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Affine frames, GMRA’s, and the canonical dual

by

Marcin Bownik (Ann Arbor, MI) and Eric Weber (Laramie, WY)

Abstract. We show that if the canonical dual of an affine frame has the affine struc-
ture, with the same number of generators, then the core subspace V0 is shift invariant. We
demonstrate, however, that the converse is not true. We apply our results in the setting of
oversampling affine frames, as well as in computing the period of a Riesz wavelet, answer-
ing in the affirmative a conjecture of Daubechies and Han. Additionally, we completely
characterize when the canonical dual of a quasi-affine frame has the quasi-affine structure.

The study of affine systems in L2(Rd) which gives rise to frames is cur-
rently under vigorous research. Such systems can have better properties
than systems which are bases [16], and can be utilized in denoising [2].
Since frames can have many duals which yield reconstruction, from a prac-
tical print of view it is important to know what structure the duals have.
In particular, one wishes to know if a given affine frame has any duals with
the affine structure.

From a strictly theoretical viewpoint, one can ask if an affine frame gen-
erates a generalized multiresolution analysis (GMRA). A GMRA, as defined
by Baggett, Medina, and Merrill [1], is a sequence {Vj : j ∈ Z} of closed
subspaces of L2(Rd) with the following five properties:

1. Vj ⊂ Vj+1;
2. DVj = Vj+1;

3.
⋃
j∈Z Vj = L2(Rd);

4.
⋂
j∈Z Vj = {0};

5. TzV0 ⊂ V0 for all z ∈ Zd.
Here, Tz is a translation operator given by Tzf(x) = f(x − z) and D is a
dilation operator given by Df(x) = |detA|1/2f(Ax) for some d×d expansive
integer-valued matrix A. In particular, for any l ∈ Zd we have D∗TlD = Tk
for some k ∈ Zd.
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Given a frame wavelet Ψ , we define a sequence of subspaces by

Vj(Ψ) := span{DnTzψ : n < j, z ∈ Zd, ψ ∈ Ψ}.
Clearly, {Vj(Ψ) : j ∈ Z} satisfies items 1, 2 and 3. However, there are
examples of frame wavelets such that either 4 or 5 fails to hold.

Upon first inspection, it may seem that the conditions that the canonical
dual of Ψ is a frame wavelet and Ψ generates a GMRA are independent. But
in fact they are connected, though the purpose of this paper is to demon-
strate that this connection is unlike the Riesz basis case. If Ψ generates a
Riesz basis, then condition 4 above holds. Condition 5 holds, however, if and
only if the (unique) dual of {DnTzψ : n ∈ Z, z ∈ Zd, ψ ∈ Ψ} is of the form
{DnTzφ : n ∈ Z, z ∈ Zd, φ ∈ Φ}, with the cardinalities of the sets Ψ and Φ
being equal [15, 21, 22].

The obvious extension of this fact to frame wavelets is false, as described
in the following two theorems.

Theorem 1. Suppose Ψ = {ψ1, . . . , ψr} is an affine frame such that the
standard dual is again an affine frame with generators Φ = {φ1, . . . , φr}.
Then the core subspace

V0(Ψ) := span{DnTlψi : n < 0, l ∈ Zd, i = 1, . . . , r}
is shift invariant.

Theorem 2. (i) There exists an affine frame {DnTlψ} with an alternate
dual {DnTlη} but with V0(ψ) not shift invariant.

(ii) There exists an affine frame {DnTlψ} with no affine duals but with
V0(ψ) shift invariant.

A complete characterization of when the canonical dual of a frame
wavelet Ψ is also a frame wavelet is unknown at this time. For quasi-affine
frames, however, we announce the characterization below.

The quasi-affine system was introduced by Ron and Shen [24] to accom-
modate shift invariant space theory to affine frames. Define the operator D̃
by renorming D: D̃f(x) = |detA|f(Ax). The quasi-affine system is given by

Uq = {DnTz : n ≥ 0, z ∈ Zd} ∪ {TzD̃n : n < 0, z ∈ Zd}.
As with the affine system, if U q(Ψ) is a frame, one wishes to know if any
of its duals also has the form U q(Φ), and in particular, if the standard dual
has the quasi-affine structure.

Theorem 3. Suppose U q(Ψ) is a frame in L2(Rd). The canonical dual
is of the form Uq(Φ) if and only if

tq(ξ) :=
∑

ψ∈Ψ

∞∑

j=0

ψ̂(A∗jξ) ψ̂(A∗j(ξ + 2πq)) = 0 for a.e. ξ(1)

for q ∈ Zd \A∗Zd.
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This paper is organized as follows. We conclude this section with nec-
essary definitions and preliminary results. In Section 1 we prove Theorems
1–3. In Section 2 we apply Theorem 1 to problems in oversampling of affine
frames and computing the period of an affine frame. In particular, we provide
a partial answer to a conjecture of Daubechies and Han regarding periods of
frame wavelets by showing that a period of a dyadic Riesz wavelet is either 0
or 2J for some non-negative integer J . Finally, in Section 3 we give a number
of examples illustrating Theorem 2.

A frame for a separable Hilbert spaceH is a collection of vectors {xj}j∈J,
indexed by a countable set, such that there exist constants 0 < C1 ≤ C2 <∞
for which

C1‖v‖2 ≤
∑

j∈J
|〈v, xj〉|2 ≤ C2‖v‖2 for all v ∈ H.

If only the upper bound holds in the above inequality (that is, C1 = 0), then
{xj} is said to be a Bessel sequence with a constant C2.

The frame operator for a frame {xj}, which is a bounded, positive, in-
vertible operator, is given by

S : H → H, v 7→
∑

j∈J
〈v, xj〉xj .

The frame {xj} is said to be tight if we can choose C1 = C2; this is equivalent
to S = C1I, where I is the identity operator. A second frame {yj} is dual
to {xj} if

v =
∑

j∈J
〈v, yj〉xj ;

at least one dual always exists, called the canonical (or standard) dual , given
by {S−1xj}. In general, a frame has many duals; a dual which is not the
canonical dual is called an alternate dual.

The affine system is U := {DnTz : n ∈ Z, z ∈ Zd}. Following [14], the
local commutant of the affine system, at ψ, is

Cψ(U) := {B ∈ B(L2(Rd)) : BDnTzψ = DnTzBψ ∀DnTz ∈ U}.
The canonical dual of an affine frame U(Ψ) is U(Φ) if and only if

{S−1DnTzψi : n ∈ Z, z ∈ Zd, i = 1, . . . , r}
= {DnTzS

−1ψi : n ∈ Z, z ∈ Zd, i = 1, . . . , r}
= {DnTzφi : n ∈ Z, z ∈ Zd, i = 1, . . . , r},

where S is the frame operator of U(Ψ). Equivalently, the canonical dual of
U(Ψ) has the affine structure if and only if S−1 ∈ Cψ(U) for all ψ ∈ Ψ .

If W ⊂ L2(Rd) is a closed subspace, and M is a d× d matrix, we say W
is MZd-SI, or MZd shift invariant , if TMzW ⊂W for all z ∈ Zd. In case M
is the identity matrix, we shall say that W is shift invariant , or SI.
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Finally, in this paper, the Fourier transform is defined for f ∈ L1(Rd) by

f̂(ξ) =
�

Rd
f(x)e−ix·ξ dx.

Given a measurable subset K ⊂ Rd we define the space Ľ2(K), which is
invariant under all translations, by

Ľ2(K) = {f ∈ L2(Rd) : supp f̂ ⊂ K}.

1. Proofs of the main results. We set out to prove Theorem 1.

Proof of Theorem 1. Define bounded operators B0 and B1 by

B0 :=
r∑

i=1

∑

n<0

∑

z∈Zd
〈·,DnTzφi〉DnTzψi,

B1 :=
r∑

i=1

∑

n≥0

∑

z∈Zd
〈·,DnTzφi〉DnTzψi.

Note that B0 + B1 = I, the identity operator on L2(Rd). A trivial exercise
shows that B1 commutes with the operators Tz for all z ∈ Zd. Therefore,
the closure of the range of B0 is invariant under Tz.

Thus, we only need to show that V0(Ψ) = B0(L2(Rd)). Clearly, by
definition of V0(Ψ) and B0, we see that B0(L2(Rd)) ⊂ V0(Ψ). We claim
that B0(L2(Rd))⊥ ⊂ V0(Ψ)⊥. Let f ∈ B0(L2(Rd))⊥; thus 〈B0g, f〉 = 0 for
g ∈ L2(Rd).

Since Φ is the canonical dual wavelet frame of Ψ , we can choose g ∈
L2(Rd) such that 〈g,DnTzφi〉 = 〈f,DnTzψi〉 for all n ∈ Z, z ∈ Zd and
i = 1, . . . , r. Hence,

〈B0g, f〉 =
〈 r∑

i=1

∑

n<0

∑

z∈Zd
〈g,DnTzφi〉DnTzψi, f

〉

=
r∑

i=1

∑

n<0

∑

z∈Zd
〈g,DnTzφi〉〈DnTzψi, f〉

=
r∑

i=1

∑

n<0

∑

z∈Zd
|〈f,DnTzψi〉|2 = 0.

Our claim now follows.

Two frame wavelets Ψ and Φ which have shift invariant core spaces are
called core equivalent if there exists a unitary operator U : V0(Ψ) → V0(Φ)
such that UTz = TzU for all z ∈ Zd. The following is a corollary to the proof
of Theorem 1.
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Corollary 1. If Φ is the standard dual of Ψ , then Φ and Ψ are core
equivalent.

Proof. We can consider the operator B0 as defined above as an operator
from V0(Φ) to V0(Ψ). Let B0 = U |B0| be the polar decomposition of B0,
where U is the partial isometry from the range of |B0| into V0(Ψ). Note that
U has the property that UTz = TzU .

The proof of Theorem 1 demonstrated that B0 has dense range in V0(Ψ).
By symmetry, B∗0 has dense range in V0(Φ). Therefore, |B0| has dense range
in V0(Φ) and the kernel of U is trivial. Hence, U can be extended to an
isometry Ũ : V0(Φ) → V0(Ψ) with trivial kernel. It follows that Ũ is the
necessary intertwining unitary.

In the proof of Theorem 2 we will use the following two standard results.
Theorem 4 gives a sufficient condition for an affine system to be a Bessel
sequence. Its proof can be found in [20, Theorem 13.0.1] or in the proof of
[13, Lemma 3.4]. Lemma 1 is a basic perturbation result for frames, which
can be found in [9, Corollary 2.7] or [17, Theorem 3].

Theorem 4. Suppose that f ∈ L2(R) is such that f̂ ∈ L∞(R) and

f̂(ξ) =
{
O(|ξ|δ) as ξ → 0,

O(|ξ|−1/2−δ) as |ξ| → ∞,
for some δ > 0. Then the affine system {DnTlf} is a Bessel sequence, where
Df(x) =

√
2 f(2x).

Lemma 1. Suppose H is a Hilbert space, {fi} ⊂ H is a frame with con-
stants C1 and C2, and {gi} ⊂ H is a Bessel sequence with constant C0. If
C0 < C1, then {fi + gi} is a frame with constants ((C1)2 − (C0)2)1/2 and
((C2)2 + (C0)2)1/2.

Proof of Theorem 2(i). Let ε > 0 and ψ = ψ0 + εψ1, where

ψ̂0 = χ[−π/2,−π/4]∪[π/4,π/2], ψ̂1 = χ[−π,−π/2]∪[π/2,3π/2].

Clearly, ψ0 is a tight frame wavelet, which is a dilated version of the usual
orthonormal Shannon wavelet χ̌[−2π,−π]∪[π,2π]. The function ψ1 should be
regarded as a perturbation term of ψ = ψ0 + εψ1. The exact form of ψ1 is
not relevant. In fact, it suffices to take any ψ1 ∈ L2(R) such that ψ̂1 ∈ L∞(R)
and

supp ψ̂1 ⊂ [−π,−π/2] ∪ [π/2, 3π/2], ψ̂1(ξ − 2π)ψ̂1(ξ) 6≡ 0.

Define the usual sequence of spaces Wj(ψ), j ∈ Z, as

Wj(ψ) = span{DjTlψ : l ∈ Z}.
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A simple calculation shows that

W0(ψ) = {f ∈ L2(R) : f̂(ξ) = m(ξ)ψ̂(ξ) for some 2π-periodic m(ξ)}
= {f ∈ L2(R) : supp f̂ ⊂ [−π,−π/4] ∪ [π/4, 3π/2],

f̂(ξ − 2π) = f̂(ξ) for all ξ ∈ [π, 3π/2]}.
Thus, by scaling we have

Wj(ψ) = {f ∈ L2(R) : supp f̂ ⊂ [−2jπ,−2j−2π] ∪ [2j−2π, 2j−13π],

f̂(ξ − 2j2π) = f̂(ξ) for a.e. ξ ∈ [2jπ, 2j−13π]}.
In particular,

Ľ2([−2j−1π,−2j−2π] ∪ [2j−2π, 2jπ]) ⊂Wj(ψ).

Therefore,

V0(ψ) = span
( ⋃

j<0

Wj(ψ)
)

yields
Ľ2(−π/4, π/2) ⊂ V0(ψ).

On the other hand,

Wj(ψ) ⊂ Ľ2(−π/4, π/2) for j ≤ −2.

Therefore,

V0(ψ) = {f ∈ L2(R) : supp f̂ ⊂ [−π/2, 3π/4],

f̂(ξ − π) = f̂(ξ) for a.e. ξ ∈ [π/2, 3π/4]}.
Thus, V0(ψ) is not SI. This follows immediately from a basic fact stating
that any SI space V ⊂ Ľ2(−π, π) must be of the form V = Ľ2(K) for some
measurable K ⊂ (−π, π).

By Theorem 4, {DnTlψ1} is a Bessel sequence. Therefore, by Lemma 1,
ψ = ψ0 + εψ1 is a frame wavelet for sufficiently small ε > 0, since the
Bessel constant of {DnTl(εψ1)} is equal to the product of ε2 and the Bessel
constant of {DnTlψ1}.

It is easy to check that ψ and ψ0 satisfy the following characterization
equations:

∑

j∈Z
ψ̂(2jξ) ψ̂0(2jξ) = 1 for a.e. ξ,

∞∑

j=0

ψ̂(2jξ) ψ̂0(2j(ξ + 2πq)) = 0 for a.e. ξ and for q odd.

Therefore, ψ0 is an alternate dual wavelet frame to ψ, which completes the
proof of Theorem 2(i).
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Proof of Theorem 2(ii). Let 1 < a <
√

2 and let ψ ∈ L2(R) be given by

ψ̂ = χ[−2π,−π]∪[π,2π] + aχ[−π,−π/2]∪[π/2,π].(2)

We claim that V0(ψ) is shift invariant and furthermore

V0(ψ) = Ľ2(−π, π).(3)

Since the inclusion “⊂” in (3) is trivial, it remains to show “⊃”.
Take any g ∈ Ľ2(−π, π) with ‖ĝ‖∞ ≤M for some constant M <∞. By

a simple density argument it suffices to show that g ∈ V0(ψ). We claim that
any such g can be decomposed as

g =
−1∑

j=−∞
fj , where fj ∈Wj(ψ),(4)

the convergence being in L2(R). We recall that for any j ∈ Z,

Wj(ψ) = span{DjTlψ : l ∈ Z}
= {f ∈L2(R) : f̂(ξ) = m(ξ)ψ̂(2−jξ) for some 2j+1π-periodic m(ξ)}.

Therefore, each fj ∈Wj(ψ) is given as

f̂j(ξ) = mj(ξ)ψ̂(2−jξ) for a.e. ξ,(5)

for some 2j+1π-periodic mj(ξ).
By induction we define the sequence {mj}j≤−1 and, consequently,

{fj}j≤−1 in (4) using (5). Let K = (−2π,−π) ∪ (π, 2π) be the Shannon
wavelet set. Define m−1(ξ) by

m−1(ξ) = ĝ(ξ) for ξ ∈ 2−1K,

and extend m−1(ξ) to a π-periodic function on R. Given m−1(ξ), . . . ,m−n(ξ)
satisfying the induction hypothesis

ĝ(ξ) =
−1∑

j=−n
mj(ξ)ψ̂(2−jξ) for a.e. ξ ∈

−1⋃

j=−n
2jK,(6)

we define m−n−1(ξ) by

m−n−1(ξ) = ĝ(ξ)−
−1∑

j=−n
mj(ξ)ψ̂(2−jξ) for ξ ∈ 2−n−1K,

and extend m−n−1(ξ) to a 2−nπ-periodic function on R. Since supp ψ̂ ⊂
(−2π, 2π), it is immediate that

ĝ(ξ) =
−1∑

j=−n−1

mj(ξ)ψ̂(2−jξ)(7)
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for ξ ∈ ⋃−1
j=−n 2jK. Moreover, since ψ̂(2n+1ξ) = 1 for all ξ ∈ 2−n−1K, the

equality (7) also holds for ξ ∈ 2−n−1K. This shows the induction hypothesis
(6) for n+ 1.

Furthermore, for ξ ∈ 2−n−1K we have

|m−n−1(ξ)| ≤ |ĝ(ξ)|+
−1∑

j=−n
|mj(ξ)| |ψ̂(2−jξ)| ≤M + |m−n(ξ)|a,

since ψ̂(ξ) = 0 for ξ ∈ (−π/2, π/2). Therefore,

‖m−n−1‖∞ ≤M + a‖m−n‖∞,
and consequently

‖m−n−1‖∞ ≤M + aM + . . .+ anM = M
an+1 − 1
a− 1

.

By (5),

‖fj‖22 =
1

2π
‖f̂j‖22 ≤

‖mj‖2∞
2π

�

R
|ψ̂(2−jξ)|2 dξ ≤ M2a−2j2j

2π(a− 1)2 ‖ψ̂‖
2
2.

Therefore,
−1∑

j=−∞
‖fj‖2 ≤

M‖ψ‖2
a− 1

−1∑

j=−∞
(2/a2)j <∞.

By (5) and (6),

ĝ(ξ) =
−1∑

j=−∞
f̂j(ξ) for a.e. ξ,

which shows (4). This completes the proof of (3).
It remains to show that ψ is a frame wavelet which has no affine duals.

Indeed, we can represent ψ = ψ0 + aψ1, where ψ̂0 = χ[−2π,−π]∪[π,2π] and

ψ̂1 = χ[−π,−π/2]∪[π/2,π]. Clearly, ψ0 is an orthonormal Shannon wavelet and
ψ1 is a tight frame wavelet with constant 1. Therefore, by Lemma 1, ψ =
ψ0 + aψ1 is a frame wavelet since a > 1.

Finally, we need to show that ψ has no affine duals. On the contrary,
suppose that φ ∈ L2(R) is an affine dual of ψ. Then, by the characterization
equations,

∑

j∈Z
ψ̂(2jξ) φ̂(2jξ) = 1 for a.e. ξ,(8)

∞∑

j=0

ψ̂(2jξ) φ̂(2j(ξ + 2πq)) = 0 for a.e. ξ and for q odd.(9)
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Hence, for a.e. ξ with π < |ξ| < 2π, by (9) we have φ̂(ξ+ 2πq) = 0 for every
odd q. Thus,

supp φ̂ ⊂
⋃

k∈Z
(π + 4πk, 3π + 4πk).(10)

Combining (2), (8), and (10) yields

φ̂(ξ) = 1 for a.e. π < |ξ| < 2π.(11)

Applying (9) for −π < ξ < −π/2 and q = 1 and using (2) and (11) yields

0 =
1∑

j=0

ψ̂(2jξ) φ̂(2j(ξ + 2πq)) = a+ φ̂(2(ξ + 2πq)),

which implies
φ̂(ξ) = −a for a.e. 2π < |ξ| < 3π.(12)

More generally, define recursively the sequence {aj}j≥1 by setting a1 = 1
and

aj+1 =
{

2aj for odd j,

2aj + 1 for even j.

Note that aj is odd for odd j and aj is even for even j. We will show
inductively that for all j ≥ 1,

φ̂(ξ) = (−1)j−1aj−1 for a.e. ξ ∈ (ajπ, (aj + 1)π).(13)

Clearly, (13) holds for j = 1, 2 by (11) and (12).
Suppose that (13) holds for even j. Applying (9) for π/2 < ξ < π and

q = aj−1 and using (2) and (13) yields

0 =
1∑

l=0

ψ̂(2lξ) φ̂(2l(ξ + 2πq)) = a(−1)j−1aj−1 + φ̂(2(ξ + 2πq)),

which implies

φ̂(ξ) = (−1)jaj for a.e. ξ ∈ ((2aj + 1)π, (2aj + 2)π),

showing (13) for j + 1.
Likewise, suppose that (13) holds for odd j. Applying (9) for −π < ξ <

−π/2 and q = aj−1 + 1 and using (2) and (13) yields

0 =
1∑

l=0

ψ̂(2lξ) φ̂(2l(ξ + 2πq)) = a(−1)j−1aj−1 + φ̂(2(ξ + 2πq)),

which implies

φ̂(ξ) = (−1)jaj for a.e. ξ ∈ (2ajπ, (2aj + 1)π),

showing (13) for j + 1.
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This completes the proof of (13) for all j ≥ 1. Since a ≥ 1, we have
‖φ̂‖2 = ∞, which contradicts φ ∈ L2(R). This shows that ψ has no affine
duals and completes the proof of Theorem 2(ii).

As illustrated above, in contrast to the Riesz basis case, the shift invari-
ance of V0(Ψ) does not reveal all of the information desired about the dual
structure of Ψ . However, under a special condition, the shift invariance of
V0(Ψ) does give more information (see also Theorem 9).

Theorem 5. Suppose Ψ is a frame wavelet which is similar to a semi-
orthogonal frame wavelet Φ. Then V0(Ψ) is shift invariant if and only if the
standard dual of the affine frame generated by Ψ is an affine frame with the
same number of generators.

Recall that the frame wavelet Φ = {φ1, . . . , φr} is said to be semi-
orthogonal if n 6= k implies that 〈DnTzφi,D

kTz′φj〉 = 0 for all z, z′ ∈ Zd and
i, j = 1, . . . , r. Frame wavelets Ψ and Φ are similar if there is an invertible
operator V such that

V DnTzφi = DnTzψi for n ∈ Z, z ∈ Zd, i = 1, . . . , r,(14)

i.e., V maps Φ onto Ψ and V is in the local commutant of the affine system
at Φ. Note that V commutes with D.

Proof. Clearly, the “if” implication is true. We will show that the “only
if” implication is true using the idea of the local commutant [14].

Let SΦ and SΨ be the frame operators of Φ and Ψ , respectively. Since
the frame wavelet Φ is semi-orthogonal, it is not hard to show that SΦ maps

W0(Φ) = span{Tzφi : z ∈ Zd, i = 1, . . . , r}
onto itself and

SΦTzf = TzSΦf for all f ∈W0(Φ), z ∈ Zd.
Consequently, the standard dual of {DnTzφi} is {DnTzS

−1
Φ φi}.

Next, we claim that the standard dual of {DnTzψi} is of the form
{V ∗−1DnTzS

−1
Φ φi}. Indeed, by (14),

SΨ =
r∑

i=1

∑

n∈Z

∑

z∈Zd
〈·,DnTzψi〉DnTzψi

=
r∑

i=1

∑

n∈Z

∑

z∈Zd
〈V ∗·,DnTzφi〉V DnTzφi = V SΦV

∗.

Thus,

S−1
Ψ DnTzψi = V ∗−1S−1

Φ V −1DnTzψi = V ∗−1DnTzS
−1
Φ φi.
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Therefore, to show that the standard dual of {DnTzψi} is affine with the
same number of generators, we must show that

V ∗−1TzS
−1
Φ φi = TzV

∗−1S−1
Φ φi for z ∈ Zd, i = 1, . . . , r,

since V commutes with D. Since SΦ maps W0(Φ) isomorphically onto itself,
it suffices to show that

V ∗−1Tmφi = TmV
∗−1φi for m ∈ Zd, i = 1, . . . , r.(15)

For n > 0, we have

〈V ∗−1Tmφi,D
nTzψj〉 = 〈φi, T−mV −1DnTzψj〉 = 〈φi, T−mDnTzφj〉 = 0.

Likewise,

〈TmV ∗−1φi,D
nTzψj〉 = 〈φi, V −1T−mDnTzψj〉 = 〈φi, T−mDnTzφj〉 = 0.

For n < 0, we have

〈V ∗−1Tmφi,D
nTzψj〉 = 〈φi, T−mV −1DnTzψj〉 = 〈φi, T−mDnTzφj〉 = 0,

since T−mDnTzφj ∈ V0(Φ). Likewise,

〈TmV ∗−1φi,D
nTzψj〉 = 〈φi, V −1T−mDnTzψj〉 = 〈φi, V −1f〉 = 0,

where f ∈ V0(Ψ), since it is shift invariant. Finally, for n = 0,

〈V ∗−1Tmφi, Tzψj〉 = 〈φi, T−mV −1Tzψj〉 = 〈φi, V −1T−mTzψj〉
= 〈TmV ∗−1φi, Tzψj〉.

Therefore, (15) holds, which completes the proof of Theorem 5.

Since every Riesz wavelet is similar to an orthonormal wavelet, as an
immediate corollary of Theorem 5 we obtain the previously mentioned result
for Riesz wavelets [15, 21, 22].

Corollary 2. Suppose Ψ is a Riesz wavelet. Then V0(Ψ) is shift in-
variant if and only if the (unique) dual of {DnTzψ : n ∈ Z, z ∈ Zd, ψ ∈ Ψ}
is of the form {DnTzφ : n ∈ Z, z ∈ Zd, φ ∈ Φ}, with the cardinality of the
sets Ψ and Φ being equal.

1.1. Quasi-affine frames. We now set out to prove Theorem 3. Let SqΨ
denote the frame transform of the quasi-affine system U q(Ψ), i.e.

SqΨ : L2(Rd)→ L2(Rd),

f 7→
∑

ψ∈Ψ

∑

n≥0

∑

z∈Zd
〈f,DnTzψ〉DnTzψ +

∑

ψ∈Ψ

∑

n<0

∑

z∈Zd
〈f, TzD̃nψ〉TzD̃nψ.

Clearly, the standard dual of U q(Ψ) has the form U q(Φ) if and only if(
SqΨ
)−1 ∈ Cψ(Uq) for all ψ ∈ Ψ . With the quasi-affine system, this is much

easier to determine than with the affine system.
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Proposition 1. Suppose U q(Ψ) is a complete system (not necessarily
a frame) in L2(Rd). For any operator S ∈ B(L2(Rd)), S ∈ Cψ(Uq) for all
ψ ∈ Ψ if and only if S ∈ {D,Tz : z ∈ Zd}′, the joint commutant of D
and Tz.

Proof. The “if” implication is obvious. Suppose that S ∈ Cψ(Uq) for all
ψ ∈ Ψ . Define the unitary counterpart of the quasi-affine system as follows:

Vq := {DnTz : n ≥ 0, z ∈ Zd} ∪ {TzDn : n < 0, z ∈ Zd}.
Note that VqΨ is still a complete system, and that S ∈ Cψ(Uq) for all ψ ∈ Ψ
if and only if S ∈ Cψ(Vq) for all ψ ∈ Ψ . For the purposes of this proof, let C
denote an arbitrary element of Vq. It suffices to show that STkCψ = TkSCψ
and SDCψ = DSCψ for all ψ ∈ Ψ .

We note that Vq is a shift invariant system, i.e., TkVq ⊂ Vq for all k ∈ Zd.
We claim that this is also true for D−1. Indeed, for n ≥ 1, D−1DnTz ∈ Vq.
Now, for n ≤ 0, D−1TzD

n = TAzD
n−1 ∈ Vq, since for f ∈ L2(Rd),

D−1Tzf(x) = |detA|−1/2f(A−1x− z) = |detA|−1/2f(A−1(x− Az))

= TAzD
−1f(x).

Define two mappings on Vq by

γ : Vq → Vq, C 7→ TkC; η : Vq → Vq, C 7→ D−1C.

We have

STkCψ = Sγ(C)ψ = γ(C)Sψ = TkCSψ = TkSCψ,

SD−1Cψ = Sη(C)ψ = η(C)Sψ = D−1CSψ = D−1SCψ.

It now follows that S ∈ {Tz : z ∈ Zd}′ and S ∈ {D}′.
Lemma 2. Let S be a bounded operator on L2(Rd). Then S ∈ {Tz :

z ∈ Zd}′∩{D}′ if and only if S is an A∗-dilation periodic Fourier multiplier ,
i.e., there exists a function s(ξ) ∈ L∞(Rd) such that

Ŝf(ξ) = s(ξ)f̂(ξ),

where s(ξ) = s(A∗ξ) for a.e. ξ.

Proof. If S ∈ {Tz : z ∈ Zd}′ ∩ {D}′, then S commutes with the von
Neumann algebra generated by {Tz : z ∈ Zd} and D. Note that this von
Neumann algebra contains the operators

TAjz = D−jTzDj

for all j ∈ Z and z ∈ Zd. Therefore, this von Neumann algebra contains
all translation operators, i.e. Tα for all α ∈ Rd. It now follows that S is a
Fourier multiplier.
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To see that s(ξ) is “A∗-dilation periodic”, note that

|detA|−1/2s(A∗−1ξ)f̂(A∗−1ξ) = (DSf)∧(ξ) = (SDf)∧(ξ)

= s(ξ)|detA|−1/2f̂(A∗−1ξ).
The converse follows immediately.

Proof of Theorem 3. We first introduce some notation and results from
[18] (see also [23]). For a frame of the form {TCpkgp : k ∈ Zd, p ∈ P},
where Cp ∈ GL(d,R) and P is a countable index set, define the following
continuous function:

w(x) =
∑

p∈P

∑

k∈Zd
〈Txf, TCpkgp〉〈TCpkgp, Txf〉 = 〈SgTxf, Txf〉,

where Sg is the frame operator of the above frame.
Let Λ = {C∗−1

p z : z ∈ Zd, p ∈ P}, and for α ∈ Λ, let Pα = {p ∈ P :
C∗pα ∈ Zd}. Let

D := {f ∈ L2(Rd) : f̂ ∈ L∞(Rd) and f̂ compactly supported

and supported away from 0}.
Note that D is dense in L2(Rd). It is shown in [18] that w(x) is in fact an
almost periodic function given by

w(x) =
∑

α∈Λ
ŵ(α)e2πiα·x,

where

ŵ(α) =
1

2π

�

Rd
f̂(ξ) f̂(ξ + 2πα)

∑

p∈Pα
|detCp|−1 ĝp(ξ) ĝp(ξ + 2πα) dξ.(16)

Additionally, it is shown that w(x) is identically constant if and only if
ŵ(α) = 0 for all α 6= 0 (see [18, Theorem 2.1 and Proposition 2.4]).

If a quasi-affine system is a frame, then it satisfies the necessary integra-
bility condition mentioned above [18, Proposition 5.6]. Write

Uq(Ψ) = {TA−nzDnψi : z ∈ Zd, n ≥ 0, i = 1, . . . , r}
∪ {TzD̃nψi : z ∈ Zd, n < 0, i = 1, . . . , r}.

Thus, P = Z× {1, . . . , r},

C(n,i) =
{
A−n for n ≥ 0,

I for n < 0,
g(n,i) =

{
Dnψi for n ≥ 0,

D̃nψi for n < 0.
For the remainder of the proof, we shall suppress the index i. Since A∗ is
integer-valued, Λ = Zd. Thus, let α ∈ Zd and write α = A∗nq, where n ≥ 0
and q ∈ Zd \A∗Zd. We have

Pα = {p ∈ Z : C∗pA
∗nq ∈ Zd} = {p ∈ Z : p < 0} ∪ {p ≥ 0 : A∗−pA∗nq ∈ Zd}

= {p ∈ Z : p ≤ n}.
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Therefore,

(17)
∑

p∈Pα
|detCp|−1 ĝp(ξ) ĝp(ξ + 2πα)

=
∑

ψ∈Ψ

∑

p<0

ψ̂(A∗−pξ)ψ̂(A∗−p(ξ + 2πA∗nq))

+
∑

ψ∈Ψ

n∑

p=0

|detAp|
√
|detA−p| ψ̂(A∗−pξ)

√
|detA−p| ψ̂(A∗−p(ξ+2πA∗nq))

=
∑

ψ∈Ψ

∞∑

j=−n
ψ̂(A∗jξ) ψ̂(A∗j(ξ + 2πA∗nq))

=
∑

ψ∈Ψ

∞∑

j=0

ψ̂(A∗jA∗−nξ) ψ̂(A∗j(A∗−nξ + 2πq)).

Suppose that the canonical dual of U q(Ψ) is of the form U q(Φ), whence by
Proposition 1, SqΨ ∈ {D,Tz}′. For f ∈ D, the almost periodic function w(x),
as defined above, is constant, since

w(x) = 〈TxSqΨf, Txf〉 = 〈SqΨf, f〉.
Thus, (1) holds for q ∈ Zd \A∗Zd by (16) and (17).

Conversely, suppose (1) holds for q ∈ Zd\A∗Zd. Then the almost periodic
function w(x) is constant, whence SqΨTxf = TxS

q
Ψf for all f ∈ D. Therefore,

SqΨ is a Fourier multiplier. We claim that the symbol for SqΨ is

s(ξ) =
∑

ψ∈Ψ

∑

j∈Z
ψ̂(A∗jξ) ψ̂(A∗jξ).(18)

This can be seen by evaluating w(x) at x = 0:

w(0) = 〈SqΨf, f〉 =
1

2π

�

Rd
f̂(ξ) f̂(ξ)

∑

ψ∈Ψ

∑

j∈Z
ψ̂(A∗jξ) ψ̂(A∗jξ) dξ.

Clearly, s(A∗ξ) = s(ξ), whence by Lemma 2, SqΨ ∈ {D,Tz}′, and the stan-
dard dual of Uq(Ψ) is of the form U q(Φ).

It is also possible to give an alternative proof of Theorem 3, which is
based on the theory of shift invariant spaces and more precisely on tech-
niques of dual Gramians introduced by Ron and Shen [24]. We will employ
the following result, which can be found in [4, Theorem 2.5(ii)] or [24].

Theorem 6. Suppose A is a countable collection of functions in L2(Rd).
For a.e. ξ ∈ [−π, π)d, let G̃(ξ) be the dual Gramian of A at ξ, i.e., G̃(ξ) is
the frame operator of

{(ϕ̂(ξ + 2πk))k∈Zd : ϕ ∈ A} ⊂ `2(Zd).
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Then the shift invariant system

E(A) := {Tzϕ : ϕ ∈ A, z ∈ Zd}
is a frame for L2(Rd) with constants C1 and C2 if and only if G̃(ξ) is bounded
for a.e. ξ and

C1‖v‖2 ≤ 〈G̃(ξ)v, v〉 ≤ C2‖v‖2 for all v ∈ `2(Zd) and a.e. ξ ∈ [−π, π)d,

i.e., the spectrum σ(G̃(ξ)) lies in [C1, C2] for a.e. ξ.

We will also need an additional result tying a frame operator of a shift
invariant system to its corresponding dual Gramians using range operators;
see [4, Theorem 5.1]. For a definition and properties of range operators we
refer to [4, Section 4].

Theorem 7. Suppose A is a countable collection of functions in L2(Rd)
such that the shift invariant system E(Φ) is a frame for L2(Rd). Let S be the
frame operator corresponding to this system. Then the dual Gramian G̃(ξ)
is the range operator corresponding to S, that is,

(19) (Ŝf(ξ + 2πk))k∈Zd = G̃(ξ)((f̂(ξ + 2πk))k∈Zd)

for a.e. ξ and f ∈ L2(Rd).

In particular , S is a Fourier multiplier if and only if G̃(ξ) is a diagonal
operator on `2(Zd) for a.e. ξ.

Another proof of Theorem 3. Since U q(Ψ) is a shift invariant system, it
can be written as E(A) for some countable collection A ⊂ L2(Rd). By [5,
Lemma 2.3], its dual Gramian G̃(ξ) is equal to

〈G̃(ξ)ek, ek〉 =
∑

ψ∈Ψ

∑

j∈Z
|ψ̂(A∗j(ξ + 2πk))|2 for k ∈ Zd,(20)

〈G̃(ξ)ek, el〉 = tq(A∗−n(ξ + 2πk)) for k 6= l ∈ Zd,(21)

where q ∈ Zd \A∗Zd and n ≥ 0 are unique elements satisfying l− k = A∗nq,
and {ek}k∈Zd is the standard orthonormal basis of `2(Zd).

Suppose that the canonical dual of U q(Ψ) is of the form U q(Φ). Then by
Proposition 1 and Lemma 2, the frame operator SqΨ is a Fourier multiplier.
Therefore, by (21) and Theorem 7, (1) holds.

Conversely, suppose that (1) holds. Then, by (19)–(21), and Theorem 7,
the frame operator SqΨ is a Fourier multiplier with the symbol s(ξ) given by
(18). Since s(ξ) = s(A∗ξ), the canonical dual of U q(Ψ) is of the form U q(Φ)
by Proposition 1 and Lemma 2. This completes the proof of Theorem 3.

Ron and Shen showed in [25, Theorem 1(c)] that if the canonical dual
of Uq(Ψ) is of the form U q(Φ), then U(Φ) is the canonical dual of U(Ψ). As
seen from Theorem 3 and from Examples 1 and 2 in Section 3, the converse
is not true.
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Corollary 3. There exist frame wavelets U(Ψ) with canonical dual of
the form U(Φ), but the canonical dual of U q(Ψ) is not of the form Uq(Φ).

Remark 1. We note that in Corollary 3, U q(Φ) is still an alternate dual
of Uq(Ψ). Indeed, Ron and Shen [24] showed that U(Ψ) is a frame if and only
if Uq(Ψ) is a frame and the frame bounds are preserved. This was shown
in [24] under some decay conditions on Ψ and Φ, which were subsequently
removed in [12]. Furthermore, U(Φ) is a dual of U(Ψ) if and only if U q(Φ) is
a dual of Uq(Ψ) (see [3, Theorem 4.1]).

Another consequence of Proposition 1 is that similarity of quasi-affine
frames preserves nice properties, unlike similarity in the affine case.

Theorem 8. Suppose U q(Ψ) and Uq(Φ) are similar. Then the following
hold :

(i) if the standard dual of Ψ has the quasi-affine structure, then so does
the standard dual of Φ;

(ii) if V0(Ψ) is shift invariant , then so is V0(Φ), and moreover , Ψ and Φ
are core equivalent.

Proof. Recall that U q(Ψ) and Uq(Φ) are similar if there exists an invert-
ible operator V such that

V Cψi = Cφi for all C ∈ Uq, i = 1, . . . , r.

This is equivalent to saying that V ∈ Cψ(Uq) for all ψ ∈ Ψ and V maps Ψ
to Φ. By Proposition 1, V ∈ {D,Tz : z ∈ Zd}′.

Let SqΨ and SqΦ denote the frame operators of U q(Ψ) and Uq(Φ), respec-
tively. By the hypothesis of (i), SqΨ ∈ {D,Tz : z ∈ Zd}′. We have

SqΦ =
∑

φ∈Φ

∑

C∈Uq
〈·, Cφ〉Cφ =

∑

ψ∈Ψ

∑

C∈Uq
〈·, V Cψ〉V Cψ

= V
(∑

ψ∈Ψ

∑

C∈Uq
〈V ∗·, Cψ〉Cψ

)
= V SqΨV

∗.

Therefore, SqΦ ∈ {D,Tz : z ∈ Zd}′, which shows (i) by Proposition 1.
To show (ii), note that by Proposition 1, V ∈ Cψ(U), so V maps DnTzψi

to DnTzφi for all n ∈ Z, z ∈ Zd, and i = 1, . . . , r. Thus, V maps V0(Ψ)
to V0(Φ); by definition, V is one-to-one. Furthermore, V has dense range.
Finally, V ∈ {Tz : z ∈ Zd}′; whence, if V0(Ψ) is shift invariant, then so is
V0(Φ). Moreover, taking the partial isometry part of the polar decomposition
of V yields the necessary intertwining operator.

Remark 2. We remark that Theorem 8 is not true for the affine case; let
ψ be an orthonormal wavelet and φ be a Riesz wavelet that is not biorthog-
onal. Then clearly U(ψ) and U(φ) are similar, but neither item (i) nor (ii)
above holds.
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2. Applications of Theorem 1

2.1. Oversampling affine frames. In this subsection we consider several
applications of Theorem 1 regarding oversampling of an affine frame. The
classical oversampling result is the Chui–Shi second oversampling theorem
which says that if

{2n/2ψ(2n · −l) : n, l ∈ Z}
is a tight frame and N is odd, then

{2n/2N−1/2ψ(2n · −l/N) : n, l ∈ Z}
is also tight with the same frame bound [11]. It is known that if N is even,
tightness can be lost, and exact conditions for when oversampling by even
N preserves tightness are given in [8]. More general results can be found
in [10].

Here we are interested in the case when the oversampling is accomplished
by the dilation matrix, i.e. we consider the frame given by {DnTzD

−1ψ}.
Lemma 3. Let Ψ = {ψ1, . . . , ψr} be a frame wavelet such that V0(Ψ) is

shift invariant , and define Φ = {φ1, . . . , φr} := {D−1ψ1, . . . ,D
−1ψr}. Then

V0(Φ) = V−1(Ψ).

Proof. We write out both sides of the equality:

V0(Φ) = span{DnTzD
−1ψi : n < 0, i = 1, . . . , r}

= span{Dn−1TA−1zψi : n < 0, i = 1, . . . , r}
= span{DnTA−1zψi : n < −1, i = 1, . . . , r}

and
V−1(Ψ) = span{DnTzψi : n < −1, i = 1, . . . , r}.

We see immediately that since A−1Zd ⊃ Zd, V−1(Ψ) ⊂ V0(Φ). However, note
that TA−1zψi ∈ V1(Ψ) for all z ∈ Zd and i = 1, . . . , r. Therefore, if n ≤ −2,
then DnTA−1zψi ∈ V−1(Ψ), whence it follows that V0(Φ) ⊂ V−1(Ψ).

If Ψ is semi-orthogonal, then V−1(Ψ) is shift invariant if and only if
W0(Ψ) is shift invariant by the lattice A−1Zd, which converts to a support
condition of the Fourier transform of Ψ (see [26]). As a corollary, we have
the following:

Theorem 9. If Ψ = {ψ1, . . . , ψr} is a semi-orthogonal wavelet , then
the standard dual of D−1Ψ is an affine frame of the form {DnTzφi : n ∈ Z,
z ∈ Zd, i = 1, . . . , r} if and only if V0(D−1Ψ) is shift invariant. In particu-
lar , if Ψ is a tight , semi-orthogonal wavelet , then either

(i) D−1Ψ is a tight , semi-orthogonal frame wavelet , or
(ii) the standard dual of D−1Ψ is not an affine frame.

Proof. The “only if” implication follows from Theorem 1.
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Conversely, suppose V0(D−1Ψ) is shift invariant. Since Ψ is semi-ortho-
gonal, V0(Ψ) is shift invariant, and by Lemma 3, V0(D−1Ψ) = V−1(Ψ). Hence,

W−1(Ψ) = span{D−1Tzψi : z ∈ Zd, i = 1, . . . , r} = V0(Ψ)	 V−1(Ψ)

is also shift invariant and W0(D−1Ψ) = W−1(Ψ). Therefore, Wj(D−1Ψ) ⊥
Wn(D−1Ψ) for j 6= n ∈ Z and consequently D−1Ψ is also a semi-orthogonal
frame wavelet, and so its standard dual is affine.

It follows that if Ψ is a tight, semi-orthogonal frame wavelet such that
V−1(Ψ) is shift invariant, then D−1Ψ is also a tight, semi-orthogonal frame
wavelet.

Corollary 4. If Ψ is a compactly supported orthonormal wavelet , then
the standard dual of D−1Ψ is not of the form {DnTzφi : n ∈ Z, z ∈ Zd, i =
1, . . . , r}.

Remark 3. It is interesting to note that it is possible to oversample
by D−1 a second time and regain tightness. For example, if ψ is a Meyer
orthonormal wavelet, thenD−1ψ has the property that V0(D−1ψ) is not shift
invariant, and hence its standard dual is not an affine frame. However, it is
easy to check that D−2ψ is a tight frame wavelet (see Example 3). There
we show that D−1ψ has no alternate duals of the form {DnTlφ} either.
Moreover, D−1ψ is MRA based (see [16]) in the sense that D−1ψ ∈ V1(ψ).
So it is possible for a frame wavelet to be MRA based and have no affine
frame duals.

2.2. Periods of affine frames. In this subsection we turn our attention to
univariate affine frames associated with an integer dilation factor A, |A| ≥ 2.
Daubechies and Han [15] have introduced the notion of the period of a dyadic
affine frame (that is, when A = 2), which can be easily transplanted to a
non-dyadic situation.

Definition 1. Suppose that Ψ = {ψ1, . . . , ψr} ⊂ L2(R) is a frame
wavelet associated with an integer dilation factor A, |A| ≥ 2. The period of Ψ
is the smallest integer k ≥ 1 such that for all f ∈ span{Tzψ : z ∈ Z, ψ ∈ Ψ},

TkmS
−1f = S−1Tkmf for all m ∈ Z,

where S is the frame operator of Ψ . If there is no such k then we say that
the period of Ψ is 0.

We remark that the period of Ψ can be equivalently defined as the
smallest integer k ≥ 1 such that S−1 is in the local commutant of {DnTkm :
n,m ∈ Z} of Tzψ for all z ∈ Z and ψ ∈ Ψ .

In their paper [15], Daubechies and Han pose the question of whether
the period of a dyadic frame wavelet is always either 0 or 2J for some whole
number J . We will show that the answer is positive for Riesz wavelets. The
remaining case of non-Riesz affine frames remains open.
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We start by showing the following result which sheds some light on the
period of an affine frame.

Proposition 2. If Ψ is a frame wavelet and V0(Ψ) is shift invariant by
the lattice MZ then the period of Ψ divides M . If Ψ generates a Riesz basis,
then the period of Ψ divides M if and only if V0(Ψ) is shift invariant by the
lattice MZ.

Proof. If the period of Ψ divides M , then the standard dual of the frame
{DnTMlTjψi : n, l ∈ Z, j = 0, . . . ,M − 1, i = 1, . . . , r} is {DnTMlS

−1Tjψi :
n, l ∈ Z, j = 0, . . . ,M − 1, i = 1, . . . , r}. It follows, by the proof of Theo-
rem 1, that V0(Ψ) is shift invariant by the lattice MZ.

If Ψ generates a Riesz basis, then conversely, the proof of Theorem 5
shows that if V0(Ψ) is shift invariant by the lattice MZ, then the dual of the
Riesz basis {DnTMlTjψi : n, l ∈ Z, j = 0, . . . ,M − 1, i = 1, . . . , r} has the
form {DnTMlφj,i : n, l ∈ Z, j = 0, . . . ,M − 1, i = 1, . . . , r}.

As an immediate consequence of Proposition 2 we have the following
corollaries.

Corollary 5. If Ψ is a frame wavelet and VJ(Ψ) is shift invariant ,
then the period of Ψ divides |A|J for some J ≥ 0.

Corollary 6. The period of a frame wavelet is 0 if V0(Ψ) is not shift
invariant by any sublattice of Z. The period of a Riesz wavelet is 0 if and
only if V0(Ψ) is not shift invariant by any sublattice of Z.

A less immediate consequence of Proposition 2 is the following result.

Theorem 10. Suppose that Ψ ⊂ L2(R) is a Riesz wavelet associated
with a dilation factor A and p1, . . . , pn are all the prime factors of A. Then
the period of Ψ is either 0 or (p1)j1 . . . (pn)jn for some integers j1, . . . , jn≥0.

To show Theorem 10 we will use the following basic lemma.

Lemma 4. Let n,m ∈ Z \ {0} and k = gcd(n,m). Suppose that W,V ⊂
L2(R) are closed , W ⊂ V , W is nZ-SI , and V is mZ-SI. Then the smallest
kZ-SI space SkZ(W ) containing W satisfies

SkZ(W ) := span{Tzf : z ∈ kZ, f ∈W} ⊂ V.
Proof. This is immediate. We decompose k = an+ bm for some integers

a, b ∈ Z. Then for any j ∈ Z,

Tjk(W ) = Tjbm(Tjan(W )) = Tjbm(W ) ⊂ Tjbm(V ) = V.

Proof of Theorem 10. Let r ≥ 1 be the smallest integer such that V0(Ψ)
is rZ-SI. If there is no such r then V0(Ψ) is not SI by any sublattice of Z
and by Corollary 6, the period of Ψ is 0, and we are done.
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Otherwise, we decompose r = (p1)j1 . . . (pn)jnm, where j1, . . . , jn ≥ 0
and m is not divisible by any of p1, . . . , pn. For any j ≤ −1 we have Wj(Ψ) ⊂
V0(Ψ), where Wj(Ψ) is |A|−jZ-SI and V0(Ψ) is rZ-SI. Thus, by Lemma 4,

S(p1)j1 ...(pn)jnZ(Wj(Ψ)) ⊂ Sgcd(|A|−j ,r)Z(Wj(Ψ)) ⊂ V0(Ψ) for any j ≥ 1,

since gcd(|A|−j, r) must divide (p1)j1 . . . (pn)jn . Hence,

S(p1)j1 ...(pn)jnZ(V0(Ψ)) = S(p1)j1 ...(pn)jnZ
( ⋃

j<0

Wj(Ψ)
)

=
∑

j<0

S(p1)j1 ...(pn)jnZ(Wj(Ψ)) ⊂ V0(Ψ).

On the other hand, V0(Ψ) ⊂ S(p1)j1 ...(pn)jnZ(V0(Ψ)), which shows by the
minimality of r that m = 1 and r = (p1)j1 . . . (pn)jn .

By Proposition 2 and the minimality of r, the period of Ψ is equal to r.

As an immediate corollary of Theorem 10 we obtain a partial answer to
Daubechies and Han’s question.

Corollary 7. Suppose that Ψ ⊂ L2(R) is a Riesz wavelet associated
with a prime dilation factor A. Then the period of Ψ is either 0 or |A|J for
some integer J ≥ 0.

3. Examples

Example 1. Suppose a ≥ 0 and ψa ∈ L2(R) is given by

ψ̂a = χ[−2π,−π]∪[π,2π] + aχ[−π,−π/2]∪[π/2,π].

The following table lists properties of ψa as a function of a parameter a.

Range of a Property of ψa Duals of ψa V0(ψa)

a = 0 orthonormal wavelet canonical affine dual exists SI

(= orthonormal wavelet)

0 < a < 1 biorthogonal Riesz wavelet canonical affine dual exists SI

(= biorthogonal Riesz wavelet)

a = 1 not a frame wavelet no duals exist SI

a > 1 frame wavelet (not Riesz) no affine duals exist SI

The proof of the above properties is not always immediate, as Theorem
2(ii) suggests. For example, to show that V0(ψa) is SI, it is necessary to
prove that

V0(ψa) = Ľ2(−π, π) for all a ≥ 0.(22)

The proof of this in the case of 1 < a <
√

2 is given by Theorem 2(ii).
The exact same argument shows (22) also for 0 < a ≤ 1. However, the case
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a ≥
√

2 requires a more general and less constructive approach that we will
skip here.

If a = 0 then ψa is the orthonormal Shannon wavelet, hence all claimed
properties follow. If 0 < a < 1, then ψa is a perturbation of the Shannon
wavelet, which is a Riesz wavelet by the following variant of Lemma 1, to
be found in [17, Theorem 5].

Lemma 5. Suppose H is a Hilbert space, {fi} ⊂ H is a Riesz basis with
constants C1 and C2, and {gi} ⊂ H is a Bessel sequence with constant C0.
If C0 < C1 then {fi + gi} is a Riesz basis with constants ((C1)2 − (C0)2)1/2

and ((C2)2 + (C0)2)1/2.

Moreover, by Proposition 2, the period of ψa is 1, since V0(ψa) is Z-SI.
Therefore, ψa is a biorthogonal Riesz wavelet for 0 < a < 1 (see also
[21, 22]). Furthermore, ψa is associated with the same MRA as the Shannon
orthonormal wavelet (see [6, 7]).

The fact that ψa is not a frame wavelet for a = 1 will follow from the
corresponding property of ψb in Example 2 for b = π/2. Finally, the proof of
Theorem 2(ii) shows that ψa is a frame wavelet without affine duals for any
a > 1. Moreover, ψa is not a Riesz wavelet. Otherwise, ψa would need to
be a biorthogonal Riesz wavelet since V0(ψa) is Z-SI. This is a contradiction
with the fact that ψa has no affine duals for a > 1.

Example 2. Suppose 0 ≤ b ≤ 2π and ψb ∈ L2(R) is given by

ψ̂b = χ[−2π,−b]∪[b,2π].

The following table lists properties of ψb as a function of a parameter b.

Range of b Property of ψb Duals of ψb V0(ψb)

b = 0 not a frame wavelet no duals exist not SI

0 < b ≤ π/4 frame wavelet (not Riesz) no affine duals exist SI

π/3 < b < 2π/3 not a frame wavelet no duals exist SI

2π/3 ≤ b < π biorthogonal Riesz wavelet canonical affine dual exists SI

(= biorthogonal Riesz wavelet)

b = π orthonormal wavelet canonical affine dual exists SI

(= orthonormal wavelet)

π < b ≤ 2π not a frame wavelet no duals exist SI

Despite the simplicity of the form of ψb, the justifications of the above
properties are even more involved than those in Example 1. We start by
studying the properties of V0(ψb).

It is clear that for any 0 ≤ b ≤ 2π we have

V0(ψb) ⊂ Ľ2(−π, π).
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Moreover, V0(ψb) 6= Ľ2(−π, π) for b = 0, since f ∈ L2(R) given by f̂ =
χ(−π,0) − χ(0,π) satisfies f ⊥ Wj(ψb) for j < 0 and hence f ⊥ V0(ψb).
Therefore, V0(ψb) is not SI for b = 0. Using a rather involved orthogonality
argument, which we will skip here, it is possible to show that

V0(ψb) = Ľ2(−π, π) for 0 < b ≤ π.
Furthermore, it is easy to show that

V0(ψb) = Ľ2
( ⋃

j<0

(−2j+1π,−2jb) ∪ (2jb, 2j+1π)
)
.

Therefore, V0(ψb) is SI for every 0 < b ≤ 2π.
Now we turn to frame properties of the affine system {DnTlψb}. It is

clear that {DnTlψb} is not even a Bessel sequence for b = 0. Hence, we can
move to the situation when b > 0 by considering different ranges of the
parameter b.

Case I. If 0 < b ≤ π/4, then ψ0, given by ψ̂0 = χ(−π,b)∪(b,π), is a frame
wavelet with the lower frame constant ≥ 2. Therefore, by Lemma 1, ψb =
ψ0 +ψ1 is also a frame wavelet, where ψ1 is the Shannon wavelet, i.e., ψ̂1 =
χ(−2π,−π)∪(π,2π). A similar argument to that in the proof of Theorem 2(ii)
shows that ψb does not have any affine duals.

Interestingly, if π/4 < b ≤ π/3 then the above argument fails, since ψ0

as above is a frame wavelet with the lower frame constant 1, and we cannot
conclude that ψb = ψ0+ψ1 generates a frame. However, based on an heuristic
evidence we believe that ψb is still a frame wavelet for π/4 < b ≤ π/3, but
our present arguments are overly complicated, and hence we skip them here.
It appears that the borderline case b = π/3 is the hardest and it would be
interesting to have a rigorous and direct proof of this case.

Case II. Next, we will show that ψb is not a frame wavelet for every
π/3 < b < 2π/3. To show this we need to use the following standard identity,
which can be shown by the periodization argument:

∑

z∈Z
|〈f, Tzψb〉|2 =

1
2π

2π�

0

∣∣∣
∑

k∈Z
f̂(ξ + 2πk) ψ̂b(ξ + 2πk)

∣∣∣
2
dξ

for any f ∈ L2(R). Let Kb = (b, 2π/3)∪ (2π/3 + b, 4π/3). Then by a simple
calculation

∑

z∈Z
|〈f, Tzψb〉|2 =

1
2π

�

Kb

|f̂(ξ− 2π) + f̂(ξ)|2dξ for any f ∈ Ľ2(Lb),(23)

where

Lb = (−∞,−2π) ∪ (Kb − 2π) ∪ (−b, b) ∪Kb ∪ (2π,∞).
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For any natural number n define a function fn ∈ L2(R) by

f̂n =
n∑

k=0

[χ(2−kπ/3−ε,2−kπ/3) − χ(−2−kπ/3−ε,−2−kπ/3)],(24)

where ε = ε(n) > 0 is sufficiently small. Intuitively, one should think of f̂n
as a linear combination of point masses

∑n
k=0(δ2−kπ/3−δ−2−kπ/3). We claim

that
Djfn ∈ Ľ2(Lb) for all j ∈ Z.(25)

Indeed, (25) follows immediately from

2j
((

2−kπ
3
− ε, 2−kπ

3

)
∪
(
−2−kπ

3
− ε,−2−kπ

3

))

⊂





(−b, b), j ≤ k,
(Kb − 2π) ∪Kb, j = k + 1, k + 2,

(−∞, 2π) ∪ (2π,∞), j ≥ k + 3,

where k = 0, . . . , n and 0 < ε = ε(n) < 2−n−2 min{b− π/3, 2π/3− b}.
Let S be the frame operator corresponding to the affine system generated

by ψb. Note that by Theorem 4, S is bounded from above. Our goal is to
show that S is not bounded from below. Combining (23)–(25) we have

‖Sfn‖2 =
∑

j∈Z

∑

z∈Z
|〈fn,DjTzψb〉|2 =

∑

j∈Z

∑

z∈Z
|〈Djfn, Tzψb〉|2

=
1

2π

n+2∑

j=1

2−j
�

Kb

|f̂n(2−j(ξ − 2π)) + f̂n(2−jξ)|2 dξ =
2ε
π
.

Here, we used the fact that for ξ ∈ Kb,

f̂n(2−j(ξ − 2π)) + f̂n(2−jξ)

=





χ(2π/3−2ε,2π/3)(ξ)− χ(−2π/3−2ε,−2π/3)(ξ), j = 1,

0, j = 2, . . . , n+ 1,

χ(4π/3−2n+2ε,4π/3)(ξ)− χ(−4π/3−2n+2ε,−4π/3)(ξ), j = n+ 2.

On the other hand,

‖fn‖2 =
1

2π
‖f̂n‖2 =

ε(n+ 1)
π

.

Since n is arbitrary, this shows that the frame operator S is not bounded
from below.

Despite its technicality, the above argument has a very simple idea be-
hind it involving cancellation of masses at pairs of points (−4π/3, 2π/3) and
(−2π/3, 4π/3). To see this, it helps to think of ψ̂b as δ−4π/3+δ−2π/3+δ2π/3+

δ4π/3, and of f̂n as
∑n

k=0(δ2−kπ/3 − δ−2−kπ/3).
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Case III. If 2π/3 ≤ b < π, then ψb is a biorthogonal Riesz wavelet.
Indeed, we will first show that ψb has a dual frame wavelet φb given by

φ̂b = χ(−2π,−π)∪(π,2π) − χ(−4π+2b,−2π)∪(2π,4π−2b).

By Theorem 4, φb generates a Bessel sequence. By the well-known charac-
terization of dual affine systems, it suffices to check that

∑

j∈Z
ψ̂b(2jξ) φ̂b(2jξ) = 1 for a.e. ξ,(26)

tq(ξ) =
∞∑

j=0

ψ̂b(2jξ) φ̂b(2j(ξ + 2πq)) = 0 for a.e. ξ and for q odd.(27)

It is immediate that (26) holds. To show (27) it suffices to consider only
the case when |ξ| < 2π by looking at the support of ψ̂b. Likewise, since
supp ψ̂b ∩ (supp φ̂b + 2πk) = ∅ for |k| ≥ 3, we can assume that q = ±1 and
that the sum in (27) reduces only to the terms j = 0 and j = 1.

If π < |ξ| < 2π then the sum (27) reduces only to the term j = 0, which
is 0, since

φ̂b(ξ + 2πq) = 0 for π < |ξ| < 2π and q odd.

Likewise, if π/2 < |ξ| < π then the sum (27) reduces only to the terms j = 0
and j = 1,

tq(ξ) =
1∑

j=0

ψ̂b(2jξ) φ̂b(2j(ξ + 2πq)).

An easy argument shows that the only way of obtaining non-zero terms is
when either b < ξ < π and q = −1 or −π < ξ < −b and q = 1, in which case
tq(ξ) = 1 · 1 + 1 · (−1) = 0. If π/4 < |ξ| < π/2 then the sum (27) reduces
only to j = 1 by looking at the support of ψ̂b. In this case, it is immediate
that tq(ξ) = 0. Finally, if |ξ| < π/4 then it is also obvious that all terms in
(27) must be 0. This proves that φb is an affine dual of ψb.

Next, we will show that the affine frames generated by ψb and φb are
biorthogonal, i.e.,

〈DjTzψb,D
j′Tz′φb〉 = δj,j′δz,z′ for all j, j′, z, z′ ∈ Z.(28)

By [19, Section 3.1], (28) is equivalent to
∑

k∈Z
ψ̂b(ξ + 2πk) φ̂b(2j(ξ + 2πk)) = δj,0 for a.e. ξ and j ≥ 0.(29)

Since the expression in (29) is 2π-periodic, it suffices to verify (29) for a.e.
ξ ∈ (−2π,−π) ∪ (π, 2π). It is immediate that (29) holds for j = 0. Next,
suppose that ξ ∈ (π, 2π) and j = 1. Then the sum in (29) reduces to
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ψ̂b(ξ − 2π) φ̂b(2(ξ − 2π)) + ψ̂b(ξ) φ̂b(2ξ)

= χ(−π,−b)(ξ − 2π) · 1− 1 · χ(2π,4π−2b)(2ξ) = 0.

By inspecting the supports of ψ̂b and φ̂b, it is also clear that if j ≥ 2 then
all products in (29) vanish. A similar argument works for ξ ∈ (−2π,−π),
which shows (29) and consequently (28). Therefore, ψb and φb form a pair
of biorthogonal Riesz wavelets. Since ψb is associated with the same MRA
as the Shannon orthonormal wavelet (see [6, 7]), ψb and φb are biorthogonal
MRA Riesz wavelets.

Case IV. The case when π ≤ b ≤ 2π is trivial. If b = π then ψb is
the Shannon orthonormal wavelet. If π < b ≤ 2π then the affine system
generated by ψb is not complete in L2(R), hence it is not a frame. This
completes the discussion of Example 2.

Example 3. Let ψ be a Meyer orthonormal wavelet, chosen to have
smooth Fourier transform and supp ψ̂ = (−8π/3,−2π/3)∪(2π/3, 8π/3) (see
[19, Section 3.4]). We claim that the frame wavelet D−1ψ has no dual of the
form {DnTlφ}; the computation is as below. Notice, however, that η = D−2ψ

is a tight frame wavelet, since η̂(ξ) = 2ψ̂(4ξ), which is supported in the set
(−2π/3,−π/6) ∪ (π/6, 2π/3). Thus,

∑

j∈Z
|η̂(2jξ)|2 = 4 for a.e. ξ,

∑

j≥0

η̂(2jξ) η̂(2j(ξ + 2πq)) = 0 for a.e. ξ and for q odd.

Again, let ψ be a Meyer orthonormal wavelet; there exists an affine frame
{DnTlψi : i = 1, 2} with no affine duals but with V0(ψ1, ψ2) shift invariant.

Define ψ1 and ψ2 by

ψ̂1(ξ) = ψ̂(2ξ),(30)

ψ̂2(ξ) = ψ̂(ξ)χ(−4π/3,−2π/3)(ξ).(31)

Note that {DnTlψ1} is a frame and {DnTlψ2} is a Bessel sequence, so Ψ =
{ψ1, ψ2} is a frame wavelet.

We first claim that this frame wavelet has no duals of the form {DnTlφi :
i = 1, 2}. Suppose to the contrary that there is a frame wavelet Φ = {φ1, φ2}
which is a dual to Ψ . We must have the following:

2∑

i=1

∑

j∈Z
ψ̂i(2jξ) φ̂i(2jξ) = 1 for a.e. ξ,(32)

2∑

i=1

∞∑

j=0

ψ̂i(2jξ) φ̂i(2j(ξ + 2πq)) = 0 for a.e. ξ and for q odd.(33)
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For ξ ∈ (2π/3, 4π/3), (33) reduces to

ψ̂1(ξ) φ̂1(ξ + 2πq) = 0 for a.e. ξ,

q odd. Setting q = −1 yields that φ̂1(ξ) = 0 for ξ ∈ (−4π/3,−2π/3).
Therefore, for ξ ∈ (−2π/3,−π/3), (32) reduces to

1 = ψ̂1(ξ)φ̂1(ξ) + ψ̂1(2ξ)φ̂1(2ξ) + ψ̂2(2ξ)φ̂2(2ξ) = ψ̂1(ξ)φ̂1(ξ) + ψ̂2(2ξ)φ̂2(2ξ)

= ψ̂1(ξ)[φ̂1(ξ) + φ̂2(2ξ)].

Therefore, since ψ̂1(ξ) decays to 0 on (−2π/3,−π/3), φ̂1(ξ)+φ̂2(2ξ) must be
unbounded, which is a contradiction to the fact that Φ was a frame wavelet.

We next claim that V0(Ψ) is shift invariant. It is easy to see that
span{Tzψi : z ∈ Z, i = 1, 2} = Ľ2((−4π/3,−π/3) ∪ (π/3, 4π/3)). There-
fore, V0(Ψ) = Ľ2((−2π/3, 2π/3)), which is clearly shift invariant.
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