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Non-hyperreflexive reflexive spaces of operators
by

RoOMAN V. BEssoNOV (St. Petersburg), JANKO BRACIC (Ljubljana) and
MICHAL ZAJAC (Bratislava)

Abstract. We study operators whose commutant is reflexive but not hyperreflex-
ive. We construct a Cy contraction and a Jordan block operator Sp associated with a
Blaschke product B which have the above mentioned property. A sufficient condition for
hyperreflexivity of Sp is given. Some other results related to hyperreflexivity of spaces of
operators that could be interesting in themselves are proved.

Introduction. Let X be a complex Banach space and let £(X) be the
algebra of all bounded linear operators on X. For a linear subspace S C L(X),
the reflezive closure of S is defined by Ref S = {T' € B(X); Tz € Sz for
every x € X}, where Sz denotes the closure of the orbit Sz. It is easily seen
that Ref S is a strongly closed and hence also norm closed linear space that
contains §. The space S is said to be reflexive if S = Ref S.

For an operator T € £(X), the usual distance and the Arveson distance
of T to a linear subspace S C L(X) are given by

d(T,S) érelg ||§;1HlI§)1HTx Sz|| and «(T,S) ||§;l\\llg)1ér€l‘f9 | Tz — Sx|,
respectively. It is obvious that d(-,S) and a(-,S) are seminorms on L(X)
satisfying o(7,S) < d(T,S) for every T' € L(X). The space S is said to
be hyperreflexive if d(-,S) and a(-,S) are equivalent, i.e., if there exists a
constant ¢ > 1 such that

(0.1) d(T,S) < ca(T,S) (T € L(X)).

Let x(S) be the infimum of all numbers ¢ > 1 satisfying (0.1). Then x(S)
satisfies as well and it is the smallest number with this property. For
a hyperreflexive linear space S C £(X), the number x(S) is called the hy-
perreflexivity constant of S.
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Every norm closed hyperreflexive linear space S is reflexive. Indeed,
note that 7 € Ref S if and only if a(T,S8) = 0, and T € S if and only
if (7, S) = 0. On the other hand, there are reflexive linear spaces of opera-
tors which are not hyperreflexive [10]. However, if S is a finite-dimensional
space, then S is hyperreflexive if and only if it is reflexive (see [11]).

Let W(A) denote the smallest strongly closed (i.e., closed in the strong
operator topology) subalgebra of £(X) containing A € £(X) and the identity
operator I. Note that if X is a Hilbert space, then W(A) is also weakly closed.
See, e.g. [3, p. 38] for the proof of the well-known fact that any strongly
closed convex set of Hilbert space operators is closed in the weak operator
topology. The operator A is said to be reflexive, respectively hyperrefiexive,
if so is W(A). For a hyperreflexive operator A, the hyperreflexivity constant
of W(A) is denoted by x(A).

The hyperreflexivity concept for operator algebras was introduced by
Arveson in the late 1970’s and it turned out to be useful for some prob-
lems in perturbation theory. Until 1985 it was unknown whether hyper-
reflexivity and reflexivity are equivalent. The first example of a reflexive
algebra of operators which is not hyperreflexive was given by Kraus and
Larson [10].

This paper consists of two parts. Section [1]is devoted to the hyperreflex-
ivity of spaces of operators on general Banach and Hilbert spaces. It is
well known that similarity preserves hyperreflexivity in Hilbert spaces [7].
We extend this fact to Banach spaces. Next, we show that a direct sum
of two spaces of Hilbert space operators is hyperreflexive if and only if the
summands are hyperreflexive (see also [9]). Estimates of the hyperreflexiv-
ity constant of the direct sum are given in terms of the angle between the
underlying Hilbert spaces.

An operator on a two-dimensional space is reflexive, and therefore hy-
perreflexive, if and only if it has two distinct eigenvalues. We express the
hyperreflexivity constant of such an operator in terms of its matrix elements.
This allows us to construct a non-hyperreflexive reflexive operator.

In Section [2| we consider the hyperreflexivity of Cy contractions. An op-
erator A acting on a Hilbert space H is called a Cy contraction if ||A]] <1
and there exists a bounded non-zero analytic function f on ), the unit disk
in the complex plane, such that f(A) = 0 (see [14]). It is well known that
Cy contractions share many properties with finite-dimensional operators.
As mentioned above, each finite-dimensional reflexive operator is hyper-
reflexive. It is a natural question whether each reflexive Cy contraction is
hyperreflexive. We give a negative answer to this question.

We consider a so-called Jordan block, a functional model of a Cy con-
traction A satisfying dim Ran(/ — AA*) = dim Ran(/ — A*A) = 1. First, we
show that a Jordan block is hyperreflexive whenever its minimal function is
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a Blaschke product satisfying the Carleson condition. Next, we construct a
Jordan block S and two-dimensional invariant subspaces H,, of it such that
the orthogonal sum of the operators S|H, is a non-hyperreflexive reflexive
Co contraction T satisfying dim Ran(I — T7T*) = dimRan(! — T*T') = cc.
Finally, applying a deep result on Riesz bases due to Vasyunin, we show
that this Jordan block S is itself a non-hyperreflexive reflexive operator.

1. Hyperreflexivity in general Banach and Hilbert spaces

1.1. Hyperreflexivity of similar spaces. It is well known that sim-
ilarity preserves reflexivity and hyperreflexivity in Hilbert spaces. The fol-
lowing proposition extends [7, Proposition 1.3] to general Banach spaces.

ProrosITION 1.1. Let X and Y be complex Banach spaces and let S C
L(X) be a hyperreflexive subspace. If A € L(X,Y) and B € L(Y,X) are
invertible, then ASB C L(Y) is a hyperreflexive subspace and

1
K
AT IBIHIA= 1Bl
Proof. First we note that {z€X; ||z||<1} C {||B~!||By; y€Y, ||yl <1}.
Indeed, if z € X, ||z|| < 1, then z = HB_1||B% and H||BB;*113DH‘ < 1. Let
T € L(X) be arbitrary. Then
o(T, ) = sup{inf {|[(T — S)ell; S € S}; v € X, [lo] < 1}
= sup{inf{| A" (ATB — ASB)B™'z|;; S€ S};z € X, ||lz|| < 1}
< sup{inf{|| A (ATB — ASB)B~(|B~"|By)|; S € Sk y € Y, lyll < 1}
< A1 B sup{int{||(ATB — ASB)yll; S € S} y € Y, |yl < 1}
= AT | B~ (AT B, ASB).
A similar reasoning gives d(T,S) < ||A7Y|||B~!||d(ATB, ASB). It is ob-
vious that d(ATB, ASB) < ||A||||B||d(T,S) as well. Thus, if S is hyper-

reflexive, then
d(ATB, ASB) < [[A| | B A(T,S) < [|A]l | B]|&(S)a(T,S)
< [AIIBIATHIB™#(S)(AT B, ASB)
for every T' € L(X). Hence ASB is a hyperreflexive subspace and k(ASB) <

A |B] |A=) |B~Y|#(S). The last inequality implies that x(S) < || Al || B||
AT |1B~Y|x(ASB) if we interchange the spaces S and ASB. =

(8) < w(ASB) < | A B A 1B~ [|x(S).

COROLLARY 1.2. Let H be a complex Hilbert space and S C L(H) be a
hyperreflexive linear space. If U and V are unitary operators on H, then
the space USV is hyperreflezive and k(USV') = k(S). =
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COROLLARY 1.3. Let X, Y be Banach spaces. Assume that A € L(X) and
B € L(Y) are similar, i.e., there exists an invertible S € L(X,Y) such that
B = SAS™!. Then A is hyperreflexive if and only if B is hyperreflexive. m

Operators A € L(X) and B € L£(Y) are said to be quasi-similar if there
exist injective operators with dense ranges, S € L£(X,Y) and T € L(Y,X),
such that SA = BS and TB = AT. Note that, by [16, Example 5.2], quasi-
similarity does not preserve hyperreflexivity.

1.2. Hyperreflexivity of orthogonal sums of hyperreflexive
spaces. Let H; and Hy be Hilbert spaces and let H = H; @ Hy be their
orthogonal sum. If §; C L(H;) (i = 1,2) are reflexive, then S; & Sy €
L(H; @ Ho) is reflexive as well (see [3, Proposition 56.2]). For hyperreflex-
ivity we have an analogous result.

PROPOSITION 1.4. Let Hq, Ho be Hilbert spaces and let H = H1 ® Hy be
their orthogonal sum. Assume that S; C L(H;) (i = 1,2) are closed linear
subspaces and let T; € L(H;) (1 =1,2). Then

(i) max{d(Tl,Sl),d(Tg,Sg)} < d(T1 e Tr, 51 @ 82) < d(Tl,Sl) +
d(T3, S2),

(11) max{a(Tl,Sl),a(TQ,Sg)} < O[(Tl o Th, 81 & SQ) < Oé(Tl,Sl) +
a(Ts,S2).

(ili) S1 ® Sa is hyperreflexive if and only if both Si and Sa are, and
max{k(S1), k(S2)} < K(S1 ® S2) < 1+ 2max{k(S1),k(S2)}.

Proof. Most of these assertions are particular cases of those obtained in
[9, Sec. 5]. For the reader’s convenience, we give another proof here.

(i) Since
d(Tl @15, 51 P 82)2 = inf{sup{H(Tl — Sl)l‘1H2 + H(Tg — Sg)x2”2;
21 ]* + |22l < 1}; S1 € 81, Sa € So}
> inf{sup{||(T; — Si)ail1*; |lzil| <1}; Si € 8} = A(T3, 8:)*  for i = 1,2,
one has max{d(T1,S1),d(T2,S2)} < d(T1 ® T2, S1 ®S2). On the other hand,
d(Tl DT, S1 @82) < d(Tl @0, S @SQ)"‘d(O@TQ,Sl EBSQ) since d(',Sl EBSQ)
is a seminorm. However,
d(T1 P 0,51 d 82)2 = inf{||T1 — 51H2 + H52||2; S1 €81, 5 € 52}
= inf{HTl — Sle; 51 € 81} = d(Tl,Sl)Q,

and similarly d(O @ Th, 51 b 82) = d(TQ,SQ). Thus, d(Tl ¢ T, 51 ® 52) <
d(Tl,Sl) + d(TQ,SQ).
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(ii) One has

a(Th,S1) = sup{inf{||(T1 — S1)z1|; S1 € S1}; ||zl < 1}
= sup{inf{||(Th & T5 — S1 ® S2)(z1 ® 0)||, S1 € S1, S2 € Sa}; ||x1]] < 1}
<ol eT5,851882) <a(l1 80,51 B S2) +a(0d T, S1 & Sa),

where the last inequality holds as a(-,S1 @ S2) is a seminorm. Again,

a(Th ® 0,81 @ 8)* = sup{inf{[|(Ty — S1)z1|* + || S22 %;
S1 € 81, 82 € So}; [|lza][® + [la2]* < 13
= sup{inf{H(T1 — 51)271“2; 51 S 81}; Hxlﬂ S 1} = a(T1,81)2.
Of course, the same inequalities hold if index 1 is replaced by index 2. We
conclude that (ii) holds.

(iii)) Assume first that S; @ So is hyperreflexive. Then d(73,8;) =
d(Tl @0,85; EBSQ) < Ii(Sl @SQ)O[(Tl &0, S EBSQ) = K(Sl @Sg)a(Tl, 51), and
similarly d(7%,S2) < k(81 @ S2)a(T3, S2). This proves the inequality

max{k(S1),k(S2)} < K(S1 B S2).
On the other hand, if §; and Sy are hyperreflexive, then x(S; @ S2) <
1+ 2max{x(S1), k(S2)}, by [9, Corollary 5.4]. m

It is obvious that Proposition [L.4iii) implies the following corollary.

COROLLARY 1.5. Let H be the orthogonal sum of Hilbert spaces H;
(¢ € N) and let S; C L(H;) be weakly closed subspaces. If S = @,y Si
is hyperreflexive, then each S; is hyperreflexive and k(S;) < k(S). =

1.3. Hyperreflexivity of a direct sum of hyperreflexive spaces.
Let M and N be closed non-trivial subspaces of a separable complex Hilbert
space H. Recall that the angle between M and N is the number ¢ € [0, 7/2]
which is given by

(1.1)  cosp =
sup{[(z,y)[; € M (MNN), y e No (MNN) and [lz]| = [[y]| =1}

From now on we assume that M NN = {0} and M +N = K, i.e., H is the
direct sum of M and N, which we briefly write as H = M + N. In this case

(1.1) simplifies to
cosp = sup{[(z,y)[; z € M, y € N and [|z[| = [|y[| = 1}.

Note that the sum M + N is a closed subspace of H if and only if the
angle between M and N is strictly greater than 0. Thus, from now on it is
assumed that ¢ > 0. We use the symbol & for the orthogonal direct sum,
ie, M+ N=M®N if and only if ¢ = 7/2.

Lemmas and below will be used to estimate the hyperreflexivity
constant of a direct sum of hyperreflexive spaces.
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LEMMA 1.6. Ifz € M, y € N and ||z|*> + ||ly||? = 1, then

(1.2) 1—cosp < ||z +yl|* <1+ cosp.

On the other hand, if ||z + y|| = 1 for some © € M and y € N, then
1

1.3 — < 2 N

(1) e <l € e

Proof. If x = 0 or y = 0, then the statements hold trivially. Assume
therefore that = # 0 and y # 0. Note that 2|z| ||ly|| < [|=||*> + |ly||*> and
Re (z,y) < |(x,y)| for arbitrary vectors = and y.

Assume first that z € M, y € N and ||z||* + ||y||*> = 1. Then

lz +ylI* = [l + lyll* + 2Re (z,y) = [l«|* + [ly]|*
2|l [lyll < Ty > ‘< Ty >‘
4 e Re (o, o ) < 1 [ e,
1z ]I* + [lyl1? [l [yl [l [yl
<1l+cosyp

and
lz +yl* = lz)* + llylI* + 2 Re (z,y) = llz||* + [ly|I”

2
_ 2lalllol Re<_x,y> S ‘<_wy>’
)1+ vl ]l [lyll 2]l Myl

>1—-cosp.
Let now |z +y|| = 1. Then

—1
a2 + ) = MR I (1 me( (o ) el )
2+ ylI? 1=l Tl /) =] + [y ]2

T -1 1
<(-[-mml) <=
]l [yl 1 —cosyp

—1
T Y 1

lall? + ]2 > <1+ 1<>D > 1.
el Tl [T ooy

Define X = M@ N, i.e., the underlying vector space for X is the same as
for 3, but the inner product is (z1 +y1, x2+y2)% = (1, x2)5¢+ (Y1, Y2 ) 9¢ for
1,22 € M and y1,y2 € N. From now on we omit the subscripts indicating
where an inner product is computed. Let @ : H — X be given by &(z+y) =
x @y forx e M, y e N.

and

LEMMA 1.7. @ is an invertible linear operator with
1

| = ——— and ||o7'=+/1 :
H H m an || H +COS(70
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Proof. It is obvious that @ is an invertible linear operator. Let x € M
and y € N be such that x +y € H is a vector of norm 1. Then, by (1.3),

& 2 _ 2 _ 1.2 2 o
|2 +9)I* = e @ vl = ol + Il < T

which shows that ||| < 1/{/1 —cos¢. Now, let ¢ > 0. By the definition
of the angle between subspaces, there exist x € M and y € Y of norm 1
such that cos¢ < [(z,y)| + €. We may assume that (z,y) < 0 (replace, for

2
]I + [l _ 2

instance, x by —%x) Then
22+ Iyl + 2Re (z,y) 2 —2((z,y)]
1

ng( T >

[l +yll
> )
“ 1—cosp+e

so [|®|| > 1/y/1 — cos ¢.

The norm of ¢! is computed in a similar way. The inequality |[|¢1| <

V1 + cosp follows from ((1.2). On the other hand, for a given £ > 0, there
exist z € M and y € N with |z|| = ||y|]| = 1 such that cos¢ < |(z,y)| + ¢
and (z,y) > 0. Then %(az @ y) is a vector of norm 1 in K such that

o (o)
>1+4cosp—e.

Thus, |71 > I+ cosg. u

Let S C L(M) and 7 C L(N) be weakly closed spaces of operators. We
denote by S+ 7 the set of all operators in £(H) which have a block matrix
representation (g %) (S € §, T € T) with respect to the decomposition
H = M + N. It is obvious that S + 7 is a weakly closed subspace and it is
not hard to see that it is reflexive if and only if S and 7 are reflexive.

2
1
= 5(”90”2 + [lyll* +2Re (z,9)) = 1+ (2, 9)]

PROPOSITION 1.8. The space S+7T C L(H) is hyperreflexive if and only
if S and T are hyperreflezive. Moreover,
11—cosp —Ccos

) 1
14 - T 7)< Y <
(1.4) 3 14 cos gon(s +T) < max{r(8), K(T)} < 14 cosp

Proof. As before, let X = M & N. It is obvious that S® 7 := {S & T;

S €S8, T €T} is a linear subspace of £(X). Let @ : H — X be the linear

operator defined above. Then S ® T = &(S + 7)®~!. Thus, by Proposi-
tion [L.1]

1 —cosyp

1+ cose

K(SH+T).

RS HT) < K(S®T) = r(@(S + T)o) < 18

- l—cosgo’i(SjLT)'
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Since every hyperreflexivity constant is greater than or equal to 1, we have
(1.4), by Proposition |1.4{iii). =

1.4. Hyperreflexivity of 2 x 2 matrices. Let X be a two-dimensional
complex vector space. It is an easy exercise to show that W(A) = {A} for
every operator A € B(X) which is not a scalar multiple of I. Thus, such an
operator is reflexive if and only if its commutant is reflexive, which happens
precisely when A has two distinct eigenvalues (see [5]). Let us identify X
with C2. Then every operator is represented by a 2 x 2 matrix. Let A =
(2%) € Max2(C) have distinct eigenvalues. Our aim is to express x(A) as
a function of a, b, ¢, d. This will be used to construct an operator with
reflexive but non-hyperreflexive commutant.

LEMMA 1.9. If A= (6‘,“;) € May2(C) with X\ # p, then

Ii(A) — |W‘2+‘,U,—)\‘2
= Al
Proof. Since A has two distinct eigenvalues there are precisely two non-
trivial proper A-invariant subspaces. These are complex lines spanned by the
cigenvectors e = () with eigenvalue A and f = (Jw|? + [p — A2)"V/2 (,2))
with eigenvalue u. The angle ¢ between these subspaces is given by cos ¢ =
(e, /)] = |w|/v/|w|? + | — A]2. Tt follows, by [15], that

VIwP + [ — AP
p=a "

If, in Lemma A is a diagonal operator, i.e., w = 0, then W(A) =
{A} = Dy, the algebra of all diagonal 2 x 2 matrices. Thus, k(D2) =
k(A) = 1. Note, however, that the hyperreflexivity constant of D3, the alge-
bra of all 3 x 3 diagonal matrices, is \/3/2 [4, Theorem 2.3].

Let H be a Hilbert space of dimension N € {4,5,...} U {co} and let
{en}_; be an orthonormal basis for H. Then the algebra Dy C L(H) of all
operators which are diagonal with respect to {en}ﬁle can be identified with
D3s®Dpy_3, where Dy_3 = Dy, if N = oo. It follows from Proposition (iii)
that x(Dy) > 1/3/2. On the other hand, by [I3, Theorem 3.5], x(Dy) < 2.

LEMMA 1.10. Let A = (:g) € Mayo(C), v # 0, be a matriz with
-1

k(A) =sin"lp =

eigenvalues 0 and 1. Then § =1 —«, f=a(l —a)y™", and

_ VPt la—laP -2
il '

Proof. Since A has eigenvalues 0 and 1 one has a + § = trace A = 1
and ad — By = det A = 0, which gives § = 1 —a and 8 = a(l — a)y L.
Let U = (Ja|* + \'y|2)*1/2(3 = ). It is easily seen (by direct computation)
that U is a unitary matrix such that A = UTU* (Schur decomposition),

(1.5) K(A)
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where T' = (é (af“X'ZBMQWil). Note that {T'} = U*{A} U, which means,
by Corollary [1.2] that k(A) = x(T). By Lemma|[L.9] one has (L.F).
PROPOSITION 1.11. Let A = (‘;g) € Mayo(C) be a matriz with two

distinct eigenvalues A2 = £(a+d £ /(a — d)? + 4bc).

(i) If ¢ =0, then
H(A) _V ’b’2 + ’d_ CL’2.

|d —a

(ii) If ¢ # 0, then

S 2
VIeP e = AP + |@ = K1) (e = M) — Ja — Al = [ef?]
; lef [A2 — A1 '
Proof. Tt is obvious that (i) is just Lemma Assume therefore that

¢ # 0. The matrix A— A1[ has eigenvalues 0 and Ay — A1. Dividing by As — A;
we obtain

(1.6)  r(A)

B 1 B ([« I6]
B_)\Q_)\l(A All)_<7 5),

7(1—)\1 ﬂ* b . C 5*d_)\1
BV Vs Vs VLl VAN W s VN W

The matrix B has eigenvalues 0 and 1. The commutants of A and B coincide,

which means k(A) = k(B). Thus, by Lemma we have (|1.6). =

Now we use the above results to construct an example of a non-hyper-
reflexive reflexive operator.

where

(07

PROPOSITION 1.12. There exists a sequence {An}o2 of 2 x 2 complex
matrices having the following properties:
(i) there exists m > /2 such that || An|| < m for alln € N;
(ii) each A, has two eigenvalues p, # vy, and if n # k, then {n, vp} N
{Nk:a Vk:} = @,’
(iii) the operator T = €D, | Ay is reflexive but not hyperreflexive.

Proof. Put
A — <1—1/n\/ﬁ 1/n )
0 1 —1/ny/n+ 1/n?
It is obvious that lim,_.. ||[I — Ay || = 0, which gives lim,, . [|A,| = 1 and

therefore {||A,[}5; is a bounded sequence. Since ||A1| = /2 this proves
assertion (i).



74 R. V. Bessonov et al.

To prove (ii) it suffices to show that there are no n,k € N for which
1 1 1

nvn  n? vk
The latter can be seen by simple number-theoretical arguments.

By (ii), we have {T} = @, ,{A.}, and since W(T') C {T}, also
W(T) = @, W(Ay). Therefore both {T'} and W(T'), being direct sums of
reflexive algebras, are reflexive [3, Proposition 56.2]. By Pro(i),
the hyperreflexivity constant of A, is k(A,) = k({An}') = V1 + n?, which
means, by Corollary that neither 7" nor {T'} is hyperreflexive. =

The operator T constructed above has norm ||T|| > /2. Dividing T by
its norm we obtain a contraction, which, however, is not in the class Cj.
At the end of the paper we shall improve this construction and obtain a Cj
contraction which is reflexive but not hyperreflexive.

2. Hyperreflexivity of C contractions

2.1. Preliminaries. The content of this subsection is standard and
can be found in several classical monographs, e.g. in [I, [6, 12} [14]. Let H?
and H be the usual Hardy spaces of functions analytic in the unit disk
D = {z € C; |z| < 1}. Recall that a function § € H™ is inner if [§(e?)] = 1
almost everywhere. For an inner function § € H*®, let Hy = H? © §H? and
let Py be the orthogonal projection from H? onto Hy. Of course, if 0 is a
constant (of modulus 1), then Hy = {0}. The Jordan block Sy associated
with 0 is an operator on Hy given by

(S0.f)(2) = Polzf(2)]  (f € Ho).

It is well known that each Cy contraction T satisfying dim Ran(1 — 77T =
dim Ran(1—T"*T') = 1 is unitarily equivalent to a Jordan block. By Sarason’s
theorem [I, Proposition 3.1.21], W(Sg) = {Sp}’. It follows that the commu-
tant {Sp} is reflexive, respectively hyperreflexive, if and only if Sy is re-
flexive, respectively hyperreflexive. The equality W(Syp) = {Sp}’ implies the
equality of their invariant subspace lattices. By [, Proposition 3.1.10(ii)],
every invariant subspace M of Sy has the form M = 6, H?> © 0H? = 6130,
for an inner divisor 87 of 6.

For A € D, let

Al A==z
balz) = Al— Az

be the corresponding Blaschke factor. Assume that {\,}>%,; C D is a se-
quence of pairwise distinct numbers satisfying the Blaschke condition, i.e.,
Y02 (I —|An|) < oo. The Blaschke product B(z) =[] by, (2) is an inner

n=1
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function with simple zeroes. Let
B(z) 5 B(2)
(2.1) By, (2) = and 7,(2) =v1—|\2—— (neN).
by, (2) zZ— A
Then {\,}>2, is the point spectrum of the Jordan block Sp, and r, are the
corresponding eigenvectors of norm one. Each invariant subspace M of Sp
is the closed linear span of all eigenvectors r,, € M.
A Blaschke product B(z) is said to satisfy the Carleson condition if

inf |B)\n ()\n)| > 0.

For a detailed discussion of Blaschke products satisfying this condition see
[12]. The following lemma is a simple consequence of the Kabaila-Newman
Lemma [12] p. 206 (159 in English transl.)].

LEMMA 2.1. For any q € (0,1) there exists a positive number 6(q) such
that if {1}, C D is a sequence of pairwise distinct numbers satisfying
1 — [Ag1] < q@(1 = |Ay|) for n = 1,2,..., then the corresponding Blaschke
product B(z) satisfies the Carleson condition inf,, |By, (An)| > d(g) > 0.

Recall that a family {u,}5°; of vectors in an infinite-dimensional sep-
arable Hilbert space H is a Riesz basis of JH if there exists an invertible
operator T' € L(H) such that {T'u,}?°, is an orthonormal basis of 3. It
is known (see [12, p. 175 (135 in English transl.)]) that B(z) satisfies the
Carleson condition if and only if the family {r,}2>; from is a Riesz
basis of Hp.

Similarly, a family {My}7°, of subspaces of a Hilbert space J{ is called
a Riesz basis if

(i) MM, = {0} if k # 1,
(i) H=M + Mo+ ---,
(iii) the operator T : fi+fo+- - +— f1®fo®- - from H to the orthogonal
sum @zozl My, and its inverse are bounded. Here, f, € My for every
ke N.

We shall use the following result due to Vasyunin (for the proof see [12,
pp. 279-287 (217-222 in English transl.)]).

THEOREM 2.2. Let 0 and {U}32, be inner functions such that § =
[1,2, 9% and denote 0y = 6/9y. Then the family Hj = Hy, is a Riesz basis
in Ho if and only if

inf inf (|6 9 .
inf inf (104(2)| + [9(2)]) > 0

2.2. Hyperreflexivity of a Jordan block: a sufficient condition.
For any Blaschke product B with simple zeroes there exists a Cy contraction
T whose commutant W(T') = {T'} is hyperreflexive and whose minimal
function is B. Namely, let T" be the diagonal operator with the zeroes of
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B(z) along the diagonal. Then {T'}’ is the algebra D of all diagonal operators
and therefore, by [13| Theorem 3.5], x(T") < 2. The following theorem says
that under a stronger condition on B(z) the associated Jordan block is
hyperreflexive.

THEOREM 2.3. If B(z) satisfies the Carleson condition, then W(Sg) =
{SB} is hyperreflexive.

Proof. We use the notation introduced in . As mentioned above, the
family {r,}°°, is a Riesz basis for Hp because B(z) satisfies the Carleson
condition. Hence, there exists an invertible T' € L(Hp) such that e, = T'r),
(n € N) is an orthonormal basis for Hp. With respect to the basis {e, }22
the operator T'SpT~! is diagonal with {\,}>; along the diagonal. Since
these numbers are distinct we have W(T'SgT ') = {T'SpT~1} = D, the
algebra of all operators which are diagonal with respect to the basis {e, }°° ;.
By [13, Theorem 3.5], D is hyperreflexive with (D) < 2. By Proposition

k({Sp}) = k(Sg) < 2|T|I?|T~ )% =

2.3. Hyperreflexivity of a Jordan block: a counterexample. Re-
call that the operator T' constructed in Proposition [1.12] is not a Cjy con-
traction and satisfies dim Ran(1 —77*7T") = dim Ran(1 — T%T") = co. On the
other hand, dimRan(1 — SpS;) = dimRan(1 — S;Sp) = 1 for any Jordan
block Sy. To improve the result of Proposition [1.12| we are going to show
that there exists a Blaschke product B(z) such that the Jordan block Sp is
reflexive but not hyperreflexive. We will need several lemmas. The first one
is proved in [12] p. 280 (218 in English transl.)].

LEMMA 2.4. Let B =[[;2, bx, be a Blaschke product with simple zeroes
satisfying the Carleson condition infy |By, (Ag)| > 6 > 0. If |by, (1) < /3
for some n € N and pn € D, then |By, (1) > /2.

Now, for Blaschke factors b,(z) and b,(2) (u,v € D), we estimate the
norm ||b, — by ||oo-

LEMMA 2.5. Assume that yu = re’? € D and v = (r + €)e'¥ € D, where
O<r<r+e<land0<y <. Then

(p—)(A—r(r+e))+2e
1-r)(1—7r—¢) '

(2.2) sup [b,(2) — by (2)] <
zeD

Proof. According to the maximum modulus principle,
sup |by(2) — bu(2)| = max|bu(2) — bu(2)|.
z€D |z|=1

Since
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Wl z—p W z-v
bu(z) — by(2)] = |2 Sy
bu() = bu2)| = | T =

ro z—re¥ r+e z—(r+e)e?
rei® 1 —re—i#z (r+ee® 1—(r+ee @z
B |2(e® — ) (1 —r(r +¢)) + 5(6i(‘p+¢) —22)|
N |1 —re~®z||1 — (r +e)e Wz

and |efHY) — 22| <2 |1 —re 2| > 1 -7, 1= (r+e)e @z >1—r—c¢
for every z of modulus 1, we have
|2(e" — ) (1 —r(r + ) +e(e@H) — 2%)]
b —-b = , .
igg| u(2) = b (2)] gl\i)l( |1 —re=®z| |1 — (r +¢)e Wz
< e — e|(1 —r(r+¢)) + 2¢
- (I=r)(1=r—¢)

As | — ™| = 2sin % < ¢ — 1 we conclude that (2.2) holds. =

The following lemma plays a central role in our considerations.

LEMMA 2.6. There exist two Blaschke sequences {ji,}02 1, {vn}oe, C D
and a number 6 > 0 such that

(i) the Blaschke products C(z) = [[72 by, and D(z) = [[,2, by, sat-
isfy the Carleson condition: inf, |Cy, (pn)| > 6 and inf, |D,, (vy)]
> §, where C,,, = C/b,, and D,, = D/b,,, for every n € N;
(ii) sup,ep [by, (2) = by, (2)| < /4 for every n € N;
(iii) limy, o0 ||pn - QnHoo =0, where
28) () = VTP SOy o = T p COPE)
2 = Hn 2 —Up

If {pn 3o 1, {vn 122 C D are sequences which satisfy (i)—(iii), then
(iv) infp inf.ep(|C, (2) Dy, (2)] + by, (2)by, (2)]) > (/6)*.

Proof. Consider a sequence {pn}22 such that 1 — |pp41] < q(1 — |pnl)
for some 0 < ¢ < 1. By Lemma there exists § = d(¢) > 0 such that
infy, |Cy, ()| > 6. For every n € N, we denote r, = |, | and ¢, = arg(u,) €
[0,27). Choose

1) A )
(24) n e <Oa W(l - |Mn\)2> and set v, = ppe'?n = rpetPntin)
for n € N. It is obvious that {Vn}fbo:l is a Blaschke sequence satisfying

|Un| = |pn] = rn. Again by Lemma inf |D,, (vx)| > 0 and (i) is ful-
filled.
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Since |pn — vn| = |vn| |€¥¥" — 1] = 21, sin(2p,/2) we have

0
0 <|pn —vp| <thn < W(l = |pal)?.
By Lemma [2.5)

1+r,
sup |bun( z) = by, (2)| < Yn 1
z€eD —Tn
and therefore
0 o 141, 0 )
sp [, (2) = b (2)] < (1= T < (=) <
which means (ii) is also fulfilled.
For (iii), note first that
(Z) _ vV 1-— T?L (Z B Vn)cun(z)DVn(Z)
Prl2) = Cieont®) (1= 7,2)(1 — Tp2)
n(2) = V1=713 (2 = pn)Ch,(2) Dy, (2)
" et@entd) (1 -1, 2)(1 —7pz)
Hence
Cu.(2)Dy, (2)
Pn — 4nl|lco = 1—7’%Sup n — Un Mj 2
Ion = anlloe = V1 = rasup | im =) =5 YT 52)
1— 2
< Yoy — vl sup |Gy, (2) Dy, (2)]
(1 - ) zeD
1—r2 ¢ 0
< (= I (D ()l <

which gives (iii).
Now take any sequences {p,}o 1, {vn}52,; C D which satisfy (i)—(iii).
For every n € N, let U,, = {z € D; |by, (2)] < 6/3}. Since |Cy,, (1n)| > 6 we

have, by Lemma 2.4] |C,,, (2)| > 6/2 for every z € U,,. Condition (ii) gives
§ o0 17
< — Z 42
()] < by ()] 1y (2) () < o4 0 =2 T2

for every z € U,. It follows, by Lemma [2.4] again, that |D,, (z)| > 76/8 for
every z € U,. Thus we have

49
(2.5) Cun (D, (P = 26" (2 € Ua).

Assume now that z € D\ U,. Then |b,,(2)| > ¢/3. Consequently, using
inequality (ii), we obtain |b,, (2)| > b, (2)| = by, (2) = by, (2)| > 0/3—5/4 =
0/12. Hence

(2.6) b, (2)bu, (2)2 > (6/6)* (2 € D\ Up).
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Inequalities (2.5)) and ([2.6)) together give
;Iellg(!bun(Z)bun(z)\Q +[Cpu, (2) Do, (2)]%) > (8/6)",

as required. m

In the remainder of this paper we consider the Blaschke products from
Lemma [2.6] and denote

(2.7)  0=CD, 9, =bu,bu,, Op =0/0,, H,, =0,Hy,, M, = Sp|H,.
Each operator M,, acts on the two-dimensional space H,, = \/{pn,qn} and
it has two eigenvalues u, # v,. The corresponding unital eigenvectors are
pn, and g, given by (2.3). Hence W(M,,) = {M,}' and, by [15], x(M,) =
1/sin ¢, where ¢, is the angle between p,, and ¢,. It is easy to show that
sin, < ||pn — dnllco- By Lemma (iii), limy, 00 [|[Pn — qnllc = 0, and
consequently
(2.8) k(M) 2= .

Now we can improve Proposition [I.12]

PROPOSITION 2.7. There exists a Cy contraction T which is reflexive but
not hyperreflezive.

Proof. Let H =@, H, and T = @, ; M,,. Then T is a Cj contrac-
tion and its minimal function is 6, i.e., a Blaschke product having only simple

zeroes. It is well known that then 7" and {T'} are reflexive (see, e.g., [1 §]).
According to (2.8)) and Corollary the operator T is not hyperreflexive. m

The following theorem is the main result of this section.

THEOREM 2.8. There exists a Blaschke product such that the associated
Jordan block is reflexive but not hyperreflexive.

Proof. The function 8 defined in is a Blaschke product with simple
zeroes, which means that the operator Sy is reflexive. Observe that, for each
n € N, multiplication by the inner function 0,, is a unitary operator from
Fy, onto H, = 60y, . Therefore, by Theorem and Lemma (iv), the
family {3, }52, forms a Riesz basis for Hy. Hence Sp is similar to

o0
T = M,,
n=1

which, by (2.8) and Corollary is not hyperreflexive. By Proposition
Sy is not hyperreflexive. m
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