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Factorization theorem for product Hardy spaces
by

WENGU CHEN (Beijing), YONGSHENG HAN (Auburn, AL) and
CHANGXING MIAO (Beijing)

Abstract. We extend the well known factorization theorems on the unit disk to prod-
uct Hardy spaces, which generalizes the previous results obtained by Coifman, Rochberg
and Weiss. The basic tools are the boundedness of a certain bilinear form on R% x R%
and the characterization of BMO(R3 x R2) recently obtained by Ferguson, Lacey and
Sadosky.

1. Introduction. The purpose of this note is to extend some well known
factorization theorems to product Hardy spaces. We begin by recalling the
known results. In the one-dimensional case, let F' be holomorphicin {|z| < 1}
and satisfy

2
sup S |F(re?)| do < 1.
0<r<1 0

It is well known that F' = G1Go with G1 and G5 holomorphic and
2w .
IGill72 = sup | |Gi(re®)Pdo <1, i=1,2
0<r<1 0
Coifman, Rochberg and Weiss extended this theorem to Hardy spaces in

several variables. To be precise, the Hardy space H'(R") used in [3] is defined
by

1y = 11+ D IR ()l

j=1

where R;(f), j =1,...,n, are the Riesz transforms of f. In [3] it was proved
that for every f € HY(R"),
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f= ZZ IR;(hl) + hIR;(g])]

=1 j=1

for some {gf , hf 1 € L?(R™), and moreover, there exist two constants c¢; and

co such that

[ee] n [e.e] n
c ) Y gtz < Il < e2d Y gl l2lib] ]2

i=1 j=1 i=1 j=1

The basic idea of the proof in [3] was the duality between H' and BMO
and a new characterization of BMO in terms of the L? boundedness of the
commutator of a singular integral operator and a multiplication operator.
It is worth pointing out that (VMO)* = H! was used. See [3, (2.4), p. 614].

Uchiyama [7] extended the result of Coifman, Rochberg and Weiss to
spaces of homogeneous type. The new idea used in [7] is the boundedness
of a certain bilinear form and the atomic decomposition of H? on spaces of
homogeneous type.

More recently, Ferguson, Sadosky and Lacey (see [6] and [5]) gave a new
characterization of BMO on the product space ]R?F X Ri in terms of the
nested commutator determined by a function b and the one-dimensional
Hilbert transforms Hj;, j = 1,2, in the jth variable. See [5] for the details.

In this note, we extend the Coifman, Rochberg and Weiss factorization
theorem to H'(R? x R%). Since H'(R% x R?) is not a simple generaliza-
tion of the classical H!(R?), so far no characterization of the predual space
of H'(R% x R%) is known, and the atomic decomposition of HP used by
Uchiyama does not work for product H? spaces either. The basic idea in this
note is to introduce a certain bilinear form on Ri X Ri in terms of the Hilbert
transforms H;, j = 1,2, and to prove its boundedness on H 1(R?F X Ri)
Finally, this result together with the characterization of BMO(R?% x Ri)
obtained in [5] gives the factorization theorem for H'(R% x R2).

We begin by recalling the definition of Hardy spaces in product domains
(see [1], [2] and [4]). Let @ € C$°(R), i = 1,2, be supported in the unit
interval, with SR¢(i)($) dxr = 1. Set ¢§f)(xz) =t (2;/t;), i = 1,2, for
t> 0. For f € L}(R x R), let

@) = sup | §§ £ vl (@1 - y)er (@2 - ue) dyn dys|

t1,t2>0
We say f € HI(R x R) if f* € L}(R x R) and we define
£l mxry = 1f | 21 @xw)-

The main results of this note are the following theorems.
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THEOREM 1. If 1 < ¢ < 00, g € LIYR x R) and h € LY (R x R),
1/q+1/q =1, then
1D(g, 1) 10 ey < llgll oty 1A o
where
D(g,h)(z1,z2)
= h(H2(H1(g))) + Hi(g9)Hz(h) + Hz(9)Hi(h) + g(Ha(Hi(h))),
and c is a positive constant depending only on q.

THEOREM 2. If f € HY(R x R), then there exist some {g;} C L?*(R x R)
and {h;} C L*(R x R) and two positive constants c¢; and cz such that

f=>_D(gi,h)
=1

and

[o.¢] o
a1 Y Ngillallhillz < [l < e2 ) lgillallhilla-

i=1 i=1

2. Proofs. To prove the main results of this note, we need other defi-
nitions and notation. For f € L1100<R x R), the strong mazimal function is
defined by

1
M, m9) = sup = {1/ (v1,02)| dyn dys,
(m1,12)€R|R| R

where the supremum is taken over all rectangles R which contain (z1,x2).
For 0 <r < oo, 0 <e <1, we define

1 1/r
MV f (21, w2) = sup (- | |f(y1,$2)|rdy1> ;

1>0 \f1 [y1—z1]<t1
f(y1,372)
Ia(l)f(xl,xQ) = p.V. SW

M7£2) and I§2) are defined in a similar way. When r = 1, we write M ()
for Ml(] ), j = 1,2. Finally, we define the maximal operators of the Hilbert

transforms H; and H» in the first and second variable respectively by
1,22

1 — U1

Hff(ﬂcl, xz) = Sup
t1>0

ly1—z1|>t1
x b
S f(z1,92) dyg‘.

T2 — Y2

Hj f(z1,22) = sup
t2>0
ly2—z2|>t2
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Proof of Theorem 1. Fix (r1,z2) € R x R and let ¢1,t2 > 0. Then
(2.1) SSD(ga h) (v, y2)1/1§11)(901 - y1)1/1§22)(902 — y2) dy1 dy2
9(z1, 22) (1) (1)
= T1—21) — T —
SS (yl . 21)(y2 . 22) [¢t1 ( 1 1) ¢t1 ( 1 yl)]
x [0 (22 — 22) — 02 (w2 — ya)] dz1 dz2 h(y1, y2) dyr dys

= 01,92, 21, 22) dza dea (1, 1) dyn dya,
where

g<21, 22) (1) (1)
y1 — 21)(y2 — 22) [0, (21 = 21) = g, (21 = 91)]

X [%(22)(:62 —22) — %(22)(332 —y2)].

Cask I |$1 — y1| > 4tq, |$2 — yg’ > 4t5. Define

n(y1, Y2, 21, 22) = (

O ={(y1,y2) E RxR: |z —yi| > 41, |zo —yo| > 42}
Then ¢z:(11)(551 —y1) = 1/17522)(352 —y2) = 0 when (y1,%2) € 21, and
(22) V{01, v2, 21, 22) dz1 d2s

1 1 1 1
- SS [3/1 —z Y1 — 331} [ N ]wgll)(ml - Zl)wg)@z - 7)

Y2 — 22 Y2 — X2

xg(z1, 22) dz1 dzo

1 1 1 (1) (2)
— T — 2 To — 22)g(21, 22) dz1 dz
?J1—961SS [92—22 yz—m]wtl (w1 = 21805, (w2 = 22)g(21, 22) d21 d2

1 1 W @
Ya — o “ [y1 —a wn _$1]¢t1 (x1 — 21)y, (w2 — 22)9(21, 22) d21 dze

(y1 — :cl)l(yz —x2) SSwt(ll)('rl - zl)ng)(@ — 22)9(21, 22) dz1 dzy

=ni(y1,y2) +m2(y1,y2) + n3(y1, y2) + n1(y1, v2).

If z/;t(ll)(xl—zl) # 0, then |21 —21| < |z1—y1|/2. Similarly, if @bg) (xg—22) # 0,
then |zo — 22| < |r2 — y2|/2. Hence

t1 to
t1+ |y1 — x1)? (t2 + y2 — 2])?

Im (y1,92)| < c ( Mg(x1,x2).
So,

(2.3) ‘ W (ur, v2)h(yr, vo) dys dys| < eMg(y, 2) Mh (a1, 22).
2
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For the other three terms n2(y1,y2), 73(y1,y2) and n4(y1,y2), by integrating
against h(y1,y2) with respect to y; and yo directly, we obtain

24) | {1 (s, 92)h(yr, o) don do|

(93]
< eMg(w, z2) | Hi (21, 52)] o ‘yt;_ )’ dy2
< eMg(z1, 32) MP (Hh) (21, 22),
(2.5) ‘ V\ 73(u1, w2) e, w2) dn dyz‘
9]
< eMg(or, )| [H3h(n,a2)| G s
< eMg(w1, 22) MY (H3h) (21, 72),
and
(2.6) ‘ SS na(y1, y2)h(y1, y2) dya dyz‘ < eMg(z1, z2) Hy (Hyh) (21, 22).
i)

CASE II: |z — y1| < 4ty, |xg — y2| < 4ty. Define
25 = {(y1,92) € R R: |z —y1| < 4ty1, [w9 — yo| < 4ta}

and let ¢ € C°°(0,00) be a fixed nonnegative function such that ¢(t) =0 on
(0,1/2), ¢(t) =1 on (1,00) and |d¢/dt| < 3. Set ¢’ =1—¢. Then
(2.7) “ yl,yg,zl,zg)dzl dZQ
21,Z2 Wy N D
SS y1—21 (y2— 22) [@Z’tl (x1—21) =¥y, (31— 1)
X [gs) (22— 22) = 52 (22— y)][@(|21 — 21| /16t1) + @' (|21 — 21| /16t1)]
[ (]x2—22]/16t2)+¢/(\x2—22]/16t2)]dz1sz
M @, _ 1 11
=V (M= u)e (72 yz)“ L/l—a :c1—z1} [?Jz—m Ty — 22
><qb(|a:1—zl|/16t1)¢(|x2—22|/16t2)g(21,zz)dz1 d22
G 1 1
R | B e
X @(|x1 — 21| /16t1)P(|x2 — 22| /16t2)g(21, 22) dz1 dzo
G 1 LI
R | B et
X ¢(|z1 — 21| /16t1)p(|z2 — 22| /16t2)g(21, 22) dz1 d2o

e A ROl T ey
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X @(|x1 — 21| /16t1)P(|xa — 22| /16t2)g(21, 22) d2z1 dzo

+1/1§11)(331—y1)“{ S ]y2i22Wt(f)(ﬂﬂz—y2)—”¢§22)(332—22)]

Yy1—2z1 T1—2z21
><(f)(|$1—21’/16t1)¢l(|$2—22‘/16t2)g(21722)d2’1d752
D -y X 62 (22— o) — 02 (@3- 22)]
' (1—21)(y2—22) 7 ?
Xd)(|:171—21’/16t1) '(|x2—z2|/16t2)g Zl,ZQ)ledZQ

(2) _ _ (1) _
+ 1y, (w2 yz)“ |:y2—22 902_22] - %1 z1—y1) =y, (21— 21)]
X @' (|z1 — 21]/16t1)P(|wa — 22| /16t2)g(2 1,22)d,21d22
(1
b

+¢t(§)($2—y2)“(y1_21)1(x2_22) [ (21— 1) — ) (21— 21)]

x ¢/ (|21 — 21| /16t1)d(|z2 — 20|/ 16t2)g (21, 22) dz1 d2o
ey W =)~ - w)la(ar, )

X [1of2) (w2 — 22) — 1) (w2 — y2)} (|21 — 211/16t1) & (|rg — 22| /16t2)] dz dza

13
= > ni(yy2).
=5

If ¢(|z1 —21|/16t1) # 0, then |zq — 21| > 8t1, hence |x1 —y1| < |x1—21]/2.
Similarly, if ¢(|xe — 22|/16t2) # 0, then |ry — 22| > 8ty and |22 — y2| <
2|zg — 29|/2. Hence,

1) ) ly1 — 1] |y2 — 22|
< — —
‘775(y17y2)| = C|¢t1 (.151 y1)¢t2 (.152 yQ)‘ SS |331 — Zl|2 |$2 — 2’2|2

X @(|z1 — 21|/16t1)p(|x2 — 22]/16t2)|g(21, 22)| dz1 dz2
< el (w1 = y0)ui? (@2 — 1) | Mg, 2).

To estimate the other terms, define a variant of the Hilbert transform in the
first variable,

21,
Hy f(z1,25) = lim SL 1,22) o(|z1 — z1]/16t1) d=q,
t1—0Y 1 — 21

and its maximal operator

S M d(|z1 — 21|/16t1) dz1|.

H; =
1f(21,22) = sup 71— 21

t1>0

Similarly, we define a variant of the Hilbert transform in the second variable,

x1, 2
Hyf (1, 22) = thglog % O(|xe — 22| /16t2) dzo,
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and its maximal operator

ﬁé‘f@h 902) = Sup
t2>0

S % d(|za — 22|/16t2) dza|.

By standard arguments, it is easy to prove that H ; and }NI]* are LP — [P
bounded for all 1 < p < o0, j=1,2.
By means of H; and H{, we obtain an estimate for ng(y1, y2):

16 (51, y2)| < et (21— y1) 2 (w2 — o) | M P (Hig) (w1, ).
) a

The estimates for 77(y1,y2) and ng(y1, y2) are similar:

7 (y1,y2)| < CWJH T1— Y1 )th (z2 — y2)| MW (H g) (w1, 22),
Ims(y1, ye)| < et (en — yo)uss (w2 — y2) | Hi (H3 g) (w1, 22).
To estimate the remaining terms, we choose € € (0, 1) such that
1 1
‘w§1)<m1 - ) - ¢§1)(x1 yl)’ < C’yl — Zl‘ /tl—’—e7
2
102 (5 — 20) — 02 (w2 — y2)| < elys — 2ol /E1F°.

(
(

Then
c
ol < 94 1 = )l (D (0) (122 = 1/1642) a1, ),

molun, )| < 35z W o1 = i) T (90 22 = 1/16t2) @1, 12

The estimates for the last three terms are similar:

Im1(y1, y2)| < t1+5 WtQ (22 — yo) ID(MP ()¢ (|1 — | /16t1)) (y1, 22),

Ima(y1, y2)| < tl? 682 (2 — o) IO (H3 (9)¢ (|21 — -|/1661) (1, ),
1

&
imsyr o)l < s e K219l (2 = +1/16t2))6/ (o = -1/1680)) (w1, ).
1 2

Integrating n;(y1, y2) against h(yi, y2) over {25 with respect to y; and yo
together with the above estimates for n;(y1,y2), 7 =5,6,...,13, we obtain
estimates for the first four terms:

(2.8) N5 (y1, y2)h(y1, y2) dyr dyz| < cMg(z1, z2) Mh(x1, 22),

*

(2.9) dy1 dya| < cM® (H g) (w1, 32) Mh(x1, 32),

U yl,y2

*

*

|
| 76 h(y1,y2)

(2.10) |\ mr(yr v2)h(yr, y2) dyr dys| < MY (H;g) (21, 32) Mh(21, 22),
| s ( )

(2.11) ns(y1, y2)h(y1, v2) dyr dya| < cHi (H3g)(z1, 22) Mh(z1, 22),

*
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where {_ denotes { § (,- To estimate the remaining terms, we fix r and s such
that 1/¢' <1/r <1/¢' +e and 1/r' =1/s — e, where 1/r + 1/r' = 1. Then
by the Holder inequality and the Hardy—Littlewood—Sobolev theorem,

(2.12) ’SS?79(y1,y2)h(y17y2)dy1dy2‘
29

C
<o) MW p) I (MW ()¢ (22 — +1/1682)) (@1, 92) dys
2 |ya—xo|<dts

IN

1/r
g 5 MOl )

ly2—x2|<4dts

(F MO (s~ A/1602)) 1) de)

|y2—z2|<4to

IN

1/r
g1 O )

|y2 —x2| <4t

< (§1310) (g) . 92)6 (122 — ol /168" )

< eMP(MWp) (@1, 29) M (MW g) (21, 22),

T

and
(2.13) ’SSn10(917y2)h(yl792)dyldyz‘

25

< | MOhG ) [P (0)¢ (a — 1/166) (w1, 02) due
2

ly2 —w2| <42

1/r
<ae( | IMOhG )l di)

ly2—z2|<dt2

~ 1/
% (§1H7 (9) @1, 92)8 (|2 — yal /1682)]" 2

< M (MDp) (21, 20) MP (Hi g) (31, 22).

T

Similarly, we obtain estimates for the last three terms:

(2.14) ’SS7711(91792)}1(91792)dyldy2‘

2
< MM (M) (21, 22) MM (M P g) (a1, 25),
(2.15) ‘ SS ma(y1, y2)h(y1, y2) dyr dyz‘
£2o
< M (MOh) (21, 20) M (Hs ) (21, 72),
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and
(2.16) ’SSnls(y17y2)h(y1,y2)dy1dy2’

£22

C - 1/r
<o 3 (8 nmardn) T

ly2—z2|<4te  |y1—z1|<4ty

[ O (ol (ol 1682)6 a1 1680 ) )

ly1—z1| <4ty

/r
S@ | ( | Ih(yl,yz)lrdyl)1

ly2—z2|<dte  |y1—=z1]|<4ts

/s
(0 F gl (e 1680 o) )

ly1—21|<16t1

1/r
S (§2§ (hyr,2)["dy )

r'/s 1/r
(0 (T 20916 (a1 /16) () dyn ) dye)
ly2—a2|<dte  |y1—21|<16t
C

- 1/r
< g ( é{rmyl,ym dy: )

, s/r! 1/s
(1 (T Ul (ma= 1/ 16t2) () ) )
ly1—21[<16t1  |y2—z2|<4tz

c , 1/r
<o (Wi dn)
tl t2 [

s 1/s
X ( S S 19(y1,92)|” dy2 dy1)
ly1—x1|<16t1 |y2—x2|<16t2

<M (MPh) (@1,22) M (MP g) (w1,22).
CAsE IIT: |z1 — y1| > 4t1, |z2 — y2| < 4ta. Define
25 ={(y1,y2) E R X R : |zy —y1| > 4t1, |xo — ya| < 4ta}.
If (y1,y2) € {23, then w,gll)(xl —y1) = 0 and hence
(2.17) “ n(y1,Y2,21,22) dz1 dza

=V < Z(f)l &Z?_ = D (@1 — 20) [0 (w0 — 22) — 2 (w2 — o) dz1 iz
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g [ree e AR CA R

X [¢(’$2 —22‘/16752) +¢/(’$2 —22’/16t2)]d2’1d2’2

R R | e P

Yyi—z1 Y1—I1 2—R2 X222

X ¢§11)(x1 —21)¢(|we — 22| /16t2)g(21,22) dz1 dz

+ [ (22— )| : [yl : }

Y1—1 | Y2—722 T2—22

X 1/}t(11)($1 — Zl)¢(|IL’2 — 22]/16t2)g(21,22) d21 dZQ

+[_¢t(22)(x2—y2)]“[ : : } :

Yyi—2z1 Yi—I1

T2 — 22

X 'Lﬂt(ll)(ml —21)(?(‘.%'2 —22]/16t2)g(zl,22) dzl dZQ

o -l _ggff)léz)_ 00 @ =26 22l /1602)den 2y

[ - ] g0 — ) - 22) — 92 2 - o)
2

Y1—2 _yl—l’l Y2 — %

X ¢/(|ZL‘2 —z2|/16t2)g(z1,22) d21 dZQ

1 (1) _ (2)36—2' B (2):L’—
+Sx(y1—m1)(y2_22)wt1 (w1 —21) [y, (22 —22) — 2y, (22 —y2)]

X @' (|wo — 22| /16t2)g(21,22) dz1 dza

19
= Z 77](3/1,92)

j=14

If w,gll)(xl —21) # 0 then |z — 21| < t; and |21 —y1| > 4¢1, hence |z1 — 21| <
|z1 — y1]/2. Similarly, if ¢(|xe — 22|/16t2) # 0, then |xg — yo| < |z2 — 22|/2.
Thus

(2) t1
, <c xro —
”’714(y1 y2)| |’(7Z)t2 ( 2 y2)| (tl + |y1 — l‘1|)2
(e — 2 dz1 d
< V1wt (21 = =21) (i + 12 — 232 9(21, 22)| dz1 dzs
< el (w2 — )| ey My(ar, 22).
? (t1 +|y1 — x1])?

Integrating n14(y1, y2) against h(yi,y2) over 23 with respect to y; and ys,
we easily get
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(2.18) ‘ Wy, v2)h(y1, 92) din dy2‘ < eMg(z1, z9) Mh(21, 22).
23

To estimate 115(y1,y2), we integrate it against h(y,y2) over {23 directly:
(2.19) ’H7715(y17y2)h(y1,y2)dyldyz‘
23
<eMg(anan) | Hih(e, )l (o2 — o)l dys
ly2—z2|<4ts

< eMg(zy, x2) M (HR) (21, 22).
Similarly, we obtain an estimate for n16(y1, y2):
31

ty+ |y1 — a1])2 H3(MWg) (a1, 22),

oy )| < el o2 = ) ¢
which yields
(2.20) ‘ VN e (vr, v2) (w1, v2) dun dyz‘ < cH3 (MW g) (a1, 22) Mh(1, 22).
23
To estimate n17(y1,y2), we integrate it against h(yi,y2) over §23 directly:
(2.21) ’SSnw(yl,yz)h(yl,w)dy1dy2‘
23
< cHy (MW Hih ) (29 — )| d
< cH3;(M*Wg)(z1,22) (1, y2) [y, (2 — y2)| dy2

ly2—xz2| <4tz
< cHI (MW g)(z1, 20) MDD (HF h) (21, 22).

To estimate ms(y1,y2) and 119(y1,y2), we use the Lipschitz continuity of
M ond @,
Yy, and 7

Ims(y1, y2)|
(1) /
t1 1Yy, (21 — 21)| ¢/ (|2 — 22|/16t2)
< zo)|dz1 d
= ¢ (t1 + [y1 — x1])? “ tate lyp — 2zo|t—¢ 19021, 22)] d2 dzs
t 1
: IO (MO (g)¢! (Jws — -|/16t2)) (21, y2)-

<c

T (i - 2))? gt
By the Holder inequality and the Hardy—Littlewood—Sobolev theorem,
(2.22) ’ 1§ ms(yr, y2)h(y1, v2) dyr dys

23

C
<o ) MO )P M0 () (e — 1/1662)) (w1, v2) dys
2

ly2—z2|<4to
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/T
< té%< S |M(1)h($17y2)|rdy2)1

ly2—m2|<4t2

(F MO (s~ A/168)) 1) )

ly2 —x2|<4to

IN

1/r
g5 MOl )

ly2—z2|<4dts

1/
% (§1MD(g) (w1, 52)0 (|22 — ol /16t) " dy )
< M (M) (1, 22) MP (MW g) (a1, 25).

To estimate 719(y1,y2), using a method similar to that for nig(y1,y2), we
integrate it against h(y,y2) over {23 directly to obtain

2.23) |\ mo(yr, 2)h(y1, y2) dyr dys
23
c . '(|zg — 22|/16t
S T7e S Hih(z1,y2) S¢(| 2 2’/_ 2)M(l)g(ml,zz)dzz dys
ty" Y2 — 2z2|17¢
2 Jyo—w2|<dty
C *
< e Vo Hin(, y) I (MW (9)¢ (| — -] /16t2)) (21, y2) dys
2 Jyo—wa|<dty

< eMP/(Hh) (w1, 22) MP (MY g) (1, 2).
CASE IV: |21 — y1| < 4t1, |29 — y2| > 4to. Define
20 ={(y1,y2) € R xR : |z1 — 1] < 4ty, |z2 — yo| > 4ta}.

The estimates in this case are similar to those of Case III. We omit the
details.

By (2.1), we have
224)  §§D(g.n)(wr, w201, (w1 = )i (22 — o) dy o
= 01,92, 21, 22) dz1 dzg (1, y2) dyn dys

= \\n(y1, 92, 21, 22) dz1 dzg (1, y2) dy dys
(A

+ {0y, 2, 21, 22) 2y deg h(yr, ) dys dys
{29

+ {0y, 12, 21, 22) dy dea h(yr, ) dys dys
23
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+ \\ 11, 2, 21, 22) dzy dza h(yn, ) dy dyo
24

= I(z1,22) + [I(x1,22) + 11I(z1,22) + IV (21, 22).
By (2.2)-(2.6), we get
(2.25)  |I(z1,29)| < eMg(a, z2){Mh(zy, x2) + MP (HD) (21, 22)
+ MW (Hsh) (@, 02) + Hi (H3h) (21, 72)}.

Corresponding to (2.7), II(x1,xz2) consists of nine terms. By the estimates
(2.8)—(2.16), we obtain an estimate for II(z1,x2):

(2.26)  |[II(z1,29)| < eMb(zy, x0){Mg(a1, z0) + MP (HFg) (21, x2)
+ MW (Hsg)(w1,72) + Hy (H3g)(21,22)}

M (M) (a1, w2){ M (MVg) (1, x2) + M

+ MM (M@ ) (21, 2){ M (MP) g) (21, 29) + M|

2(Hig)(z1,22)}
V(H;g) (21, 22)}
MO (M h) (21, 22) MM (MP g) (21, 2).

Corresponding to (2.17), I11(z1,x2) has six terms. Collecting the estimates
(2.18)—(2.23) for I11(x1,x2), we have

(2.27)  |III(zy,2)] < eMg(z1, 2o){Mh(z1, 29) + MP (HFh)(21, 22)}
+ cHy (MW g) (w1, wo) {Mh(z1, w9) + M (H{h) (21, 72)}
+ eMP) (MW g) (@1, 20) { M (MVR) (21, 22) + M) (Hh) (21, 29) }.

The same argument gives estimates for IV (z1,x2). Taking the supremum
in (2.24) for t1,ty > 0 together with (2.25)—(2.27), we obtain a maximal
function estimate for the bilinear form:

[D(g, h)]* (1, 72) < eMg(a1, ma){Mh(z1,x2) + M (Hih)(21,72)
+ MW (H3h) (21, 32) + HY (Hsh) (21, 22)}

+ eMh(z1, 22){Mg(x1, 29) + M )(flfg)(ml,xg)
+M(1)(H )($17332)+H1(H29)(961,x2)}
M (MOR) (@1, 22) {MP (MY g) (21, 29) + MP (Hi g) (1, 22)}
Mfl M@h)(x 1,9«“2){M1 (M() ) (1, 22) + M (Hsg) (1, )}
+ MO (MP h) (21, 22) M (MP g) (21, 22)
+ cH3 (MW g) (1, 29) { Mh(z1, a;Q) + M (H{h) (1, 22)}
+eMP (MW g) (w1, 22){MP (MWh) (21, w9) + MP (HTh) (21, 22)}

+ other terms corresponding to Case IV.

(
(
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We now show that all terms on the right hand side belong to L!(R x R).
By the boundedness of the maximal functions and the maximal operators
of the Hilbert transforms H; and Hs, we can easily see that the L!(R x R)
norm of the first two terms is controlled by cl|g| Lorx®) |2/l 1o (R <)

For the fifth term on the right hand side, we have s < ¢ and r < ¢’ by
the choice of r and s. So by the Holder inequality,

“Mﬁl)(Mp)h)(xl 22) M (MP) g)(21,22) daydzs

s

SS(S’MU) M(2)h )(z1,22)| dfm) (S’Ms(l)(Ms(Q)g)(xl,xg)|qu1)l/qu2
R R 2

IN

1/q 1/q
c ]M h(z1,22)|? dx1> (S\Mf)g)(ml,xg)\qul) dxa
R

1/q

IN

)
R
c( |MP h(x1,29))7 dxldmg) 1/q,(“\Mgz)g(ml,xQ)‘qdmldx2>

!

( ‘h T1,X9 |q dl’ldl’g) Va <“|Q(IL’1,x2)|q dwldl’g) Va

| A

<cllgllLa@xr) 1]l Lo (& xR)-

The other terms can be dealt with similarly. Hence we finally obtain

[ (D9, )" (21, 22) dar davs < ellgll g 1l o gy
This completes the proof of Theorem 1.
From Theorem 1, we can easily deduce Theorem 2 as follows.

Proof of Theorem 2. To obtain the factorization theorem, consider the
Banach space

B= {f LR xR): f =Y D(gih), gihi € L*(RxR), i = 1,2,...}
i=1
and define .
1£1l5 = inf Y llgill2/hilla,
i=1
where the infimum is taken over all decompositions of f.
By Theorem 1,

oo oo
£l < Y 1Dgis )l < e Nlgillzlihille.
i=1 i=1

So, B is a subspace of H!(R x R). On the other hand, if b is in BMO, then
formally
(b, D(g, h)) = ([[b, H1], H2](g), h).
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By Theorem 1.2 in [5],
Ibllsat0 = 1, . Holll o2 = sup { |§§70] 1715 = 1}

This gives the equivalence of the H' norm and || - || g, showing that the two
spaces are the same. The proof is complete.
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