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Regularity of stopping times of
diffusion processes in Besov spaces

by

XICHENG ZHANG (Wuhan and Lisboa)

Abstract. We prove that the exit times of diffusion processes from a bounded open
set {2 almost surely belong to the Besov space By ({2) provided that pa <1 and 1<g<oco.

1. Introduction and statement of results. Recently, many authors
devoted their efforts to the study of stopping times. In [1], Airault, Malliavin
and Ren studied the smoothness of stopping times of diffusion processes
in Wiener space. In [8], Pedersen and Peskir computed the expectation of
the Azéma—Yor stopping times. In [4], Knight and Maisonneuve gave two
characterizations of stopping times via martingales and Markov processes.
On the other hand, in [2], [3], Boufoussi and Roynette studied the regularity
of Brownian local time Li as a function of x € R, and they proved that
it is almost everywhere in Besov—Orlicz spaces on R. Motivated by their
work, we study the smoothness of stopping times regarded as a function of
starting points in Besov spaces. We emphasize that in [1] the authors proved
that for an elliptic diffusion process, the exit time from an open set is in the
fractional Sobolev spaces D? provided that pa < 1. In the case of Brownian
motion, they also showed that the result is almost optimal. Here we borrow
some methods from [1] to prove our main result.

For any 0 < a <1, p>1and ¢ > 1, we use By, to denote the usual
Besov spaces in R?, and the norm in Bg, is denoted by || -||a,p,q. We refer to
[10, p. 189] for the detailed definition. The Besov spaces over an arbitrary
domain {2 are defined as restriction of the corresponding spaces over R¢
to £2. That is to say,

1 fllBe (o) = inf 9lla.p.q-
(1 g =, int gl

When (2 is a bounded C? domain, another norm equivalent to (1) is given
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by (cf. [10, p. 324])

[f(z+h) - f(x)H%P(Qh) dh 14
AT ’

@ Wlag o = s + ( |
Rd
where 2, = 2N{z € RY:z+h e N} and |- | is the usual norm in R%.
Let (W, H, 1) be the classical Wiener space. W and H respectively stand
for the completions of C5°([0, o), R?) with respect to the norms

w(t o 1/2
fwlw = sup 2 ana s = (T @ ar)”,
t>0 1+t 0
w is the Wiener measure.
In this context, we consider the following diffusion process:

d
5 dXi(t, ) =Y opi(X (8, x))dwy(t) + bi(X (¢, 2))dt,  i=1,...,d,
k=1

X(0,2) ==z
where z € R?, ¢ : R — R% x R? and b : R — R? are C’g functions, and
w(-) is the standard d-dimensional Wiener process. The second order elliptic

differential operator A on R? associated with this diffusion process is given
by

d d
1 2
A=g ]21 a; ;(x)07; + ; bi ()0,

where a = 00T € C2.

Let {2 be a bounded connected open set in R? with C? boundary (or 912
is a regularly imbedded C? submanifold of R?). It is well known that there
is a function (cf. [5, p. 59]) o : RY — R satisfying:

(i) 0 is C%
(ii) {z € R4 : o(x) < 0} = §2;

(iii) Vo(z) # 0 on 02 = {x € R% : o(z) = 0}, where V stands for
gradient.

o is called a defining function for {2. From the definition of p, it is not

hard to find that there exist two strictly positive constants C'; and € such
that

(4) Cy < |Vo(z)| Vx € (2,
where (2. := {z : —¢ < o(z) < €} is a bounded set and (2. is the closure
of 2..

For x € {2, we define the exit time as follows:
(5) Tp(w):=inf{t >0: X(t,w,x) & 2} =inf{t > 0: o(X(t,w,x)) = 0}.
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For fixed T > 0, setting
71 (w) = min{r, (w), T},

we prove the following result:

THEOREM 1. In addition to the conditions o,b € C2, assume also that
there exist two positive constants Cy, C3 such that

(6) Col¢? < €ag” < C3l¢)?

for all € € RE. Then for any p > 1 and 0 < o < 1, there exists a constant
C =C(T,p,a) such that

(7) By (w) = 7, (w)|P < Cle —y|*  Vz,y e 2.
Furthermore, in the case of one-dimensional Brownian motion, for x < 1,
set Tp(w) = inf{t > 0:w; +2 =1} and 71 (w) = 7.(w) A T; then for any
a < 1, there exists a constant C' = C(T, a,p) such that
(8) E|Tg(w)—75(w)|p20|x—y\ Va < x,y < 1.

From this theorem we easily deduce the following results:

COROLLARY 2. For almost all w € W, if pa <1 and 1 < g < oo, then
I(w) € B;“,q(_()).

Set f(z) = E(7;). Since |f(z) — f(y)| < Bl (w) — 7,/ (w)| < Cla —y|*,
we obtain

COROLLARY 3. For 0 <a <1 and 1 <p < oo, we have f € B (£2).

2. Proof of Theorem 1. Henceforth, we make a convention: C' denotes
a positive constant whose value may change in different occurrences.
First of all, from equation (3), we observe that for m > 1,

E|X(s,x) = X(t,y)|™ < O(jz —y|™ + |s — t|™/?)
for all s,t € [0,T], z,y € R? (cf. [9]).
By the Kolmogorov criterion (cf. [9]), if we take m > (d + 3)/(1 — ), then

o < _ o jatl/m
) max X (sw) — X(swy)| < Ble —yl*

where E|B(w)|™ < oo.
By condition (i), we know that

(10) IVo(z)| < Cy Vze 2. U
For z € 912, if we define

no(w) = inf{t : X(t,w,2) & 2.} =inf{t : |o(X(t,w,2))| =€},
then for s < [71(w) + ngf(Tg(w)7w’m)(w)] ATl (w), we have

X(s,w,x) € 2. U, X(s,w,y) € 2.
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Thus by the mean value theorem and (9), (10), we have
(11) fo(X (s, w,x)) — o(X (s, w,y))| < [Ve(n(w))] - [X (s, w,z) = X (s, w,y)]|
< CiB(w)lz —y|*+/m.

where n(w) € 2. U 2.

Now we estimate the pu{|7)} (w) — 7, (w)] > A} for A < T. Note that if

I (w) > 71 (w) for some w € W, then

Tf(w) = Tg(w) + inf{s: Q(X(TIT('LU) + s,w,y)) = 0}.
Hence

{r) (w) =7 (w) > A} C {orélsagxx o( X (tF (w) +s,w,y)) <0, 71 (w) < T—\}.

On the other hand, setting u(s) = Tg(w)+sAn§((Tr(w) w m)(w) < 7I(w)+s,
from (11), we find that

ax [o(X (u(s), w, 7)) = o(X(u(s), w,))| < CaBlw)lz —y*T/™ as.

Consequently, we have
p{ry (w) =77 (w) > A}

< p{ max o(X (] (w) +5,w,9)) <0, 7,7 (w) <T = A}

_ T T _
= u{orgsag o(X (7 (w) +s5,w,y)) <0, 7, (w) <T = A,

RSN o(X (u(s), w,z)) — Juax, o(X (u(s),w,y)) < B(w)|z — y|*+/™}

< p{ max o(X(u(s), w,2)) < Blw)lw -yl /™, 77 (w) < T =2}

< ,u{orélaé()\ o(X (u(s), w,z)) < Bw)|z —y|*TYV™, 77 (w) < T —

B(w) < |z —y|7/"} + p{B(w) = |z —y|7/™}

< u{oglggAQ(X(u(S)’w,w)) <|z—y|% 7 (w) <T — A}

+pu{B(w) > |z -y}

< M{O?Saéx)\ o(X(7a(w) + s A ng{(Tz(w)w,:v) (w),w,z)) < |z —y[*}

+p{B(w) > |z —y| 7™}
=1 + Is.
The Chebyshev inequality yields
I < E|B(w)|™ - |z —y| < Clz —yl.
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By the strong Markov property, we continue to get
1y = p{ max, 0(X (5 A 1 () ) (1), O ) (), X (72 (0), w0, 2))

<z —yl*}

= | p{ max o(X (s Anz(w), Or, w)(w), 2)) < |z —y[*}
o1 - =
x p{ X (7 (w), w,x) € dz}

where 0 () (w)(s) = w(s + 7z (w)) — w(7z(w)).
On the other hand, for fixed z € 92, by the Ito formula ([6] or [7]), there
exists an abstract Brownian motion b(s) = b*(s) such that

o(X(t,2)) =\ [(Vo)TaVo]'*(X (s, 2)) db(s) + | Ao(X (s, 2)) ds.
0 0
Set
£(t,2) = 1(Vo)"aVe]'*(X (s Ang, 2)) db(s) + | Ao(X (s AnS, 2)) ds.
0 0

Then for t < nZ, we have

o(X(t,w,z)) =&(t,w, z).
By the Girsanov theorem, £(¢, z) is a martingale under the new probability
dp = M dy where

M = exp | = JADCX(s A ) b5 5 §(ARX(s 2, 2))? s
0 0

N | =

The increasing process of the martingale (¢, z) is

t

B(t,2) = (Vo) aV el (X (s AnS, 2)) ds.
0

From (4), (6) and (10), it is easy to see that
C5t < ﬁ(t, Z) < Cﬁt.

By a change of clock, we deduce that v;(w) := &(8; ', 2) is a Brownian
motion under fi, starting at zero. Hence

h —1:2/(21‘,)
puf{ max vs < h} x < Cht='/2,

0<s<t 1/2

NJ
Ot
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So we have
o~ X € _ [e]] — -~ < _ &
i max o(X (s Anz(w),w,2)) < |v —y|*} = i{ max £(s,2) <l —y|"}

<A _ [e% < o (6% —1/2‘
< if, fax s < |z —y["} < Clo—y["A

Thus, by the Holder inequality, for any ¢ > 1, we have
X € e
i max o(X(s Anz(w) w,2)) <z —y[*}

)(qfl)/q

< C(SMQ/(‘]_l)dZZ |$_y’a/q)\—1/(2q)'

Since M € LP, we see that for any 0 < A < T,
P

p{ max o(X(s Anz(w),w,2)) <o —y|*} < Cla — y|o/ N/ (),

Lastly, I; < Clx — y|a/q)\—1/(2Q)_ So

Elr] (w) = 7 (W) = { pAP {7 (w) — 7 (w)] > A} dA
R

< Clz— y‘a/q Sp/\Pfl)\*l/(ZQ) d\ < Clx — y‘a/q_
0

In view of the arbitrariness of ¢ > 1, we let ¢ tend to 1, and (7) follows.

Next we look at the second part of the theorem. Assume that z < y and
T/3 < X < T/2; we obviously have

{2 (w) = 7, (w) > A} = {7 (w) — 7y (w) > A} N {7, (w) <T — A}

Thanks to the independence of 7,(w) — 7,(w) and 7,(w) (cf. [11, p. 165,
Problem 8.22]), we have

{7y (w) =7, (w) > A}
= {7 (w) — 7y (w) > App{my(w) <T = A}

= uf i w(s+7,) —w(r,) <y—ahufn(w) < T =N}

= p{max w(s) <y —apu{r(w) <T - A}

y—x oo

__2 [ ert/en g2 [ /@@= gy
27N 2n(T—A) 7,

> C(y — ).

Consequently,
Elry (w) = 7, (w)|P = Clz —y|. =
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