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Besov spaces on spaces of homogeneous type and fractals
by

DACHUN YANG (Beijing)

Abstract. Let I' be a compact d-set in R” with 0 < d < n, which includes various
kinds of fractals. The author shows that the Besov spaces Bpq(I") defined by two different
and equivalent methods, namely, via traces and quarkonial decompositions in the sense of
Triebel are the same spaces as those obtained by regarding I as a space of homogeneous
type when 0 < s <1l,1<p<oocand1l<qg< 0.

1. Introduction. It is well known that the spaces of homogeneous type
introduced by Coifman and Weiss in [2] include R", the surface of the unit
ball and the n-torus in R", the C*° compact Riemannian manifolds, and in
particular, the d-sets in R™ as special models. It has been proved by Triebel
in [15] that these d-sets in R™ include various kinds of fractals. Let us first
recall the definition of the d-sets in the sense of Triebel; see [15, p. 5].

DEFINITION 1.1. Let n € N, I" be a set in R"™ and 0 < d < n. Then I is
said to be a d-set if there is a Borel measure u in R™ with the following two
properties:

(i) suppp = T
(ii) there are two constants C' > 0 and C’ > 0 such that for all v € I’
and all r with 0 <7 < 1,

C'r? < u(B(y,r)NT) < Cr
here and in what follows, B(y,r) ={y € R" : |y —v| < r}.

From this definition, it is easy to see that I is a closed set in R™, but I"
may not be compact. Also, in [15, p. 5], Triebel has proved that p is actually
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a Radon measure, and moreover, = H4|I", where H? is the d-dimensional
Hausdorff measure on R”.

Let I' be a compact d-set. Triebel has introduced the spaces B, (I") for
s > 0 by use of two different and equivalent methods, namely, traces in [15]
and quarkonial decompositions in [16].

The homogeneous Besov and Triebel-Lizorkin spaces on spaces of ho-
mogeneous type have been studied in [10]. In [8], the inhomogeneous Besov
and Triebel-Lizorkin spaces on spaces of homogeneous type were introduced
via the generalized Littlewood—Paley g-functions when p,q > 1. In [9], the
inhomogeneous Triebel-Lizorkin spaces were generalized to the cases where
po < p <1< g < oo via the generalized Littlewood—Paley S-functions,
where pg is a positive number. In the case of d-sets, pp = 1/2.

The main purpose of this paper is to answer a question posed by Triebel
in [16, pp. 159-160]. He asked if these spaces B, (I") are the same as those
defined by regarding I as a space of homogeneous type. We will show that
the answer is affirmative.

Let us now briefly review the definition of spaces of homogeneous type.
A quasi-metric o on a set X is a function ¢ : X x X — [0, 00) satisfying

(i) o(z,y) = 0 if and only if x = y.
(i) o(z,y) = o(y, ) for all z,y € X.
(iii) There exists a constant A € [1,00) such that for all z,y,z € X,
o(z,y) < Alo(z, 2) + o(z, y)]-
Any quasi-metric defines a topology, for which the balls
B(z,r)={y € X :oly,x) <r}

for all x € X and all » > 0 form a basis.

The following spaces of homogeneous type, studied in [11], are variants
of the spaces of homogeneous type introduced by Coifman and Weiss in [2].
In what follows, we let

diam X = sup{o(z,y) : v,y € X},

and A ~ B means that there are two constants C7,Cs > 0 independent of
the main parameters such that C; < A/B < Cs.

DEFINITION 1.2. Let d > 0 and 0 < 6 < 1. A space of homogeneous
type (X, 0, 1), is a set X together with a quasi-metric ¢ and a nonnegative
Borel regular measure p on X with

supp u = X

such that there exists a constant C' > 0 such that for all 0 < r < diam X
and all z, 2",y € X,

(L1) w(B(z,r)) ~ 1
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and
(1.2) lo(z,y) — o(z',y)| < Colz, ") [o(x, y) + o(z’,y)]'~°.

REMARK 1.1. It is easy to see that if diam X < oo, then (1.1) holds for
all 0 < r < diam X if and only if it holds for all 0 < r < 1.

REMARK 1.2. From (1.1), it is easy to deduce pu({z}) =0 for all z € X.
This means that the spaces of homogeneous type defined in Definition 1.2
are atomless measure spaces.

If we choose d =1 in the above definition, then Macias and Segovia [14]
have proved that in the sense of topology equivalence, the spaces (X, 0, 1) a0
are just the spaces of homogeneous type in the sense of Coifman and Weiss,
whose definition only requires that p is a quasi-metric without (1.2) and p
satisfies the following doubling condition which is weaker than (1.1): there
is a constant A’ > 0 such that for all x € X and all r > 0,

u(B(z,2r)) < A'p(B(z,r)).

However, in [14], Macias and Segovia have shown that for the spaces of
homogeneous type in the sense of Coifman and Weiss, one can replace
the original quasi-metric ¢ by another quasi-metric g, which yields the
same topology on X, such that there exist C > 0 and 6 € (0,1] satisfy-
ing

o(z,y) ~ inf{u(B) : B is a ball containing = and y}

and (1.2) with p and 6 replaced, respectively, by @ and 0, and that y satisfies
(1.1) with d = 1 for balls corresponding to this new quasi-metric. Moreover,
there is a positive constant Cy such that g(z, y)l/ Co is equivalent to a metric
on X x X. It is easy to see that the set X with this new quasi-metric p,
the original measure p and the balls corresponding to the new quasi-metric
satisfies (1.1) with d = 1 and (1.2).

The above variant definition of spaces of homogeneous type is convenient.
In fact, (R™, 0,m)p,1 is just the usual R™, where g is the standard Euclidean
metric and m is the n-dimensional Hausdorff measure, or equivalently, the
n-dimensional Lebesgue measure. Moreover, any bounded d-set I' in R"
with 0 < d < n is just the space (I, 0, it)q,1, where g is again the standard
Euclidean metric and p is a Radon measure on I" with supp u = I". See [11]
for more details.

In this paper, we assume that the total measure of X is finite. Also, in
what follows, we let

LP(X) ={f: X — Cis a g-measurable function and || f|| L»(x) < 00}
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for p € (0, 00|, where

£l = { J @I du@) )" tor p e (0.00),

X

1f1lLoe(x) = esssup | f(2)].
rzeX

The organization of this paper is as follows. In the next section, we will
recall some related theory on spaces of homogeneous type, which will be
used in Section 3. In Section 3, we will establish the connection between the
spaces B, (I") defined by trace methods in [15], or equivalently by quarkonial
methods in [16], and the Besov spaces Ezq(F) defined by regarding I" as a
space of homogeneous type, (X, o, 1t)41 with o(z,y) = |z —y| for all z,y € I"
and p = H%, the d-dimensional Hausdorff measure on I'. In fact, we will show
that for 0 < s < 1,1 <p <ooand 1 <g¢ < oo, B5 (I') = By, (I).

2. Preliminaries. In this section, we recall some known results on
spaces of homogeneous type; see also [11]. Let us first recall the definition
of the spaces of test functions on X from [10]; see also [7].

DEFINITION 2.1. Fix v, > 0. A function f defined on X is said to be
a test function of type (xo,7,3,7) with g € X and r > 0 if f satisfies the
following conditions:

(i) [f(z)] < C

v
(r + o(z, zo))H’

mnﬂm—f@nsc( o(z,y) "

B
r+ o(x, x0)> (r + o(x, o))t

1
< —
for o(z,y) < 54 [r + o(x, z0)].

If f is a test function of type (zo,r,3,7), we write f € G(xo,r,[3,7), and
the norm of f in G(xg,r, 3,7) is defined by

I fllg(zo,r,8~) = Inf{C : (i) and (ii) hold}.
Here and in what follows, 6 is the same as in (1.2).

Now fix g € X and write G(3,7) = G(xo,1,5,7). It is easy to see that
g(l‘brvﬁf}/) = g(ﬁ,’}/)

with equivalent norms for all ;1 € X and r > 0. Furthermore, it is easy to
check that G(3,7) is a Banach space. We also define

Go(wo,7.5,7) = {f € Glao,r.5,7) : | f(a) dp(x) = 0},
X

and the dual space (G(3,7))" to be all the continuous linear functionals on
G(B,7). We denote by (h, f) the natural pairing of elements h € (G(3,7))’
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and f € G(B3,7). It is also easy to see that for all h € (G(8,7))’, (h, f) is
well defined for all f € G(xg,7,3,7) with 29 € X and r > 0.

It is well known that even when X = R"™, G(31, ) is not dense in G(f2, )
if 81 > (2, which causes some inconvenience. To overcome this defect, in
what follows, we let é(ﬁ, ) be the completion of the space G(0,0) in G(53,7)
when 0 < 3,y < 6.

To state the definitions of the inhomogeneous Besov spaces B, (X) stud-
ied in [8], we need the following approximations to the identity, which were
first introduced in [7].

DEFINITION 2.2. A sequence {S} },>0 of linear operators is said to be an
approximation to the identity if there exist € € (0,0] and C' > 0 such that
for all k € NU {0} and all z,2’,y, v’ € X, the kernel Si(z,y) of Si is a
function from X x X into C satisfying

(i) Sk(x,y) =0if g(ac y) > 027’C and HSkHLoo(XXx) < CQdk;

(ii) [Sk(z,y) — Sk(a',y)| < C2MHHE) o(z, 2')7;

(iii) |Sk(z, y) = Sk(z,y")| < C2MT=)p(y, )

(iv) [[Sk(z, y) = Sk(z,y)] = [Sk(a’,y) — Se(@’,y/)]]

< CQk(d+25)Q(CE, x’)ag(y, y/)s;
SX Sk 'CC 'Y d:u( ) 1;
vi) § Sk(z,y) du(z) = 1.

Here, Sk(x,y) being the kernel of Sy means that for suitable functions f,
Sif (@) = | Sk(w,y) f(y) du(y).
X
Now, we can introduce the spaces B;q(X ) via the approximations to the
identity defined above; these spaces were first studied in [8].

DEFINITION 2.3. Suppose ¢ € (0,0], s € (—¢,¢) and {S;}72, is an
approximation to the identity, and let

By =S5, —Sp.1 forkeN, Ey = 5.
The inhomogeneous Besov space By, (X) for 1 < p,q < oo is the collection
of f € (G(B,7)) with max(0,—s) < 3 < e and 0 < y < e such that

> 1/q
155,00 = { S IBKDllncx)?} < oo,
k=0
It was proved in [8] that the above definition is independent of the choices

of the approximations to the identity and the pair (3,~) with max(0, —s) <
8 < eand 0 < v < e. Moreover, by a similar argument, it was proved in
[11] that the definition is also independent of the equivalent quasi-metrics
satisfying (1.2).
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In [8], atomic decompositions for these spaces were also given. To state
them, we need the following construction of Christ [1], which provides an
analogue of the grid of Euclidean dyadic cubes on a space of homogeneous

type.

LEMMA 2.1. Let (X, 0, 1t)a0 be a space of homogeneous type. Then there
exists a collection {QF C X : k € NU{0}, a € My} of open subsets, where
My, is some (possibly finite) index set, and constants § € (0,1), ag > 0 and
C > 0 such that

(i) p(X\ U, QF) =0 for each fized k and QZOQ’“ =0if a#p;

(i) for any o, B, k, | with 1 > k, either Qﬂ c Q¥ or QB Nk = 0;

(iii) for each (k,a) and each | < k there is a unique 3 such that Q¥ CQB’

(iv) diam(Qk) < C6*;

(v) each QF contains some ball B(z¥,agd*), where zF € X.

In fact, we can think of QX as being essentially a dyadic cube with

diameter roughly §* and center z%.

The following (dyadic) smooth atoms on a space of homogeneous type
were introduced in [10].

DEFINITION 2.4. Fix § € (0,1) and a collection
{Q* c X : ke NU{0}, 7 € My}

of open subsets satisfying the conditions as in Lemma 2.1. A function agk
defined on X is said to be a y-smooth atom for Q¥ if

(i) suppagr C B(2F,3AC6%);
(ii) §x aqe(x) du(z) = 0;
(iii) Jags ()] < p(QE) /2 and |agx (x) — age (y)| < p(QF) 2/ dg(x, y).

A function agr defined on X is said to be a y-smooth block for QF if agk
satisfies only (i) and (iii) above.

As in the case X = R” (see [5]), we also define certain inhomogeneous
spaces of sequences indexed by “dyadic cubes” {Q*}. . My, kenu{o} = J in
X, which will characterize the coefficients in the atomic decompositions of
By, (X). For —e < s <¢,1 < p,q < oo, we let by, (X) be the collection of
all sequences A = {Ag}ges such that

[ Allbs, (x) = {Z [ 3 (M(Qﬁ)—S/d—l/Q-&-l/l”P\Q,ﬁ|)p] q/p}l/q

k=0 T€EM),
is finite.

We have the following atomic decompositions for the spaces B;q(X ),
which were proved in [8].
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LEMMA 2.2. Suppose —e < s < €.

(i) If 1 < p,qg < 00 and f € B (X) N (G(8,7)) with 0 <8,y <e,
then there exist a sequence A\ = {Agktorey € bpy(X), e-smooth atoms
{agx tken, rem, and e-smooth blocks {ago }rem, such that

F=22 rags

k=0 €My,
with convergence both in the norm of By, (X) and in (G(B,7))" when 1 <
p,q < 00, and only in (G(3,7)) when 1 <p,q < max(p,q) = oo, and

[Allbs, ) < CllfllBs, (x)-
(ii) Conversely, suppose
F=2_ 2. Aaraqs

k‘:O TEMk

in (G(B,7))" with max(0,—s) < B < ¢ and 0 < v < ¢, where ago’s for

T € Moy are e-smooth blocks and agi’s for k € N and T € My, are e-smooth
atoms. Then

1£1Bs,x) < CllMbs, )
Jor 1 <p,q < oo.

Lemma 2.2 was generalized in [11] to the following case when s > 0.

LEMMA 2.3. Suppose 0 < s < €.

(i) If 1 < p,qg < 00 and f € By (X) N (G(8,7)) with 0 < 8,7 <,
then there exist a sequence \ = {)\Q;ﬁ }Qﬁej € by, (X) and e-smooth blocks
{aQ’;}keNu{O},feMk such that

=22 Aaragr
k=0 T€Mj,
with convergence both in the norm of By (X) and in (G(B,7))" when 1 <
p, q < oo, and only in (G(B3,7)) when 1 < p,q < max(p,q) = oo, and
[Allbs, x) < Cllf B3, x)-
(ii) Conversely, suppose
F=2_ > Masagy
k=0 7€ Mj,

in (G(B,7))" with 0 < B, < &, where agr for k € NU{0} are e-smooth
blocks. Then

1£11Bs,x) < CllMbs, )
Jor 1 <p,q < co.



22 D. C. Yang

We also need the following lemma which can be found in [10, p. 93]; see
also [5].

LEMMA 2.4. Let 1 <p < o0, u,n € NU{0} with n < p and for “dyadic

2 2
cubes” Q7

|for(@)] < (14 270(x, 24)) "7,
where zt is the “center” of QY as in Lemma 2.1 and o > 0 (recall that
w(QY) ~ 27#d), Then

(2.1) H > ot
and

(22) > Parllfgr(@) < 20 (3 grlxge ) (@),

T T

) < C2u=mdo—pd/p ( ZT: |)\Q¢ |p> 1/p

where C' is independent of x, p and n, and M is the Hardy—Littlewood mazx-
imal operator on X.

3. Relations between function spaces on d-sets and spaces of
homogeneous type. Let I be a d-set in R™. In this section, we will estab-
lish the connection between the spaces By, (I") defined by means of traces
or quarks, which were proved to be equivalent in [16] (see also [15]), and
the spaces Bf,q(F ) defined by regarding I" as a space of homogeneous type
(as in Section 2) with the usual Euclidean metric and the d-dimensional
Hausdorff measure on R”. Let us first recall the definition of the quarks; see
[15] and [16].

Fore > 0,let I, = {x € R™ : dist (z, ") < ¢} be the e-neighborhood of I".
Let k € Ny and let My € N. For k € Ng, let {+*™ :m =1,..., M} Cc I’
and let {t)*™ :m = 1,..., My} be approximate lattices and subordinate
resolutions of unity with the following properties: There are positive numbers
C, Cy and C3 with

[yFm —qkm2| > 0127k ke Ny, my # ma,

and
M, My,

(3.1) I, c |J B0 2" = | Bim, k€N,
m=1 m=1

where e = C52~%. Furthermore, ¢/™s are nonnegative C°(R") functions
in R" with supp "™ C B(y"™, Co27F 1),

|Da,¢}k,m(x)‘ < Ca2k|a\
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for x € R” and a = (o, ..., a,) € (NU{0})" = Nj, and

My,
> U@ =1
m=1

for z € I7,, where Cy, is a constant, D% = (9/0z1)* ... (0/0xy)*", m =
., M, and k € Ny.

DEFINITION 3.1. Let d € (0,n] and I" be a compact d-set with a finite
Radon measure x in R” as in Definition 1.1. Let ©/*"™’s be the resolution of
unity as above. Let 1 < p < oo and s > 0. Then

(Bqu)im () = 27— HPIQHBl (yy — kB ()
fory e I'with B € N§, k € Npand m = 1,..., My, is called an (s, p)-0-quark
related to the ball By,,, where 7% = vﬁl 75" for g € Njj.
In [16], Triebel introduced the Besov spaces B, (I") via quarks as follows.

First we recall that for A = {A\g;, € C: k € No, m = 1,..., My}, we define
the spaces byq(I") by

>, & a/py1/a
bpa(1) = {2 iy = {32 (3 )} < o0

k=0 m=1
DEFINITION 3.2. Let d € (0,n] and I" be a compact d-set with a finite
Radon measure g in R™ as in Definition 1.1. Let s > 0, 1 < p < oo and
0 < g < 0. Let (Bqu)gm be the (s,p)-H-quarks on I' as in Definition 3.1.
We put A = {\: 3 € NI'} with
M={N ecC:keNy,m=1,...,M}.
Let o > r with 2" = 2Cy, where C5 is as in (3.1), let A? € b,y(I") and

(3.2) Iy = 1 2PN ) < o

Then B, (I'), is the collection of all g € LY(I') which can be represented as
o0 Mk

=3 3N AL Bawm(y),  vET

BeNg k=0m=1
with (3.2). Furthermore,
— 3 g
lgllzs, ), = inf IME -
where the infimum is taken over all admissible representations.

The following lemma is a simple case of Theorem 9.33 in [16].

LEMMA 3.1. Let I'" be a compact d-set with a finite Radon measure p in
R™ as in Definition 1.1. Let d € (0,n], s > 0,1 <p < o0 and 0 < ¢ < 0.
Then the spaces B;’q(F)g introduced in Definition 3.2 are independent of the
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adopted resolutions of unity as above and of the number o (with equivalent
quasi-norms), and will be denoted simply by By, (I"). Furthermore,

B (D) = trp Bif (= D/p(R)
with equivalent quasi-norms.

The first systematic study of the spaces B, (I") on d-sets is due to Jon-
sson and Wallin [13]. The spaces were defined with the help of first and
higher differences and approximation by polynomials. A result similar to
Lemma 3.1 was obtained; see Theorem 1 in [13, p. 141]. In other words,
under the conditions of Lemma 3.1, the spaces B;q(F) defined as above
by use of quarks are the same as those defined by Jonsson and Wallin in
[13, Definition 2, p. 123] via the methods mentioned above; see [13] for the
details.

Now, we will show that under the conditions of Lemma 3.1, the spaces
B, (I') with 1 < ¢ < oo defined above are the same as those defined in
Section 2 by regarding I" as a space of homogeneous type.

Temporarily, denote the Besov spaces on I' defined in Section 2 by
B, (I).

THEOREM 3.1. Let I' be a compact d-set with a finite Radon measure p
in R™ as in Definition 1.1. Let d € (0O,n], 1 > s > 0,1 < p < oo and
1 < q < o0. Then the spaces B;q(F) introduced in Definition 3.2 are the

same as Ef,q(F) introduced in Definition 2.3, with equivalent norms.

Proof. Let us first prove that B, (I") C Ef,q(F ). We only consider p, q €
(1,00); the other cases are simpler. Let g € B, (I"), for some admissible o.
By Definition 3.2, we then have the quarkonial decomposition

oo M,

=2 DD MulBauwum(z)

BeNj v=0m=1

for x € I', with the notation of Definition 3.2. We wish to use Definition 2.3
to verify that f € qu(F ). We first remark that since we have chosen the
metric in I" to be just the restriction to I" of the usual Euclidean metric, it
follows that 6 in (1.2) equals 1 in this case. We claim that if k,» € NU {0}
and k < v, then for z € I',
(3:3)  |Ek((Bqu)um) ()]

< Cz—(u—k)d(202)|B\2—V(s—d/p)(1 +2k‘.%' - um‘) (d+1)

where C5 is as in (3.1), and that if k,v € NU{0} and k > v, then for z € I,

(3'4) |Ek((ﬁqu)um)(l‘)|
< 027 ) (90y)IBlg=v(s=d/P) (1 4 9¥ |4 — A7)~ (d+1),

)
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In fact, we have

IB((Ba)om)(@)] = | § B, ) (B0w)om (9) d() X wer s o vomi<ca-1y (@)
r

<V 1Ex(2,9)(Ba)vm ()| di(y) X(aer: fo—ymi<c2-1} ()
r

< CQ*(”*k)d(QCQ)Iﬁ\Q*V(S*d/p)x{wep:|x7’yym‘<02 k}( )
< Cz—(u—k)d(zcz)|B|2—V(s—d/p)(1 +2k‘$_ um‘) d+1)
where C' is independent of v, m, k and x. This is (3.3).
For (3.4), since k > v > 0, we have

} Ex(x,y) du(y) = 0;
r

and therefore, by the mean value theorem,

’Ek((ﬂqu)llm)(xﬂ - ‘ SEk(xayXﬁqu)um(y) d:u(y) X{mGF:\m—'yulm\gCQ*V}(x)
r

= | | Bl ) [(B0w)um(y) = (Bgu)om(@)] du(y)

r
X X{zer: \x—v”vm\gCQ—”}(x)

< €2~ (2Co) P2y v <02y ()

< 02~ =) (20y)Fla=¥(s=d/P) (1 4 2% | — AP )~ (d+1)

where C' is independent of v, m, k and z, proving (3.4).
Now we write

DI LARTD

{z 23 S S AL (au) ,,m)HLp(F)}q}”q

BEN] v=0m=1

o0

oty

=I+1I

Ek( Z Z Z Xom(Bau) ”m>HLp(F)]q}1/q

BeEN] v=k+1m=1

For ke NU{0}, m=1,..., My, let
Bim ={z e |z -~ <Cy27F}

and Cy < Cy, where Cy and v¥™’s are as in (3.1). Obviously, by suitably
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choosing Cy, we may suppose that
{Ekm:kGNU{O}, mzl,...,Mk}

satisfy the conditions on {Q¥ C X : k € NU{0}, o € My} as in Lemma 2.1
for the present case. In what follows, for ¢ € [1, 00|, we define ¢’ € [1, 00| by
1/q+1/q = 1. Hence, by (3.4), (2.1) of Lemma 2.4, and Holder’s inequality,
we have

1< C’{ i |:2ks2—l/d/p
k
X < Z Z ‘Agm|p2*(k*l/)pfll(sfd/p)p(QCQ)‘[B|p> l/p}q}l/q
= C{ i [ zk: Z |)\gm|p2—(k—y)(1_s)p(202)wp} Q/P}l/q

0
<C Y )N,y < Cligllsg,ry Y 20 < Clgllgs, 1
BeNy PENG

which is the desired estimate for I; we used the fact that s < 1.

In what follows, let M be the Hardy—Littlewood maximal operator on I.
It is well known that M is bounded in LP(I") for p € (1,00); see [2], or
Theorem 2.2 in [12], or Theorem 14.13 in [6]. Using this for II, by (3.3),
(2.2) of Lemma 2.4 and Holder’s inequality, we have

<o S {33 | Satumigna],, '}

BeNy k=0 v=k+1

<C Z 202)|ﬁ|
BENY

x{i[ 3 20 ’“>52”d/PHM< 3 IA Ixamﬂ

k=0 v=k+1 =

<0y (20) IBI{Z[ Z 9—(v- ks2ud/pH Z'A XE

BeNT =0 v=k+1

il 1

LP(F)} q}l/q
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<o e (] 3 (X ) Ty

BENE k=0 v=k+1
<C Z (202)|/3|{ i [ i 2—(V—k)sq/2( Z": |)\5m|p)Q/p}
BENG k=0 v=k+1 m=1
X [ i 2*(1/*’6)861//2](]/‘]/}1/‘1
v=k+1
<C Y )Ny, ry < Cligllsg, @y Y 2" < Clgllps, )
BENE Geng

which is the desired estimate for I1; we used the fact that s > 0 and in the
fourth step, we used the property satisfied by the balls

{Bym :veNU{0}, m=1,...,M,}.
This proves that B, (I') C B3, ().

Now, let us prove Ezq(F) C By, (I'). To do that, we need first to show
that our 1-smooth blocks and 1-smooth atoms in Lemma 2.2 belong to
C>°(R™). For this purpose, by the proof of Theorem 2.1 in [8], we only need
to prove that in the present case, we can choose an approximation to the
identity as in Definition 2.2 with C°°(R"™ x R™) kernels. This can be done
by using Coifman’s idea as follows (see [3]). We choose a nonnegative radial
C*(R™) function g with g(z) = 0 if |z] > 2, g(x) = 1 if |z] < 1 and
0 < g(z) <1 for all z € R™. We then define the operator T} by

Ti(f)(x) = | 2M9(2" (2 — ) f(v) dpu(),
r
where k € NU {0}. It is easy to check that there are two constants C' and
C’ such that
C'<Tp(1)(z) <C

for all x € I'. In fact, it is easy to see that for some small g, > O,
C < T(1)(x) when = € I,. For example, we can take g, = 2~ *+1. We
then choose a Schwartz function ¢, € C*°(R") such that ¢y (z) = 1 for
v € I', Y(z) > 0 for x € I, j3 and Yp(x) = 0 for x ¢ I, 5. Moreover,
0 < Yy(z) <1 for all z € R™. We now define the operators Mj and Wy as
follows:

_ @)
Milf)(e) = 7 £(a),
s0 M, is just the multiplication by vk (x)/Tk(1)(x), and
Wi(H)(e) =~ S (@),

Tl 7o) (@)
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again a multiplication operator; here f is any suitable function on I". Then
the operator {Sk }renuqoy defined by

Sk(f) = My T W3 T), My (f)

is the approximation to the identity we are looking for.
Let f € B, (I'). By Lemma 2.2, there exist a sequence

A={Agr 1 ke NU{O}, 7=1,..., My} € by (1),

I-smooth atoms {a kikeN T=1,... , Mg} and 1-smooth blocks {agp :
T=1,...,Mp} such that

oo My

f=2_ Aasag

k=0 71=1

with convergence in Ef) (I') and
Mleg,(ry < Cllf By, (1

where by, (I") is the collection of sequences
A:{)\QE ke NU{0}, 7=1,..., My}
such that

oo Ui a/py1/a
Mg, ry = { D0 [ Do (@)A1 g |7

k=0 7=1
is finite. Moreover, by the above construction of the C'°° approximation
to the identity and the proof of Theorem 2.1 in [8], we know that {ag :
keN, 7=1,...,M} and {ago : 7 = 1,..., Mo} belong to C*°(R"). Note
that Lemma 2.2 is also true when X = R"™, d = n and 6 = 1. In this case, we
choose u = m, the n-dimensional Lebesgue measure on R". In fact, to remove
the restriction on s, we can just use the results in [4]. When [s| < 1, the
spaces obtained by Lemma 2.2 and those in [4] are the same. Let us denote
temporarily the Besov spaces on R™ by E;q(R"). As we have just pointed
out, agx forall k € NU{0} and 7 = 1, ..., M} can be automatically extended
to R™. We can also suppose that {Q% : k € NU{0}, 7 = 1,..., M}} of Lemma
2.1 for I' are just the restrictions to I" of {QV’Tg ke NU{0}, 7=1,..., Mk}
from Lemma 2.1 for R™, which are just the dyadic cubes in R"; see [4]. Thus,
if Qk Qk N I', we define a5 Cng(”_d)/QaQE, and agr = 0 otherwise.
Then we have !

supp agx C 3QF = {z e R™ : |z — 2F| < 3C27F},
|a©k (SC)| < COCIQk(n—d)/Zde/2 (Qk) 1/2
0 (8)—aggy ()] < CoChl—y|2Hn— /2900 /Z1/A) _ pyy Gy=1/2=Un| gy

Qk
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by choosing a suitable constant Cy which is independent of x, y, k and T,
where C{) depends only on d and p. Thus,

{age : k € NU{0}, 7 =1,..., My}

are 1-smooth blocks. Moreover, let )‘Qk Cy Lok(d—n /2)\ ok if QF = @]j NI,
and Age = 0 otherwise. Let A = {)\@’ﬁ c ke NU{0}, 7 = 1,..., My}
Then
~ oo My a/py1/q
My nmaogy < O D0 [ @M prtn/ambnfo o ] T
k=0 7=1

co My
= C’{ Z {Z(ka+kd/2—kd/p|>\m|)p] q/p}l/q

k=0 1=1
= C[Allps, () < 00,
where C' is independent of f. Now, if we define
~ o0 Mk
=22 Aqrage
k=0 T=1
then by noting that 0 < s < 1 and using Lemma 2.3 (see also the proof of
Theorem 2.1 in [8]), we find that f € E;;(n_d)/p(R”), f=trp f and

17 gsst0-00n gy < Ol
where C' is independent of f. Thus, by Lemma 3.1, f € B, (I"), and

1fllB3,ry < Cllf By,

where C is independent of f.
This finishes the proof of Theorem 3.1.

The following corollary has been proved in the course of proof of Theo-
rem 3.1.

COROLLARY 3.1. Let d € (0,n] and let I" be a d-set with a Radon mea-
sure pu i R™ as in Definition 1.1. Then there is a C*° approximation {S;}32
to the identity on I in the following sense: for all k > 0 and all x,y € I,
the kernel Sk(x,y) of Sk is a C* function from R™ x R™ into C satisfy-
mng

(i) Sk(z,y) =0 if |z —y| > C27F, 2,y € R™;

(if) |DaDﬂsk<x Y)| < Cag2H*HHA, o, € Np, 2,y € R™;

111) §$rSk(x,y)du(y) =1 for all x € T
) §r Sk(z,y) du(x) =1 for all y € T,

lV
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where DY and Dg are differential operators in R™ defined as above, with
respect to x and y, and C' and C,pz are constants independent of k, x

and y.
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