC{l,...,l}\{a},w(B@j)CP

Thus, we have the conclusion. =

Now we will show the Claim.
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Proof of Claim. We first set w(By; ;) = {j} for j = 1,...,l. Then we
have >~,c, 5, ].)(kt —1)=kj—1<k—1and
5

Kp:Q(KO; U {Bkj,j}).

w(Bkj ,j)CP

Note that a crossing change between bands can be realized by crossing
changes between Ky and a band as illustrated in Figure 6. Therefore we
can deform each chord into a local chord by (i) crossing changes between K
and bands, and (ii) band exchanges.

(i) When we perform a crossing change between Ky and a By-band of a
By-chord B, , with p < k — 2, by using Lemma 7, we introduce a new B -
chord Bpy1, and we set w(Bpt1,) = w(Bp4) so that conditions (1) and (2)
still hold. By Lemma 7, a crossing change between Ky and a B_1-band is re-
alized by a Bj-move and therefore does not change the Bj-equivalence class.

(ii) If we perform a band exchange between a B,-chord B),, and a B,-
chord B, with p + r < k, then, by using Lemma 8, we introduce a new
Byir—1-chord Bpyr—14 and set w(Bpyr—1n) = w(Bpq) Uw(B,s) so that con-
ditions (1) and (2) still hold. By Lemmas 8 and 9, a band exchange between
a B)y-chord By, ; and a B,-chord B, s with p+r > k + 1 does not change the
By.-equivalence class. =

= e e =5

_ll_ _w_ _ll_ _ll_
Fig. 6

Proof of Theorem 2. 1t is sufficient to show the existence of an inverse
element for a given knot K. Suppose that there is a knot J such that K # J
is Bi-equivalent to a trivial knot O. Then, by Lemma 6, O is a band sum
of K # J and some Bj-chords. By using Lemma 7, we deform O up to
Byt 1-equivalence so that the Bg-chords are local chords. Then the result is
a connected sum of K # J and some knots K1, ..., K, that correspond to
local chords. Hence K # J # K1 # - -- # K, is Biy1-equivalent to O. Thus
J # Kq # -+ # K, is the desired knot. =

Proof of Theorem 1. 1t is not hard to see that Bjyi-equivalent knots are
also [-similar [9] ((I — 1)-equivalent [1]).

By Theorem 3, the projection p;y1 : K — K/Bjy1 is a Vassiliev invariant
of order <[ —1. If two knots have the same values of any Vassiliev invariant
of order <[ — 1, then they are Bj;j-equivalent. m
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