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Doubling properties and unique
continuation at the boundary for elliptic
operators with singular magnetic fields

by

XIANGXING TA0 (Ningbo)

Abstract. Let u be a solution to a second order elliptic equation with singular mag-
netic fields, vanishing continuously on an open subset I" of the boundary of a Lipschitz
domain. An elementary proof of the doubling property for u? over balls centered at some
points near I is presented. Moreover, we get the unique continuation at the boundary of
Dini domains for elliptic operators.

1. Introduction and statement of results. The unique continuation
problem has been receiving increasing attention from workers in both partial
differential equations and mathematical physics. In the survey paper on
Schrodinger semigroups [S] Simon formulated the following conjecture: Let
V € K¢, the local Kato class of potentials. Then the Schrédinger operator
H = —A + V has the unique continuation property (UCP). By this it is
meant that given any connected open subset {2 C R", the only solution u
of Hu = 0 in {2 vanishing in an open subset {2y C {2 is u = 0. It was proved
in [SS] that if V2 € K!°°, then the Schrodinger operator H has the UCP.
A recent outstanding result of Fabes, Garofalo and Lin’s [FGL] proves that
if V € K!°¢ and is monotone radial, then H has the UCP.

On the other hand, the following unique continuation question was raised
in [L], [AEK] and [AE]: If u is a harmonic function in a connected Lipschitz
domain {2, vanishing continuously on an open subset I" of the boundary 92
and whose normal derivative vanishes on a subset of I' of positive surface
measure, does it follow that w is identically zero in 27 In [AEK], it was
shown that this holds for convex domains. In [AE] and [KN], it was proven
that the answer is affirmative for Dini domains, and thus, in particular, for
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C1® domains with a > 0, while it is also pointed out in [AE] that the result
can be generalized to solutions to elliptic operators with Lipschitz second
order coefficients and bounded lower order coefficients in C'* domains with
a > 0. The key step in [AE] is to prove that u satisfies a doubling type
condition on the boundary. In this paper, we prove doubling properties for
solutions of Hu = 0 (Theorems 1.1 and 1.2), and give an affirmative answer
to related unique continuation questions for the Schrédinger operator H in
Dini domains (Theorem 1.3).

In fact, we consider second order elliptic operators of the following form:

(L1)  Lu(X)= — Y Dj(a(X)Dpu(X))+ > W;(X)Dju(X)
Jk=1 j=1
+ V(X)u(X)

in some domains {2, where A(X) = (a;x(X))’;_; is a real symmetric matrix
function, D; = 0/0x; —ib; is a differential operator, b(X) = (b;(X))7_; and
W(X) = (W;(X))j—, are real-valued vector fields, and V(X) = V*(X) +
iV1(X) is a complex-valued function.
Throughout this paper we use the notation
0 0
D=V —ib D* = b ==, ...,
V Z, V—f—l, v <am17 7amn>7
ob;  Oby
B = (b))%, bia(X)= —L - %
( ]k)j,k—17 Jk( ) O, axj’

Hin(12) = {u € Li,o(2) : VOu € Lipo(2), o] < m}.

loc

Note that Du = D*@ for a complex-valued function w.

To state our main results, we first recall the definition of the Kato class
Kloc.

DEFINITION 1.1. We say a measurable function g € L{ (£2) belongs to

loc

the Kato class K'°°(£2) if lim, o n(r;gxg,) = 0 for every bounded subdo-
main {2y of (2. Here

g(Y
n(r;g) = sup ’X‘_(% dy
XeR™ B, (X)

where B, (X) ={Y € R" : |Y — X| < r} is the ball in R™.
In this paper, the assumptions on A, b, W and V are the following.

ASSUMPTION (A). For any Xo € 2, there exists a X > 1 such that, for
every X € 2 and £ € R™,

(1.2) ATHEP < AX)E- € < A€
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and there exists a nondecreasing function f : RT — RT such that
lim,_o f(r) =0, and for every X € B1(Xo) N {2,

J(X — Xol)
(1L3)  [VAX)| < |X—7X00]’ [A(X) = A(Xo)| < f(IX — Xol),
and

J(X = Xol) ' f(X = Xo|)
(1.4) (W(X)| < XX V- W(X)| < X~ X2 -

ASSUMPTION (B). For any Xo € {2, we have
(1) be L (2), V-be L2,(2), b2 € K(2),

loc loc
(1X = Xo||BI)? € K2°(92);
(2) Ve Kpe(2), (IX — Xol - [V1])? € Kppe(92),
X — X
X — Xo
We remark that if V € K°(£2) and is a monotone radial real function,
then it satisfies Assumption (B).

2 VR 41X — Xo|[VVER € Kloc(02).

In this paper, we always denote by
AN(Q) =B (Q)Nof2 and T,.(Q)=B.(Q)N

a surface ball and a Carleson region for the boundary point @) € 92. Take
Qo € 912. Let no(r;9) = n(r; 9X13(0,)) and

— X
no(r) =mno(r;V )+770(7’7 X = Xo|

+0(r; (1X = Xo| VY2 10 (r; (|1 X — Xol - |BI))'?;

VE4X - XUWVR>

we also put
Oo(r) =mo(r) + f(r),

and denote by r, a small number defined in Definition 3.1.

The main results of this work are the following doubling properties near
the boundary.

THEOREM 1.1. Let §2 be a Lipschitz domain, and L be an operator as
in (1.1) satisfying Assumptions (A) and (B) with Sé(@o(r)/r) dr =M < oo,
and let uw € HE (£2) be a solution to Lu = 0 in 2 vanishing on A3(Qo) for
some Qo € 02. Suppose that there exist a positive number rg, 0 < rg < 7y,

and a point Xo € B1(Qo) N 2 such that A(Xg) = I, the unit matriz, and
(1.5) AQ)(Q —Xo)-v(Q) >0  for a.e. Q in By (Xo) N OS2
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where v(Q) is the outward unit normal vector at ) € 02. Then

| w)Pdx <2900 | u(X))PdX
Ba, (Xo)N2 B, (Xo0)N2

for all 0 < r < ro, where C(rg) is a constant independent of Xy and r.

THEOREM 1.2. Assume the same conditions as in the above theorem, but
without 8(1](00(7“)/7“) dr < 0o. Then there exist absolute constants Cy,Co and
K independent of 0 <r <1y and Xo € B1(Qo) N 2 such that

Ch

| |u(X)2dX§eXp<m> | ux))?dx.
BQT(X())QQ Br(Xo)ﬁQ

The proof of the two theorems above will use a Rellich type identity
near the boundary and the variational method; the original idea goes back
to Garofalo and Lin [GL1] who dealt with the equation div(AVwu) = 0.
We will give the proofs in Section 3. From the two theorems, it is easy
to deduce the following boundary unique continuation for Dini domains
(Corollaries 1.1 and 1.2), and the inner unique continuation in any domain
2 C R™ (Corollaries 1.3 and 1.4).

COROLLARY 1.1. Let {2 be a connected Dini domain in R"™ and u €
HI%C(Q) be a solution in {2 to Lu = 0 vanishing continuously on an open
subset I' of 02, where L is an operator as in (1.1) with Lipschitz coefficients

A and satisfies Assumptions (A), (B) and Sé(Gg(r)/r) dr < co. Assume that
for some point @Q in I' and for every m > 0,

| m)Pdx=0(0m), r—o.
T (Q)

Then u must be identically zero in (2.

COROLLARY 1.2. Let §2 be a connected C' domain in R™ and u €
H (£2) be a solution in 2 to Lu = 0 vanishing continuously on an open
subset I' of 082, where L is an operator as in (1.1) and satisfies Assump-
tions (A) and (B). Assume that for some point Q in I', there are positive
constants K and (B such that

| (X)) dX = O(exp(-K/r?)), r—0.
T (Q)

Then u must be identically zero in 2.

COROLLARY 1.3. Suppose Assumptions (A) and (B) hold, Sé(@o(r)/r) dr
< 00, and §2 is a connected domain in R™. Then L has the strong inner

unique continuation property: if u € HIQOC(Q) 18 a solution to Lu = 0 and
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satisfies, for some Xy € {2 and every m > 0,

| [uX)PdXx =0(™), r—0o,
B'r'(XO)

then v =0 in (2.

COROLLARY 1.4. Suppose Assumptions (A) and (B) hold, and 2 is a
connected domain in R™. Then L has the inner unique continuation prop-
erty: if we HZ (£2) is a solution to Lu = 0 and satisfies, for some Xg € 2
and K,e >0,

| [u(X)]?dX = O(exp(-K/r%)), =0,
B, (Xo)

then u=0 in {2.
In particular, L has the weak inner unique continuation property: if u
vanishes on a subdomain {2y of {2, then u =0 in (2.

These corollaries improve the previous results of [AE], [AEK], [FGL],
[GL2] and [Ku|. The arguments for their proofs have already been given in
[AE] and [FGLJ; in Section 4 we outline the proofs of Corollaries 1.1 and 1.2
for the sake of completeness.

We also consider the unique continuation at the boundary, and obtain
the following results.

THEOREM 1.3. Let §2 be a Dini domain in R™, and let L be an operator
as in (1.1) with Lipschitz second order coefficients, satisfying Assumptions
(A) and (B) and 83(90(7“)/7“) dr < oo. If w € HE.(92) is a solution in §2
to Lu = 0 vanishing continuously on an open subset I' of 0f2 and whose
normal derivative vanishes on a subset of I' with positive surface measure,

then u must be identically zero in 2.

Since Lu = —div(AVu) + (W +2iAb) - Vu+i div(Ab)u+ Ab-bu+Vu, we
can apply the results of [AE] for a Dini domain. But they require stronger
conditions: |W1|,|Ab|,div(Ab),|V| € LS., while our method only requires,
for instance, div(A4b) € LY .

COROLLARY 1.5. Let §2 be a Dini domain, and L a real elliptic operator
of the form

(1.6) Lu = —div(AVu) + W - Vu + Vu,

where A satisfies (1.2) and the Lipschitz condition; W satisfies (1.4) or

|W| € Lloc(Q); Ve KLOC(Q) and 2‘§ §0‘V + ’X X0|vv c KIOC(Q)

and let So( o(r)/r) dr < co. Then L has the unique continuation property at
the boundary: if v € H?

2 (£2) is a nonconstant solution to Lu = 0 vanish-
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ing continuously on an open subset I' of OS2, then the surface measure of
{Q € I': |Vu| =0} is zero.

REMARK 1.1. Let Xo = 0, By = B;(0) and V(X) = |X|!|log | X",
[ >0, m € R. Then (see [Ku])

VeKB) & (m>1,1=2)or (meR,<2);
VZe K(By) & (m>1/2,1=1)or (meR, 1< 1);
X
2mv+|X|VV€K}f°(Bl) & (m>0,1=2)or (meR, [ <2).

So in this example the condition V2 € K¢ is the strongest. In fact if the
assumption on V is replaced by |V|? € K¢ the theorems are valid (see
Remark 3.2 below).

REMARK 1.2. By using an approximation argument we can show unique
continuation theorems similar to those above even for Hlloc—solutions.

In this paper, the letter C' always denotes positive constants which may
depend on A, n, the K!°° norm and the Lipschitz character of £2 but may
change at different occurrences. The notation h = O(f) means that || <
C|f| for some constant C.

2. Kato potentials and auxiliary lemmas. In this section, we recall
some notations and lemmas concerning the Kato class which will be useful
in this paper.

LEMMA 2.1. Let 2 be a Lipschitz domain, and assume g € K.°°(2),
and u € H} (£2) vanishes continuously on B N 812, where B = B,(Xy) for

some Xg € {2 and r > 0. Then there exists a dimensional constant C,,,
independent of r, Xo and u, such that

1
1) § lol-lf? 4X < Cuntrigrana) (] [Vl ax+1 | jufdo).
BN BN OBNS2

22§ lol- o 4X < Cuntrigrana) (] IDWPaX+3 | fufdo).
BNQ BN 8B

Proof. Arguing as in Lemma 1.1 of [FGL], we get (2.1) for all » > 0,
g € KI°°(£2) and u € C*(§2) vanishing on B N 0f2. By density, (2.1) also
holds for u € H{_(£2) vanishing on B N 912.

On the other hand, it is not difficult to see that

U1VU2 — 'LLQV’U,l
bu —

2
> |Vlull,

u

(2.3) |Du|? = \vyuuz + ‘

where u; = Re(u), uz = Im(u). This yields (2.2).
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LEMMA 2.2. Let £2 be a Lipschitz domain with Xo € §2, and assume that
u € H _(£2) vanishes continuously on B,.(Xg) N dL2. Then

lu(X)|?
2.4 _
+(Xo)N2

19,4

1
<4 S |Du? dX + - S |u|2da>
B, (X0)N2 " 9B, (Xo)n22

for all v, Xy and u.

Proof. This is a variation of Heisenberg’s uncertainty principle (see [RS]).
We observe that it is not restrictive to assume that Xg = 0. From the
divergence theorem,

(X)) 2 g; (X )
dX = ul*div | 7 | dX
S X2 B,Sﬁ()| | X1

B,N§2

X 1
=-2 | WVl —zdX+- | |udo
T

| X2
B,.N$ 0B,Ny2

2 1/2 1/2
g2( { %dX) ( { |vyu|\2dx) +% [ Jufdo.
BN BN OB,N$2

This inequality, Cauchy’s inequality and (2.3) yield (2.4).

Using Lemma 2.1 we can deduce the following Caccioppoli inequality

([Ke]).

LEMMA 2.3. Let §2 be a Lipschitz domain with Qg € 012 and L be an op-
erator as in (1.1) satisfying Assumptions (A) and (B). Suppose u € H\ (£2)
is a solution to Lu = 0 vanishing on A3(Qo). Then there exist constants C
and 0 < r, <1 such that for all 0 <7 < r, and Xo € B1(Qo) N £,

C
(2.5) | vePax <o | juPdx.
B,.(Xo)N$2 " Ba (X0o)NE2

Proof. Take 0 < r < 1, and let ¢ € C§°(R™) be a real function, ¢ =1
on B, (Xy), supp ¢ C Ba,(Xo), |[Vé| < C/r. Since u = 0 on By, (Xo) N 012,
we have u¢? € Hg(Ba,(Xo) N §2). Thus

| [ADu-D*(ug?) + W - Duti¢® + Vutig®] dX = 0.
Bgr(Xo)ﬁ.Q

By assumptions and Hoélder’s inequality we have
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[ IvuPe?ax <cvn | uPIVe)Pdx
BQ,,.(X())(_]Q BQ,,.(X())(_]Q
+Cn | (V)T + P+ W) gl dX
BQT(X())HQ

where C), is a constant depending only A and n. Thus, from (2.1) in
Lemma 2.1, one can see that

(2.6) | VuP¢rax <G | [uP|Ve]PdX
B2, (X0o)NE2 B2, (X0o)NE2
+ Con(mors (V) + B + f22r) | [Vue®dX.
BQT(XO)O.Q

Taking 0 < r, < 1 such that Cy ,,(no(2r; (V®)™ + |b]?) + f2(2r)) < 1/2 for
all 7 € (0,7,), we then get (2.5). The lemma is proved.

3. Doubling property. The purpose of this section is to establish the
doubling property.

DEFINITION 3.1. Let Qo € 012, C1 = max{2X,Cy,Cx ,}, where C,, is a
dimensional constant of Lemma 2.1, and C) ,, is the constant in (2.6). Set

re = max{0 < r < 1:m9(2r; (V)™ +|b]?) + f2(2r) < (2C1) 7).

Without loss of generality, we may assume X = 0 is the origin and write
B, = B,(0). Thus condition (1.5) can be rewritten as

(3.1) AQ)Q - v(Q) >0 for a.e. Q in By, N OS2
We now consider the function p and vector field § defined as
u(X) = AX)X - X/IX12, BX) = ACX)X/u(X).
From Assumption (A) we have, with | X| = r,
(32) AT <u(X) <A [Vu(X)| O/, u(X) =1+ O0(f(r)),
(3.3) B(X)[=0(r), div(AX)=n+O(f(r)), (9/0z;)Br=0b;r+O(f(r)),

where the constants depend only on A and n. For v as in Theorem 1.1 and
0 < r < 2, we introduce the following functions:

L(r)= | ADu-DudX, L(r)= | Re(W.Duu)dX,

BN B, N0
gay D)= ) VP I0) = h)+ B0 + BO),
H(r)= S plul? do, N(r)= Zé:;

OB,N2
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Differentiating H(r) we have, from (3.2),
H'(r) = <—” i O(—f(r)>>H(r) +2Re | a2 do.
r r or
0B,Ns2

We note that u is a solution to —D(ADu) + W - Du+ Vu = 0 and u
vanishes on B, N df2. A direct computation yields

I(r)y= | div@ADu)dX —i | {Im(W - Dum)+ V'ul*} dX

BN BN
= S ﬂ;—uda—i S |u|?b - Av do
oB,ne VA 9B.N0
—i | {Im(W - Dum) + V'u|*} dX
B.NO

where we have used the divergence theorem, and where du/0v 4 is the conor-
mal derivative.

REMARK 3.1. Using Lemmas 2.1, 2.2, Assumptions (A) and (B), and
the fact that u € HZ_(£2), we can deduce the integrability of each integrand
above.

Since the conormal derivative on 0B, is given by du/0vs = AVu - X/| X]|,
and a = AX/|X| — pX/|X| is a tangential vector field on 0B, with
|div(a(X))] = O(f(r)/r), and noting that I(r) is real-valued, we obtain
from the divergence theorem and (3.2) the following identity:

I(r)=Re | - —do
oBunn OVA
= Re S MU@dU—FRe S uVu - ado
or
BN dB,.NN
_Ou 1 9
= Re S pu —do + = S V(|u|*) - ado
or 2
dB.NN OB.NN
= Re S MU@ do + O(M)H(r)
or r
OB,N2
Thus
—1
(3.5) H'(r)=2I(r) + [nT + O<@>} H(r).

LEMMA 3.1. For every 0 < r < 1, there exists an absolute constant
Cx,n > 0 depending only on A and n such that



40 X. X. Tao

H(r)

(3.6) ()] + 1) < ca,neom( T w));

and for all 0 <1 < r,,

(3.7) Ii(r) < 2 <@ + 1@)).

r

Proof. By Hélder’s inequality, Assumption (A) and Lemma 2.2 we have

L)< (§ weEprax) (] purax)”

BN B,.N{$2
H{(r)

r

< 2\f(r) L) V() < 20 f () (Hff) s (r)),

and from Lemma 2.1,
H(r
sl < § VR Jul?dX < G VR)<+) +Il(r)),
B,.N$2

whence (3.6) follows. Moreover,

I(r) = Ii(r) + Iy(r) + I3(r)

> 1(r) = A7) + camolr; (V) ) (ﬂ

+ Il (T)>)
which implies (3.7).
LEMMA 3.2. For every r € (0,7r,), H(r) > 0 unless u =0 in B, N 2.

Proof. Assume that H(r) = 0 for a certain r sufficiently small. Then

This and (3.7) imply I;(r) = 0, and so we obtain |Du(X)| = 0 for a.e.
X € B, N 2. Since |V|u|| < |Du| a.e., |u is constant in B, N £2. Thus,
H(r) =0 implies v = 0 in B, N {2.

Our next task is to consider the differentiation of the functions I(r) and
N(r). Our argument is based on the following identity:

LEMMA 3.3. For every 0 < r < 1, we have

(3.8) \ ADu Duds
0B,N$2

1 1 AQ v Av -
=2 | “|ADu-vPdo+ - | AQ-vdv-v

OB,NN2 B,Nof

|Vu - v|* do
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+ {”7_2 + O<@>} BTSHQADu-D—udX

_2Re \ B8-Du[W Du+Vu]dX
r BN

+ % Im | BibiajeDjutidX.
B,NQ
Proof. Observing that
(0/0xk) Dju — (8/dx;) Dxu = i[bj)a + bj(9u/dxy,) — by, (9u/dx;),
we have the following Rellich identity:
div(BADu - Du) — 2div(8 - Du ADu)
= div(8)ADu - Du+ (;(0aj/0x;)Dju Dyu
—2(06;/0xy,) D—luajiju - ZEID—luDk(ajiju)
— 2iBibikajr Djutt — 2i3 - bADu - Du
+ Brage(Dra(d(Dyu) /0r) — Dyu((Dyr) 1))
Taking real parts, we have
(3.9)  div(BADu - Du) — 2div(8 - Du ADu)
= div(8)ADu - Du + $1(9aji/0x1) Dju Dyu
—2(061/0zk) Diwaji Dju — 2 Re{ B Dyu Dy, (a;,Dju)}
+ 2Im{Gibiyaji D uu}.
We recall that 3-v = r on 9B, and 3- Du ADu-v = ﬁ|ADu'1/]2 on 0B,.

Also since u = 0 and then Du = Vu, Vu = (Vu - v)v almost everywhere on
B, N 0f2, we have

B-vADu-Du=f3-DuADu-v=p-vAv v|Vu-v|?

AQ - vAv -
_AQvAvv G

on B, N 9f2. Therefore, integrating over B, N {2 the Rellich—Necas iden-
tity (3.9), we obtain (3.8).

As remarked above, the existence of the integrals in (3.8) follows from
Lemmas 2.1, 2.2 and Assumptions (A) and (B). Now we introduce the quan-
tities
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1
(3.10) F(ry=2 | =|ADu-v’do,
oB.ne M
1 AQ -vAv-
. AQ VAV VG L do,
" B.hoo
(3.11) J(r)= —2Re | B-Du[W.Du+VuldX
B,N$2
+ 2Im S ﬁlblkajijUUdX.
B,NN
Then (3.8) can be rewritten as
-2 1
(3.12) Ii(ry=F(r)+ [%4—0(@)][1(7")4—?](7').

In order to deal with the term J(r), we use the fact that
Re(8- DuV®u) = Re(B- VaViu) = 13- V(ju]*)VF;
then from the divergence theorem and (3.3) we obtain

_ 1 -
Re | B-DuVudX = g | 8- V(u)V*dX +Im | 8 -DuV'udx
B,.NN BN B,.NN

1 —_—
=~ | avVOPax s | ViuPdostm | - Duviuax

B.N$2 9B,NN BN
n+ O(f(r 1
R A R IR A T
B,N{§2

+gI§(r)+O(1) [ X1 V- |Dul - Jul dX.
B,.N$2

Using Assumptions (A), (B), Lemma 2.1 and Holder’s inequality, we then
get the following estimates:

(3.13) %J(r) _n-2 +r0(f W) 1) — 13(r)
1 R Ry, (2 o(1) 2
+- § @V s VVEudX + == | (X[ W] |Duf?dX
B,.N$2 B,.N$2

o(1
+ A ) W X BDIDu - ul ax

B,.N{§2
L BREOUON 1y gy (D))

with a positive constant C' independent of 7.
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REMARK 3.2. If [V|2 € K[°¢(£2), then by Lemma 2.1 we can get, directly
from (3.11),

J(r) > (n— 2+ O Is(r) — rI5(r) — COy(r) (

Hir) + Il(r)>.

Proceeding in the standard way, we will show that there exists a constant
C > 0 such that the frequency function Z(r) = N(r) + 1 satisfies

(3.14) Z'(r) > —C’QO—(T)Z(T) for all 0 < r < 7o,
r

First recall that

1
9B-N$2 8B,NN
then the divergence theorem implies

(3.15) 1) < =4

with a constant C independent of 0 < r < 1.
Using (3.12), (3.13), (3.15) and Lemma 3.1, we have

I'(r) = I(r) + Iy(r) + I3(r)
> F(r) + = 2 () — €l7) (11(7«) + @)

r

> Fir)+ "2 () - 09+(”) (1(r) + @)

T T

By the above inequality, (3.5), and the quotient rule we obtain
I(m)H(r)+rI'(r)H(r) —rI(r)H'(r)

H{(r)?

rF(r)H(r) — 2rI(r)?

B H{(r)?
with an absolute constant C' > 0 independent of r € (0,7.).
On the other hand, recalling the definition of F'(r) and

I(r) =Re S AVu - vudo = Re S ADu - vudo,
8B,.N2 8B,.N2
we see by Hélder’s inequality that F(r)H (r)—21(r)? > 0if A(Q)Q - v(Q) > 0.
Hence the desired differential inequality (3.14) holds, which yields the fol-
lowing monotonicity of Z(r):

(3.16) Z'(r) =

. O (90(7“)

Z(r)

LEMMA 3.4. Let L be an operator as in (1.1) satisfying Assumptions
(A) and (B), and u a solution to Lu = 0 in §2 vanishing on A3(Qop). With
notations as above, if condition (1.5) in Theorem 1.1 holds for Xo =0 and
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0 <rg <rs, and A(0) = I, then there exists an absolute constant C > 0

such, that
Z(r) exp{—CTSO bo(t) dt}

T

is nondecreasing in r € (0,7¢9). Moreover:
(i) If Sé(@o(r)/r) dr < oo, then N(r) < C(rg) for all v € (0,rg).

(ii) In general, for every r € (0,rg),

Ci(ro)
N(r) < —1o
(r) < EATOINES)

where C(rg),C1(ro) and Ca(rg) are bounded constants independent of r.

Proof. From (3.14) above,
d 0
(3.17) o log Z(r) > — O?ET) for all 0 < r < ro,

which shows that Z(r)) exp{—C {°(6o(t)/t) dt} is nondecreasing. Further,
we integrate (3.17) between r and ro to get

Z(r) NG
Z(r0) < exp{CS " dt},

T

which yields the assertion.

This lemma and (3.5) imply Theorems 1.1 and 2.2 by a standard argu-
ment. For the details see [FGL] and [AEK].

4. Unique continuation at the boundary

Proof of Corollary 1.1. Let Q € A1(Qo) and A3(Qo) C I'. Using the
linear change of variable X = SY + ), where S is a nonsingular matrix
satisfying A(Q) = S5, we can assume that @ = 0 and A(0) = I, and that
2 is the set of points Y = (y,y,) in the unit cylindrical body of R™ such
that y, > ©(y), where ¢ is a Lipschitz function in R"~! satisfying ¢(0) = 0
and |[Vo(y) — V(0)] < o(]y]) for all y € R"~1, where g is a Dini function.
From the mean value theorem we get

(4.1) yVely) — o(y) = —2lyle(lyl)  forally € R* .
We consider the change of variables Y = ¥(X) = (z,z, + 3|X|o(|X])),

where

or) = (1052)2 | 1 | 2% asar

t
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¥ defines a C'-diffeomorphism in a neighborhood of zero. A calculation
shows that the function w = u o ¥ is an HZ _-solution in 2 = ¥~1(£2) to
Lw = —]5-(11]510)—}—/[/[7]5104—‘710:0

with w =0 on A,, for some 0 < r; < 1, where

A(X) = det JU(X)JTH(X) Ao W(X)JU 1 (X),

b(X) = JU(X)boW(X), D=V+b,

( ) =det JU(X)JU L X)W o ¥(X),
V(X) = det JU(X)V o ¥(X),

where J¥(X) denotes the Jacobian of ¥(X). Then it is not difficult to

show that the operator L satisfies Assumptions (A) and (B) with C16¢(Car)
replacing 0y (r), where C; and Cs depend on n and A. Moreover, for P € A,
and taking r smaller if necessary, we can see from (4.1) that

A(P)P - v(P)
% |P|6(|P|) + det JW(P)J¥(P) " (Ao W(P) — I)J¥(P)"'P - u(P)

v

= 2 IPIO(P]) +O(IPP) > 0

and E(O) = I. Thus, Theorem 1.1 implies the doubling property for w and
as a consequence for u, which implies that v cannot vanish to infinite order.
This proves the corollary.

Proof of Corollary 1.2. Using the notation of the proof of Corollary 1.1
and putting ¢ = €, we can find r(¢) > 0 for each £ > 0 such that

yVo(y) —ely) > —2¢ely|  for [y| < r(e).

Proceeding as in the proof of Corollary 1.1, we deduce that /Nl(P)P .
v(P) > 0 on A, ). At this point, the argument for (3.14) and (3.5) in the
proof of Theorem 1.1 implies that the functions H(r) and Z(r) associated
with w, L and 2 satisfy the differential inequalities
d
Z'(r) > _% 2(r), rologH(r) < 22(r) + Ce

for all » < r(e), where C' depends only on n and \. Integrating these in-
equalities we obtain

H() = 1) | 15 - e (- | 5] Cszms)))

for all r < r(e). But the assumption on u in Corollary 1.2 implies that
H(r) < Cexp(—r—?/?) for all r < r(¢). From this, and taking ¢ > 0 such
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that Ce < [3/2, we see that H(r(e)) must be equal to zero. Thus, u must be
identically zero on an open neighborhood of zero, which proves the corollary.

Our ultimate aim is to establish the unique continuation at the boundary,
Theorem 1.3. Before doing that we need to prove the following lemmas.

LEMMA 4.1. Let §2 be a Lipschitz domain in R™ with Qo € 012, and
let w be a nonconstant solution in T3(Qp) to Lu = 0 wvanishing contin-
uwously on A3(Qq), where L is an elliptic operator as in (1.1) satisfying

Assumptions (A) and (B). Then there exist constants C such that, for any
Q € AN1(Qop) and all 0 < r < 1,

2 1/2
(4.2) { | ’w da} < Cr~ 2 ju(X)]dX.
ane)! 4 T2 (Q)

Proof. Without loss of generality we may assume @ = 0 and A(0) = I.
Let 3 denote a vector field supported in Ty, 0 < r < 1, with |V3| < r~1,
G-v > C on A, for some positive constant C' depending on the Lipschitz
character of 2, and 5 -v > 0 on Ay, (see [G]). Recalling the Rellich-Necas
identity (3.9) and integrating over Ts,, we get

(4.3) S B-vAv-v
B2,.NoN
=0(1) | [DuPdX+2Re | B Du[W-Du+VuldX
B2,-N{2 B2,-N{2

oul?
5‘ dO'

—2Im S ﬂlblkajijuUdX.
Bo,N§2

Arguing as for (3.13), from (4.3) and Lemmas 2.1, 2.2 we obtain

2
oul” iy < € { \Duax < & | Ivulax
ov r T

r Tar T

C |

with constants C'y and C independent of r < 1. This proves the lemma.

LEMMA 4.2 ([AE]). Let 2 be a Lipschitz domain in R™, L an operator
as in (1.1) satisfying Assumptions (A), (B) and the condition Sé(@o(r)/r) dr
< 0. For each € > 0 there exists a constant C(e) such that if Q € 012,
0<r<1,and u is a solution to Lu =0 on T,.(Q) vanishing continuously

on Nor(Q), then

)
[ Jlax <cEr? | 'a—Z‘da—ka [ Julax.
T (Q) D2 (Q) T2 (Q)

This lemma follows from the same arguments used in [AE].
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Finally we turn to

Proof of Theorem 1.3. Without loss of generality we may assume that
I' = Ng(Qo). We let u € HZ_(£2) be a solution to Lu = 0 as in Theorem 1.3

loc

and @ € A1(Qo) denote a density point of the set F = {Q € A1(Qo) :
Vu(Q) = 0} whose surface measure is positive; that is,
. o(A(Q)NE)
4.4 lim ————————
4 (2,
By Lemma 4.2, Holder’s inequality and Lemma 4.1, for all m > 0 we

have
AL @Q\ENT
TP§Q>‘u'dX§[CM< ) ]n}(@’u’dx

with a constant C,, independent of 7. Thus from (4.4), using the doubling
property (Theorem 1.1) and choosing m large enough, we find that for all
e > 0 there exists r(g) > 0 such that

S luldX <e X lu|dX forall 0 <r < r(e),
T (Q) Tr(Q)

and this is well known to imply that u vanishes to infinite order at Q).
Hence, using Corollary 1.1, we finish the proof of Theorem 1.3.

=1.

REMARK 4.1. Inspecting the proof shows that the assumptions on W
may be replaced with |W| € L2 (2). In particular, Corollary 1.5 follows
from Theorem 1.3.
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