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Abstract. We study the problem of whether P, ("E), the space of n-homogeneous
polynomials which are weakly continuous on bounded sets, is an M-ideal in the space
P("E) of continuous n-homogeneous polynomials. We obtain conditions that ensure this
fact and present some examples. We prove that if P, ("E) is an M-ideal in P("E), then
Puw("E) coincides with Pyo(" E) (n-homogeneous polynomials that are weakly continuous
on bounded sets at 0). We introduce a polynomial version of property (M) and derive
that if Py("E) = Puwo("E) and K(E) is an M-ideal in L£(FE), then P, ("E) is an M-
ideal in P("E). We also show that if P, ("E) is an M-ideal in P("E), then the set of
n-homogeneous polynomials whose Aron—Berner extension does not attain its norm is
nowhere dense in P("E). Finally, we discuss an analogous M-ideal problem for block
diagonal polynomials.

Introduction. In the theory of Banach spaces, the concept of M-ideal,
since its introduction by Alfsen and Effros [5], has proved to be an important
tool in the study of geometric and isometric properties of the spaces. As
stated in the exhaustive book on the topic written by Harmand, Werner and
Werner [23],

“The fact that Y is an M-ideal in X has a strong impact on both
Y and X since there are a number of important properties shared
by M-ideals, but not by arbitrary subspaces.”

Since K(X,Y), the space of compact operators between Banach spaces X
and Y, is a distinguished subspace of the space £(X,Y") of all bounded lin-
ear operators, many specialists have been interested in characterizing when
K(X,Y) is an M-ideal in £(X,Y) and deriving consequences of this fact
(see, for example, |23, 24, 26-29]).
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When changing to the polynomial setting, the role of compact operators is
usually played by the homogeneous polynomials which are weakly continuous
on bounded sets (that is, send bounded weak convergent nets into convergent
nets). Recall that “compact linear operators” are the same as “linear operators
weakly continuous on bounded sets”. For polynomials, these two concepts
do not coincide, because continuous polynomials are not necessarily weak-
to-weak continuous. Moreover, every scalar valued continuous polynomial
is compact but not every scalar valued continuous polynomial is weakly
continuous on bounded sets. Many authors have studied for which values of n,
for a fixed Banach space F, all the continuous n-homogeneous polynomials
on E are weakly continuous on bounded sets (see, for instance, [4, [10, 13|
14], 18], 20, 211 30}, 31]). Here, assuming this is not the case, we are interested
in determining whether there is an M-structure.

Let us recall the definition and some facts about M-ideals that we use.
Naturally, our guide in this topic is the book [23].

DEFINITION 0.1. A closed subspace J of a Banach space X is an M -ideal
in X if
X*=Jt e I,
where J+ is the annihilator of J, and J# is a closed subspace of X*.
When J is an M-ideal in X, then
JE={a* € X* 1 ||l2*|| = [la* |11},

and so J* can be (isometrically) identified with J*. Thus, we usually write
X* = JL @ J*. Another relevant result is that if J is an M-ideal in X, we
have the following equality for the sets of extreme points of unit balls:

Ext Bx+ = Ext B;1 U Ext B .

Also, recall the 3-ball property |23, Theorem 1.2.2(iv)| that we will use
repeatedly: a closed subspace J is an M-ideal in X if and only if for every
Y1,Y2,y3 € By, x € Bx and € > 0, there exists y € J satisfying

lz+yi—yll<1l+e, =123

Throughout this paper, F will denote a Banach space over K, where
K = R or C. The closed unit ball of E will be denoted by Bg and the
unit sphere by Sg. As usual, £L(E) and K(FE) will stand for the spaces of
continuous linear operators and compact operators from E to E. P("E) will
denote the space of all continuous n-homogeneous polynomials from E to K,
which is a Banach space with the norm

[1P|| = sup{|P(z)| : © € B}
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If P € P("E), there exists a unique symmetric n-linear mapping

P: Ex---xE—K

n

such that
P(z) = PY(z,...,z).

For a polynomial P € P("E), its Aron-Berner extension to E** will be
denoted by P. Also, for each z € E** e, will refer to the map given by
e,(P) = P(z).

We will denote by P, ("FE) the space of n-homogeneous polynomials on
E that are weakly continuous on bounded sets (equivalently, send bounded
weak convergent nets into convergent nets) and by Puo("E) the space of
n-homogeneous polynomials on E that are weakly continuous on bounded
sets at 0 (equivalently, send bounded weakly null nets into null nets). Poly-
nomials of the form P = Zjvzl +v; with ; € E* are said to be of finite type.
The space of finite type n-homogeneous polynomials on E will be denoted
by Pr("E), and its closure (in the polynomial norm), which is the space of
approzimable n-homogeneous polynomials on E, will be denoted by P4 ("E).

Recall that if E does not contain a subspace isomorphic to 1, then
Pu("E) coincides with the space of weakly sequentially continuous n-homo-
geneous polynomials on £ [9].

We refer to [16] for the necessary background on polynomials.

The paper is organized as follows. In Section 1 we present some general
results and consequences of the fact that P, ("FE) is an M-ideal in P("E).
This enables us to conclude that, for each Banach space E, there is at most
one value of n where the stated problem makes sense. We also obtain a
Bishop—Phelps type result for polynomials. In Section 2 we give a set of
conditions that ensure that P, ("E) is an M-ideal in P("E). This enables
us to produce some nice examples where this happens. Section 3 is devoted
to a polynomial version of property (M). With this property we can make a
link with the linear theory by showing that if P,("E) = Pwo("E) and KL(E)
is an M-ideal in L£(F), then Py, ("E) is an M-ideal in P("E). In the last
section we consider the space of block diagonal polynomials (with respect to
a fixed sequence J of integers) that are defined on a Banach space E with
an unconditional finite-dimensional decomposition. We study in this context
the same question as before, that is, whether the space of block diagonal
polynomials weakly continuous on bounded sets is an M-ideal in the space
of all block diagonal polynomials.

1. General results. We begin by stating some easy results which are
polynomial analogues to |23 Propositions VI.4.2 and VI1.4.3]. Their proofs
are straightforward.
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First, recall that J is an M-summand in X if

o~

X — J @oo J,
where J is a closed subspace of X. Clearly M-summands are M-ideals.

PROPOSITION 1.1. If P, ("E) is an M -summand in P("E), then Py ("E)
=P"E).

PROPOSITION 1.2.

(a) If Puw(™E) is an M-ideal in P("E) and F C E is a 1-complemented
subspace, then Py ("F) is an M-ideal in P("F).

(b) The class of Banach spaces E for which Py("E) is an M-ideal in
P("E) is closed with respect to the Banach—Mazur distance.

One useful tool when computing norms in Banach spaces is the charac-
terization of the extreme points of dual unit balls. Let us state some facts
about extreme points when the space considered is a space of polynomials.

First, note that if J is a subspace of P("E) that contains Py("E), then,
for every z € Sg, the map e, belongs to Sy«. Indeed, it is clear that e, (P) =
P(z) is a linear functional on J and that ||e;|| = sup{|ez(P)|: P € By} < 1.
Also, since J contains all finite type n-homogeneous polynomials, it contains
~" for every v € E*, and so ||ez|| = 1.

PROPOSITION 1.3.

(a) If J is a subspace of P("E) that contains all finite type n-homoge-
neous polynomials, then

EXtBJ* C {iex S SE}w )

where the + is needed only in the real case and w* is the topology
o(J* J).

(b) For the particular case J = Py, ("E) we can be more precise:
Ext Bp, (np)- C {£e. : 2 € Spe },
where the + is needed only in the real case.

Proof. (a) We have

By = T'{*ey 7€ 85",

where I stands for the closed convex hull. Indeed, one inclusion follows from
the comment before the proposition and the other is easily obtained through
the Hahn—Banach theorem.

Now, Milman’s theorem [I7, Theorem 3.41| yields

Ext By« C {*e, :x € SE}(U :
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(b) When J = Py ("E), we will show that {e, : 2 € Spl- C {e, :
z € SE**}. Indeed, if € {te, : 2 € SE}w , then there exists a net {zq}q

in S such that ey, SN (or —ey,, v ®). Passing to appropriate subnets, we
can suppose that {x,}q is w*-convergent to an element z in Sg+ (here, w*
means o(E**, E*)). Since the Aron-Berner extension of a polynomial weakly
continuous on bounded sets is w*-continuous on bounded sets, we derive that

P(zq) — P(2) for every P € Py, ("E). Thus, e, e, Therefore, ® = ¢,. =
Some observations are in order.
REMARK 1.4.

(1) For the particular case J = P("E), the previous result can also be
proved using the representation of P("E) as the dual of @:sE (the
symmetric projective n-tensor product of E), the description of the
unit ball of this space given in [I9] and Goldstine’s theorem.

(2) When E* has the approximation property, item (b) of the proposition
above can also be obtained by another argument. Indeed, in this
case Py("E) = Pa("E), and the dual of this space is the space of
integral n-homogeneous polynomials on E*: P, ("E)* = P;("E*). By
the description of the set of extreme points of the ball of the space
of integral polynomials in [I1, Proposition 1] (see also [12, proof of
Theorem 1.5]), the result follows.

The essential norm of a linear operator is the distance to the subspace of
compact operators. Analogously, we define:

DEFINITION 1.5. For an n-homogeneous polynomial P € P("E), the
essential norm of P is

[Plles = d(P,Po("E)) = inf{||P = Q[ : @ € Pu("E)}.

The following result, which is the polynomial version of [23, Proposi-
tion VI.4.7], has an important consequence stated in the corollary below.

PROPOSITION 1.6. For any P € P("E), set
w(P) = sup{limsup |P(zq)] : |zal =1, 24 — 0}.
If Py("E) is an M-ideal in P("E), then ||P|les = w(P).

Proof. Let Q € Py("E) and let {z4}4 be a weakly null net with ||z, || =1
for all . Then

1P = Qll = |(P = Q)(xa)| = [P(za)] — [Q(za)|-

Since Q(xq) — 0 it follows that || P— Q|| > limsup |P(z4)| and thus || Plles >
w(P).
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Now suppose that P, ("E) is an M-ideal in P("E). Then
P(nE)* — Pw(nE)J_ B Pw(nE)*,
Ext Bp(nE)* = Ext B'Pw(nE)J_ U Ext B’])w(nE)* .

The essential norm of P, ||P||es, is the norm of the class of P in the
quotient space P("E)/Py("E), and the dual of this quotient can be iso-
metrically identified with P, ("E)*. Thus, there exists ® € Ext Bp_ B)L
such that @(P) = || Plles- So, ¢ € Ext Bpnp)- and, by Proposition (a),
®ec{te, :z€Sp} .

Consequently, there exists a net {24} in Sg such that e,, = & (or
—ez, = @), where w* means the topology o(P("E)*, P("E)). Passing to
appropriate subnets, we can suppose that {x, }, is w*-convergent to an ele-
ment z in Sg«« (here, w* means o(E**, E*)).

If v € E*, since 4" € P, ("E) we obtain

0=&(y") = limy(za)" = 2z(7)"

Thus we have proved that z(vy) = 0 for all ¥ € E*, which implies that z = 0
and that {x,}s is weakly null. As a consequence,
[Plles = #(P) = lim P(za) < w(P),

which completes the proof. m

Since for every polynomial P which is weakly continuous on bounded sets
at 0 we have w(P) = 0, and the equality || P|les = 0 implies that P is weakly
continuous on bounded sets, we obtain:

COROLLARY 1.7. If Py ("E) is an M-ideal in P("E), then Py,("E) =
Puwo("E).

This corollary tells us that we have at most one value of n (which we call
the “critical degree”) where P, ("FE) could be a nontrivial M-ideal in P("E).
Indeed, recall the following simple facts, whose proofs appeared in (or can
be derived from) [10, [7]:

e [f an n-homogeneous polynomial P is weakly continuous on bounded
sets at any point x € E, then it is weakly continuous on bounded sets
at 0.

o If Py, (*E) = P(*E) for all 1 < k < n, then P,("E) = Puo("E).

o [f there exists an n-homogeneous polynomial P which is not weakly
continuous on bounded sets at a point x € E, x # 0, then for every
v € E* such that v(z) # 0, the (n + k)-homogenous polynomial @ =
V¥ P belongs to Puo("FE) \ Py("T*E).

So, the situation can be summarized as follows:
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REMARK 1.8. For a Banach space E, either P, (*E) = Py o(*E) =
P(*E) for all k, or there exists n € N such that:

o Pu(*E) = Puo(*E) = P(*E) for all k < n.
o Py("E) =Puw("E) C P("E).
e Py(*E) € Puo(*E) C P(RE) for all k > n.

When this value of n does exist, we call it the critical degree of E and write
n = cd(E).

Therefore, if there exists a polynomial on E which is not weakly con-
tinuous on bounded sets, the critical degree is the minimum k& such that

Puw(*E) # P(*E).

REMARK 1.9. If F is a reflexive Banach space with the approximation
property, then P, (*E)** = P(*E) for every k. When this is the case, the
problem that we are studying here is whether P, ("E) is an M-ideal in its
bidual.

We finish this section by a polynomial version of [23, Proposition VI1.4.8|.
This result can be related to extensions of the Bishop—Phelps theorem to the
polynomial setting. There is no polynomial (or multilinear) Bishop—Phelps
theorem [2] [I], but there are some variations that are valid. Aron, Garcia
and Maestre [8] proved that the set of 2-homogeneous polynomials whose
Aron—Berner extension attains its norm is dense in the set of 2-homogeneous
polynomials. It is an open problem whether this result can be generalized
to m-homogeneous polynomials. Here, with the very strong hypothesis of
Pu("E) being an M-ideal in P("E), we obtain a stronger conclusion.

PROPOSITION 1.10. Let E be a Banach space and suppose that P, ("E)
is an M-ideal in P("E).

(a) If P € P("E) is such that its Aron—Berner extension P does not
attain its norm in Bp«, then ||P|| = || P|les-

(b) The set of polynomials in P("E) whose Aron—Berner extension does
not attain its norm is nowhere dense in P("E).

Proof. (a) Let @ € Ext Bp(np)- be such that || P|| = &(P). Since Py, ("E)
is an M-ideal in P("E), it follows that ® € Ext Bp,, (n )+ or @€ Ext Bp (np)..
If ¢ € Ext Bp, (ng)- then, by Proposition (b), ¢ = +e, for some z € E**
with ||z|| = 1. Then

1P| = 1Pl = &(P) = |P(2)],
which is a contradiction. Thus, ¢ € Ext Bp (npy.. Consequently,
[ P|| = &(P) = sup{|¥(P)| : ¥ € Ext Bp (ng)r} = || Plles.
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(b) By (a), the set of polynomials in P (" E') whose Aron-Berner extension
does not attain its norm is contained in the metric complement
Pu("E)? = {P € P("E) : |P|| = |[Ples}-

Since this set is closed, we have to prove that it has empty interior. By [23]
Proposition 11.1.11 and Corollary I11.1.7], P, ("E)® has empty interior if and
only if

inf{ sup (B, P)] ¢ ||Ples = 1} ~1

PEBp,, (np)*
But
sup  [(@,P)|[ < sup [(@, P)| = ||[P| = sup [P(x)|
@EBpw(nE>* ¢EBp(nE)* r€BE
= sup [{ez, P)| < sup (@, P)|.
z€BE @EBpw<nE)*
Thus,

inf{_sup (@ P)|: [Pl = 1} = mf{|P] £ |Plles = 1} =1,
éeBPw("E)*

since || Plles < ||P|| for all P, with equality for P € P,("E)®. =

2. Compact approximations. Several criteria for £(X,Y) to be an
M-ideal in £(X,Y") were related to the so-called “shrinking compact approx-
imations of the identity” satisfying certain properties. In order to obtain
examples of Banach spaces E such that P, ("E) is an M-ideal in P("E),
we present a sufficient condition for this to happen, also involving nets of
compact operators. Due to Corollary [I.7)and Remark .8 we have to add the
hypothesis of n = c¢d(FE). To prove our result we need the following simple
lemma.

LEMMA 2.1. Let E be a Banach space and suppose that there exists a
bounded net {Sq}a of linear operators from E to E satisfying Sk~ — v for
ally € E*. Then ||[P — P o S| — 0 for all P € Py("E).

Proof. Since {Sk}, is a bounded net it follows that S*~ — ~ uniformly
for v in a relatively compact set. Thus, for every Banach space F' and every
compact operator K € K(E, F), it is clear that

|IK — KoS,| — 0.

It is known [9] that for P € P,("E), the associated linear operator Tp
belongs to K(E, Ls("'E)) (where L,("~!E) denotes the space of symmetric
(n — 1)-linear forms on E). If C'is a bound for ||.S,||, we obtain
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P = Posu@l = | 3 (1)@ - Sale)) suler)
j=1

< 3 (1) rote = Sala) (@ = S 5t

j=1

< 3 (5) = T Sl 17 = Sl sl
=1

<3 (3)ie - Tr o sala + P
j=1

Consequently, ||P — Po S,|| — 0. =

PROPOSITION 2.2. Let E be a Banach space and let n = cd(E). Suppose
that there exists a bounded net {Ky}o of compact operators from E to E
satisfying the following two conditions:

o K}y — forallye E*.

o For alle > 0 and all ag there exists o > ag such that for every x € E,

[Kaz|" +[lo — Koz|" < (14 ¢)|[=]".
Then Py("E) is an M-ideal in P("E).
Proof. Let P, P, P3 € Bp, (ng), Q@ € Bpng) and € > 0. In order to

verify the 3-ball property [23, Theorem 1.2.2|, we have to show that there
exists a polynomial P € P, ("FE) such that

(2.1) lIQ+P —P|<1l+e fori=123.

Since, by the previous lemma, ||P; — P;o K| — 0 for i = 1,2,3, let us fix a
value of « such that

|Pi—PoKy|| <e/2 fori=1,2,3
and also
[Kaz|[" + ||z — Koz||" < (1+¢/2)]z(".
Consider the polynomial P € P("FE) given by
P(z) =Q(z) — Q(z — Kux).

We have to prove that P is weakly continuous on bounded sets and that it

satisfies inequality .

Let {zg}s be a bounded weakly null net. If we show that P(zp)
— 0, then P will be weakly continuous on bounded sets (since P, ("E) =
Puwo("E)). By the compactness of K, we know that K,zg — 0 as 8 — o0,
and so
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|P(zp)| = |Q(zp) — Qx5 — Kazp)|

<> <2L> Q" ((Kaz), (x5 — Kazp)" ™)
j=1

25 (j) 1QVI 1 Easl 5 — Koz
j=1

n n . TL*'
<> (j) Q"I Kazsll (1 +C1Co)" — 0,
j=1

where C and Cy are bounds for the nets {K,} and {x3}g, respectively.
Now ([2.1)) follows from the inequalities

|Q+ P — P|| < ||Q+ Pio Ko — P|| 4 ||P; — P; o K
<||Q+PoK,—P|+¢/2
and

HQ + Po Ky — P” = Sup |Q(w - Kocx) + Pi(Kax)‘

r€EBE

< sup ([[Koz|" + [lz — Kaz|[")
r€EBE

< sup (1+¢/2)z]|"=1+¢/2.
r€EBE

REMARK 2.3. In [29], Oja and Werner introduced the concept of (M),)-
space as a space X such that (X @, X) is an M-ideal in £(X &, X). By
[23| Theorem VI.5.3], for p < n, every (M,)-space fulfils the conditions (on
the net of compact operators) of Proposition

For spaces with a shrinking finite-dimensional decomposition we have the
following simpler version of Proposition [2.2]

COROLLARY 2.4. Let E be a Banach space and let n = c¢d(FE). Suppose
that E has a shrinking finite-dimensional decomposition with associated pro-
jections {mm }m such that:

e For all e > 0 and mg € N there exists m > mg such that for every
r e F,
[T + |z — mma]|" < (14 &)=
Then Py("E) is an M-ideal in P("E).
From Proposition 2.2 Corollary 2.4 and Remark [I.8] we can derive the
following examples.

EXAMPLE 2.5. If H is a Hilbert space, then P(2H) # P, (2H), because
if {€q}a is an orthonormal basis then the polynomial
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P(z) =) (,¢q)’
[e%
is not weakly continuous on bounded sets. So the critical degree is n = 2 and
since it is clear that the hypotheses of Proposition are valid, we conclude
that Py, (2H) is an M-ideal in P(?H).

EXAMPLE 2.6. Let F = @ep X, where each X, is a finite-dimensional
space and 1 < p < co. Then P(*E) = P, (*E) if and only if k& < p. This
means that the critical degree is the number n that satisfiesp < n < p+1. It
is obvious that E satisfies the hypotheses of Corollary and thus Py, ("E)
is an M-ideal in P("E).

In particular, we have the result for ¢, spaces: P, ("¢,) is an M-ideal in
P("L,) forp<n<p+1.

ExaMPLE 2.7. Let us consider the dual of a Lorentz sequence space,
E = d*(w,p) with 1 < p < oo. Our result works for certain sequences w.
If n — 1 is the greatest integer strictly smaller than p* (the conjugate of p),
suppose that w ¢ {5, where s = ((n — 1)*/p)*. Then, by [25, Proposition
2.4], n = cd(E). We deduce that P, ("E) is an M-ideal in P("E). Indeed,
d*(w,p) has a shrinking Schauder basis {e;}; and if m,, is the projection
Tm(7) = Y7L, wje;, then

Il + llz = mnl|" < (Imm P + llz = mna]P)"P" < [|l2]™

The last inequality follows by duality, since if y and z are disjointly supported
vectors in d(w,p), then

ly + 21l < (el + lly[7)1/*.

Observe that, in particular, we have proved that for p > 2, P, (?d*(w, p)) is
an M-ideal in P(?d*(w,p)) for any sequence w (the above condition in this
case is w ¢ £1, which is implied by the definition of d*(w,p)).

EXAMPLE 2.8. Let 1 < p < 2 and consider the space Ly[0,1]. Since
L,[0,1] contains a complemented subspace isomorphic to fo, it follows that
P(2Ly[0,1]) # Pw(*L,[0,1]) and n = 2 is the critical degree. Even though we
will see in Example that Puw(*Ly[0,1]) is not an M-ideal in P(2L,[0,1]),
the space L,[0, 1] can be renormed to a Banach space E such that P, (*E)
is an M-ideal in P(?E). Indeed, the renorming considered in [23, Proposi-
tion 6.8] satisfies all the conditions of Corollary

REMARK 2.9. The spaces E of the previous examples are all reflexive
with the approximation property. So, by Remark [[.9] the corresponding
spaces Py, ("E) are M-embedded.
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3. Polynomial property (M)

LEMMA 3.1. If Py("E) is an M-ideal in P("E), then for each P €
P("E) there exists a bounded net {Py}o C Py(™E) such that

Pu(2) — P(z) forall z € E*.

Proof. By [23, Remark 1.1.13], if P, ("E) is an M-ideal in P("E) then
Bp,(ng) is 0(P("E), Pu("E)*)-dense in Bpmpy. So, for each P € Bpmp)
there exists a net {P,}o C Bp, gy such that P, — P in the topology
o(P("E), Pu("E)").

Note that P, (" E)* can be viewed as a subset of P("E)* by identification
with the set

Pu("E)f = {0 € P("E)* : ||| = | @|p, (nm)l}-
Since |le.|| = |lez|p, (np)ll, this implies that Po(z) — P(z) for all z € E**. =

As a consequence of |32, Proposition 2.3] and the previous lemma, we
have the following result which can be proved analogously to [32, Theo-
rem 3.1J:

THEOREM 3.2. Let E be a Banach space. The following are equivalent:
(1) Pw(™E) is an M-ideal in P("E).
(ii) For all P € P(™E) there exists a net {Py}o C Pw("E) such that
Po(2) — P(2) for all z € E** and
limsup ||Q + P — P,||
< max{||Q[|; [Qlles + [P[[}  for all @ € P("E).

(iii) For all P € P("E) there exists a net {Pa}o C Puw("E) such that
Po(2) — P(2) for all z € E** and

limsup |Q + P — Po|| < max{[|Q|, [[P[[} for all Q € Pu("E).

Property (M), introduced by Kalton in [26], proves to be useful to char-
acterize the spaces X such that K(X) is an M-ideal in £(X). Recall one of
its equivalent definitions [23, Lemma VI.4.13|:

DEFINITION 3.3. A Banach space E has property (M) if whenever u,v
€ FE with [Ju|| < ||v]| and {za}o C E is a bounded weakly null net, then

limsup ||u + x4 || < limsup ||v + 24|
(0% [e%
In [27] an operator version of this property is introduced to study when

K(X,Y) is an M-ideal in £(X,Y"). Here we propose a polynomial version of
property (M).
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DEFINITION 3.4. Let P € P("E) with ||P|| < 1. We say that P has
property (M) if for all A € K and v € E with |A] < ||v]|", and for every
bounded weakly null net {z,}o C E,

limsup |\ + P(z4)| < limsup [[v + x4 ||".
[e% «

Analogously to [27, Lemma 6.2], we can prove:

LEMMA 3.5. Let P € P("E) with |P|| < 1. If P has property (M)
then for every net {vq}a contained in a compact subset of E, for every
net {Aa}a C K with |Ao| < |lval|™, and for every bounded weakly null net
{xa}a CE,

limsup [Ag + P(zq)| < limsup ||vg + zo||".
« (0%

DEFINITION 3.6. We say that a Banach space E has the n-polynomial
property (M) if every P € P("E) with ||P|| <1 has property (M).

The following proposition and theorem are the polynomial versions of [27,
Theorem 6.3 and their proofs follow the ideas of the proof of that theorem,
with the necessary changes.

PROPOSITION 3.7. If Py("E) is an M-ideal in P("E) then E has the
n-polynomial property (M).

Proof. Let P € P("E) with ||P|| < 1, and pick A € K and v € E
with [A] < [jv]|”. Consider a bounded weakly null net {z,}, C E. Take
Q € Py("E) such that [|Q] < 1 and Q(v) = A. Given ¢ > 0, by Theorem
[3-2[(iii), there exists a polynomial R € P, ("E) such that

|P(v) — R(v)|<e and [[Q+P—R| <1+e.
Since Q(v + z4) — Q(v) and R(x,) — 0 we obtain
limsup |A + P(zq)| = limsup |Q(v) + P(zq)|
) = limasup Qv+ z4) + (P — R)(xq)|
< listup Qv+ z4) + (P — R)(z4) + (P — R)(v)| +e.
Recall that P, ("E) being an M-ideal in P("E) implies that for every 1 <

k <n — 1, all the polynomials in P(*E) are weakly continuous on bounded
sets. So we derive that

(P = R)(v+za) = [(P = R)(v) + (P = R)(za)]

n—1

Z (?) (P = R)" (v, 2 7)| — 0.

Jj=1
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This implies
limsup [A + P(zo)| < limsup |Q(v + z4) + (P — R)(v + x4)| + €
(63 (0%

< (14¢)limsup ||v + zq||" +&.
(e

As ¢ is arbitrary, the proof is complete. =

EXAMPLE 3.8. From the previous proposition we infer that P, (2L,[0, 1])
is not an M-ideal in P(2L,[0,1]) for 1 < p < 2, because L,[0,1] does not
have the 2-polynomial property (M). Indeed, let {r,}, be the sequence of
Rademacher functions and consider the polynomial P € P(?L,[0,1]) given

by
P(f) =32 ({frmdn)”

n

The norm of this polynomial is bounded by Bg*, where B« is the upper
bound in Khinchin’s inequality (this can be derived from the norm of the
usual projection from L,[0, 1] to ¢» [3, Proposition 6.4.2]). So, the polynomial
P/ B;%* has norm smaller than 1 and it does not have property (M). The
inequality of Definition 3.4 fails when we consider the sequence {ry,},, which

is weakly null, and the function v = 1. Since P(ry,) = 1 for all n, and |jv|| =1,
we see that
P 1 R
1+BT<7"n) :1+BTa while Hv-i—TnHQZQQ/p , for all n.
p* p*

We conclude our argument by proving the inequality

227" <14
p*

From now on, we denote ¢ = p*. Since ¢ > 2, we know from [22] that

This means that the inequality we want to prove is
1 N 2/q
224 <14 = <> for every ¢ > 2.
2 \I'((¢+1)/2)
Our first step is to prove an appropriate bound for the gamma function:

q/2
(3.1) F<q—;1> < (Z) Vr for every q > 2.

This is equivalent to the negativity of the function

o - o((152)) - () -t
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in the interval [2, 00). The derivative of h is

o~ () a(3) -]

where ¢ (z) = I''(x)/I'(x) is the digamma function, that is, the derivative of
the logarithm of the gamma function. The function v satisfies the following
inequality, for all z > 0 (see, for instance [0, (2.2)]):
1
1 - —.
U() < log(x) — 5
Thus, we obtain

’ 1 g+1 1 q
Z — — ) 1] <o.
h(q) < 5 {log< 5 ) ) log<4> 1] 0

Consequently, h is decreasing and h(q) < h(2) = 0.
This proves (3.1)), which implies that

1 2/ 1 4 2
1+.<ﬁ> >1+=--—=1+-.
2 \I'((¢+1)/2) 2 ¢
The desired inequality follows since 1 + 2/q > 22/4 for all ¢ > 2, because
f(q) = (1 +2/q)9? is a strictly increasing function and f(2) = 2.

THEOREM 3.9. Let E be a Banach space and let n = cd(E). Suppose
that there exists a net {Ky}o of compact operators from E to E satisfying
the following two conditions:

o Kopx — x forallz € E and K}y — v for all v € E*.
o ||Id —2K,| — 1.
«

Then Py ("E) is an M -ideal in P("E) if and only if E has the n-polynomial
property (M).

Proof. One direction follows from the previous proposition. For the other,
we will verify the 3-ball property. Let P1, P2, P3 € Bp, (nE), @ € Bpnp) and
e > 0. We will prove that, for o large enough, the polynomial P(z) =
Q(x) — Q(z — Kyx) satisfies [|Q + P; — P|| < 14 e. As in the proof of
Proposition [2.2] it can be seen that P is weakly continuous on bounded sets.

Let 8 be such that

|Id —2K3||" <1+¢/2 and ||P;—PioKgl <e/2 foralli=1,2,3.
(Recall from Lemma [2.1| that ||P; — P; o K,|| — 0.) We have
|Q+ Pi— Pl <||Q+ P;oKg— P| + [|P; — P, o Kgl|
< |PioKs + Qo (1d— Ky)|| +&/2.
Let {z4}o C Bg be such that
hmasup [ProKsg+Qo(Id—K,)| = limasup |P1(Kpza) + Q(ra — Kaxa)l.
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Since |P1(Kgza)| < ||[Kpzal|™ and { K3z }q is contained in a compact subset
of E, and since {xq — Koa%q}o is a bounded weakly null net and E has the
n-polynomial property (M), from Lemma we get

limsup | Py (Kgza) + Q(2a — Kaza)| < limsup || Kgza + To — Kaza||"
(e} o
<limsup ||Kg+Id — K, ||"
(e}

< |ld - 2K5|" < 1+¢/2,

where the inequality of the last line is proved in [23] p. 300].
Therefore,

limsup [[Q+ P, — (Q — Qo (Id— K,))|| <1+e.

So, there exists a subnet {K,}, of {Kq}q such that

ngallQJrP1 - (Q-Qo(ld—K,))|<1+e.
With the same argument, taking further subnets, we obtain the inequality
for P, and P3. Thus, the 3-ball property is proved. =

The following proposition is the polynomial analogue of [23, Lemma
VI.4.14] (again we borrow some ideas from that proof) and enables us to
obtain a link with the linear theory.

PROPOSITION 3.10. Let E be a Banach space and let n = cd(E). If E
has property (M), then E has the n-polynomial property (M).

Proof. Let P € Bpnpy, A € K, v € E with [A] < [[v||", and let {z4}a C
FE be a bounded weakly null net. We want to prove that

limsup |A + P(zq)| < limsup ||v + z4]|".
(0% [0
Suppose first that ||P|| = 1 and that E is a complex Banach space. Given

e > 0, there exists u. € F such that P(u.) = A(1 —¢) and |Juc|| < [AY/"
(and so |lug|| < [|v]|). Thus,

limsup [A + P(zo)| < limsup [P(ue) + P(za)| + [Ae
’ = limasup |P(ue + za)| + [N
) (since P(*E) = Py(*E) for k < n)
< ||P|[ lim sup ||ue + za || + [A|e
< timsup o + 7" + [\

Since ¢ is arbitrary, the desired inequality is proved.
If F is real and ||P|| = 1, the same argument works, except if n even and
we are in one of the following two cases:
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e P(x) >0 forall x € E, and A < 0 (or, analogously, P(z) < 0 for all
z € E,and A > 0).

o inf{P(x) : ||z|| <1} = —1, sup{P(x) : ||z|| <1} =a < 1land A >0
(or, analogously, inf{P(z) : ||z| < 1} = —a > —1, sup{P(x) : ||z]
<1} =1and A <0).

In the first case,
A+ P(za)| < |=A+ P(2a)l,
and the above steps prove that limsup,, |—A + P(z4)| < limsup,, ||v+ xq||™.

In the second case, we can suppose without loss of generality that P(x,)
> 0 for all o, or P(z,) < 0 for all a.

If P(zq) <O for all v, it is clear that
limsup |\ + P(zq)| < limsup [A| < limsup ||v + zq||".
(6% (63 (0%
Hence, the case we have to consider is the following:
A>0 and P(zq) >0 forall a.

Given 0 < ¢ < 1, there exists u. € E such that P(u:) = A(1 —¢) and
Juell < P‘/a‘l/n < ||UH/CL1/". Then

limsup |A + P(zq)| = limsup(\ + P(xq))
= limsup(P(uc) + P(zq) + Ae)

[0}

< lim sup <P(ug) + P(%) + /\5)

al/n
— limsup P To ) 4
= HII;Hp Ue + m + Ae
T n
. (0%
Sahmasup us—i—m + Ae

(since limsup P(us + 24/a’/™) > 0)

Y Ta + Ae

al/n + al/n

= limsup ||v + za||" + Ae.
«

< alimsup
[e%

Let us now assume that || P|| < 1. Since A+P(z,,) is a convex combination
of A\ + ﬁ(xa) and A — ”—}I;”(aza), we get

P
A+ P(zq)| < max{ ’)\ + m(xa)

P
,'A— (@)
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Therefore,

P

A+ (@), A=y a)

1P

limsup [|v 4+ z4|". =
(03

lim sup
«

limsup |\ + P(z,)] < max{lim sup
(0%

«

|

Now we derive a relationship with the linear theory that enables us to
produce more examples of polynomial M-structures.

COROLLARY 3.11. Let E be a Banach space and let n = cd(E). If K(E)
is an M-ideal in L(E), then Py ("E) ts an M-ideal in P("E).

Proof. By |23, Theorem VI1.4.17], if (E) is an M-ideal in L(E), then E
has property (M) and there exists a net {K,}, C K(E) satisfying K,z — =
forallz € E, KXy — ~forally € E* and ||[Id—2K,|| — 1. From Theorem

[0
and Proposition it follows that P, ("E) is an M-ideal in P("E). m

REMARK 3.12. The converse of the previous corollary does not hold.
Indeed, in Example 2.8 we see that for 1 < p < 2, there is a renorming E of
L,[0,1] such that P, (2E) is an M-ideal in P(*E). But, from [23, Corollary
VI1.6.10|, we know that L,[0,1] cannot be renormed to a Banach space E
which makes KC(E) an M-ideal in L(E).

N

Note that, by the previous corollary, all the known examples of spaces
E such that K(FE) is an M-ideal in L(F) would provide polynomial exam-
ples, once we find the critical degree. Recall also that the critical degree is
preserved by isomorphism.

EXAMPLE 3.13. If D is the complex disc, the Bergman space B, is the
space of all holomorphic functions in L,(D,dzdy). If 1 < p < o0, B, is
isomorphic to ¢, [33, Theorem III.A.11| and so cd(B,) = cd(¢,). By [27,
Corollary 4.8|, K(B)) is an M-ideal in L(By). Thus, P, ("Bp) is an M-ideal
in P("By) forp<n<p+1.

EXAMPLE 3.14. By [23] Corollary VI.6.12], an Orlicz sequence space hjy
can be renormed to a space E for which K(F) is an M-ideal in L(E) if
and only if (hps)* is separable. Also, Py (¥har) = P(Fha) if k < apr and
Puw(Fhar) # P(Fhay) if k > B (see [21]), where apy and By are the lower
and upper Boyd indices associated to M. So, for certain values of ajs and
B the critical degree can be established. Thus, if (hps)* is separable and n
is the critical degree, P, ("FE) is an M-ideal in P("E).

4. Block diagonal polynomials. In [I5] the concept of “block di-
agonal polynomials” is introduced for spaces with an unconditional finite-
dimensional decomposition, and the relationship between the equality P(*E)
= P, (*E) and its analogue for block diagonal polynomials is studied. Here
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we discuss the problem of whether the space of block diagonal polynomials
that are weakly continuous on bounded sets is an M-ideal in the space of all
block diagonal polynomials. First, recall the definition:

DEFINITION 4.1. Let E be a Banach space with an unconditional finite-
dimensional decomposition with associated projections {my, }n, and let J =
{m;}; be an increasing sequence of positive integers. For each j € N, let
0j = Tm; — Tmj_;- The class of block diagonal n-homogeneous polynomials
with respect to J is the set

D;("E) = {P € P("E): P(x) = Y_ P(o;(x)). Y € E}

Observe that if J = N and F has an unconditional basis, then D;("E)
is the space of m-homogeneous diagonal polynomials. Also, if F is a real
Banach space with a l-unconditional basis, diagonal polynomials coincide
with orthogonally additive polynomials defined on a Banach lattice.

We want to state conditions that ensure that, for a fixed sequence J,
the space D, ("FE) is an M-ideal in D;("E). Note that this problem makes
sense, because by [15, Proposition 1.6], for spaces E' with a shrinking un-
conditional finite-dimensional decomposition, the existence of a polynomial
which is not weakly continuous on bounded sets implies the existence of a
block diagonal polynomial with respect to some J which is not weakly con-
tinuous on bounded sets. And we have more values of n where to look for
M-structures (not just a critical degree), because, by [7, Proposition 13|,
Dyw(*E) = DJMO(’“E) for every k.

Observe that, if F has an unconditional finite-dimensional decomposition
with associated projections {my, }m and J = {m;};, then for Q € D;("E),
the polynomial

is also in Dj("E). So, the proof of Propositioneasily implies the following
proposition.

PROPOSITION 4.2. Let E be a Banach space with a shrinking uncondi-
tional finite-dimensional decomposition with associated projections {mm tm,
and let J = {m;}; be an increasing sequence of positive integers. Suppose
that for all € > 0 and jo € N there exists j > jo such that for every x € F,

[T, ]| + [ = Ty 2| < (14 €)™
Then, for every k > n, Dj(FE) is an M-ideal in Dj(*E).

ExaMPLE 4.3. Let H be a separable Hilbert space. Then, for every J C N
and every n > 2, Dy, ("H) is an M-ideal in D;("H).



100 V. Dimant

EXAMPLE 4.4. Let E = ®€p X,n, where each X, is a finite-dimensional
space and 1 < p < oo. Then, for every J C N and every n > p, Dj,,("E)
is an M-ideal in D;("E). Recall that Dy, ("E) = D;("E) for n < p. In
particular, D, ("¢,) is an M-ideal in D;("¢p) for every n > p.

EXAMPLE 4.5. Let £ = d*(w,p) with 1 < p < oo and J C N. Then
Djw("d*(w,p)) is an M-ideal in D;("d*(w,p)) for every n > p*. Recall
that Dy, ("d*(w,p)) = Dy("d*(w,p)) for n < p* and w ¢ (s, where s =
((n—1)*/p)*. For n < p* and w € ¢5 we do not know if there is an M-ideal
structure in this space.

If the unconditional constant of the decomposition equals 1, it is easy to
see that:

o ||my|| =1 for every n € N.
e ||Id — 27,|| = 1 for every n € N.

In this situation we have more results about M-structure for block diagonal
polynomials. First, a block diagonal version of Proposition [I.1}

PROPOSITION 4.6. Let E be a Banach space with a 1-unconditional finite-
dimensional decomposition with associated projections {mm }m, and let J =
{m;}; be an increasing sequence of positive integers. If Dj,("E) is an M-

summand in Dy("E) then Dj,,("E) = D;("E).

Proof. Suppose that Dj("E) = Dj,("E) ®s S, where S # {0}. For a
given € > 0, let P € S and zp € Bg be such that ||P|| = 1 and P(z¢) > 1—e¢.

Since P(zo) = > 72, P(0j(w0)) and this sum is absolutely convergent,
there exists N € N such that

o0

Y 1P(oj(@o)l <.

j=N+1
The polynomial ¢ = P o m,, belongs to Dj,("E) and ||Q] < 1, so
1Q + P = max{[|Q], [|P[[} = 1. But

N 00 00
(Q+ P)(z0) =Y P(oj(x0)) + Y _ Ploj(wg)) = 2P(xo) — > Ploj(wo))
j=1 j=1 J=N+1

> 2 — 3¢,
which is a contradiction. =

In order to obtain a condition for Dj,,("E) to be an M-ideal in D;("E)
involving property (M), we present the following variation of Proposi-
tion [3.10l

PROPOSITION 4.7. Let E be a Banach space with a shrinking 1-uncondi-
tional finite-dimensional decomposition with associated projections {Tm }m,
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and let J = {m;}; be an increasing sequence of positive integers. If E has
property (M), then for every P € Dj("E) with |P|| < 1, for every sequence
{zr}r C Br and every sequence { A\ }i, of scalars such that [Ng| < ||mm,; zx[",
for any fixed indez jo,

limsup [\ + Pz — mpzy)| < Umsup ||mp; xx + 2 — mpzg ™
k k

Proof. Suppose first that | P|| = 1 and that E is a complex Banach space.
Given € > 0, there exists z. € Bg such that P(z;) =1 —e.

For every k € N, let uf = )\llg/nze. So, P(uj) = A\(1 —¢) and |Jug|| <
”7ij01‘7€||' Thus7

lim sup Ak + P(ar — mpzp)| < 1imksup(|P(ui) + P(xp — mezk)| + | Akle)-
Since the series }; P(0;(z:)) converges absolutely, there exists N € N such
that >°72 vy [P(0j(2))] < e. Thus,

|P(up) = P(mmyui)| < |[Mele <e,
because |Ai| < 1. This implies that

limksup Ak + P(ap — )| < limksup |P(myug) + Pleg — mpag)| + 2¢

= limksup | P (T uf, + 2 — TRxy)| + 2¢

< limksup | Ty us + Tk — Tzl + 2

< limksup |7, Th + T — x|t + 2e;
the last step follows from property (M) since the sequence {x) — mpxy }r is
weakly null and ||,y ug || < [Jugll < [|7m, zxl]-

Since this happens for arbitrary e, the result follows. If E is real or
|P|| < 1, we can repeat the argument of the proof of Proposition [3.10} =

THEOREM 4.8. Let E be a Banach space with a shrinking 1-unconditional
finite-dimensional decomposition with associated projections {mm, }m, and let
J = {m;}; be an increasing sequence of positive integers. If E has property
(M), then, for everyn € N, Dj,("E) is an M-ideal in D;("E).

Proof. To check the 3-ball property, let Py, P>, P3 € Bp Jw(E)s Q €
Bp,(ng), € > 0. We want to show that, for j large enough, the polynomial
P =Qomy; €Dyu("E) satisfies [|Q + P, — P|| <1+¢fori=1,2,3.

Since P, — P; o m,, — 0 as m — oo, there is jg € N such that

[P — Piomy, || <e fori=1,23.



102 V. Dimant

Now we have
1Q+ P — P|| < [|Q+ Py omm; — Pl + [P — Py omm, ||
S ”Q_‘_F)Z‘oﬂ-mjo —Qoﬂ'ij‘i‘E.
Let {z;}; C Bg be such that
limsup |Q + P, o Ty, — Q07|
J

= limsup |Q(;) + (Fi 0 Ty ) (25) — (Q 0 Ty ) ()]
J
Since the polynomial @ is block diagonal with respect to J, it follows that
Q(zj) — Q(mm; (7)) = Q(xj — T, (x;)). From this and the previous propo-
sition we have

limsup |Q + P; © Ty, — Q 0 o, |

J
= limsup |Pi(7rmj0 (x])) — Q(x] — Tm; (-Tj))|
J
< limsup HTijO (xj) +zj — Tm; (%)Hn
J

< limsup [|mm;, +1d — mp, || = 1.
J
With final considerations as in the proof of Theorem the result is

proved. m
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