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Parabolic potentials and wavelet transforms
with the generalized translation

by

ILHAM A. ALIEV (Antalya) and BORIS RUBIN (Jerusalem)

Abstract. Parabolic wavelet transforms associated with the singular heat operators
—Ay49/0t and I—Ay+9/0t, where Ay, =37, 0% /024 (27/x1,) 0/ dn, are introduced.
These transforms are defined in terms of the relevant generalized translation operator. An
analogue of the Calderén reproducing formula is established. New inversion formulas are
obtained for generalized parabolic potentials representing negative powers of the singular
heat operators.

1. Introduction. The continuous wavelet transforms
1 T —y
(1) e Wit = 5o § ()
Rn

where z € R", t € (0,00), {3, w(|z]) dz =0, and the corresponding Calderén-
type reproducing formula

T dt
(12) {5 0) S = cw ),

0
were studied by many authors in connection with various applications (see,
e.g., [14] for further references). The more general formula

(1.3) { w0 t% = Caw(—A)*2f(z), a€C,
0

gives integral representations of complex powers of —A where A is the Lapla-
cian in R™. In the present article we extend these results to the case when
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A is replaced by the singular heat operators

0 0 "L 92 2y 0
(1'4) _Aw+a and I—Ayﬂ-a, Av—za—xi-}-aa.

We introduce new wavelet transforms which reflect anisotropy and the char-
acter of the singularity in (1.4) simultaneously. The problem was inspired,
on the one hand, by the earlier papers of A. Weinstein, M. N. Olevskii and
other authors (see, e.g., [24, 25]) related to singular PDE and the corre-
sponding generalized axially symmetric problems. On the other hand, our
study was motivated by needs of Fourier—Bessel harmonic analysis which
employs the notion of the generalized translation operator and goes back to
S. Bochner, J. Delsarte, B. M. Levitan, and others (see [8-11, 20, 21, 23]
for further details and references). Discrete wavelet systems were studied by
many authors; see, e.g., the nice book of P. Wojtaszczyk [26] and references
therein.

The plan of the paper is as follows. Some necessary definitions and aux-
iliary facts are given in Section 2. In particular, we introduce new notions
of “generalized parabolic wavelet transforms” associated with the singular
heat operators (1.4). In Section 3 we obtain inversion formulas (Calderén-
type reproducing formulas) for these transforms. The generalized parabolic
potentials associated with (1.4) and defined in Fourier—Bessel terms by

(1.5) (HS )@, t) = (|2 + it) =2 f(, 1),
(1.6) (HE )M, 1) = (L+ |2 +it) "2 fN(a, 1),

are studied in Section 4. We obtain wavelet-type representations of these po-
tentials, like (1.3), and prove the relevant (LP-L9)-estimates of the Hardy—
Littlewood—Sobolev type. Section 5 is devoted to the inversion of the gen-
eralized parabolic potentials by means of the relevant continuous wavelet
transforms introduced in Section 2.

Historical remarks. Parabolic potentials associated with ordinary (non-
singular) heat operators were introdiced by B. F. Jones and C. H. Sampson
[7, 17]. Various properties of these potentials and the relevant anisotropic
function spaces of the Sobolev type were studied by R. Bagby, V. R. Gopala
Rao, S. Chanillo, V. A. Nogin and B. S. Rubin (see [12, 16] and references
therein). Continuous wavelet transforms corresponding to these potentials
were introduced in the authors’ paper [4]. Singular parabolic equations were
studied by many authors (see, e.g., [5, 22]). The relevant parabolic potentials
were introduced by I. Aliev [1, 2]. The wavelet approach to these potentials,
developed below, seems to be new. In subsequent publications we plan to
give some applications of our results to singular parabolic equations.
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2. Preliminaries. Let z = (z1,...,2,_1,7,) = (2/,2,) € RY; R%} =
{r e R": z, > 0}; ]Ri ={r eR": z, > 0}; dv(z) = 22 dz, v > 0. The
Fourier-Bessel transform of a sufficiently nice function f : R} — C and its
inverse are defined by

(2.1) @) = (B f)@) = § F@)e™™ Y i1 ja(@nyn) du(y),
RY
Fo (@) = & m)(F ) (=" xn), o= (2',2,) €RY,
(2.2) cy(n) = [27712(2m) D20 (y +1/2)] 7,

where ja(2) = 2 (A + 1)2= A (2), A > —1/2, is the normalized Bessel
function such that j (0) = 1 (see, e.g., [8, 9]). The same definition was
applied in (1.5) and (1.6) to functions on R”? x R' = {(z1,...,2,t) €
R 2, > 0},

We need the following weighted LP-spaces, 1 < p < oc:

X, = PRy dv(e) = {9+ lgllx,, = ( | lo()” du(:p))l/p < oo},

RY
Y, = LP(R} x R';dv(z)dt) = {f : ( S |f(x,t)|P dv(x) dt)l/p < oo}
R’ xR1

In the case p = oo we identify L> with C°, the corresponding space of
continuous functions vanishing at infinity.

Given a finite (signed) Borel measure m = m(y, 1), y € R?, 7 €R!, and
n > 0, we define an anisotropic dilation m s, of m by

(23) S w(yaT) dm\/ﬁ,n(va) = S w(\/ﬁyvnT) dm(yaT)
R’_ﬁ xR1 R1 xR1
forw € CY = C’O(Ri x RY). In particular, for dm(y,7) = o(y, 7)dv(y)dr
with ¢ € Y7, we have
dm\/T_],’f?(yv T) = SO\/ﬁ,n(y, ’T)dl/(y)dT,

iy, T) = (\/77)_("””*2)@(%, %)

For x € R}, y € Rﬁ‘r, and t,7 € R!, the generalized translation of f :
R x R! — C is defined by

7—1—1/2
T'(\)I(1/2)

T

Sf —y'5 /22 — 22y, cos B+ y2;t—T)
0

(2.4)  TY f(x,t) =

x sin®? "t gdg
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(cf. [8,9, 23]). Here we actually deal with the ordinary translation in 2" and ¢,
and with the generalized translation in x,,. For the relevant one-dimensional
operator

I(v+1/2) ¢ 9y 1
Seg(r) = ——L—L—2\ g(\/r2 — 2rocos f + 0?)sin>’ "1 3dp
M TH)ra) §;" ¢ ¢

the following relations are known [9]:

(2.5) §%(r) = S"g(e),  5957g(r) = S75%(r),
(2.6) Sg(r) =8"¢g(r), S%(r) =g(r),

(2.7) \ £(r)S7g(0)r*" dr = | " f(0)g(r)r®" dr.

0 0

Note also that for 1 < p < oo,

(2.8) 1T flly, < [ fllv,,
(2.9) IT%7f — flly, =0 as (y,7) — (0,0) € RT x R!,
Y., being identified with C° (see, e.g., [10]).

The generalized convolution associated with the generalized translation
operator (2.4) is defined by

(210) (feg(t)= | g7 TV f(.t)dv(y)dr, (2.t)€RT xR
Rix]Rl

By using (2.8) and the Riesz—Thorin interpolation theorem it is not difficult
to prove the corresponding Young inequality

1
=41

,

@10 fedlly. <lflvlglly,,  1<pgr<oo, —+

==
<=

Similarly to (2.10), for a finite Borel measure m = m(y,7) on Ri x Rl we
define

(212)  (fem)(z.t)= | TV f(z,t)dm(y,7), (2.t)€R} xR
Rile

DEFINITION 2.1. Given a finite (signed) Borel measure m such that

m(Ri x RY) = 0, a generalized anisotropic continuous wavelet transform
of f: R} x R! — C is defined by

(213)  Viuf(z,tim) = (f@m ) (@ t)= | TV f(x,t)dm(y,7),
szRl

(z,t) € RT xR, > 0.
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The choice of the “wavelet measure” m is at our disposal. We specify m
as follows. Let us introduce the generalized Gauss—Weierstrass kernel

(2.14) Wy(,5) = ¢ ()(28)" 22 exp(—[y/(4s)), y € RY, 50,
cy(n) being defined by (2.2) (see [20] for n =1 and [2] for any n > 1).

LEMMA 2.2. (a) (F,W, (-, 8))(z) = exp(—s|z|?).
(b) W,y(y,s) is an anisotropic (1/2,1)-homogeneous function of order
k=—y—n/2, iec.

(2.15)  W,(A\Y2y,As) = ATV, (y,5), Yy € R, s> 0, A> 0.

In particular,

(2.16) Wy (A2, \) = X772 W (y, 1).
(c) We have
(27) I s)l = § Wy ) doty) = 1.
RY

(d) Moreover,
(2.18) (WL (1) @ W, (-, 1)) ()
= X Wy (y, 7)TYW,(x,t)dv(y) = Wy (x,t + 1),
RY
TY being the generalized translation operator in the x-variable (cf. (2.4)).

Proof. (a) is a consequence of the formulas

| eslelemiov 4y = (m/5)"/2 exp(—|y[?/ (45)),
o

[ e, (tr) dr = t7(25) 77 exp(—12/(43));

0
(b) is obvious; (c) follows from (a); (d) is clear in terms of the Fourier—Bessel
transform because F, (¢ ® ¢) = (Fy¢)(Fy1)). m

Given a function g : R} — C, we introduce the generalized Gauss—
Weierstrass integral

(219)  (Gyg)(x,s) = (9@ Wy (- 9))(2) = | TVg(x)W,(y, ) dv(y),
R%
and the y-maximal function

(2.20) M, g(z) = sup !

U oy ) T v,

I
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where
Bf ={y:yeR}, [yl <r}, wngy) = | dv(y),
BY
so that
(2.21) 1Mygllx, < cllgllx,, 1<p<oo,
(2.22) iglg‘G'yg@vs)‘ < Myg(x)

(see [20, 21] and [3, p. 370]).

Now we specify m in Definition 2.1. Let p be a finite Borel measure on
R! such that u(R') = 0 and supp p C [0, 00). Define p/ = p— u({0})d, where
0 = 6(7) is the unit mass at 7 = 0, and set

(2.23)  m=p({0})d(y,7) +m',  dm/(y,7) = Wy(y,7)dv(y)dp'(r),

where §(y, 7) is the unit mass at (0,0) € Rﬁ‘r x R! and W, (y, 7) is extended
by zero to 7 < 0. Clearly, m is finite and by (2.17),

m(RE x RY) = § dp(r) § Wa(y,7)dv(y) = § du(r) = 0.
R R%} R1

DEFINITION 2.3. The anisotropic wavelet transform (2.13) with m de-

fined by (2.23) will be called a generalized parabolic wavelet transform and
denoted by V), f(x,t;n). Thus

(224)  Vuf(w,tim= | TV, )W, (y,7) du(y) du(r)
R7 x[0,00)
or, by (2.16) and (2.17),
(225) Vif(wtim)= | TV (2, )W, (y, 1) dv(y) du(r)
R7 x[0,00)
= n({0})f(x,1)
+ | YT (e )W (y, 1) du(y) d(T).
R x(0,00)
DEFINITION 2.4. The transform
(22600 Vuf(z,tig) = | TS )Wy, )e " du(y) dp(r)
R” x[0,00)
(2.16) .
= TV f (2, )W, (y, Ve ™" du(y) dp(r)
R” x[0,00)
will be called a weighted generalized parabolic wavelet transform of f.

In the following we use the convention SZ o(t) du(t) = S[a ) o(t) du(t).
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3. Inversion of generalized parabolic wavelet transforms (the
Calderén-type reproducing formula)

THEOREM 3.1. Let V, f(z,t;n) be the wavelet transform (2.24), f € Y,
1 < p < oo (recall that Y is identified with C°). Suppose that

o0

(3.1) p([0,00)) =0, | [log 7| d|u|(r) < oo,
0

T
(3.2) cu =\ log — dyi(7).

0
Then
(3.3) OSOVf(ﬂs t'n)d—n: lim §V f(x t'n)@:c f(z,t)

. \ W ) by n _E—>0,g—>006 I s Uy n i » V)

the limit being understood in the Y,-norm. If moreover 1 < p < oo and

(3.4) llog 7|° d|p|(T) < 00 for some § > 1,

O ey =

then the limit in (3.3) can be interpreted pointwise for almost all (x,t) €
R x R!. The same statements hold for the weighted transform (2.26).

Proof. Define

4

(3.5) Leolts £) = Ve (o, 1) %” 0<e<o<oc.

We have

(36) IE,Q(:ua f) :f®K£_f®Kg’

(3'7) K. = Ks(ny) = Wv(yaT)ks(T)a

(35) ) = 26(2). ko) - %(S)du(S) ~ Lu0.m)

(and similarly for K,). Indeed, by (3.1), 1({0}) = 0 so that
oo o

Lol Past) 27§ au(n) |5 § TV o W (0, 7) ()

0 £ R

+

o0 oT

2.15 ds s

CL dpu(r) | — | T @ )W (2 8) dv(2)
0 ET RZ{_



8 I. A. Aliev and B. Rubin

= | = [ du(r) | 7" f(x, )W, (2, 5) dv(2)
0~ s/ R%
1 s/e
= S T%° f(x, t)W, (2, s) |:E S d,u(7’)j| dv(z)d(s),
R% x(0,00) s/o
which gives (3.6).
Let ¢ — 0 and p — oo in (3.6). By (2.15),

(fOK)(xt)= | TV f(a, )W, (y, 7)k(r) dv(y) dr.

R} x(0,00)

It is known that (3.1) implies k € L1(0,00) and §* k() dr = ¢, (see [13],
p. 188). Hence, by (2.17),

IfoKe—cufly, <V Wy, D)k 1TV f = flly, dv(y) dr.
R?} x(0,00)

Owing to (2.19), (2.9) and the Lebesgue dominated convergence theorem,
this yields lim. o || f ® K —c. flly, =0, 1 <p < 0o. To complete the proof
of the first statement we note that lim, . || f ® K,||y, = 0. Indeed, by (2.8)
and (2.17), we have

(3.9) If @ Kolly, < HOSO\MT)!g(t— or) dr,
0

Lr(R})

where g(t) = || f(-,t)||x, € LP(R'), and the result follows in a standard way
(see, e.g., Theorem 1.15 of [13]).

Let us prove the a.e. convergence in (3.3). By (2.19),

(f oK), t)] < [ Ik(r)dr § Wy(y,en)TY|fl(x,t — e7) du(y)
0 R?
= [ IREIG,Uf (-t = er)) (@, er) dr
0

< g\k(f)ysu%@(\f(-,t—m)\)(x,s)dT
0 s>

S )M, [[f (-t —eT)](z) dr.
0

By (3.1) and (3.4), the function k(t) = ¢t~} Sé du(r) = —t71 §° dp(7) has a
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decreasing integrable majorant, and therefore
(3.10) F(z,t):= Su%’(f®K5)<x,t)’ < e(Muy)(t),
e>

where u(t) = My[|f(-,t)|](x), with the standard one-dimensional Hardy—
Littlewood maximal function M in the t-variable [19, p. 59]. Hence

.10
1E (@, )y, = [HF @, )lr@nllx, < clllue()llze@yllx,

21)
=c|lue@®lx, lze@)y < el IFCDx, e = cllflly,

(here and below the constant ¢ may be different at each occurrence). Thus

(3.11) Isup [f & Keflly, <cllflly,, 1<p<oo.
e>
Owing to this estimate and taking into account that
(FeK) @)= | Wiy nk@)TVE f(a,) dv(y) dr — f(x,1)
R” x(0,00)

pointwise as ¢ — 0 for any f € C°(R" x R') (this set of functions is dense
in Y,), we get im%:%,(f ® K.)(z,t) = f(x,t) for all f € Y,. By the same

e—0

reason, (f ® K,)(x,t) — 0 a.e. as o — oo (for nice f this follows from (3.9)
with p = 00).

The validity of the theorem for weighted wavelet transforms can be
proven following the same lines by taking into account that

4
SV;Lf(mat; 77) C;_”? =f® Iz’s - f® KQ; [}6(55716) = e_tW’Y(‘rvt)kE(t)?

€

where k.(t) = e 'k(t/e) (similarly for K,; cf. (3.6)). In particular,

Hf ® Rie - CufHYp
< | e Tmw k(TR f(at) — £, t)|ly, dv(y) dr
R™ x(0,00)
+fly, Ve =Wy, DE(r) dv(y)dr — 0 ase — 0.
R} % (0,00)
We leave other details to the interested reader. m
4. Parabolic potentials associated with the Laplace—Bessel dif-

ferential operator. The generalized parabolic potentials HY f and ‘HS f,
defined in terms of the Fourier—Bessel transform by (1.5) and (1.6), can be
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represented as integral operators

(@0 Hf@t) = g | )7/ W T ) dv(y)
R 0

(42) HOf(zt) = r(;/z) [ § ro/2 e W Gy, 1) T £ (o, 1) dily) dr
Ri 0

involving the generalized translation (2.4). To see this it suffices to apply
the Fourier—Bessel transform (the Fourier transform in 2z’ and ¢, and the
Bessel transform in z,,) to both sides of (4.1) and (4.2), and make use of the
statement (a) of Lemma 2.2. By setting

ti/Qilw’Y(x’t)v Ea(xat) = eitha(aj’t)a

"ol = Tapa)

we have H f(z,t) = (ha @ f)(x,1) and H2f(2,8) = (ha @ f) (2, 1).
The following statement is an analogue of the Hardy—-Littlewood—Sobolev
theorem (see [6] in the case v = 0).

THEOREM 4.1. (i) Let 1 < p < q < oo, a > 0. The inequality

||H,?f||yq <c ||f||Yp’ c= C(pa Q7n77)7

holds for any f €Y, if and only if a = (n+2y—2)(p~' —¢71).
(ii) Define m{E} = §_dv(x)dt for E CR} x R'. If f €Y, then

R el flv \*
mi(e.1) : (1 (e, 0)] > 2y < (L0
for any X >0 and q¢ > 1 such that 1/qg=1—a/(n+ 2y — 2).
(iii) For any 1 <p < oo and a >0, [[HS flly, < || flly,-

Proof. The necessity in (i) is a consequence of the standard homogeneity
argument (cf. [18, p. 118]). Further, let

k=k(z,t) =t =2/ oxp(—|z|?/(4t)), x€R", t>0.

We split k as k = k1 + ko, where

oo d ke t=p O, =
700, t>p, 27k, t>p

Set mo = m{k ® f > 2A} and m; = m{k; ® f > A}, i = 1,2, and assume
f>0,][flly, =1. Then
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(2.11)
(4.3) mo <my+ma,  my <A Pk ® f”f/p < AP,
o
(44) ||k1”Y1 — St(a—n—Q’Y)/Q—l dt S 6_‘$‘2/(4t)xi'y dr
0 R?
o
= Cny S t2 N dt = e pu/?.
0

Further, by Holder’s inequality,

oo 2 ’ l/p/
ks ® fllva. < Ilkally,, = ( [ [ lemn-2/ete el anp! 20 d:v)
R

=y | [ TR 22 2 e

o
=cop’, 10 +1/p=1,
g a—n—2fy—2p,+n+2’y+1 l:_n+2’y+2
2 2 4 2q ’

Setting cou” = A, we have ||k2 ® f|ly.. < A and therefore my = 0 (see (4.3)).
Hence

(4.3) (4.4)
mo £ my £ eNP(uOB)P = eATPAPI = A1 = (| £l /N)Y,
and (ii) is proved. By the Marcinkiewicz interpolation theorem this implies
the sufficiency in (i). (iii) is a consequence of Young’s inequality (2.11) and
the fact that ||hally, =1. =

REMARK. For the ordinary Jones—Sampson parabolic potentials, corre-
sponding to v = 0, an analogue of Theorem 4.1 was stated by V. R. Gopala
Rao [6, p. 989]. It is our impression that the proof of the weak (1, ¢)-estimate
indicated very briefly in [6] does not yield the required result. In fact, the
kernel of the parabolic potential should be split in the ¢-variable (as in our
proof) rather than in z, as suggested in [6] following Stein’s argument [18]
applicable to Riesz potentials.

The potentials HY f and HS f can be represented via the relevant wavelet
transforms (2.25), (2.26).

LEMMA 4.2. Let p be a Borel measure on [0,00) such that

d|p|(7) dp(7)
S 1a/2 < oo and ca,uzé ol

oo o0

#0, a>0.

Then
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e T d
(4.5) HS f(0,0) = s L Vi (i) 5,
0
wn d
(46) H S 1) = gty N Vi etin) 2,
0

provided that the potentials on the left-hand sides are absolutely convergent
(i.e. HY|f|(x,t) < oo and HS|f|(x,t) < 00).

Proof. Owing to (2.25), a simple calculation yields

[ee]

T v f aj7t7n T T dn
UL gy = W D vty dutr) | TV ) T
o M R™ x [0,00) 0 n
s dv(y)ds T du(7)
= | wWnrre ) s § s

R x(0,00)

By (2.16) this implies (4.5). The proof of (4.6) is similar and based on
(2.26). =

5. Inversion of generalized parabolic potentials by means of
continuous wavelet transforms. By comparing (4.5) and (4.6) with (1.5)
and (1.6), it is natural to expect that explicit inverses of HS and HS can
be obtained from (4.5) and (4.6) if one replaces (formally) o by —a. Indeed,
we have the following

THEOREM 5.1. Let p be a Borel measure supported by [0,00) and satis-
fying the following conditions:

(5.1) S thdu(t) =0, j§=0,1,...,[a/2] (the integral part of a/2);
0
(5.2) S tPd|ul(t) < oo for some B> /2.
0
If p=HSf, f€Y), 1<p<oo,0<a<(n+2y+2)/p, then
o0 . dn . oo
(5.3) (S) Vel t;n) ez T S = dauf(x,1),
where
I'(—a/2) | 22 dp(t) if a/2¢N,
_ 0
(5.4) dap = (— 1)1+a/2 o0

W X t*?logtdu(t) if a/2 € N.
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The limit in (5.3) is interpreted in the Y,-norm. The same holds for all
a >0 and 1 < p < oo (recall the convention Yo, ~ C°) provided that HY
and V,, are replaced by HS and V,, respectively.

Proof. Let us first show that V,HS f(z,t;m) = (f @ hf‘]/z)(ac,t), where

(5.5) he/?(x,t) = 527 IW, (2, ) (L0 P ) (/)
and
T30 = a7z V=172 dut)
0

is the Riemann-Liouville fractional integral of u. By (2.25) and (4.1), owing
to the properties (2.5)—(2.7) of the generalized translation in the £, -variable,

we have

Vie(z,t;m) OSod,u S , 1) du(y )0803‘1/2*1 ds
0 ]R” 0
x S Wg,s)Tﬁ YIS £, ) dv(€)
R}
= ) § W dvly) (¢ =) g
0 R% nT
x | [TVITTWL(E, OITS f (. t) du()
R}
- r(; | T
R’ X (0,00)
< J (¢ =) 1E ¢, 7) dulr),
0
where

I(6,¢.7) = § Wy(y, DTV WL (€, Q) du(y).
R%
By setting y = z(n7)~'/? and dv(y) = (n7)~7~"/2dv(z), and taking into

account that (n7)~7~"/2W, (z/\/n7,1) = W,(2,n7) (see (2.16)), according
0 (2.18) we have

1(6,¢,m) = | Wz, )T W48, €) dv(z) = Wy (€,C).

R}
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Hence
Vet = s | WEOTS )
R;Y % (0,00)
< (J€=nn2*  du(r)) du(e) dc,
0

which gives (5.5). Further,

o0

(56 Vel tin) oo = | W& OT fla.t) dv(€) dC,
5 n RzX(U,OO)
where
o 1 d T a/2—1
WE(&aC) - F(a/2) (5 C) S W é(C_UT)Jr d/.L(T)

A simple calculation yields

7.6.0 = Do ($)WE0. Aal) = L 00

(cf. (3.7), (3.8)). Owing to (5.1) and (5.2), A\(¢) has a decreasing inte-
grable majorant and {° Ao () dt = dq., with dq,, defined by (5.4) (see [15],
Lemma 1.3). Hence (5.3) follows by the same arguments as in the proof of
Theorem 3.1.

By analogy to (5.6), it can be shown that for ¢ = HS f,
| Vuela, t;n) yrarz = (Ve @ f)(z,1),
€

where U, (z,t) = e "W, (z,t)(1/e)Aa(t/e) and V,o(z,t;n) is defined by
(2.26). The convergence @5 ® f — da,uf as € — 0 can be proven as the
similar one in Theorem 3.1. m

EXAMPLE 5.2. Take a measure y = Zk o(=1)% (1) 0k, where | > a/2
and 0 = 0k(t) is the unit mass at t =k (k =0, 1, ..., 1). By (2.25),

l

Vip(antin) = § | S0 ()10l W, (1) )

R? k=0
(set /Ny = z and use (2.16))
= | AL oz, )W, (2,m) dv(2),

n
RY
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where l
l
l k Kz k
Aol ) = Y0 ()T ol
k=0
is an anisotropic finite difference of ¢ generated by the generalized transla-
tion operator. Furthermore,

[e’e) l

_ AN
V7 du(t) =) j(—1)k(k>k;f =0, Vj=0,1,...,1—1
0 k=0

(see [16], pp. 116-117), and (4.2) holds automatically. Thus Theorem 5.1
gives the inversion formula

AL HS f (2, )
S %Ww(z,n)z?ﬂ dzdn =da,uf(z,t)
R% x(0,00) K
with
T dt
_ —ty\l
do,p = (S)(l—e ) iz 70
By the same argument one can obtain an inversion formula for Hf f:
AL H [ ()
| T Walzm)z dedn = dayf(2,t),
R” X (0,00) U
1
~ A ;
ALyt = S (-1F( )TV R g0, )
k=0

These formulas were obtained in [12] for potentials with ordinary
(euclidean) translation and in [1, 2] for the generalized potentials HY f
and HT f.
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