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Type and cotype of operator spaces
by

HuN HEE LEE (Waterloo, Ont.)

Abstract. We consider two operator space versions of type and cotype, namely Sj-
type, Sg-cotype and type (p, H), cotype (q, H) for a homogeneous Hilbertian operator
space H and 1 < p < 2 < g < o0, generalizing “OH-cotype 2”7 of G. Pisier. We compute
type and cotype of some Hilbertian operator spaces and L, spaces, and we investigate
the relationship between a homogeneous Hilbertian space H and operator spaces with
cotype (2, H). As applications we consider operator space versions of generalized little
Grothendieck’s theorem and Maurey’s extension theorem in terms of these new notions.

1. Introduction. Type and cotype play an important role in Banach
space theory. Thus, it is natural to expect operator space analogues of type
and cotype. Actually there has been several attempts to define type and co-
type in the operator space category. In [18] G. Pisier defined O H-cotype 2
and M. Junge (Chapter 4 of [8]) studied a variant of this notion, namely
cotype (2,R + C'), where OH and R + C are the operator Hilbert space
and the operator space sum of the row and column Hilbert spaces, respec-
tively. In this paper we are going to give two different definitions of type
and cotype of operator spaces, namely S)-type, Sy-cotype and type (p, H),
cotype (q, H) for a homogeneous Hilbertian operator space H, which are
both generalizations of Pisier’s “O H-cotype 2”.

In order to get a satisfactory theory we need to focus on two aspects.
The first one is about how big the cotype 2 class is. Note that the co-
type 2 class in the Banach space category includes all (noncommutative) L,
(1 < p < 2) spaces. The second one is about the possibility of applications
such as generalized little Grothendieck’s theorem, Maurey’s extension theo-
rem and Kwapieni’s theorem. Although these new notions still do not promise
satisfactory results in both aspects, each definition has its own pros. For ex-
ample, type (p, H) and cotype (q, H) of L, spaces behave well for some good
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choice of H, and both notions allow corresponding applications mentioned
above. Moreover, cotype (2, H) gives us an insight about the relationship
between a homogeneous Hilbertian space H and an operator space E which
has cotype (2, H). More precisely, it is known ([8, 18|) that S; (the trace
class on #2) has cotype (2, R+ C) but not cotype (2, OH). Thus, it is natu-
ral to be interested in which H is best among all H for which S; has cotype
(2, H). This question will be answered later for all L, (1 < p < 2) spaces
and the meaning of “best” will be clarified.

Now let us discuss our approach more precisely. Recall that a Banach
space X is said to have (gaussian) type p (1 < p < 2) if there exists a
constant C > 0 such that

(1.1) T 2(v") < C - 0% (v)

for 1/p+1/p' =1 and every v : X — ¢5, n € N, and (gaussian) cotype q
(2 < ¢ < o0) if there exists a constant C’ > 0 such that

(1.2) mg2(u) < C" - 0(u)

for every u : 5 — X and n € N. Here, m;2(-) is the (g, 2)-summing norm

defined by
mg2(T: X —=Y) =sup (s Tl )
R 12k 7k ® el xone S

where ®) is the injective tensor product of Banach spaces, and ¢(u) and
¢*(v) are the £-norm and adjoint ¢-norm, respectively, defined by

= [§ | S ameo)”

for i.i.d. gaussian variables {gx} on a probability space ({2, P) and
0" (v) :=sup{tr(vu) | u: 5 — X, l(u) < 1}.

Pisier’s definition of OH-cotype 2 is as follows. An operator space E is
said to have OH-cotype 2 if there is a constant C' > 0 such that for all
v:E — 03,

(1.3) *(v) < Cmaon(v),

where 3 o5 (v) is the (2, oh)-summing norm defined by

(g lloas )/ }
122k 2k @ el Bowon

and ®mnin is the injective tensor product of operator spaces. Note that this
definition is based on the trace dual formulation of (1.2). Thus, in order
to extend these notions to general exponents ¢ > 2 we need to consider
the trace dual version of (1.3). However, unlike the Banach space case we

7T2,oh(v) = sup {
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have the problem that 7 ,, is not self-dual. We can resolve this difficulty by
observing that (Proposition 6.2 in [21])

Taon(v: B — 03) = 3(v s E — OH,),
where 7§(+) is the completely 2-summing norm defined by

I(Tij) | 55 }
12255 Tij @ €5l BErmin S

and S, (F') (1 < r < o0) is the vector-valued Schatten class introduced in [21].
Then since 7§ is self-dual (which will be checked later) we can reformulate

(1.3) as follows. E has OH-cotype 2 if there is a constant C' > 0 such that
for all u : OH, — E, we have

(1.4) mo(u) < C-4(u).

Now it is easy to extend the cotype notion to the g > 2 case by replacing
75 (u) with the completely (g,2)-summing norm 7y »(u) defined by

|(Tzij)|l s, (F) }
1225 Tij @ €35l E@min S
and we will call it Sy-cotype. Sp-type can be defined similarly.

There is another approach using approximation numbers. This can be
done in a more general context. Let H be a homogeneous Hilbertian operator
space, i.e. H is isometric to a Hilbert space and for every v : H — H we
have ||u||cp = |lul|. Then we can define w5 i(v) by replacing OH with H
and use it in the definition of cotype (2, H). In order to ensure that m g (-)
is actually a norm we need to assume that H is “subquadratic”, i.e. for all
orthogonal projections {P;}}* ; in H with Iy = Py + --- + P, we have

W%(T:EHF):sup{

ool E— F) = Sup{

n
I et < D Mt © Pla) eyt
=1

for any x € B(f2) ® H (see p. 82 of [20]).

E is said to have cotype (2, H) if there is a constant C' > 0 such that for
all u: ¢y — E, we have
(15) w5 (1) < C - £(u)
where 7r§7 g is the trace dual of m3 7. Now we recall the equivalence between
Tgo(u) and (3, ap(u)9)V/4 for u : £y — X (Corollary 19.7 of [26]) where
ak(-) is the kth approximation number defined by

ag(u) = inf{|ju —v| : v € B3, X), rk(v) < k}.

Since we do not have an appropriate (g,2)-extension of 73, we use the
l4-sum of cb (completely bounded) approximation numbers of the map w :
H} — E, where H} is the n-dimensional version of H*. See Section 3 for the
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details. We will call it cotype (¢, H), and type (p, H) can be defined similarly.
Note that Se-type and Sae-cotype are equivalent to type (2, OH) and cotype
(2, 0H), respectively.

The behavior of Sg-cotype of L, spaces is quite different from the Banach
space case. Moreover, the behavior of cotype (2, H) depends on H. More
precisely, we have the following.

THEOREM. Let 1 <p <2 and u be a o-finite measure.
(1) S, has cotype (2, H) if and only if the formal identity
id: RClp| — H
1s completely bounded.
(2) Ly(p) has cotype (2, H) if and only if the formal identity
id: RC[p'] = H
1s completely bounded.

Note that RC[r] = [RNC, R+ C];/, for 1 <7 < oo, where N and [, -];/,
are the intersection and the complex interpolation space in the category of
operator spaces, respectively. Thus we can say that RC[p] (resp. RC[p']) is
the best (in the above sense) homogeneous Hilbertian operator space H for
which S, (resp. L,(p)) has cotype (2, H).

With these notions of type and cotype we can consider several appli-
cations. The first one is an operator space analogue of “generalized little
Grothendieck’s theorem” (see [3, 13] for the Banach space case).

THEOREM. For any compact set K and 2 < q < oo, every bounded linear
map from C(K) into an Sg-cotype space is completely (q,2)-summing.

The second one is an operator space analogue of “Maurey’s extension
theorem” (see [14] for the Banach space case). We say that an operator
space H is perfectly Hilbertian if H is a homogeneous Hilbertian operator
space and H and H* are subquadratic (see Section 8 of [20]). Note that
R[p] = [R,Cly, and C[p] = [C, R],, are perfectly Hilbertian, and RCp]
is completely isomorphic to a perfectly Hilbertian operator space. Then we
have the following.

THEOREM. Let E and F be operator spaces of type (2, H) and cotype
(2, H*), respectively, for a perfectly Hilbertian operator space H. Then there
is a constant C' > 0 such that for any subspace G C E and any bounded
linear map u : G — F we have an extension u : E — F with

v (@) < Cllul.
Recall that vg(u) = inf{||Al|eb||B||cb }, where the infimum is taken over

all possible factorizations u : E An (I) Z F for some index set I. We need
“perfectness” of H to ensure that vyz(-) is actually a norm. By the Remark
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on p. 82 of [20], H(I) is well defined for any index set I. As a corollary we
get operator space versions of “Kwapien’s theorem”. See [10] for the classical
Banach space case and [6] for another operator space case.

Note that there is a different notion of type and cotype of operator spaces
by J. Garcia-Cuerva and J. Parcet using quantized orthonormal systems
([5, 6, 16]). At the end of Section 2 we will see how Sa-type and Ss-cotype
are related to the type 2 and cotype 2 of [6].

This paper is organized as follows. In Section 2, we define Sp)-type and
Sq-cotype of operator spaces and develop their basic theory. As examples,
we estimate S,-type and Sg-cotype of R[p| = [R,C];/,, Clp] = [C, Ry,
and of L, spaces. Sp-type and S,-cotype of commutative L, spaces are the
same as in the Banach space case while those of S}, are completely differ-
ent. In Section 3 we define type (p, H) and cotype (g, H) of operator spaces
and investigate their basic properties. As examples, we compute type (p, H)
and cotype (¢, H) of R[p|, C[p] and of L, spaces. Note that we can recover
the same result as in the Banach space case for S, with a “good” choice
of H. Moreover, we investigate the relationship between a homogeneous
Hilbertian space H and operator spaces of cotype (2, H). In the last section
we present the above two applications of type and cotype notions of this
paper.

Throughout this paper, we will assume some knowledge of operator space
theory ([4, 22]), completely p-summing maps (|21]), absolutely p-summing
operators (|2, 26]) and vector-valued noncommutative L, spaces (|21]). For
1 <p< oo, S, (resp. Sp) and Sp(E) (resp. Sy (E)) are the Schatten classes
on ¢y (resp. £3) and their vector-valued versions (|21]). We will assume that
all L, spaces (commutative or not) and their vector-valued versions are en-
dowed with their natural operator space structure in the sense of [21]. In
this paper H is reserved for a homogeneous Hilbertian operator space on fs;
we will denote its n-dimensional version by H,. In particular, R,[p]|, Cy[p]
and RCy,[p| are n-dimensional versions of R[p], C[p] and RCp| respectively.
As usual, B(E, F') and CB(E, F') denote the sets of all bounded linear maps
and all completely bounded linear maps from E into F', respectively. We
use the symbol a < b if there is a C' > 0 such that a < Cb, and a ~ b if
a < band b < a. We denote the conjugate exponent of 1 < r < oo by 7/, i.e.
1/r+1/r=1.

2. S)-type and S;-cotype of operator spaces

2.1. Definition and basic properties. As an operator space version of
absolutely p-summing operators G. Pisier introduced completely p-summing
maps in [21] as follows.
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A linear map u : £ — F between operator spaces is called completely
p-summing for 1 < p < oo if
Is, ®u: Sy @min £ — Sp(F)

is a bounded map. We denote by 7y (u) the operator norm of I5, ®u. Similarly
we define an operator space version of absolutely (g, 2)-summing operators.
A linear map u : £ — F between operator spaces is called completely
(q,2)-summing for 2 < q < oo if
127(1 Qu: Sy Qumin 2 — Sq(F)

is a bounded map, where I5 4 is the formal identity from Sy into S,. We write
g o(u) for the operator norm of I, ® u and II7 o(E, F) for the collection of
all such operators from F into F'. Now we define Sp-type and S,-cotype.

DEFINITION 2.1. Let E be an operator space.

(1) E is said to have S,-type (1 < p < 2) if there is a constant C' > 0
such that o
72 2(0") € C-00)
for every n € Nand v: E — OH,.
(2) E is said to have Sy-cotype (2 < g < 00) if there is a constant C’ > 0
such that o ,
R2a(w) < C' - £(u)
for every n € Nand v: OH,, — FE.

We can reformulate Sp-type and S;-cotype by comparing the vector-
valued Schatten class norms of E-valued matrices and their gaussian aver-
ages. Let {g;;} be a re-indexing of {g;}.

PROPOSITION 2.2. Let E be an operator space.

(1) Forn € N and 1 < p < 2 we define Ts, n(E) to be the infimum of
the constants C > 0 satisfying

(2.1) [S H i Gij(w)xi;
o

3,j=1

2 1/2
dP(w)] < Cll(@ig)llsn(m)-

E has Sp-type if and only if
Ts,(E) =supTs, n(E) < oo.
n>1

(2) Forn € N and 2 < q < oo we define Cs, n(E) to be the infimum of
the constants C' > 0 satisfying

(2.2) (@)l sp(p) < C'[S H 2": 9i(w)zi;
2=

,L?]:

’ dP(w)] 2,

E has Sy-cotype if and only if
Cs,(E) = Sup Cs,n(E) < oo.
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Proof. (1) E satisfies (2.1) if and only if there is a constant C' > 0 such
that

U(u) < Cll(ueij)|lsn(m)
for all n € N and u : S — E. By trace duality this is equivalent to
I eis)llsn, ) = C - £7(v)
for all n € N and v : E — S%. Indeed, by Corollary 1.8 of [20] we have

|tr(vu)| = ’Z(Uueij, e,ﬁ’ = ‘Z(ueij, v™ei;)

l’] Z’]

< [(ueij) [ sn(m) | (v*eij)ll sn () -

Now we assume that F satisfies (2.1) and consider v : E — OH, and
(zij) € My (OHy,), m € N. If we set w : S§* — OH,y, e;; — x;j, then by 12.5
of [26] we have
" 2i)lspn) = 0" wes) s ) < C - (o)
= Csup{|tr(vw*v)| : l(u: S5 — E) <1}
< Csup{|tr(uv)| : l(u : OH, — E) < 1}||w||
=C-CO)wllen = C - £(V)[[(ij) || 55 @rminOH -

The converse is straightforward from the above observation and the fact that
[(eij) | sp@mmsy = sy llen = 1.

(2) Suppose E satisfies (2.2) and let u : OH, — E and (z;;) € S;"(OH,)
for m € N. If we set v : S§* — OH,, e;; — xij;, then ||v] = ||v|lep =
[ (wij)ll S5 @mminOH, - Now, by (12.5) of [26] we have

I (uiy)llsy () = Nweespllsym) < |3 gi(yuve
1<i,j<m

= C'l(uw) < C"l(u)|jv]| = C"(u) || (2i)l| S0 O -

The converse direction is straightforward as before. m

L2(2,E)

REMARK 2.3. (1) If we take diagonals of (2.1) and (2.2), then it is trivial
that every Sp-type (resp. Sg-cotype) space has type p (resp. cotype q) as a
Banach space.

(2) Instead of gaussian systems we can use the Rademacher system {r;}
defined by r;(t) = sign(sin(2'nt)), ¢ € [0,1] and i = 1,2,..., in the definition
to get the Rademacher Sy,-type and S,-cotype. It is easy to check that the
two notions are equivalent when 1 < p < 2 < ¢ < o0o. Although we do not
know the equivalence for p = 1 and ¢ = oo all the calculations in this paper
can be transferred to the Rademacher setting with the same arguments.

(3) Unlike the Banach space case, Si-type and So.-cotype are no more
trivial, that is, we have examples of operator spaces without Si-type and
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Sso-cotype, respectively. We will see examples in Lemma 2.11 and Theorem
2.13 in detail. Moreover, for any operator space FE we have

To,n(E) <n'/? and  Cs o (E) < nt/2.
Indeed,

H g Tij & Xij

3,j=1

L1(2,E) H Z 23915 (@ )H dP(w)

< S H(gzg( w)llsz (@) sp () dP (W)

2
<02 (i) llsp(m)
by Lemma 2.3 of [5] and Proposition 45.1 of [26]. The estimation for Cs__ ,,(E)

can be obtained by the duality below (Proposition 2.4).
(4) We consider the following transforms:

Fo: fr ([ 100(@) dPW)), - and 75 : (o) Zgu W)z
e ;
for appropriate f : 2 — C and (x;;) € Mo. Then E has Sp—type (1<p<?2)
if and only if
Fgl ®@1Ig: Sp(E) — Go E)
is bounded, and E has Sg-cotype (2 < ¢ < 00) if and only if
fg ®Ig : gg(E) — Sq(E)
is bounded, where G, (F) is the closed linear span of {g;;} ® E in L.({2, F)
for 1 < r < oco. We write G'(F) (n € N) for the closed linear span of
{gij}?,j:1 ® E in L.(£2, E).
Sp-type and Sy-cotype have a partial duality as follows. The proof is the
same as in the Banach space case, so we omit it. Note that we can include the

cases of Si-type and S.o-cotype without any extra effort (see Propositions
11.10 and 13.17 in [2]).

PROPOSITION 2.4. Let E be an operator space, 1 < p <2 and n € N.

(1) If E has Sp-type, then E* has Sy -cotype with Cgp,vn(E*) < Ts,n(E).
(2) If E has Sy -cotype and is K-convex as a Banach space, then E* has
Sp-type with Tgp,n(E*) < K(E)C’Sp,,n(E),

where K(E) is the K-convezity constant of E defined by the operator norm
of the E-valued gaussian projection from Lo(£2, E) onto Ga(E), given by

£ (V1 09i5(w) dP) ) g3y

1,5  £2
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2.2. Relation to other concepts. Now we check that the So-cotype of this
paper coincides with the OH-cotype 2 of [18]. This can be achieved by the
following trace duality for the m9-norm. It is well-known to experts, but we
include the proof since we could not find a reference.

LEMMA 2.5. Let E and F be operator spaces and E be finite-dimensional.
Then forv: F — E we have

(m3)"(v) := sup{|tr(vu)| [ 73 (u : B — F) <1} = m3(v).
Proof. Let u: E — F and v : FF — E. By Proposition 6.1 of [21], we
have factorizations
V1 T1 V2 T2
u:E—-OH(I)-F and v:F =30OH(J)=E
for some index sets I and J with
m(V),  m(Ve) <1, |Tifles < 73(u),  [[Tallen < 75(v).
Then, by Proposition 6.3 of [21] we have
’tI‘(’UU)’ = |tI‘(T2‘/2T1V1)’ = ’tI‘(Vng‘/QTl)‘
< [VeThllus[ViTzllus = w3 (VaT1)m3 (ViT)
< m3(Va) ITu | avm§ (VD) Tl < 7§(0)mS(w),
where || - [|gg is the Hilbert-Schmidt norm.
Thus, we get (79)*(v) < 7§(v).
For the opposite inequality we consider any € > 0 and choose (z;;) €
Sg Qmin F with
N lsgemmr =1 and [[(oziy)llsp ey = (1 2)ms(0).
Then there is (y;;) € S3(E£™) such that
Iillspesy =1 and  |[[(vzi)llsy ) = [((vzi), (y35))]-
Now we set A : F — S, x +— (y;‘jx)i,j, and B : S§ — F,e;; — x;;. Then we
get
m5(BA) < |IBllevm3(A) < [yl sz ) 1(@ij) sy @ik < 1
by Lemma 5.14 of [21]. Thus, we have

(79)"(v) > [tr(vBA)| = [tr(AvB)| = Y [(AvBeij, eij)]
ij=1
= [((vzij), (yi))| = (1 = e)m5(v),
which gives us the opposite inequality. =

COROLLARY 2.6. The Ss-cotype coincides with the OH-cotype 2 of [18].

Proof. By Proposition 6.2 of [21]|, we have 7§(v) = mgon(v) for any v :
E — OH,. Thus, we get the desired conclusion by Lemma 2.5 and trace
duality. =
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We end this section by providing a partial relationship between So-type
and Se-cotype and notions in [6].

Let (§2, P) be a probability space and (X, dx) be a pair of an index set X
and a collection of natural numbers indexed by ¥, dy, = {d, e N: o € X'}.
The quantized gaussian system Gy with parameter (X, dy) is the collection
of random matrices g% = d, Y 2(9%) : {2 — My, indexed by X, where g7.’s
are i.i.d. gaussian random variables. We consider the following transforms:
Fou(H)0) = | f@)g”(w)*dP(w) and FGlA)(w) =) dotr(A797 (w))

0 oeXl

for appropriate f: {2 — C and A € [[,cx Mg, .
For1<p<22<¢g<oo,1/p+1/p=1and 1/¢+1/¢ =1 we say
that an operator space E has Banach Gx-type p if

iy Foy @ 1p - < 00
ﬁnitelpgz | Iz (Ve L,/ (2,E) )

and that E has Banach Gx-cotype q if

sup ||Fgy @ Ipllpr (o,m)—c,(rEp) <
finite 'CXY q

I_' . . . .
where L, ({2, E) is the closed linear span of {¢7; : 0 € I'} ® E' in Ly ({2, E),

LBy ={ae [ Mo, @B Al e = (X doll A ) <00}

oel’ cel’
for 1 <r < oo and
Loo(TB) = {A € T] M, © B < Al i = B 147 e ) < o0 .
cel’
For the details and the natural operator space structure on L, (I, E), see
[5, 21].

PROPOSITION 2.7. Let E be an operator space and Gs; be the quantized
gaussian system with parameter (X,dx). Suppose that dx is unbounded.
Then E has gaussian Sa-type if and only if it has Banach Gx-type 2, and E
has gaussian Sa-cotype if and only if it has Banach Gy -cotype 2.

Proof. Let I' be a finite subset of X' and A (= (A7)) € [[,er Ma, ® E.
If we set
B =P Vd, A" € SL(E)

cel’
for n = Zaep dy, then we get

= dytr(A7g7 (W) = Y Vdo tr(A%(gf(w))) = F5 ' (B)(w)

oel’ cel’
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and
[Allesiry = [ 3 doll A g] " = 1Bllsp
oel’

Conversely, for any B € S7L(E) we choose o¢ € X with d,, > n and define
A(= (A7) € [yex Ma, ® E by A” = dn 2B &0 and A7 = 0 elsewhere.
Then we also get fgz(A) Fg 1(B) and Al zy(2,2) = [|Bllsy(g)- Thus, we
get the desired result.

2.3. Sp-type and Sy-cotype of R[p] and C[p]. In the case of Hilbertian

spaces the gaussian average of a vector-valued matrix is easy to calculate so
that we can determine S,-type and S,-cotype in some concrete cases.

THEOREM 2.8. Let 1 < p < oo and 1/p+ 1/p' = 1. Then both R|[p]
and C[p] have Spin(ppy-type and Syaxppry-cotype, and neither of them has
Sy-type or Sy -cotype for min{p,p'} <r < 2.

Proof. Note that R and R,, are isometric to OH and OH,, respectively.
Thus,

R has Sy-cotype & Fr ® Ig : G2(R) — Sq(R) is bounded

& Fr®id : Go(OH) — S4(R) is bounded

& I, ®id : S3(OH) — S4(R) is bounded

& I3, ®id, : S5 (OHy) — Sy (Ry) is uniformly bounded
for all n € N, where id, id,, Iz, and I3, are the corresponding formal

identities.
First, we consider the case ¢ = co. For (zi;) € S%(Rp), Tij = p_y xfjelk,

we have
1/2
elspom = (3 16R)"

i,5,k=1
and by considering (z;;) as an n? x n?-matrix,
n n 1/2
o lss e = {[ 3 (32 aban)] | 3 lasel =1}
i=1  jk=1 Jk=1
However, we have
n n 211/2 n n n 1/2
k k
(X whan) | < [ (X 1P ) (X laal)]
i=1 k=1 i=1  jk=1 Jk=1
n 12, 2 1/2
k
= ( > 2) ( > ‘“ﬂf|2) :
1,5,k=1 Ji.k=1

and consequently

[(@ij)lsm (ra) < 1(@ij)llsp0m,)-
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Thus, R has Se-cotype with Cg_(R) = 1, and we can similarly show that
C has Soo-cotype with Cg_ (C) = 1. Since R and C are K-convex as Banach
spaces, they have S1-type by duality (Proposition 2.4). Since R[2] (resp. C[2])
is completely isometric to OH, it has Ss-type and Sa-cotype. Thus by com-
plex interpolation, both R[p] and C[p] have Si,ingpy3-type and Sy,
cotype.

Now suppose 2 < ¢ < p < oo and consider S;(R[p]). By Theorem 1.1
of [21],

ax{p,p'}~

Sq(R[p]) = Cla] ®n Rp] @n Rlq]
completely isometrically under the mapping
€ij QT > €1 VT X ey,
where ®p is the Haagerup tensor product. Note that by the commutation

property of the Haagerup tensor product with respect to complex interpola-
tion we have the following completely isometric isomorphisms:

Rp] @ Rlq] = [R[p] @1 R, R[p] @1, Cl1/4
= [[R@n R,C @n Rl /p, [ROR C,C @4 Clypliyq

Since C' ®p, R (resp. R ®p, C) is completely isometric to So (resp. S1), and
R ®p, R and C ®y, C' are both isometric to Sy, we get a subspace

F (= R[p] @, R[q]) of S;(R][p]) isometric to S

under the mapping ej; ® e1; — e;5, where r = 2pq/(pq + p — q). However,
we have
(.[27(1 X id)il(elj X eli) =e1; Ve € SQ(OH),
so that
G = ([27,1 & id)fl(F) ~ S,
isometrically.

Consequently, I, ® id cannot be bounded since r < 2 and (Iz 4 ® id)|q
is nothing but the formal identity I5, : S — S, which means R[p] does not
have Sg-cotype. We can show that Cp] does not have Sy-cotype similarly, and
the type cases are obtained by duality (Proposition 2.4). Since R[p/] = C/[p]
we get the desired result for all 1 <p < oco. m

2.4. Sp-type and Sy-cotype of Ly, spaces. In this section we will compute
Sp-type and Sy-cotype of L, spaces. Unfortunately, we do not have good
behavior as in the Banach space case generally. We only have the same
results as in the Banach space case for L, spaces (1 < p < oo) with respect
to Type I von Neumann algebras of bounded degree. When p = oo, we have
very bad behavior even in the commutative cases.

THEOREM 2.9. Let (M, u) be a o-finite measure space, 1 < p < oo and
n € N.
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(1) Lp(p, Sy) has Sy-type and S, -cotype for r = min{p,2} and 1/r +
1/r" = 1. If Ly(n) is infinite-dimensional, then it does not have S,-
type nor S, -cotype for any min{p,2} < r < 2.

(2) Loo(t, SL) has Soc-cotype. If Loo(pt) is infinite-dimensional, then it
does not have Si-type nor Sy-cotype for any q < oo.

Proof. Note that the p = 2 cases are trivial. First, we consider the case
1 <p <2 For (x;5) € So(L1(p, ST)), we have

HZQZ]@ Zgi]’®xzy
,J

L (2,11 (uST))
= S Hinj(s)@gzj
M 2,7

Since G; and Sy are isomorphic as Banach spaces, S7(G1) and S7(S2) are
isomorphic allowing constants depending on n. Indeed, we have ST (G1)* =
CB(G1,S%) = B(G1,S%) & B(S2,S%) & CB(S,,S%) = S1(S2)* isomor-
phically. Thus, by Corollary 1.10 of [21] we have

H Zg” T Lo (£2,L1 (1,87)) H wa

LQ 2 LI(M Sn

du(s).
STH(L1(£2)) uis)

du(s
s sy w(s)
> ||($ij)|\sg(L1(u,S?))-

Thus, L;(u, S7') has Sa-cotype and by complex interpolation with Lo (u, S%)
we find that Ly,(p, Sp) (1 < p < 2) has Sy-cotype.

I Frt
Since §; —2 Sy R Gy C Ly(£2) is a contraction, where I is the
corresponding formal identity, so is
TR @ Iy uspy + S1 ®y Li(p, ST) — La(£2) @+ Li(p, ST),

where ®,, is the projective tensor product in the category of Banach spaces.
Note that Ly(£2) ®, E — Lo(§2, E) contractively by the canonical embed-
ding, and
51 @ Li(p, ST) = S1(La(p, ST))
isomorphically. Indeed, we have
(51 @y L1, S))" = B(S1(L1(w)), 55) = CB(S1(L1 (), S%)
= S1(La(p, ST))"
isomorphically (allowing constants depending on n). Thus, we have a
bounded map

Fr' ® Iyqusy) S (Lo (. ST)) — La(92, L, SY)).

which implies that Lj(p, S7) has Si-type. By complex interpolation with
respect to La(p, S3) we see that Ly(u, Sp) (1 < p < 2) has Sy-type.
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Now we consider the case 2 < p < oo. We can show that L,(u,Sy)

Iz 0
has Se-type by a direct calculation as above. Since Go =, So 28 Se 18 a

contraction, where I3 o, is the corresponding formal identity, so is
Fr® ILOO(M,SQO) 1 G2 @ LOO(M? Sgo) — Soo ®x Loo (1, Sgo):

where ®) is the injective tensor product in the category of Banach spaces.
Note that we have the contraction

Go(E) € (12, E) — Lo(2) ©x E 225 Gy 0, B,
for E'= Loo(u, SZ

%)
Since
B(S1(L1(p)), S%) 2 Soo @ Loo(pt, Sa)
&~ Soo(Loo(pt, S%)) € CB(S1(L1 (1)), S%)

and P is the gaussian projection from Lo({2) onto Go.

isomorphically, we have a bounded map

fR ® ILOo (1,9%) gQ( (M7 S )) - SOO(LOO(IU’a S5 ))7

which implies Loo(u, S%) has S-cotype. By complex interpolation with
respect to La(p, S3) we conclude that Ly(u, Sy) (2 < p < oo) has S-cotype.

The other statements concerning best S,-type and Sy-cotype follow by
Remark 2.3 and the Banach space case, except the fact that an infinite-
dimensional Lo (p) does not have Si-type. For simplicity we just consider
the case of ¢g, the space of null sequences. Note that by the dominance of the
gaussian average over the Rademacher average (for example, (4.2) of [26])
we have

Tlom(co = Hsl CO) - LQ('Q CO l"Lj Z Gij & Tij
i,j=1

n

2 [[$te0) = La(l0, 1], c0), (@ig) = D7 mig @ 2
1,7=1

= [[L2(10, 1, &) — S (1), = ((rigs [))iill;
where {r;;} is a reindexing of the classical Rademacher system {r;}.
Set f(t) =11;" (1 + i (t)ri;) € L2([0, 1], L1[0, 1]). Then

i,7=1
1 n 1 n

1Ol =§| T+ rig@rig()|ds = § TT 1+ ris(0)rig(s)) ds = 1
0 i,j=1 04,j=1

for all ¢ € [0, 1], and consequently

122 (0,17,2010,17) = 1.
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On the other hand, we have (r;;, f) = 7, so that
1((rigs £))iillsz (zag0,)

n
:H E €ij & Tij
=

Z7J:

n
~ Z €ij & €45
52 (L1[0.1]) Hij_l 77 s (R +C2)

= HRn2 NChz — Sgo’ 5ij = einCb
- 1227 =1 €ij © il sm (sm) Y
= 1/2 1/2 :
max{|| 327 €475 s | 2052 €564 hmin
Since span{ra = [[; yeariy | A € {(&,7) | 1 < 4,5 < n}} in L4[0,1] is
712
completely isometric to 2" we get

Tlom(co) 2 n1/27

the desired result. m

REMARK 2.10. We do not need o-finiteness of i to prove that Lq(u, S7)
has Si-type and Loo(u, ST) has Soo-cotype in the above theorem, and we
can similarly show that every maximal operator space has Si-type and every
minimal operator space has Sy,-cotype.

Now, we consider S,-type and Sg-cotype of infinite-dimensional Schatten
classes. Unfortunately we have not been able to determine the best S)-type
and Sg-cotype of those spaces, but the following estimate shows that they
are quite different from type and cotype as Banach spaces.

LEmMMA 2.11. Let 1 <p < 2. Then
TSPvn(Sp) ~ CSP,7n(Sp/) ~ nl/p_1/2.

Proof. First, we consider type constants. By Theorem 9.8.5 of [22| we
have

Ts,n(Sp) ~ |1FR' @ Is, - Sp(Sp) — Gy (Sp)ll = 1S} — G eij = rijllen
~ [[R2[p'] N Cr2p] — Sy, €ij = eijlleb
< |Ru2[p'] — Sy, €ij = eijllen
= HRn[pl] ®n Rn[p/] - Cn[p,] Xn Rn[p/]7 e1; ® ey — €1 ® elj”cb
< |Ralp'] = Culp'], e1i = eillen.

By complex interpolation for 6/2 + (1 — 0) /oo = 1/p" we get
IR.[P'] — Culp'], e1i = eitllew
< ||R5 — CF, eri = e[| Q1R — Cl, eri v ean|lly? = n'/P712,
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For the upper bound we consider
HRn2 [p/] N Cn2 [p] - Sn €ij — eszcb
. | Zij—l €ij @ €ij ”S" (57) e
max{[| (327 =1 €fjei)llsn, H(Z =1 €igei) P llsn }
Now we consider cotype constants. For 1 < p < 2 we have
Cs,n(Sy) ~ [|Fr ® Is, : Gy (Sp) — Sy (Sp)|
~ Rz [p] N Crz[p'] = Sy, €5 = el = n'/P7H2,
For p = 1 we have, by Proposition 45.1 of [26],
O (So0) ~ IFR @ Iy T (Soc) = S5 (5o
1325 j=1 €is © €ijllsn (sm) 12
§o l(gij (@) llspdP(w) ™~
We get the upper bound by Remark 2.3(3). m

THEOREM 2.12. Let 1/p+1/p = 1.

(1) If 1 < p < 4/3, then S, does not have Si-type nor Ss-cotype for
2<s<yp.

(2) If4/3 < p <2, then S, does not have S,-type nor Ss-cotype for

2

P <r<2<s<yp.

4—p

(3) If2 < p <4, then S, does not have S,-type nor Ss-cotype for

2
p<r<2<s< 7])
4—p
(4) If 4 < p < oo, then S, does not have Sp-type for p' < r < 2 nor
Seo-cotype.
(5) Seo does not have Si-type nor S -cotype.
Proof. Since the formal identity S} (F) — S;'(E) has norm < nt/r=1/p
for 1 <r < p, we get
TP (Sp) = Ts, n(Sp)n! 7717 2 m/0= 12200,
which means S, does not have S,-type for 2/p—1/2—1/r > 0 < 2p/(4 —p)
< r. The other statements are obtained by duality (Proposition 2.4), Theo-
rem 2.9, Theorem 2.8 and the fact that R[p] is a closed subspace of S),. =

We close this section with the case of C*-algebras and their duals. S1-type
and S,o-cotype are related to subhomogeneity of a C*-algebra.

THEOREM 2.13. Let A be a C*-algebra. Then A is subhomogeneous if
and only if A has Sso-cotype if and only if A* has Si-type. Moreover, if A
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18 not subhomogeneous, then
TPU(AY) ~ OZ(A) ~ 2,
which is worst possible.

Proof. Suppose that A is m-subhomogeneous for some m € N. Then
we can assume that A* is a subalgebra of Lo (p, S ) for some measure
space (M, p). Since Loo (1, ST) has Seo-cotype and Lj(u, ST*) has Si-type
(Remark 2.10), so do A and A*, respectively.

Now we assume that A is not subhomogeneous. Then for any ¢ > 0 and
n > 1 there are completely positive maps o : St — A and 0 : A — S7, such
that

loo — Isn oo < nlloo— s || < /n
by Lemma 2.7 of [25] and [7]. Then

) H Zn: gij(w)eeij|| dP(w) < lelle | H Zn: gij(w)es;
o ij=1 2

)= 3,j=1

o WPW) < n'/?

and
1(2ei)llsn (a) = ol ll(oei)lsn (smy = (00 — Isn )ei; + €i5)llsn (sn)
> [[(eij)llsn (smy — I((00 = Isn )eij)llsn (sm)
>n—lloo—Is |lcvn >n — e,
which implies CZ"(A) ~ n'/2; TP (A*) ~ n'/? is obtained by duality. =

3. Type (p, H) and cotype (¢, H) of operator spaces
3.1. Definitions and basic properties. We fix a subquadratic homoge-

neous Hilbertian operator space H from now on. Now for an operator space
E we define (2, H)-summing norm of a map v : E — {9 by

(g v )/ }
1225 %k ® €kl Eomint |

Note that the subquadraticity of H ensures that mp g (+) is actually a norm
(p. 82 of [20]). Also note that all results remain true for all H which are
completely isomorphic to a subquadratic homogeneous Hilbertian operator
space allowing suitable constants.

7T2,H(U) = sup {

DEFINITION 3.1. An operator space F is said to have type (2, H) if there
is a constant C' > 0 such that

l(u) < Cmy p(u”)

foralln € Nand u: {5 — F.
E is said to have cotype (2, H) if there is a constant C’ > 0 such that

E* (’U) S C/7T27H<’U)
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for all n € N and v : E — ¢4§. We denote the infima of such C and C’ by
Ty q(E) and Cy g (E), respectively.

We give a description of the trace dual of w3 .

PROPOSITION 3.2. Forn € N and u : {5 — E we have

73 g (u) = inf || Allus|| Bllcb,

where the infimum is taken over all possible factorizations u : €5 A8 E
Proof. Let a(u) be the infimum on the right hand side. For any v : E —
¢y and factorization u : £3 A H* L E we have
[tr(vu)| < [tr(vBA)| = [tr(AvB)| < [|AlluslvB|lns
= [ Allnsme,z(vB) < [|Allus||Bllcnma,m(v),

which implies 75 ;(u) < o(u).
For the opposite inequality we will show that o*(v) > m g (v) for any
v: E — {5, For any given € > 0 we choose (xj) C E such that

(Z ||vxk”2)1/2 > (1— E)H Zg;k ® ekHE® .
k k i

Then there is (y;) € ¢5(¢5) with norm 1 such that
* 1/2
), o) = (1= 2wz leg ey = (1= )2 (D Ilowell?)
k

Consider A : 0y — H, z+— ((y}, 2))k, and B : H — E, e} +— xj. Then
o (0) > [tr(vBA)| _ |tr(AvB)]
[AllaslBlles 1225 % ® exll g pintt

IS vBed] i), (vxi))

> (1-— 6)27T27H(’U). L]

Now we consider the kth cb-approximation number of T : £ — F de-
fined by

ap(T) :=1inf{||T — S||e» : S € CB(E, F), tk(S) < k}.
See [15] for operator space versions of Gelfand and Kolmogorov numbers.
PROPOSITION 3.3. For u: H} — E we have

(S apw?)” < w5 uw).

k
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Proof. By Proposition 3.2 for any given € > 0 we have a factorization
wH A m B
with ||Allgs||Bllen < (1 + e)ms g (u). Thus,
1/2 1/2
(Y az@?) ™ = (Y arBA?) " <[1Ble (D ar(4)?)
k k k
= [|IBllebllAllms < (1 + )73 f(u). =

Recall that there is a constant C' > 0 such that

(Zk:ak(u)q)l/q < ma(u) < qC_q2<zk:ak(U)q>l/q

for any w : ¢35 — X n € N and 2 < ¢ < co. This equivalence and (1.1) and
(1.2) lead us to the following definition.

1/2

DEFINITION 3.4. Let 1 < p < 2 < ¢ < 0co. An operator space F is said
to have type (p, H) if there is a constant C' > 0 such that

S agwy)" <o e
2

foralln e Nand v : F — H,.
E has cotype (q, H) if there is a constant C’ > 0 such that

(X atwr) " <o ttw)
k

for all n € N and u : H} — E. We denote the infima of such C' and C’ by
Tp.u(E) and Cy g (E), respectively.

REMARK 3.5. (1) It is clear from the definition that type (p, H) and
cotype (¢, H) imply type p and cotype ¢ as Banach spaces, respectively.
(2) Let

S/(E, F) ={ue CB(E, F) | [[(ag(w)r=1le. < oo}

for 1 < r < o0o. Then by the same argument in the proof of Proposition 1 in
[11] we have

K(t7u; S(IJ(E7F)7Sgo(E7 F)) ~ K(ta (az(u))kzﬁglafoo)

for t > 0, where K(t,-; Ey, F) is the K-functional with respect to a com-
patible pair of Banach spaces (Ep, E1). Thus

[SQO(Ea F)asgo(EvF)]Q/q = Sg(E7F)
for 2 < ¢ < 0co. When F has cotype (2, H) we have

( Z ai(u)Q) v < Co,u(E)l(u)

k
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forallm € Nand u : H} — E, thus cotype (¢, H) (resp. type (p, H)) behaves
well under interpolation as in the Banach space case.

As in the S),-type and Sy-cotype case, we have the following duality results.

PROPOSITION 3.6. Let E be an operator space and 1 < p < 2.

(1) If E has type (p, H), then E* has cotype (p', H) with

(2) If E has cotype (p', H) and is K-convex as a Banach space, then E*

has type (p, H) with
Tp,u(E") < K(E)Cy u(E).

Proof. Note that £*(v) < ¢(v*) and £(v*) < K(X)¢*(v) for any Banach

space X and v: 0y — X. m

3.2. The case of homogeneous Hilbertian operator spaces. If we consider
type (p, H) and cotype (q, H) of homogeneous Hilbertian operator spaces,
then the calculation becomes simple, so that we can completely determine
type and cotype in some cases. We only consider cotype, since type can be
directly obtained by duality.

Let us start with the following lemma about the approximation numbers
of formal identities between homogeneous Hilbertian operator spaces. Recall
that the kth cb-Gelfand number of u : E — F between operator spaces is
defined by

cp(u) == inf{||u|s|lecn : S C E, codim S < k}
for k € N, and clearly
(3.1) & (u) < af(u).

LEMMA 3.7. Let H and H' be homogeneous Hilbertian operator spaces.

Then for the n-dimensional formal identity id,, : H,, — H,, we have
cp(idp) = ap(idn) = |idp—k+1 : Hp—pt1 — H:%kJrchb

for1 <k <n.

Proof. Fix 1 <k <n. By (3.1) it is enough to show that

Cz(ldn) > ||idn—k+l : Hn—k-l—l - H;’L—k;-',—lHCb'
Now we consider any subspace S C H,, with m := dim S = n — codim .S >
n — k + 1. Then there is a partial isometry Ug : £5* — (5 whose image is S
and
UsUs = Igp.
Thus, we have
lidn—k+1lleb < [[idm : Him _’H;anb <|[|Us: Hm — H/anbHUg' : H;L _>H;anb
= ”idn|s H, — H;z||cb- =
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PROPOSITION 3.8. Let H be a homogeneous Hilbertian operator space.
Then H has cotype (2, H) if and only if the formal identity id : H* — H is
completely bounded.

Proof. The necessity part is clear from the definition. Now we suppose
that H has cotype (2, H). Then for n € N and u : H;; — H,, we have

Zak )? < C2e(u)?,

where C' = C g(H). If we set v = id,, : H} — H,,, then by Lemma 3.7 we

have
n

- . . n,.
C’n > Z lidy, : Hy — HyllZ, > Z idg (|2, > §H1d[n/2]sz’
k=1 k=[n/2]

which means [[idp,/2)llen < V2C and consequently |lid : H* — H|p is
bounded. =

Now we focus on R[p] and C/[p].

THEOREM 3.9. Let 1 < p,q < oo. Then R[q] (resp. C|q]) has cotype
(s,Clpl) (resp. (s, R[p])) if and only if [1/p —1/q| +1/s < 1/2.

Proof. Consider u : R[p] — RJ[q|. Let |1/p—1/q| = 1/r. Then by Lemma

5.9 of [27] we have
CB(R[p], Rlg]) = 5,

isometrically. Since cb-approximation numbers of u and ¢(u) are both uni-
tarily invariant we can assume that

u = diag(uy,...,uy), né€N,

with |u1| > -+ > |uy,| by the usual density argument.
Now we suppose R[q] has cotype (2,C[p]) and set uy = -+ = u,, = 1.

Then
= ()" =

and by Lemma 3.7,

(S ag)” = (Stnk+197) "~ atirsise
k

k
Consequently,

<

P q
For the converse we observe the following:

(gai(u)s)l [Z (Z’UZ‘ ) } " 1T e 2y

i>k

+-=—+
S r

[\D\}—t

1 1 111
s
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where U = (ujj)7 ;4 With u;; = u; for j <i and u;; = 0 elsewhere. Thus, it
is enough to show that

n

/
Vllepiepy < (3 fuel?)

k=1
for 1/r+1/s =1/2. Since
5 (67) = [€2(€1), 63 (£5:)]o
forr > sand # =1—4/r, and
o (67) = [£2(€1), 05 (63)]y

for r < s and ¢ = 1—4/s, it suffices to consider the following three extremal
cases: (r,s) = (2,00), (00,2) and (4,4).

When (r,s) = (2,00) or (00,2) this is trivial from the definition. The
case r = s = 4 is obtained from the inequality

" 1/4 n 1/2
(S ) < (3 )
k=1 k=1
which can be proved by induction on n. Indeed, when n = 1 it is trivial.
Suppose that it is true for n; then

n n 9
D kel < (3 ful?)
k=1 k=1

and consequently

n+1 n
> kjugl* = klug* + (n+ Duga|* < Z Jure*Jur* + (n 4 1)fugega|*
k=1 k=1 k=1
n+1 n+1 9
< 3wl = (3 f?)
k=1 k=1

since |ug|’s are nonincreasing.
The proof for C[q] is the same. =

REMARK 3.10. Since cotype (2, H) is a local property, if F is A-cb-
representable in F for some A > 0 (i.e. every finite-dimensional subspace
of F can be (1 4 e)\-cb-embedded in E for any £ > 0) then cotype (2, H)
of E can be transferred to F'. However, sometimes cotype (2, H) can be
transferred to an operator space related in a weaker sense. More precisely,
let us say that F' is A-representable in E at every matriz level if for any
m € N, € > 0 and finite-dimensional subspace F’ of F there is a subspace
E’ C E and an isomorphism T : F/ — E’ such that

| Inr, @ T : My (E') — My, (F)|| =1
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and
11, @ T 2 My (F') — M (E")|| < (1 +€)A.

Then cotype (2, H) of E can be transferred to F' if F' is another homogeneous
Hilbertian operator space.

Indeed, by Proposition 3.8 we need to check that |[id, : H) — Fy||cb 1S
uniformly bounded with respect to n € N. Now we fix n € N. Then for any
€ > 0 there is m € N such that

lidp : Hy = Falleb < (14 €)|ar, @ idp : My (Hy) — Min (Fp)]-

Now we set F' = Fy, and choose B/ C E and T as above. Since E’ is a
subspace of ¥ we have

> ai(u) < Co,p (E)(u)

for any u : H;, — E'. For u =T oidg, we have

O(u) < (14 e)M(idg,) = (1 +€)AV2n

and
2n 2n
o) > 35l 0> Yo ),
k=1 k=1

where

aé\/[m(v : By — E»)
=1inf{||In,, ® (v —w) : My, (E1) — My, (E2)|| : we B(Ey, Es), rk(w) <k}
By a similar argument to that for Lemma 3.7 we get
2 (idon) = [ag,, @ idg : Min(H3,) — Min(Fo)|
and consequently
[ Inr,, @ idy : M (H) — M (F)| < V2(1 +€).

The situation as above does happen. By [19] we know that for every
infinite-dimensional operator space E there is a homogeneous Hilbertian
operator space contained in EY, an ultrapower of E. It is well known that
the local structure of EY as an operator space is not the same as F, unlike
the Banach space case. However, by a similar argument to the Banach space
case we can show that EY is A-representable in E at every matrix level for

A=1.

3.3. The case of L, spaces. As in the Banach space case, type (1, H)
and cotype (0o, H) are trivial for certain H.

PROPOSITION 3.11. Ewvery operator space has type (1,H) and cotype
(00, H) for H = R[p|,C[p| and RC[p].
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Proof. We only prove the type case since the cotype case is obtained by
duality. Note that an operator space E has type (1, H) if and only if there
is a constant C' > 0 such that

[]len < C - £7(v)
foranyn € Nand v: F — H,.
First, we consider the case H = R. Since
|lv:E — Rylleh < ||v:min(E) — Ryllep = m2(v: E — 0y)
by (1.45) of [1] it is enough to show that
ma(v) < £ (v)

for any n € N and v : E — /3. By trace duality this is equivalent to the
following well-known result (for example (3.14) of [17]):

L(u) < ma(u)
for any n € Nand u: (5 — F.
We can prove the case H = C in the same way, and by combining these

two results we get the cases of H = RN C and R + C. Finally, we are done
by interpolation. =

Using Proposition 3.8 we can determine the condition for L, (1 < p < 2)
spaces to have cotype 2.

THEOREM 3.12. Let 1 < p <2 and p be a o-finite measure.
(1) Sp has cotype (2, H) if and only if the formal identity
id: RClp| - H
1s completely bounded.
(2) Lp(p) has cotype (2, H) if and only if the formal identity
id: RC[p)] — H
1s completely bounded.
Proof. (1) Suppose S), has cotype (2, H). Then since R[p|,C[p] C S, the

formal identities
id:Clp] = H and id:R[p] - H

are completely bounded by Proposition 3.8, so that we get the desired con-
clusion. For the converse direction it suffices to show that S, has cotype
(2, RC[p]), which is obtained from the Banach space case and the following
fact (Proposition 4.2.6 in [8]):

B(RC[p'], Sp) = CB(RC[p'], Sp).

(2) By the usual localization argument we can assume that L,(n) =
L,[0,1]. Suppose L,[0, 1] has cotype (2, H). Note that Rad, C L,[0,1] and
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Rad, = RCIp| completely isomorphically, where Rad, is the closed linear
span of the classical Rademacher system {r;} in L,[0,1]. Thus, the formal
identity id : RC[p| — H is completely bounded by Proposition 3.8, so that
we get the desired conclusion. For the converse direction it suffices to show
that L[0, 1] has cotype (2, RC[p']), which is obtained from the Banach space
case and the following fact obtained similarly to Proposition 4.2.6 in [§]:

B(RC|p], Ly[0,1]) = CB(RC|p], Ly[0,1]). m

For a certain choice of H we can recover the same behavior of type and
cotype as in the Banach space case.

COROLLARY 3.13. S, (1 < p < 2) has type (p,R + C) and cotype
(2,R+C), and Sy (2 < g < 00) has type (2, R+ C) and cotype (¢, R+ C).

Proof. First we consider the case 1 < p < 2. Since S has type (2,0H)
and the formal identity
id:OH — R+C

is a complete contraction, Sy has type (2, R+C). Thus, S, has type (p, R+C)
by Proposition 3.11 and complex interpolation, and cotype (2, R + C) by
Theorem 3.12.

The case 2 < g < oo is obtained by duality. =

4. Applications

4.1. Completely (g, 2)-summing maps and Sq-cotype. Now we present our
operator space version of “generalized little Grothendieck’s theorem”.

THEOREM 4.1. Let F' be an operator space with Sg-cotype (2 < g < 00).
Then
B(C(K), F) C 117,(C(K), F).
Proof. Let uw € B(C(K), F). Since F has cotype ¢, we have u € IT,.(E, F)

for all ¢ < r < oo from the Banach space result (Theorem 11.14 in |2]). Thus,
by a similar calculation to the proof of Theorem 11.13 in [2],

Iz, ) < C2(F) [é (!u(;gij(w)xij) |} ap)

S CLF)mr ()l (i) [ sy 00
= Cq(E)mr (W[ (i) | sp0 im0 k) -
REMARK 4.2. (1) S;-cotype conditions in Theorem 4.1 are essential. In-
deed, for n > 1, 2 < g < p < oo and the formal identity I, : {2 — Ry[p]

we have ||I,|| = /n. As in the proof of Theorem 2.8, we get a subspace
F (= Rulp] ®n Rulg]) of Sy(Rn[p]) isometric to Sy under the mapping

]1/2
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e1; ® e1; — e;5, where r = 2pq/(pg + p — q) < 2. Now we have

n n
|Ywoe]y,, . =|Xaea), =1

j:1 SQ ®miﬂeoo ]:1 Z<><> (SQ )

and
n n
— _ 2 1/r

HZGU@GU‘ . —HZ@jj‘ =n

Consequently,

g2 (In) > pl/r=1/2
Junll '
(2) Unlike complete p-summing, complete (g,2)-summing (¢ > 2) does
not imply complete boundedness in general. Indeed, for ¢ > 2 and the formal
identity I, : min /5 — OH,, we have

Wg,z(fn) = Wg,2(IOHn) < nt/4t1/2

by Lemma 2.7 of [12] and

n S [lmin g 5 OH, ™ max (3|, < || 1]%,
by Theorem 3.8 of [18]. Thus,

”Ianb >n1/471/2q
ma2(n) ™ '
(3) We cannot extend Theorem 4.1 to the case of B(H) instead of C'(K).
If we take F' = OH then F has Ss-cotype, but it is well-known that there
is a completely bounded map from B(H) into OH which is not completely
2-summing ([9]).

4.2. An operator space version of Maurey’s extension theorem. In this
section we consider an operator space version of Maurey’s extension theorem
and Kwapient’s theorem. We fix a perfectly Hilbertian operator space H.

THEOREM 4.3. Let E and F be operator spaces with type (2, H) and
cotype (2, H*), respectively. Then for any subspace G C E and any bounded
linear map v : G — F we have an extension u : E — F with

Vi (@) < To, g (E)Co g (F)||u].

Proof. First we observe that we can reduce our theorem to the case where
G and F are finite-dimensional by a standard argument. We fix v : G — F
and assume that for some constant C' > 0 there are extensions

A B .
Uy E =3 (Iz) il F  with HAZ”cb S 1 and HBZch S CHUH

for all finite-dimensional Z C GG. Now we counsider a nontrivial ultrafilter U
of the set of all finite-dimensional subspaces of G ordered by inclusion. If we
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set

A:E—[[H(Iz), =+ (Azz), B:AG)—F, (Azz)— ux,
u
then

||AHCb < h]}{n ||AZ||cb <1 and HBch < hZ/Iln ”BZch < O”UH,

which leads us to the desired extension © = BPA, where P is the orthogonal
projection from [[;, H(Iz) onto A(G) since the class of H(I)’s for some index
set I is closed under ultraproduct.

Now we can assume that G is finite-dimensional. Then since the range
of u is finite-dimensional we can assume that so is F. Fix u : G — F, and
consider any v : F' — G. Note that the subquadratic conditions for H and
H* together with the Remark on p. 82 of [20] enable us to use Theorem 6.1
of [20] in our situation. Thus, by Theorem 6.1 of [20] there is a factorization

w: F 4 lo(I) 5 B with mo.a+(A) <1 and mp p(B*) < ~vg(iv),

where i : G — FE is the inclusion. If we set B = BPj, where P is the
orthogonal projection from H(I) onto ran(A) and j : ran(A) — H(I) is the
inclusion, then we have the factorization

v Fﬁran(A) el

so that
[tr(vu)| = [tr(BAw)| < £ (Au)l(B) < |lul¢*(A)¢(B)
< |Jul|€"(A)To,1 (E)m2,1 (B)
< To, 5 (E)Co, g+ (F)||ul|mo, 1+ (A) 2,1 (BY)
< To,u (E)Co, g+ (F)||ullvg (iv).
By applying the Hahn—Banach theorem to the functional v +— tr(vu) we can
obtain the desired extension u : E— F with vy (a) <Th g (E)Co g+ (F)||ul. =

COROLLARY 4.4. Every operator space with type (2,H) and cotype (2,H*)
is completely isomorphic to H(I) for some index set I.

We end this paper with an example where different choices of H’s do
appear.

EXAMPLE 4.5. Let 1 < p < 2. Then S, has cotype (2, RC[p]), and for
any o-finite measure p, L,y (p) has type (2, RC[p']) by Theorem 3.12 and
duality. If we apply Theorem 4.3 with G = E = Ly (1) and F = S}, we have

B(Ly (1), Sp) = Trepp) (L (1), Sp),
where I'y (E, F') denotes the set of all completely bounded maps from F to F’
which factorize completely boundedly through H(I) for some index set I.
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