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Using boundaries to find smooth norms
by

VICTOR BIBLE (Dublin)

Abstract. The aim of this paper is to present a tool used to show that certain Banach
spaces can be endowed with C* smooth equivalent norms. The hypothesis uses particular
countable decompositions of certain subsets of Bx+, namely boundaries. Of interest is
that the main result unifies two quite well known results. In the final section, some new
corollaries are given.

1. Introduction. We say the norm of a Banach space (X, || - ) is C*
smooth if its kth Fréchet derivative exists and is continuous at every point
of X \ {0}. The norm is C* smooth if this holds for all k& € N. This paper
is concerned with the problem of establishing sufficient conditions for when
a Banach space has a C* smooth renorming, for k € N U {co}.

DEFINITION 1.1. A subset B C By~ is a called a boundary if for each x
in the unit sphere Sy, there exists f € B such that f(x) = 1.

ExAMPLE 1.2. The following are boundaries for any Banach space X:

(1) The dual unit sphere Sx-. This is a consequence of the Hahn-Banach
Theorem.

(2) The set of extreme points of the dual unit ball, Ext(Bx+). This
follows from the proof of the Krein-Milman Theorem [3| Fact 3.45].

Given € > 0 and norms || - || and ||| - [| on a Banach space X, say ||| - [|
e-approzimates || - || if, for all x € X,

(1 =)zl < flzlll < (* + &)fl]]-

The notion of a boundary plays an important role in this area of study.
Frequently, the existence of a boundary with certain properties gives rise
to the desired renormings, as seen in the following result of Hajek, which is
part of a more general theorem.
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THEOREM 1.3 ([7, Theorem 1]). If (X, ||-||) admits a boundary contained
in a | -||-o-compact subset of Bx~, then X admits an equivalent C*° smooth
norm that e-approzimates || - ||.

Hajek and Haydon provided another sufficient condition for when this
property holds, namely when X = C(K) and K is a compact Hausdorff
o-discrete space. We call a topological space K o-discrete if K = J;2, Dn,
where each D,, is relatively discrete: given x € D, there exists U, open
in K such that U, N D,, = {x}.

THEOREM 1.4 ([9, Theorem 5.1]). Let K be a o-discrete compact space.
Then, given ¢ > 0, C(K) admits an equivalent C* smooth norm that
e-approzimates || - |loo-

It is worth remarking that, in certain cases, these conclusions have been
strengthened. In [2], it is shown that if X has a countable boundary then
X has an equivalent analytic norm which e-approximates the original norm.
Moreover, if C(K) admits an analytic renorming, then K is countable [§].
For a norm || - || to be analytic we mean it is a real valued analytic function
on X \ {0}. Analytic functions on Banach spaces are defined and explored
in [14].

The Orlicz functions M for which the corresponding Orlicz sequence
spaces [y and Orlicz function spaces I37(0, 1), I37(0, 00) have an equivalent
C* smooth norm were characterised in [I2]. Furthermore, the Orlicz se-
quence spaces hys with equivalent analytic norm were characterised in [10].

The main result of this paper, Theorem generalises these results as
corollaries. It also takes into account smoothness of injective tensor products,
in a manner similar to that of [II]. As in the proof of [9, Theorem 5.1], the
proof of Theorem makes use of two lemmas ([0, Lemmas 5.2 and 5.3])
concerning the so-called generalised Orlicz norm, denoted by ||-||4. The first
lemma provides a condition implying that || - ||, is equivalent to | - ||.

DEFINITION 1.5. Let B be a set. Suppose for every element ¢t € B there
exists a convex function ¢; on [0, 00) with ¢;(0) = 0 and limgy_yo0 ¢r() = 00

(such functions are called Orlicz functions). Define || - || on l(B) by
. t
I flly = mf{p >0 Z@(“”) < 1},
teB P

and define £4(B) as the set of f € {(B) satistying || f|l < oco.

LEMMA 1.6 ([9, Lemma 5.2]). Let || - ||y be as in Definition[L.5 Suppose
there exist 5 > a > 0 with ¢r(a) = 0 and ¢(8) > 1 for all t € B. Then
ly(B) = l(B) and

all g <1+ lloo < B - llg-
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We use || - || to define another norm on a more general space X, which
we also denote by || - ||. The second lemma gives a sufficient condition for
|- llg on X to be C* smooth. It uses the notion of local dependence on
finitely many coordinates and generalises [9, Lemma 5.3].

LEMMA 1.7. Let || - || be as in Lemma and let IT : X — (y4(B)
be an embedding (non-linear in general), where the map x +— II(z)(t) is
a seminorm which is C* smooth on the set where it is non-zero, for all
t € B. Assume the assignment ||x|y = || II(x)||¢ defines an equivalent norm
on X. Suppose for each x € X with ||z||¢ = 1 there exists an open U C X
containing x, and finite F C B, such that ¢i(ly(t)|) = 0 when y € U and
t € B\ F. Finally, assume that each ¢; is C* smooth. Then || - ||s is C*
smooth on X.

As Lemma appears in [9, Lemma 5.3], X is taken to be a closed
subspace of {o(B) and IT is the identity. The proof uses the fact that each
coordinate map = — |z(t)| is C*° smooth on the set where it is non-zero, and
uses the implicit function theorem to show that || - || is also C*° smooth. In
our case, each coordinate map is C* smooth on the set where it is non-zero,
and the same argument guarantees that || - ||, is C* smooth.

The first part of the proof of Theorem is concerned with setting up
the necessary framework to apply these lemmas. The remainder uses a series
of claims to prove that the hypotheses of these lemmas do in fact hold. In the
final section, Theorems and are obtained as corollaries of Theorem
along with some other results and applications.

Before proceeding to the statement of Theorem [2.1] a key notion of w*-
locally relatively compact sets (w*-LRC for short) needs to be introduced.
This property is first studied in [6], in the context of polyhedral norms.

DEFINITION 1.8 (6l Definition 5]). Let X be a Banach space. We call
E C X* w*-LRC if given y € E, there exists a w*-open set U such that
ye U and EN T s norm compact.

ExaMPLE 1.9 ([0, Example 6]). The following sets are w*-LRC:

(1) Any norm compact or w*-relatively discrete subset of a dual space.
(2) Given X with an unconditional basis (e;);cr and f € X*, define

supp(f) ={i e I: f(e;) # 0}.
Let E C X* have the property that if f,g € E, then |[supp(f)| =
|supp(g)| < oo. Then E is w*-LRC. Indeed, take f € E and define
the w*-openset U = {g € X*: 0 < |g(e;)| < |f(ei)|+1,7 € supp(f)}-
Clearly, if g € UNE, then supp(g) = supp(f). Thus UNE is a norm
bounded subset of a finite-dimensional space.
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REMARK 1.10. Evidently, w*-LRC sets are preserved under scalar multi-
plication. Also, the family of o-w*-LRC subsets of a dual Banach space forms
a o-ideal. (This is because if E is w*-LRC and F' C F, then F' is w*-LRC.
And of course any countable union of o-w*-LRC sets is again o-w*-LRC.)
But in general they do not behave well under straightforward linear and
topological operations. To see this, consider the following:

(1) Let E = {e, : n € N} be the usual basis of ¢y and let F' = {0}. These
sets are both w*-LRC. However, 0 is a w*-accumulation point of E
and |le, — ém||looc = 1 whenever n # m, so E U F' is not w*-LRC.

(2) The set E = {0q + 27 "0q4n : @ < wi is a limit ordinal, n € N} is
w*-discrete. But EN1 D {0a : @ < wy is a limit ordinal}. Using the
fact that the ordinal w; is not o-discrete, we can see that the set
{00 : @ < wj is a limit ordinal}, and thus FH'”, is not o-w*-LRC.

(3) Consider the space ¢1®¢1(By,) = (1(NUBy, ). Given x € By,, denote
by T its canonical image in ¢1(NU By, ). Let E={Z £, : z € By, }.
This set can be shown to be w*-discrete but we have E + FE DO
{27 : x € By} = 2By,. A consequence of [6, Proposition 12(1)] is
that for an infinite-dimensional space X, Sx» cannot be covered by
a countable union of w*-LRC sets. This result extends to Sy, where
Y is any infinite-dimensional subspace of X*. Because of this, £+ FE
is not o-w*-LRC.

The main result is concerned with renorming injective tensor products.
Given Banach spaces X and Y, the injective tensor product X ®. Y is the
completion of the algebraic tensor product X ® Y with respect to the norm

o
H sz X Y;
i=1

Also note the following facts. If Iy is the identity operator on Y, then
given f € X* we define f¥ = f@Iy on X®Y by fY¥ 2,7 ®y) =
S f(mi)yi. We have || fY|| = || f|| and extend f¥ to the completion. Sim-
ilarly define g% for g € Y*. A useful factis f@ g=go f¥ = fog¥.

Given two boundaries N C X* and M C Y* theset {f®g: f€N,
g € M} is a boundary for X ®.Y. To see this, take u € X ®.Y. There exist
f € Bx+ and g € By~ such that |Jul| = (f ® g)(u) = ||¢g°(u)||. Then there
exists f € N such that f(g*(u)) = |ju| = ||f¥ (u)||. Finally, there exists
g € M such that §(f"(u)) = (f ® §)(u) = [|ull.

Given a Banach space Y with a C* smooth renorming, Haydon gave
a sufficient condition on X for X ®. Y to have a C* smooth renorming
[11], Corollary 1]. This condition involves a type of operator that are now
known as Talagrand operators. Another sufficient condition is given in the

= sup{z f(zi)g(yi) : f € Bx+, g € By*}.
=1
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main result below. It is worth noting that these conditions are incomparable.
For example, the space C[0,w;] satisfies Haydon’s condition but not that of
Theorem On the other hand, if we take K to be the Ciesielski—Pol space
of [1], then C(K) satisfies the hypothesis of Theorem but not Haydon’s
condition.

2. Main result

THEOREM 2.1. Let X andY be Banach spaces and let (E,,) be a sequence
of w*-LRC subsets of X* such that E = \J,;", Ey is o-w*-compact and
contains a boundary of X. Suppose further that Y has a C* smooth norm
|- ||y for some k € NU{oc}. Then X ®.Y admits a C* smooth renorming
that e-approrimates the canonical injective tensor norm.

Proof. The proof is based to some degree on that of [6, Theorem 7].
Given its technical nature, some of that proof is repeated here for clarity.
We ask the reader to excuse any redundancy.

To begin, we can assume FE is a boundary and Ew* C FE for all n € N.
Indeed, if neccessary, taking E = | J;._, Ky, where K, is w*-compact, we
can consider, for all n,m € N,

E, N Ky, N Bx-.
By [6, Proposition 12(3)] there exist w*-open sets V;, such that if we set
A, =E,"” NV, then
E,C A, CE," and 4, is w*-LRC.

Each A, is both norm F, and norm Gs. So for each n € N, A, \ U, 4k
will in particular be norm F,. Now we write

An\ U Ak = U Hn,ma
m=0

k<n
where each H,, ,, is norm closed. By arrangement, we assume H, , C
H,, 41 for all m € N and, for convenience, we set H,, _1 = (). Let 7 : N? - N
be a bijection and for all 7,7 € N, define

Lagigy = Hij \ Hij-1.
Clearly E is the disjoint union of the L, and fnqu* C pr* C E, where
n=mn(p,q). Given f € E, let
I(f)={neN:feL,”} and n(f)=minI(f).
Now fix ¢ > 0. We define ¢y : E — (1,1 +¢) by

U(f) =1+ %a-r”(f) (1 +i > 2)

i€l(f)
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Set e, = gse-47". Fix n. As ¢(Ly,) C (1,1+¢), there exists a finite partition
of L, into sets J such that diam(¢(J)) < ey,

Let P = {I C J : Iis e,-separated}. This set is non-empty because
any singleton is in P. For a chain 7' C P we have (Jy.p NV € P, so we can
apply Zorn’s Lemma to get I' C J, a maximal &,-separated subset of J. By
maximality, I" is also an €,-net. And by e,-separation, for a totally bounded
set M C J, the intersection M NI is finite.

By considering the finite union of these I, there exists I, C L,, with the
property that given f € L,, there exists h € I, such that

(1) [(f) —(h)| <en and |[|f — Al <en.

Moreover, if M C L, is totally bounded, M N I3, is finite. Define B =
Un2 o I We are now ready to define || - ||, on £ (B).
For each f € B we pick a C* Orlicz function ¢ so that

1
ds(a) =0 ifagw,
¢p(a)>1 ifa> 9(1f)’ where 0(f) = ¥(f) — en.

We define || - || with respect to these functions, as per Definition By
taking (14 ¢)~! and 1 as the constants in the hypothesis of Lemma we
have 14(B) = loo(B) and || - [loo < [| - [lg < (1 +&)]| - [|oo-

We embed X ®. Y into o (B) by setting IT(u)(f) = ||f¥ (v)|y, f € B.
The coordinate map u — || f¥ (u)]| is a seminorm which is C* smooth on the
set where it is non-zero for each f € B. Since [|II(u)|lococ = [Jul|, it follows
that |- [| < |- fly < (1 +¢)] - [ on X.

Suppose for the sake of contradiction that the remaining hypothesis of
Lemma does not hold. Then we can find v € X ®. Y with |ulls = 1,
(un) € X ®:Y with u, — u and distinet (f,) C B such that ¢y, (|| £ (un)]])
> 0 for all n. Then (f,)||fY (un)|| > 1 for all n.

Take a subsequence of (f,), again called (f,), such that ¥(f,) — « for
some a € R. Now take (g,) C Sy+ such that || £Y (un)|| = gn(fY (un)). Let
(f,9) € Bx+ x By« be an accumulation point of (fy,g,) in the product of
the w*-topologies. Then f ® g is a w*-accumulation point of (f, ® g,,), and
a(f®g)(u) > 1.

The remainder of the proof is concerned with obtaining the contradiction
o(f © g)(u) < 1.

CASE 1: @« = 1. With a =1, it is evident that a(f ® g)(u) = (f ® g)(u)
< |lu||- The following claim ensures |lu|| < 1.

CrLAM 1. Ifv # 0, then |[v]| < ||v]4.
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Let |[v|| = 1 and pick p € E, ¢ € Sy~ such that 1 = (p ® ¢)(v). As
noted above, this is possible because E and Sy« are boundaries of X and Y,
respectively. By above, let 7 € B be such that ||[p — r|| < &, for an
appropriate n. Observe that 9( )(r®@q)(v) < ||v||¢ Indeed,

> ¢r<9(1r)) > 1.

Now to prove the claim, we compute

1=(p®aql(v)
=(reg +((p-r)@q)
=0(r)(r®@q)(v) + (1 =0(r))(r®q)(v) + ((p—7) ®q)(v)
< lollg + (L =0(r))(r ® q)(v) + ((p — ) ® q)(v).
So we are done if (6(r) — 1)(r ® ¢)(v) + ((r — p) ® ¢)(v) > 0. Indeed,

1
e 27 g, > e 27— g
2
Also, (r @ q)(v) = (¢ () = 1~ lp— v+ |¢* (v) | = 3. Thus,

(6(r) — D)(r ® ) (0) + (- —p) @ )(v) > e 27" — 1oy e,

4 2
1 _ 3
= 18 22T — ign
1 1
A 64° >0,

and the claim is proven.

CASE 2: o > 1. We first prove f € E.
Fix N large enough so that 1+-27" < $(1+a). Because 9(f,) — a we
have ¥ (f;n) > 5(1+a) for all m large enough Hence, n(f,,) < N. Therefore,

Jm € Upen fkw* for all such m. By w*-closure, f € (J,.n Ew* CE.
Now the aim is to prove ¥(f) > a.
We can assume f,, # f for all n € N, because the f,, are distinct.
Fix the unique m such that f € L,, and let

J=I(f)uf{k e N:k>m+2}.

Clearly m € I(f). Let (p,q) € N? be such that m = 7(p,q). We have
L,, C A,. Since A, is w*-LRC, there exists a w*-open set U > f such that
A, NU is relatively norm compact.
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By the above, I, 1) NU is finite for all k& € N, since I, x) € Ap. So

the set
v=u\( U T U T\ 1))
k=0

1€N\J

is w*-open. Moreover, because f ¢ UZ-GN\JLT'w , we have f € V. We assume
from now on that f,, € V.

CLAM 2a. m ¢ I(fy).
If m € I(fy), then

e nvcionv =L, nvilct,Wcm,

It follows that f, € Hyp \ Hpr—1 = Ly px) for some k < g. On the other
hand, f, € B, so fn € Lapr) N B = I k). However, this cannot be the
case, since f, € V '\ {f}.

CrLAam 2b. I(f,) C J.

Let i € I(f,). If i & J, then f, € UjeN\J L;N Vw*, but this contradicts
fn €V

CLAIM 2¢. ¢(f) — ¥ (fn) > o€ - 4™ = Bepp,.

First note n(f,) > n(f), using Claim 2b and n(f) = min I(f) = min J.
There are two cases to consider. If n(f,) > n(f), then

1
V() = (fa) > 1+ e 9~ Uf) — (1 + %5 : 2—"<fn>>
1 1
> .90 ) > Z. -m.
2 3¢ 2 > 3¢ 2

And if n(f,) = n(f), then
NGREIAEESERUIS SR SR

i€l(f) i€l(fn)

:%5-2—"“)( Yoo 2—i>

i€I(IN(fn) iel(F\(f)
> Lo gmnh) (z—mf 3 2—Z>
> 2 |
1€J\I(f)

1 1
> T 2—n(f) Lommel s © o ymm
- 86 - 166

CrLa 2d. For h € B, ||h® g4 < 1/0(h).
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If [(h® g)(v)| > 1/6(h), then

> all @) = eI @)) = dn((h @ g) () > 1, so [jvfls > 1.

leB
Hence || ® glly = sup{|(h ® 9)(0)] - [olls < 1} < 1/6(h).

We can now prove a(f ® g)(z) < 1. By (1), take h € B such that
If = h| <enand |(f) — (k)| < e,. We then have

allf @gllg <a(lh@gle +1(f —h) @4lly)
<a(llh@glls + I(f = R) @ gl)

1
< — .
< (g )
So we are done if a(1/6(h) +¢,) < 1. Now,
a
11— — —ae, O(h) — a—enb(h
0 agp, >0 < 0(h) —a—¢e,f(h)a >0
& Y(h) —en —a—epf(h)a > 0.

By Claim 2c, we have 1(h) — e, — a > 4, and since 0(h), a < 2, it follows
that e,0(h)a < 4ep,. Hence af f @ glls < 1, and so a(f @ g)(u) < 1. =

3. Applications

COROLLARY 3.1. Suppose X has a o-w*-LRC and o-w*-compact bound-
ary. Then X has a C*° renorming.

Proof. Apply Theorem to X®:R=X.nm
We can now prove Theorems [I.3] and [1.4] as corollaries of Corollary

Proof of Theorem [1.3 Every norm compact subset of X* is trivially
w*-LRC. The result follows from Corollary .

Proof of Theorem . Let K = |U,2, Dn, where each D, is relatively
discrete. Let d; be the usual evaluation functional, 6:(f) = f(¢). Then E,, =
{£6: : t € D,} is w*-relatively discrete and so w*-LRC. Moreover, £ =
Us2y En is a w*-compact boundary of C'(K), since for any f € C(K), there
exists ¢ € K such that ||f||cc = |f(t)], by compactness. m

The corollaries below are new results. Before presenting them, a defini-
tion and a theorem appearing in [6] are needed.

DEFINITION 3.2 ([6, Definition 2]). Let X be a Banach space. We say
a set F' C X* is a relative boundary if, whenever x € X satisfies sup{f(x) :
f € F} =1, there exists f € F such that f(z) = 1.

ExXAMPLE 3.3. Any boundary and any w*-compact set are relative
boundaries.
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THEOREM 3.4 ([0, Theorem 4]). Let X be a Banach space and suppose
we have sets S, C Sx and an increasing sequence H, C Bx~» of relative
boundaries such that Sx = UZO:O Sy, and the numbers

bp, = inf{sup{h(z): h € Hp} 1z € S,}
are strictly positive and converge to 1. Then for a suitable sequence (a,)52

of numbers the set F = \J;"  an(Hy \ Hnp—1) is a boundary of an equivalent
norm.

Given a Banach space with an unconditional basis (e;);c; and x =
Y icr Ti€i, let ef(x) = x;. For 0 C I, let P, denote the projection given
by Py(z) = Eiea e; (z)e;.

COROLLARY 3.5. Let X have a monotone unconditional basis (e;)icr,
with associated projections Py, o C I, and suppose we can write Sx =
Uoy Sn in such a way that the numbers

Cpn = inf{SUP{HPU(x)H roCl |of=n}:z¢€ S"}

are strictly positive and converge to 1. Then X admits an equivalent
C™> smooth norm.

Proof. Let H, = {h € Bx~ : |supp(h)| < n}. Each H, is a relative
boundary because it is w*-compact. Note that given x € S, and o C I with
o] =n,

[P (@)|| = sup{f(Po(x)) : f € Bx+} =sup{F; f(z) : f € Bx~}.

Of course, |[supp(P; f)| < nfor all f € Bx-. And by monotonicity, ||P}| = 1.
So PX(f) € Hy,. Therefore,

0 < cp = inf{sup{||P>(2)| : 0 C I, |o| =n}:z € Sy}
= inf{sup{P} f(z): f € Bx+,0 C I, |o| =n} :z € S}
= inf{sup{h(z) : h € Hp}: x € S} = by.
Thus, (by,) is a strictly positive sequence converging to 1.
The set H,, \ Hyp—1 is w*-LRC by Example [1.9(2).
By Theorem there exists a sequence (ay,)22, for which the set F' =
UrZ o an(Hy \ Hy—1) is a o-w*-LRC and o-w*-compact boundary for an

equivalent norm || - ||. By Corollary X will admit an equivalent
C® smooth norm that e-approximates || - [|. =

COROLLARY 3.6. Let X be a Banach space with a monotone uncondi-
tional basis (e;)icr and suppose for each x € Sx there exists o C I, |o| < oo,
such that || Py(x)|| = 1. Then X admits an equivalent C* smooth norm that
e-approximates the original norm.
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Proof. Let Hy, = {h € Bx~ : |[supp(h)| < n}. As mentioned in the proof
of Corollary each H, is w*-compact and is a finite union of w*-LRC
sets. Now take x € Sx and o such that ||P,(z)|| = 1. Then there is f € Bx+
with

L= [|Fs(@)l| = f(Ps(x)) = By f(2).
Because (e;)ies is monotone, ||Py|| = 1 and so P;f € H|q . Therefore, the
set H = |J;, Hy is a boundary satisfying the hypothesis of Corollary "

Using Corollary 3.5 we can obtain new examples of spaces with equivalent
C* smooth renormings.

EXAMPLE 3.7. Let N = [J;7, An, where each A, is finite, and let p =
(pn) be an unbounded increasing sequence of real numbers with p,, > 1. For
each sequence x = (z,,) of real numbers define

o0
&(z) = sup{z Z |z(k)|P™ : By, C Ay, and the B, are pairwise disjoint}.
n=0keB,

Indeed, we define 4, as the space of sequences & where &(z/\) < oo
for some A > 0, with norm ||z| = inf{\ > 0 : @(x/\) < 1}. Define the
subspace h 4, as the norm closure of the linear space generated by the basis
en(k) = 0p k. Now [6, Example 16] provides an appropriate sequence (S,) of
subsets of Sx so that the assumption of Corollary holds.

ExXAMPLE 3.8. Let M be an Orlicz function with
M(K(t
M(t) >0 forallt>0, and limM = 00
t—0 M(t)
for some constant K > 0. Let hps(I") be the space of all real functions x
defined on I" with }° . M(zy/p) < oo for all p > 0, with the norm

2| = inf{p >0 ZM(“) < 1}.

yerl P

The canonical unit vector basis (ey) er of functions e,(8) = 03 is
unconditionally monotone. [6, Example 18] provides suitable subsets of Sx
to ensure the hypothesis of Corollary holds.

The final example concerns the predual of a Lorentz sequence space
d(w,1, A), for an arbitrary set A.

Let w = (wy) € ¢o \ £1 with each w, strictly positive and wg = 1. We
define d(w, 1, A) as the space of x : A — R for which

D
x| = sup{z wjlz(aj)| : (aj) € A is a sequence of distinct points} < 00.
j=0
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The canonical predual d.(w,1, A) of d(w, 1, A) is given by the space of func-
tions y : A — R for which § = (7;,) € ¢o, where

>0 ly(as)] R
Y = Supq =i —— :4a0,4a1,...,a51 are distinct points of A ¢,
im0 Wi
with norm ||y|| = ||7||co. We can see that (e4)qc 4 is @ monotone unconditional

basis for both d(w, 1, A) and d,(w, 1, A). The separable version of d,(w, 1, A)
was first introduced in [13].

ExXAMPLE 3.9. The space X = d.(w, 1, A) has a C* smooth equivalent
renorming that e-approximates the original norm.

Indeed, let y € Sx. Since 7 € cg, there exists k € N such that ¥ = 1. Tt
can also be shown that y € ¢p(A) and thus the supremum in the definition
of 7* is attained. Consequently, there exist ag, a1, ...,ap_1 € A such that

k—1
R > = e
Yo wi
Setting o = {ag,a1,...,ax—1}, we have ||P,(y)|| = 1. By Corollary

X has a C*° smooth equivalent renorming that e-approximates the original
norm.

REMARK 3.10. The space X = d,(w, 1, A) for A uncountable is a new
example of a space with a C°° smooth renorming. It is not yet known if X
has an analytic renorming.

REMARK 3.11. In Theorem and Corollary we cannot drop the
o-w*-compactness condition in general, and expect an equivalent norm of
any order of smoothness that depends locally on finitely many coordinates.
In [], it is shown that Cp(w;) has no such norm. On the other hand, Cy(w1)
admits an equivalent norm supporting a boundary that is w*-discrete (this
follows from [5, Theorem 10]).

Acknowledgements. The author would like to thank R. J. Smith for
discussions and suggestions throughout the writing of this paper, and
S. Troyanski for further remarks, in particular bringing Example to his
attention.

The author is financially supported by Science Foundation Ireland under
Grant Number ‘SFI 11/RFP.1/MTH/3112".

References

[1] K. Ciesielski and R. Pol, A weakly Lindelof function space C(K) without any con-
tinuous ingjection into co(I"), Bull. Polish Acad. Sci. Math. 32 (1984), 681-688.

[2] R. Deville, V. Fonf and P. Héjek, Analytic and polyhedral approximation of convex
bodies in separable polyhedral Banach spaces, Israel J. Math. 105 (1998), 139-154.


http://dx.doi.org/10.1007/BF02780326

(3]

(10]
(1]
[12]
(13]

[14]

Using boundaries to find smooth norms 181

M. Fabian, P. Habala, P. H4jek, V. Montesinos Santalucia, J. Pelant and V. Zizler,
Functional Analysis and Infinite-Dimensional Geometry, Springer, New York, 2001.
M. Fabian, P. Hajek and V. Zizler, A note on lattice renormings, Comment. Math.
Univ. Carolin. 38 (1997), 263-272.

V. P. Fonf, A. J. Pallares, R. J. Smith and S. Troyanski, Polyhedral norms on
non-separable Banach spaces, J. Funct. Anal. 255 (2008), 449-470.

V. P. Fonf, A. J. Pallares, R. J. Smith and S. Troyanski, Polyhedrality in pieces,
J. Funct. Anal. 266 (2014), 247-264.

P. Hajek, Smooth norms that depend locally on finitely many coordinates, Proc.
Amer. Math. Soc. 123 (1995), 3817-3821.

P. Hajek, Analytic renormings of C(K) spaces, Serdica Math. J. 22 (1996), 25-28.
P. Héjek and R. Haydon, Smooth norms and approximation in Banach spaces of the
type C(K), Quart. J. Math. 58 (2007), 221-228.

P. Héjek and S. Troyanski, Analytic norms in Orlicz spaces, Proc. Amer. Math. Soc.
129 (2001), 713-717.

R. Haydon, Smooth functions and partitions of unity on certain Banach spaces,
Quart. J. Math. 47 (1996), 455-468.

R. P. Maleev and S. L. Troyanski, Smooth norms in Orlicz spaces, Canad. Math.
Bull. 34 (1991), 74-82.

W. L. C. Sargent, Some sequence spaces related to the £ spaces, J. London Math.
Soc. 35 (1960), 161-171.

E. F. Whittlesey, Analytic functions in Banach spaces, Proc. Amer. Math. Soc. 16
(1965), 1077-1083.

Victor Bible

UCD School of Mathematical Sciences
Belfield, Dublin 4, Ireland

E-mail: victor.bibleQucdconnect.ie

Received April 28, 2014 (7951)


http://dx.doi.org/10.1016/j.jfa.2008.03.001
http://dx.doi.org/10.1016/j.jfa.2013.10.007
http://dx.doi.org/10.1090/S0002-9939-1995-1285993-3
http://dx.doi.org/10.1090/S0002-9939-00-05773-7
http://dx.doi.org/10.1093/qmath/47.4.455
http://dx.doi.org/10.4153/CMB-1991-012-7
http://dx.doi.org/10.1090/S0002-9939-1965-0184092-2




	1 Introduction
	2 Main result
	3 Applications
	References

