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Abstract. The structure of the closed linear span R of the Rademacher functions
in the Cesaro space Ceso, is investigated. It is shown that every infinite-dimensional
subspace of R either is isomorphic to I3 and uncomplemented in Cess, or contains a
subspace isomorphic to ¢p and complemented in R. The situation is rather different in the
p-convexification of Cess if 1 < p < 0.

1. Introduction. The behaviour of the Rademacher functions in the
spaces L, = L,[0,1] is well known. By the classical Khintchine inequality,
there exists a constant A, > 0 such that for all real numbers a;, k =1,2,...,
we have

o 1/2 00
-1 2
A (k) <] mn
k=1 k=1

L < Ap(iaz)l/z, 0<p< oo,

that is, {r,}52, spans an isomorphic copy of ly in L, for every 0 < p < oco.
Moreover, the subspace [ry] is complemented in L, for 1 < p < oo, and not
complemented in L1 since no complemented infinite-dimensional subspace of
Ly can be reflexive. Moreover, |3 1_; axrkllzo 0,1] = k=1 lax|, and so the
Rademacher functions span in Lo, an isometric copy of /1, which is known
to be uncomplemented (see [13, Theorem 2.b.4(ii)|, [I5, Theorem 1| and [2]
Theorem 3.4]).

Investigations of Rademacher sums in the Cesaro function spaces Ces,, :=
Cesp[0, 1] were initiated in [6]. The Cesaro spaces consist of all Lebesgue
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measurable real-valued functions f on [0, 1] such that

1 1 T P 1/p
1fllces, = B <x V1)l dt) d:z:] <oo forl<p<oo
0 0

and
X

1
|| fllcesse = sup — S |f(t)]dt < oo for p=oo.
0<z<1 T 0

The latter space Cess, appeared already in 1948 [10] (see also [14], [17, p. 469]
and [16, p. 26]) and is known as the Korenblyum—Krein—Levin space K.

Further, we will also consider the p-convexification of the space K =
Cesx, 1 < p < 0o, which will be denoted by K, consisting of all Lebesgue
measurable real- Valued functions f on [0, 1] such that the norm

1% 1/p

I, = sup ({150 at)
0<x< z 0

is finite.

The Cesaro function spaces Cesp, 1 < p < 00, are not rearrangement
invariant, and are not isomorphic to Lg-spaces for any 1 < g < oo (see
[5], [7] and [8], where also other properties are investigated). However, sim-
ilarly to L,-spaces, there is also an essential difference in the behaviour of
Rademacher sums in Ces, for 1 < p < oo and p = oo. Namely, as proved
in [6], for any 1 < p < oo, the sequence {r,}7>; is equivalent in Ces, to the
unit vector basis of ls, i.e.,

Bf(Zai)l/? < H Zakrk‘ Ces, < BP(Zak>l/2

k=1 k=1 k=1

for a suitable constant B, > 0 and for all real a;, k = 1,2,.... On the other
hand, we have

(1.1) Cpl[(kiak) +;@%’Z“kH5H§:““’“HKP
gcp[(iak>1/2+sup‘2aku

meN

with some constant Cp, > 0 which depends only on p € [1,00). In particular,
S re, agry converges in K, if and only if both 3%, a? and Y 32, ai are
convergent. Moreover, (|1.1)) shows that the Rademacher functions form a
conditional basis in the subspace

Rp := [rg] spanned by 7, k =1,2,..., in K, 1 <p < o0.
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The aim of this paper is to describe the geometrical structure of
the space R, for 1 < p < oo. The following main results, which can be
treated as a Kadec—Pelczyniski type alternative for the Rademacher sub-
spaces of K, indicate that their structures in the casesp =1l and 1 < p < oo
are different.

THEOREM 1. FEwvery infinite-dimensional subspace of R either is isomor-
phic to ly and uncomplemented in K = Cesy, o1 contains a subspace iso-
morphic to cg and complemented in R.

THEOREM 2. FEwvery infinite-dimensional subspace of Ry, 1 < p < 00,
esther is isomorphic to ly and complemented in K, or contains a subspace
isomorphic to cg and complemented in R,.

It is worth noting that comparing Theorem 2 with Leibov’s results relat-
ing to the space of functions of bounded mean oscillation (see [11]) shows that
the structures of the Rademacher subspaces in K, 1 < p < 0o, and in BMO
are similar. Generally speaking, this is not surprising, because Rademacher
sums satisfy in BMO inequalities completely analogous to (see also 4],
where it is proved, among other results, that the subspace [ry| spanned
by the Rademacher functions in BMO is not complemented in BMO). At
the same time, it is instructive to emphasize the following point. In [11],
Leibov uses the fact that the continuous embedding BMO — L, factorizes
through L, for any p € (1,00), which allows him to apply the well-known
Kadec—Pelczyriski result about complementability of any subspace of L,
p > 2, isomorphic to ly. However, by contrast, the continuous embedding
Cesse — Ly holds if and only if p = 1; hence we cannot now use the Kadec—
Petczynski argument, and the result obtained (Theorem 1) essentially differs
from the one proved by Leibov [I1].

In what follows, given two positive functions (quasi-norms) f and g we
write f =< g if there exists a constant C' > 0 independent of all or of a
part of parameters such that C~!f < g < C'f. As usual, we denote by [z,]
the closed linear span of a sequence {x,}2° in a Banach space X, and set

1flla == (o2, ai)l/2 for a Rademacher sum f = Y 7,
a.e. on [0, 1]. Moreover, we write K1 = K and R; = R.
The paper is organized as follows. In Section 2, based on some construc-
tions from [I1] and [4], we study properties of block bases of the Rademacher
system in Cesaro type spaces. We show that, depending on whether
liminf,, o [|unlla > 0 or liminf, o ||un|l¢ = 0, a block basis {u,}52 of
the Rademacher functions weakly converging to zero in K,, 1 < p < oo,
and such that C~! < ||uy ||k, < C for some C' > 0 and all n € N contains
a subsequence equivalent to the unit vector basis of Iy or ¢y (Theorem .
This allows us to prove, in Theorem [4] that for each 1 < p < oo every

ap Ty converging
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infinite-dimensional subspace of R, either is isomorphic to [, or contains a
subspace isomorphic to ¢y and complemented in R,.

In Sections 3 and 4, we complete the proof of Theorems [I| and [2| by
exhibiting an essential difference in the geometrical structure of subspaces
of R, in the cases p = 1 and 1 < p < oo. Finally, in Section 5, we finish
with some remarks relating to a more general weighted version of the Cesaro
space.

2. Block bases of the Rademacher system in K, 1 <p < oo. Let
{un}s2, be a block basis of the Rademacher system {rj}7°,, that is,

Mn+1
(2.1) Uy, = Z arrr, 0<mi<mg<---,néeN,
k=my,+1

THEOREM 3. Let 1 < p < oo, and {u,}52, be a block basis of {ri}32,
weakly converging to zero in Ky with 1/co < |lun||k, < co for some constant
co > 0 and for all n € N.

(a) If there is € > 0 such that ||uy|lqg > € (n € N), then {u,}52; contains
a subsequence equivalent to the unit vector basis of ls.

(b) If |lunlla — 0 as n — oo, then {u,}52, contains a subsequence
equivalent to the unit vector basis of cg.

To prove Theorem [3| we will need some auxiliary facts. First, we observe
that {r;}72, is not weakly convergent to zero in K. In fact, let ¢y be a
linear functional defined on the linear span of rp, k =1,2,..., by

n n
oo an) =
k=1 k=1
where n € N, ap € R, k=1,...,n. By (1.1]), we have

n n n
oo an)| = [ X < X, .
k=1 k=1 k=1 P

Therefore, ¢g can be extended to a functional gy € (K,)*. Since po(ry,) =
@o(rn) =1 for all n € N, it follows that 7, - 0 weakly in K.
Now, we show that the sequence

Spi=Tn —Tn—1, n=12,..., whererg=0,
converges weakly to zero in R, and it even forms a shrinking basis.

PROPOSITION 1. The sequence {sp}32 is a shrinking basis in the space
Ry for every 1 < p < o0.
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Proof. First, we show that {s,} 2, is a basis in R,. To this end, we
consider a function f =37, fBpsy € Rp. Since

F= Bulrn—rn1) = (Bu—Bu-1)rn, where y =0,
n=1 n=0

from (1.1)) it follows that f € R, if and only if {5,}72, converges and
>0 1 (Bn — Bn-1)? < 0o. Moreover, {s,}2° is complete in R, and

S /
(22) 17l = sup [al + (60— )

n=1,2,... n—1

which implies that {sy,}22; forms a basis in R,.

To prove the shrinking property of {s,}>°; we need to show that for any
¥ € (KP)*7
(2.3) elisn)ee, Ik, =0 asm — oco.

Assume ([2.3) does not hold. Then there exist ¢ € (0, 1), a functional p € (K,)*
with [|¢||(x,)+ = 1, and a sequence of functions f, = > 777 a;™ sy, where

my < mg < ---,such that || fu|lx, =1, n=1,2,..., and
(2.4) o(fn) >e foralln=1,2,....
It is not hard to construct two sequences of positive integers, {g;}°, and
{pi}2,, such that ¢ =my,, i=1,2,...,1 < q <p1 < g2 <pz <--- and
> €
2.5 | afsel| <5
(25) > dis, <3
n=p;+1

In fact, setting ¢; = mq, we can find p; > ¢1 such that IIZZile af' skl Kk, <
£/2. Then, taking for g, the smallest m,, which is larger than p;, we find
p2 > qo satisfying [[3°0° . af’sil|lk, < &/2. Continuing in the same way,
we come to the required sequences {g;}32; and {p;}2;.

Since || fnllx, =1, n=1,2,..., by (2.5) the sequence

pi
Uj = E alisg, 1=1,2,...,
k=gq;

is bounded in K. Moreover, from (2.4) and ({2.5) it follows that

20 el —el)-o( S abs)

>ty -|| 3

k:piJrl

i=1,2,....

9
Zfa
Ky, 2
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Settlngak—a 1fqz<k:<plandozk—01fpz<k:<q1+1,i—1 2,00,
we have Gis1—1
Z a};sk, 1=1,2,...,
k=q,
that is, {u;}52, is a bounded block basis of {s;}72 ;.
Let {7, }22, be an arbitrary sequence of positive numbers such that

(2.7) i%%<oo and i’yn:oo
n=1 n=1

We want to show that the series > 7 | vnu, converges in Kj,. To this end,
we set ‘

by =ayyi ifq<k<gy,i=12,....
Then, by (2.2 , if £ > ¢; with some j =1,2,..., we have

lbr| < sup max |af'v;| < Csup||uil|k, sup i
i>j 4<k<qit1 i€N i>j

< Csup ||ui| x, sup ;-

ieN i>7
Hence, thanks to , we obtain limg_,., by = 0. Moreover,
) 0o qit1—2
2 j j 2
Z(bk —bgy1)” = Z Z (i — Q1)
k=1 i=1 k=g

o0
+ Z(azhﬂ—l% - Oé;:_ll%-i-ly = A + As.

Let us estimate A; and As separately. In view of (2.2)) and ( we have

qi+1—2
Z% > (ah —ahin)? <0supuuz|erZ% < o0,
i=1 k=q; i=1

and similarly

Ay < 22 ab 1)+ (aéﬁl)Q%H) ] < CZ% sup [lui, < co.
=1
The above observatlonb combined with ) show that the series

00 0o
Z TnlUn = Z brsk
n=1 k=1

converges in K. At the same time, since ¢ € (K,)*, by (2.6) and (2.7) we

have [ee] o) c [e%]
@(Z'Ynun> = ZVnSO(un) > ) Z'Yn = 00,
n=1 n=1 n=1

and therefore ([2.3)) is proved. m
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COROLLARY 1. Let {u,}>2 be a block basis defined as in (2.1)), suppose

|unllx, <C, n=1,2,..., for some C >0, and let
Mnp+1
Y = Yn( {Un} Z ag, n=12....
k=mn,+1

Then u,, — 0 weakly in K, if and only if v, — 0 as n — oo.

Proof. Denote by {s}}°°, the system biorthogonal to the above ba-
sis {s,}9° ;. From Proposition [If and [12, Proposition 1.b.1] it follows that
{s;}>°, is a basis in the dual space (R,)*. By definition, we have

sp(sm)=0ifn#m and s (s,)=1,n=12....
Since s1 = 71, this implies that
(2.8) sp(rm)=1ifn<m and s;(ry,)=0if n > m.
Now, define the sequence {r}}°°, from (R,)* by setting

ro=s7 and rp=s,—s. ., n=12...

Clearly, {r}}5°, is complete in (R,)* together with {s}}>° . and from
it follows that
ro(rm) =1(m=1,2,...), 7 (rm)=0Mm#m), r(rm)=1(n=12,...).
Since r§(un) = vn, n=1,2,..., we have
(2.9) rip(uy) — 0  for every k =0,1,2,...
if and only if 7, — 0 as n — co. On the other hand, in view of the bounded-

ness of {u,}7>; in K, condition (2.9) is equivalent to the weak convergence
of {un} to zero in K. Therefore, the result follows. =

Proof of Theorem |3 Let {u,}>2, be a block basis of the Rademacher
functions defined in (2.1)). First, by assumption and Corollary [1| we have

Mnp+41

Yn 1= Z ar — 0 asn — oo,
k=mn+1

and passing to a subsequence of {u,}2%  if necessary, we can assume that

(2.10) | <277 n=1,2,....
(a) Let f =", bpun € Rp. Then
Mn41
(2.11) f= Z > buagri = Zﬁk?“k
n=1k=mp+1

First, we estimate Zk:p B for p < q. Let mp—1 <p < mp < Mpqy < g <
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Mp+1+1 for some n and [. Then

‘Zﬁk‘—)ZﬂimL Z Br + Z 51@‘

k=my+1 k= mn+l+1

n+l—1 Mmit1

_’an 1ay + Z Z b;ar + Z bn+lak’

i=n k=m;+1 k=mg,+1
n+l 1 mMi+1 q
< bn- 1|‘Zak‘ + > ak;‘ +|bn+l|‘ > ak)
k=m;+1 k=mg,1+1
z+ q
<sup]b \(‘Zak‘—i- Z ’ ‘ ‘ Z akD.
i=n  k=m;+ k=mg,+1

By (1.1)), we have

max(‘ Z ag|,
k= T”Ln+l""1

Moreover, from it follows that
n+l—1 mMi41 n+l—1 n+l—1

Z ‘ Z ak‘: Z |’Yz‘§ Z 271 < 1.
i=n i=n

i=n  k=m;+1

ar]) < Cluallx, < C1.

Therefore, from the preceding estimates we infer that

(2.12) )Zﬂk) <(2C1+1) sup |bn|

1/2
g(2cl+1)(2bi> for all 1 < p < ¢ < .
n=1

By assumption and ((1.1)), there is a constant Co > 0 such that for all n € N,

Mn+41
Y a} <Cllualk, <G5,
k=my,+1
and so
i 1/2 i Mntl 1/2 s 1/2
(2.13) (Zﬁg) S(Zbi- 3 ak> gCZ(Zb,%)
k=1 n=1  k=mp+1 n=1
On the other hand, since ||uy||q = (Z;:”;;_H a}) 12 > ¢, we have

ey (2 8) = (S #alz) > (Zﬁﬁz
k=1 n=1
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From and (L1)), it follows that {u,}52, is equivalent to the

unit Vector ba51s in Iy, so the proof of part (a) is complete.
(b) Since ||uy||g — 0 as n — oo, we can assume that
(2.15) lunlla <n27", n=1,2,...,

where 77 > 0 will be chosen later on. Suppose that f = Y77, byu, € R,.

Then, representing f by formula (2.11)), and applying (1.1)), (2.15) and the
first inequality of (2.12)) (which is still valid), we obtain

1, < C(Ifla+ _sup ]ﬁjﬁk])

1<p<g<oo

<c(Shh [lunla + (2C1 +1) sup bul) < Cy sup bu].

n=1
On the other hand, by (| n, we have
J
Z ak‘.
k=mn+1
Since ||un|lx, > 1/co, n = 1,2,..., choosing n > 0 in sufficiently
small, for every n € N we can find [, with m,, < [, < my,41 such that for
some 6 > 0,

I£l, > sup \Zﬁk\mupw max
<p<q<00 : mn<]§mn+1

ln

Z ak‘ > 0.

k=my,+1
Combining this observation with the preceding estimate we obtain

I fllx, = c&sup\b l,
neN

and therefore (b) is proved. m
Now, we are ready to prove the main result of Section 2.

THEOREM 4. Let 1 < p < oo. Every infinite-dimensional subspace X
of R, either is isomorphic to la, or contains a subspace isomorphic to cg
and complemented in Ry.

Proof. Suppose that for every f = >"77, byry € X we have

> /
£l = 7l = (382) "
k=1

This means that X is isomorphic to some subspace of ls and so to Iy itself.

Otherwise, by , there is a sequence {f,}n>; C X with || fullx, = 1
for which || fn]la = 0 as n — oo. Observe that {f,}7°; has no subsequence
converging in Kp-norm. In fact, if || f,, — fl|x, — 0 for some {f,, } C {fn}
and f € X, then ||f,, — flla — 0 and hence ||f||g = 0, i.e., f = 0. On the
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other hand, ||f|x, should be equal to 1, and we come to a contradiction.
Thus, passing to a subsequence if necessary, we can assume that

(2.16) 1 fn = fmllk, =€ >0 forall n+#m.

Recall that {s};}°° | is a basis in (R,)*. Applying the diagonal process, we
can construct a sequence {ng}3°, n1 < ng < ---, such that limy_, s7(fn,)
exists for every ¢ = 1,2,.... Then

klingosj(fn%“ — fny) =0 foralli=1,2,...,

and since { fn,, ., = fra, } ooy is bounded in R, we infer that fr,, | — fn,, —0
weakly in K. Now, taking into account and applying the well-known
Bessaga—Pelczynski Selection Principle (see [I, Proposition 1.3.10] or [12]
Proposition 1.a.12]), we can find a subsequence of { fp,, , — fn,, } (not rela-
belled) and a block basis {uy};, of the Rademacher functions such that

(2'17) Huk’_ (fn2k+1 _fnzk)HKp < B()_12_k_17 k=1,2,...,

where By is the basic constant of {7} in R,,. Then the sequences {u}32, and
{fropsr = fror Yooq are equivalent in K, (cf. [12, Proposition 1.a.9]). Moreover,
from it follows that uy — 0 weakly in K, and ||ug|/q — 0. Therefore,
by Theorem (b), the sequence {uy}72; (and 50 { fn,,., — fra, Fieq) contains
a subsequence equivalent to the unit vector basis of ¢y. Complementability
in R, of the subspace spanned by the latter subsequence is an immediate
consequence of Sobczyk’s theorem [1, Corollary 2.5.9]. m

Arguing as in the proof of Theorem [d] we also obtain the following result.

THEOREM 5. Let 1 < p < oo, and let { fn}>2, be a basic sequence in R,
weakly converging to zero in Ky with 1/co < || fullk, < co for some constant
co > 0 and for all n € N. Then {f,}2, contains a subsequence equivalent

to the unit vector basis of la or cy.

3. Structure of Rademacher subspaces in K. In this section we
complete the proof of Theorem [I} In view of Theorem [3] all we need is the
following result.

THEOREM 6. Let X be a subspace of K = Cesy which is isomorphic
to la and such that X C R. Then X is uncomplemented in K.

Proof. On the contrary, assume that an X as above is complemented
in K. Let {z,}72; C X be equivalent to the unit vector basis {ey}22; of lo.
Since e, — 0 in Iy, it follows that z, — 0 in K. Noting that z, € R
and ||zp||xk < 1, n =1,2,..., by applying the Bessaga—Pelczyniski theorem
once more (see [1, Proposition 1.3.10| or |12 Proposition 1.a.12]), we select
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a subsequence {zp, } C {x,} equivalent to a suitable block basis {u,} of the
Rademacher functions,
Mp41
Up = Z apre, 0<mi<mg<---,neN,
k=mn+1
such that ||z, —ui||[x — 0 as ¢ — oco. Hence, {u,} is equivalent in K to the
unit vector basis in [o, i.e.,

(3.1) H i bt
n=1

Taking into account the principle of small perturbations [I, Proposition
1.3.9], we can also assume that the closed linear span [u,] is also comple-
mented in K. Moreover,

> (ibi)lm, b, € R.

Mn+1

1/2
(3.2) Hun||Kx( 3 ai) =1, n=12,....
k=my,+1
In fact, otherwise we have
Mn+1
.. 2
hnrggf Z ap, = 0.
k=mn,+1

Also if ¢ € K*, then
lp(ui)| < le(ui = zn)| + lp(zn,)| < @l lui = 20, + l(zn,)|-

Since z, — 0 in K and |lui — zn, ||k — 0, we find that wu, 2 0in K as
well. Therefore, by Theorem [3(b), {un}32; contains a subsequence {un, }52,
equivalent in K to the unit vector basis in ¢y. Since this contradicts {u,}
being equivalent in K to the unit vector basis in [o, is proved.

Let P be a bounded projection from K onto [u,]. Since {u,} is a basic
sequence in K, we can find functionals ¢, € K*, n =1,2,..., such that

Pf(x):Zgon(f)un(x), [ eK.
n=1

Since K C L1, the Kothe dual K’ contains the space Lo, and therefore K’
is a total set on K. Thus, by [9, Chapter 10, Theorem 3.6|, we have

(3.3) K*=K°®K®,

where K¢ (respectively, K#) is the set of all order continuous linear function-
als on K generated by the space K’ (respectively, singular bounded linear
functionals on K). Hence, if § € K*, then

(3.4) O(f) =0 for every f € Ky,
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where K is the separable part of K (the set of all elements in K having
absolutely continuous norm). In particular, from it follows that

on =Y, +60, withy, € K°and 0, € K°, n=1,2,....
Moreover, since P is a projection onto [u,], we have
(3.5)  Un(up) +0p(un) =1 (n=1,2,...),  ¥n(u;)+ 6p(u;) =0 for i # n.
Since from it follows that

> 1/2
||PfHKx(Zg0n(f)2) < oo forevery f € K,
n=1

{¢n} is a weakly™ null sequence in K*. Therefore,
(3.6) lonllgx <A  (n=1,2,...) for some A > 0.

On the other hand, taking into account (3.4]), we see that the operator

Qf () =Y vu(f)un(z), f € Ko,
n=1

coincides with P on Ky and hence QQ : Ky — K is bounded. Let us show
that @ acts boundedly in K.

Since 1, € K¢, we have

1
(3.7) Un(f) = \gn(t)f(t)dt for some g, € K.
0

For every f € K we have |f|X(1/m,1 - signgn € Ko, m,n = 1,2,..., and
therefore in view of (3.6) and (3.4]),
1
S |gn(t)f(t)X[1/m,1] (t)| dt = ¢n(|f’X[1/m,1] - sign gn)
0 .
= on ([1X[1/m,1) 5181 gn)
<Alfllg, mmn=12,....
Letting m — oo, by the Fatou lemma we have

1
Vgn(@) f(t)dt < A||f|x  forall f € K andn €N,
0

whence ||, ||+ < A. Combining this inequality with (3.6]), we infer that
(3.8) |Onllxcx <24, n=12,....
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Moreover, by (3.1)),

00 1 9
> (§9a® 7 OX/mu 0 dt) = 1QU (1 m, 1) I
n=1 0
< Cllfxpmullk < ClfI%-
Since g, f € L1 for allm=1,2,..., as above we obtain
00 1 9
(3.9) 1QfI = Y- (T9a0f(t)dt)” < ClFI
n=1 0

and the assertion is proved.
Note that 7; — x(o,1) € Ko for all i € N. Therefore, by (3.5)), 0, (r;) =
On(X[0,1]) := cn for all n,i € N, and

Therefore, by (3.8)), for all positive integers n and 4,
lenl = 10n(X0,1)] < [10nllr X0, < 24,

whence
lim sup |6, (u;)| = 0.

1—00 peN
On the other hand, by (3.5, we have
¢n(ul) = _en(ul) (’L # n) and wn(un) =1- en(un)a n €N,

whence
lim ¥, (uy,) =1 and  lim sup |[¢,(u;)| = 0.

Thus, passing to subsequences of {u,} and {¢,}, and keeping the same
notation, we deduce that the operator

Rf(z) =Y tn(flun(z), fEK,
n=1

where
(3.10)  Yuluy) >1-2""(n=1,2,...) and |t (u;)] <27 n # 1,

acts boundedly in K. As above, the functionals 1, are defined by (3.7]).
Since K C L41[0,1], the operator R is also bounded from K into L;.
Let us show that R : K — L; is weakly compact. By the Dunford—Pettis
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theorem (see, for example, [1, Theorem 5.2.9]), it is sufficient to check that
the set {Rf : || fllx < 1} is uniformly integrable on [0, 1]. In fact, by (3.2)
and (3.9), for every f € K with || f||x <1 and any set E C [0, 1], we obtain

o] Mp+41 /
IBF Xl < m(B)? [RF |, = m(E) (S walf? Y at)”
n=1 k=my,+1

= m(B) (Y wa()?)” < ClRIm(E) 2
n=1

whence

m(g)nﬁosup{H foxele, Ifllx <1}

(here, m(FE) is the Lebesgue measure of a set E'). Thus, R is a weakly compact
operator from K into L.
Now, we consider separately two cases. Firstly, assume that there are
d € (0,1) and a subsequence {uy, } C {uy,} such that
‘ 1
(1) [y (x| = | Yoo O (Ot > 5, k=12,
1

Note that for every measurable function f on [0, 1] with supp f C [4,1] we

have
1

1 1
1l < Il = sup =V [£(8)|dt < sIFleas -
§<z<1 T 5

Therefore, Rsf := R(fx[5,1]) is a weakly compact operator in L1[0, 1]. Since
L1[0,1] has the Dunford—Pettis property (see [I, Theorem 5.4.5]), we con-
clude that Ry is weak-to-norm sequentially continuous. Clearly, from wu, — 0
in K it follows that wu,X(s1 % 0 in Ly[0,1]. Thus, [ R(unxisa)llz, — 0 as
n — oo. On the other hand, by the Khintchine inequality in L1, and
, we have

miy1

IR 3l < | S xsn) Y- ],
=1

Jj=my;
[ele) mi41 1/2
= {Zwi(unk X)) D aﬂ
i=1 j=mi+1

1/2

= [sz(unk 'X[d,l])2:| > |wnk (unk : X[&,l})’ >
=1

DN | =

for all £k =1,2,.... This contradiction concludes the proof in the case when

(3.11)) holds.
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Suppose now that (3.11) does not hold. Then, by (3.10) and (3.7)), for

any 0 € (0,1) and all sufficiently large n € N we have
6

1
(3.12) H gn(D)un(t) dt‘ >4
0
Setting 69 = 1/2, we find n; € N and ; € (0, o) such that
do 1
[ 9o (£, (1) dt’ > 1
o1

Denote vy, := un, X(6,,6,)- From 1} it follows that g, Y0 in K*. Moreover,
we know that u, — 0 in K. Therefore, by 1' there is no > ny for which
o1

| g (B)un, (1) dt| <
0

1
2737

Gno (t)on, (B) dt| < —

|

>
O e

S Gno (E)un, () dt| > —.
0

Furthermore, we can find d2 € (0,6;) such that the functions g, and vy,
(i = 1,2), where vy, := Un,X(5,,6,], Satisfy

Suppose that for some k € N we have chosen

ny <---<mng and 1/2:50>51>"'>5k>0

so that the functions g,, and v, := Un; X[6;,6,-1]> i=1,...,k, satisfy
1

(3.13) Jon, O (] < i 1<i#i<h
i

(3.14) [, (Byon, (1) di| > i, i=1,.. .k
0

Using the facts that u, — 0 in K and g, Y0 in K*, and 1' once more,
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we can find ngyq > ng such that

Ok
| o Oy (O] < sy, =1k,
o1 1
Hgnkﬂ(t)vm(t)dt < SiTRTT i=1,...,k,
Sk ’ .
S G s ()t (1) dt| > T
0

Clearly, there is d;x4+1 € (0, d) such that for the functions g,, and vy, where
Ungpr 7= Ungiy X[541,6,]» inequalities (3.13) (respectively, (3.14)) hold for all
1<i#j<k+1 (respectively, i =1,...,k+1).

Thus, we can select sequences

ny<ng <--- and 1/2:50>51>"'>0
such that the functions g, and vy, == un,X[s,,6,_,], ¢ = 1,2,. .., satisfy
1
(3.15) [ §gm, (om0 at| < 2Z+J 1<ij< oo,
.
(3.16) Jonon Byt > 1, i=12,
0

By [3 Proposition 1|, every sequence {f,} C K such that supp f, C [an, by]
with by > a1 > by > as > --- > 0 and b, — 0T contains a subsequence
{fn, } which is equivalent in K to the unit vector basis of cg. Therefore, we
can assume that

sup H Z Un;

m=1,2,...

LS Csup lvn, [k < C sup ||UnHK < 00.

n=»L,z,..

Moreover, it is clear that the operator

oo 1
:Zng t)dt - up, ()
0

=1

is bounded in K together with the operator R. Hence, on the one hand,

ol
On the other hand, by (3.1 ., - and - for every m = 1,2,.

< C|R'|| for allm € N.

[ (S0, = 71
=1
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have
m co m 1
030 W > PRERAT
i=1 j=14i=10
m 1 o0 1
> (1§ g, (5)vn, (s) ds tn, | -y Hgn] §)Un, (s) ds
=10 i,j=1,i#5 0
m 1
> ngnl Unz dS Un,; -1
=10 K

H1/2_1 cm

s 1

@
I
-

- [3)

where ¢ > 0. This contradiction finishes the proof. =

In; (8)vn,(s) ds

O e

From Theorem [6] it follows that every subspace of R isomorphic to I3 is
uncomplemented in K. However, the following result holds.

PROPOSITION 2. Every subspace X of R isomorphic to ls contains a sub-
space complemented in R.

Proof. Let {z,}22; C X be a sequence equivalent to the unit vector
basis in ly. Arguing as in the proof of Theorem [6] we can find a subsequence
{zn,} C {zp} which is equivalent in K to a suitable block basis {u;}32; of
the Rademacher functions such that ||u;||x > ¢ and u; — 0 weakly in K.
Moreover, we can assume that [z,,] is complemented in R if and only if [u;]
is complemented in R. Since {u;} is equivalent to the unit vector basis in l2,

equivalence holds. Let
Mp41
Uy = Z agrr, l=mp<mg<---,néeN.
k=my,+1

For any f =" ¢,ri € R we set

Mn+1
1

Pf:ibn(f)un, where b,(f) = —— Z Ck-

Mp41 — Mp JR——
- n

Then Pg = g if g € [uy]. Moreover, by (3.1) and (1.1)),
Mn+1

m
n+l k=mn—+1

o0 Mn+41 1/2 [e’e]
(ot X od) <(Xd) =
n k=1

m
n=1"% 1 k=mn+1
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Thus, P is a bounded projection from R onto [u,]|. By the above observation,
this implies that the subspace [x,,] of X is complemented in R. =

4. Structure of Rademacher subspaces in K,, 1 < p < oo. Here,
we prove Theorem [2] Clearly, it is an immediate consequence of Theorem
and the following result.

THEOREM 7. Let 1 < p < oo. Every subspace X of R, isomorphic to la
is complemented in K.

Proof. Let us prove that for every z = > 72| agry € X we have

° 1/2
(4.1) o, =< olla= (Y at) ",
k=1
with constants independent of z € X. In view of , x|k, > cl|z||q for all
x € Rp. Hence, assuming the contrary, we find a sequence {z,} C X such
that ||z,|lx, =1 (n=1,2,...) and [[z,]|qg — 0 as n — oo.
Since X is isomorphic to l2, we may assume that x,, — x weakly in K,

for some x € X. Then, setting z,, = > ;= afrg,n = 1,2,..., and = =
Zzozl axry, we see that lim,_, a} = aj, for each k = 1,2,.... On the other
hand, lim,a} = 0, k = 1,2,... because |z,llq — 0, and so z, — 0

weakly in K. Therefore, applying the Bessaga—Pelczyiiski Selection Prin-

ciple, we can find a subsequence {x,,} C {z,} and a block basis {u;} of the

Rademacher functions such that ||z, — u;||x, — 0 as i — oo, and {x,, } and

{ui} are equivalent in K. It is obvious that [ju;||x, <1 (i = 1,2,...) and
w . .

u; — 0 as ¢ — oo in K. Moreover, by 1'

luilla < lzn; — willa + |20 lla < Cllzn, — willk, + |20, llas

whence [|u;]|¢ — 0 as i — co. But then, by Theorem B{(b), {u;}$2, contains a
subsequence equivalent to the unit vector basis of ¢y. Clearly, this contradicts
the assumption, and relation is proved.

Recall that the orthogonal projection P acts boundedly from L, with
1 < p < oo onto the closed linear span [r,] in L,. Since the Rademacher
functions are equivalent in L, 1 < p < oo, to the unit vector basis of I, from
it follows that X is a complemented subspace in [ry,]. Denote by R a
projection from [ry] onto X. Then S = RP is a bounded projection from L,
onto X. Moreover, since

1% 1/p
x|z, < sup < S |x(t)|P dt> = ||z]|k, forall z € K,
0<z<1\7T |
we have

152k, =< S22, < ClISlL,~r,l2llz, < CrlPllL, L, /K,

for all z € K. Thus, X is complemented in K, and the theorem is proved. =
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From the Fatou lemma it follows that K,, 1 < p < oo, has the Fatou
property, i.e., the conditions f, € Ky, || fullx, <C,n=1,2,..., fn = f ae.
on [0,1] imply that f € K, and || f||x, < C. Therefore, if X is a subspace
of the Rademacher space R,,1 < p < oo, isomorphic to cg, then by the
Bessaga—Pelczyniski theorem, we can select a block basis {u,}>2; of the
Rademacher functions which is equivalent to the unit vector basis in ¢y and
then K, contains the subspace X'p consisting of all functions

(e.)
f= Z apun, where (ap) € loo (the series converges a.e. on [0, 1]).
n=1

Clearly, Xp is isomorphic to l. Note that the existence of a bounded pro-
jection from K, onto [u,] ~ ¢y would imply immediately that we have a
bounded projection from Xp ~ loo onto [uy], which contradicts the well-
known Phillips—Sobczyk theorem (see [1, Theorem 2.5.5]. Thus, we obtain

COROLLARY 2. Ewvery subspace of R,, 1 < p < oo, tsomorphic to cq s
uncomplemented in Kp.

5. Rademacher functions in weighted Cesaro spaces. In [0], we
have also considered a more general weighted version of Cesaro type spaces,
the space K., = K)p [0, 1] with the norm

0<z<1 w(x)

1 7 1/p
1llk,. = sup ( X\f(t)lpdt) ,
0

where 1 < p < oo and w is a quasi-concave function on [0, 1], that is,
w(0) = 0, w is non-decreasing and w(x)/x is non-increasing on (0, 1]. Using
the equivalence (cf. [6, Theorem 2|)

(5.1) Hia”k‘[{ = (ia%)l/z—i—sup <w?2__mm)>1/p‘zm:ak’
k=1 k=1

p,w =1 meN
and the fact that the restriction of K, to any interval [d,1], where 0 <
d < 1, coincides with L1[d, 1] (with equivalence of norms), and applying the
Dunford—Pettis property of the latter space, we proved in [0, Theorem 5]
that the closed linear span [r,] of the Rademacher functions in K ,, is un-
complemented. The situation is different in the case when 1 < p < oco. If
there is a constant ¢ > 0 such that

(5.2) w(t) > ct log§/2(2/t) forall 0 <t <1,

then {r,}5°, is equivalent in K, to the unit vector basis of I3, and [r,] is
complemented in K, ,, (see [0, Theorems 3 and 5]).
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Now, the techniques based on using block bases from this paper allow us
to fill the gap in [6] related to the case when condition (5.2)) does not hold.

THEOREM 8. If1 < p < oo and condition (5.2]) does not hold, then the
subspace [ry] of the Rademacher functions is not complemented in Kp

Indeed, arguing as in the proof of Theorem [d] we can construct a block
basis {u,} of the Rademacher functions equivalent to the unit vector ba-
sis of ¢p such that the closed linear span [u,]| in K, is complemented in
the subspace [ry,] and not complemented in K., (see Corollary . Clearly,
these facts imply that [r,] is not complemented in K, ,,. We omit the de-
tails.
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