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Holomorphy types and ideals of multilinear mappings
by

G. BoTELHO (Uberlandia), H.-A. BRAUNSS (Potsdam),
H. JUNEK (Potsdam) and D. PELLEGRINO (Campina Grande)

Abstract. We explore a condition under which the ideal of polynomials generated by
an ideal of multilinear mappings between Banach spaces is a global holomorphy type. After
some examples and applications, this condition is studied in its own right. A final section
provides applications to the ideals formed by multilinear mappings and polynomials which
are absolutely (p; ¢)-summing at every point.

Introduction. Special classes of homogeneous polynomials between
Banach spaces have been studied by taking two different approaches. On the
one hand, inspired by the dual theory of polynomials, L. Nachbin [19] intro-
duced holomorphy types as classes of polynomials which are uniformly stable
under differentiation. On the other hand, as a natural consequence of the suc-
cessful theory of operator ideals, A. Pietsch [25] introduced the notion of ide-
als of multilinear mappings, which was immediately adapted to polynomials.

Both notions have been widely studied, holomorphy types as a branch of
infinite-dimensional holomorphy (see the references cited in [12, p. 135]) and
ideals of multilinear mappings/polynomials as a branch of Banach space the-
ory (see [3, 9] and the references therein). Many outstanding examples, such
as nuclear and compact polynomials, are simultaneously holomorphy types
and ideals of polynomials. In this paper we try to give a unified treatment of
the subject, exploring the interplay between these two notions, mainly try-
ing to identify when an ideal of multilinear mappings generates a (global)
holomorphy type. Recently, some particular ideals of polynomials have been
proved to be global holomorphy types, for example: everywhere absolutely
(p; ¢)-summing polynomials (M. Matos [17]), strongly almost g-summing
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polynomials (D. Pellegrino [20]), fully (or multiple) summing polynomials
(D. Pellegrino and M. Souza [23]) and mixing summing polynomials (M.
Matos [18]).

In an attempt to treat this question in a systematic way, we first identify
a condition under which a Banach ideal of multilinear mappings generates
a global holomorphy type. This condition, which we call property (B), is
applied to the two methods introduced by A. Pietsch in [25], namely the
linearization and the factorization methods. Once the relevance of property
(B) is established we study it in its own right and extend it to ideals of poly-
nomials. In both the multilinear and polynomial cases we identify situations
where having property (B) is equivalent to being (or generating) a global
holomorphy type. Differences between the real and complex cases show that,
though holomorphy types are more closely related for ideals of polynomials,
property (B) is more appropriate for ideals of multilinear mappings. The
paper ends with applications of the results obtained to the ideals formed by
multilinear mappings and polynomials which are absolutely (p; ¢)-summing
at every point.

Some of the results, such as Theorems 3.2, 4.1 and 5.1, appeared, either
exactly or at least in essence, in the second named author’s thesis [6].

1. Definitions and notations. Throughout this paper n is a positive
integer, and E1,...,E,, E, F,G1,...,G, and G are Banach spaces over K =
R or C. E’ is the dual space of E and Bg denotes the closed unit ball of E.
The Banach space of all continuous n-linear mappings A: E1 x---x E, — F
will be denoted by L(E1,...,En; F) (L("E; F)if By =---=E, = E), and the
Banach space of all continuous n-homogeneous polynomials P: £ — F by
P("E; F). If F = K we use the simplified notations L(Ex,..., E,), L("E)
and P("E). By P we mean the unique continuous symmetric n-linear map-
ping associated to the polynomial P, and by A the polynomial generated
by a multilinear mapping A, that is, A(x) = A(x,...,z). For the general
theory of multilinear mappings and homogeneous polynomials we refer to
S. Dineen [12].

DEFINITION 1.1. Although L. Nachbin [19] introduced the notion of
holomorphy type between two fixed Banach spaces F and F', all interesting
examples work for every couple of Banach spaces. So, the following definition
is quite natural. A global holomorphy type Ppr is a class of continuous ho-
mogeneous polynomials between Banach spaces such that for every natural
n and any Banach spaces F and F', the component

Pu("E; F):=P("E;F) NP

is a linear subspace of P("F; F') which is a Banach space when endowed with
a norm denoted by P +— || P||z, and
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(i) Py(°E;F) = F, as a normed linear space for all E and F,
(ii) there is ¢ > 1 such that for any Banach spaces E and F, n € N,
k<n,acFEand PePy("E;F), dP(a) € Py(*E; F) and

1 _
H_a@(a) < o"||P||glal"*,

where d¥P(a) is the kth differential of P at a (see [12, 19]).

If we have quasi-norms instead of norms (each Py ("F; F) is a complete
quasi-normed space with quasi-norm constants not depending on the under-
lying spaces E and F', but possibly depending on n), we say that Py is a
global quasi-holomorphy type.

REMARK 1.2. Let Pg be a global (quasi-)holomorphy type with constant
o and | - ||k be another (quasi-)norm on Py for which there is v > 1 such
that
I1Pllr < I1Pllx <A™ 1Pl

for all n, E, F and P € Py("E; F). It is clear that (Pg, || - [|x) is a global
(quasi-)holomorphy type with constant o+y. In many applications v will be
the Euler number e.

DEFINITION 1.3. An ideal of multilinear mappings is a class M of con-
tinuous multilinear mappings between Banach spaces such that for all n € N
and Banach spaces F1, ..., E, and F, the components M(E1, ..., Ey; F) =
L(Ey,...,E,; F)N M satisfy:

(i) M(En,...,E,; F) is a linear subspace of L(E},..., E,; F) which
contains the n-linear mappings of finite type,

(ii) the ideal property: if A € M(Ey,...,Ey F), uj € L(Gj; Ej) for
j=1,...,nandt € L(F;H), thentoAo(uq,...,u,)isin M(Gq,...,
Gn; H).

If || - [[am: M — R satisfies

(i) for each natural n there is 0 < p, < 1 such that || - || restricted
to M(E1,..., En; F) is a p,-norm for all Banach spaces F1, ..., E,
and F,
(it") JA: K" - K: A(A1,...,A\n) = A1 A\p|jam = 1 for all n,
(iii") if A € M(En,...,Ey;F), u; € L(Gj;Ej) for j = 1,...,n and
t€ L(FLH), then [to Ao (u, . un)lat < I ALaallaa ]~ lunll

then M is called a quasi-normed (normed if all p, = 1) ideal of multilin-
ear mappings. Quasi-Banach (Banach if all p, = 1) ideals of multilinear
mappings are defined in the obvious way. For a fixed ideal M of multilin-
ear mappings and n € N, the class M, := UElEnF M(Eq, ..., By F) is
called an ideal of n-linear mappings.
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A Banach ideal M,, of n-linear mappings is said to be closed if its norm
is the usual sup norm and each component M(E1,..., E,;F) is a closed
subspace of L(E1, ..., E,; F). A Banach ideal M of multilinear mappings is
closed if each M,, is closed.

DEFINITION 1.4. An ideal of homogeneous polynomials, or simply an
ideal of polynomials, is a class Q of continuous homogeneous polynomials
between Banach spaces such that for all n € N and Banach spaces E and
F', the components Q("E; F') := P("E; F) N Q satisfy:

(i) Q("E; F) is a linear subspace of P("E;F') which contains the n-
homogeneous polynomials of finite type,

(ii) the ideal property: if u € L(G; E), P € Q("E;F) and t € L(F; H),
then to Pouisin Q("G; H).

If |- |lg: @ — RT satisfies

(i") for each natural n there is 0 < p,, < 1 such that || - ||o restricted to
Q("E; F) is a py-norm for all Banach spaces E and F,
(it") |P: K—=K:P(\) =A"|g=1 for all n,
(iit') ifu € L(G;E), P € Q("E;F) and t € L(F; H), then |[to Poulg <
It Pl ul™,

then Q is called a quasi-normed (normed if all p, = 1) ideal of polynomials.
Quasi-Banach (Banach if all p, = 1) ideals of polynomials are defined in
the obvious way. For a fixed ideal Q of polynomials and n € N, the class
Q= Up r Q("E; F) is called an ideal of n-homogeneous polynomials. 1f
Q is an ideal of polynomials, we set Q(°E; F) = F for every E and F. In
particular, if (Q,,)72 , is a sequence of ideals of n-homogeneous polynomials,
when we write (Q,,)%°, it is understood that Qy(°E; F) = F for every E
and F'.

Closed ideals of polynomials are defined similarly to the case of ideals of
multilinear mappings.

For any ideal of multilinear mappings M such that each M, is a com-
plete p,-normed ideal of n-linear mappings, defining

Pm:={P:PeM}, |[IPlpy = IP|um,
we obtain a quasi-Banach (Banach if M is Banach) ideal of polynomials
(see [9, Proposition 2.5.2]), called the ideal of polynomials generated by M.

REMARK 1.5. The components of either a global holomorphy type, or an
ideal of multilinear mappings, or an ideal of polynomials, are always spaces
of mappings between Banach spaces over the same fixed field K.

2. Examples and counterexamples. Examples of global holomorphy
types and of ideals of multilinear mappings/polynomials are easily found in
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the literature. In this section we restrict ourselves to examples which show
that these two categories are incomparable.

EXAMPLE 2.1. For n = 1 define Py("E; F) := L(F;F) with the sup
norm for every E and F. For n > 1, define Py ("E; F) := P("E; F') with the
sup norm if £ = F = {1 and Py ("E; F) := {0} otherwise. It is obvious that
Pr is a global holomorphy type which is not an ideal of polynomials. More
natural examples will appear later (cf. Example 8.3 and Remark 8.6(c)).

EXAMPLE 2.2. An n-linear mapping A € L(FE1,...,E,; F) is said to
be absolutely (1;1)-summing, written A € Lyg;)(Er, ..., Ep; F), if the
sequence (A(x}, ..., 7))32, is absolutely summable in F' whenever (mi)j’il
are weakly summable in Ey, k = 1,...,n. The characterization by means of
inequalities, which defines a natural ideal norm on L,y1.1)(E1, ..., En; F),
can be found in [1, Theorem 3.5].

Let E be an infinite-dimensional Banach space with the Orlicz prop-
erty (that is, the identity operator on E is absolutely (2;1)-summing), and
choose a € E and ¢ € E’ such that ¢(a) = 1. Putting P(z) = ¢(x)z we ob-
tain P € P(2E; E). We have P € P‘Cas(l;l)(2E; E) because Lyg1,1)("E; E) =
L("E; E) for every n > 2 [1, Proposition 3.8]. For every z € E, we have
r = 2P(a,z) — ¢(x)a. Since o(-)a is a finite rank operator and the iden-
tity operator idg ¢ Las1;1)(E; E) (see [10, Theorem 2.18]), it follows that
P(a,-) ¢ Las1;1)(E; E). But dP(a) = 2P(a,-), so the ideal of polynomials
generated by the ideal of all absolutely (1;1)-summing n-linear mappings,
n € N, is not a global holomorphy type.

REMARK 2.3. S. Dineen [11] introduced some refinements in the defini-
ton of holomorphy types, such as a-holomorphy types (see [11, Definition
4]), which are, in some sense, closer to ideals of polynomials. For instance,
the type Py of Example 2.1 is not an a-holomorphy type.

3. Property (B) and holomorphy types. In his thesis [6], the second
named author proved that, under a certain condition, the ideal of polyno-
mials generated by an ideal of multilinear mappings is a global holomorphy
type. Inspired by [6, Satz 3.3.4], in this section we prove that the same holds
true with a weaker condition.

DEFINITION 3.1. For the sake of simplicity, we shall write ("E,G; F)
instead of (FE, ™) E,G; F).

e An (n + 1)-linear mapping A € L("E,G; F) is said to be symmetric
in the first n variables if A(x1,...,70,y) = A(Tg1), .- To(n), y) for
every permutation o of the set {1,...,n}, any z1,...,2, € E and
y € G.
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e Given A € L(E1,...,E,;F) and a € E,, we define Aa € L(Ey,...,
Enfl; F) by A(I(SL‘I, s 7xn71) = A(:Ela s al'nflva)‘

e Let J be a class of continuous multilinear mappings between Ba-
nach spaces such that for all n € N and Banach spaces FEy,...,E,
and F, the component J(E,...,Ey F) := L(Ey,...,Ey; F)NJ is
a linear subspace of L(E1, ..., E,; F) equipped with a quasi-norm de-
noted by || - ||7. We say that J has property (B) if there is C' > 1
such that for every n € N, any Banach spaces F and F' and every
A € J("E,K; F) symmetric in the first n variables, A1 € J("E; F)
and [|AL]l; < C|A]l5.

Given a € E and k € N, by ¥ we mean a,a,...,a where a appears k
times.

THEOREM 3.2. If the Banach ideal M of multilinear mappings has prop-
erty (B) with constant C, then the Banach ideal Paq of polynomials is a
global holomorphy type with constant o = 2C.

Proof. Let a € E and A € M(""'E; F) be a symmetric (n + 1)-linear
mapping. Choosing ¢: K — E with ¢(1) = a and B(z1,...,2,,A) =
A(z1,...,2n,o(N)), using the ideal property and property (B) we get Aa =
Bl € M("E; F) and

[Aalpm = [|1B1fm < ClIBllm < CllAmllel = ClAlmllall-

Now, let P € Pu("E;F), k < n and a € E be given. Then P c
M("E; F) is symmetric, therefore Pa € M(""'E; F) and

1Pallag < ClIP|mllall = ClIPlpyllall-

If Pa € Pg”flE; F) is defined by Pa(z) = P(a,2™1), it is easy to see that
(Pa)V = Pa, thus Pa € Py(" 'E; F) and

1Pallp,, = (Pa)"[lm = lIPalm < ClIP|pylall.

For 1 < j < n, define Pa? € P("E;F) by Pal(x) = P(a?,2" 7). Tt is
trivial to check that Pa? = (Pa)a, so

|Pa?||p. = [(Pa)allpy, < CllPallpyllall < C2|P|pylall.
By iteration of this procedure, it follows that Pa’ € Ppy(" 7/ E; F) and
1Pd?|py < C7||Pllpyllall? < C[[Pllpyllall.

From

d*P(a)(z) = O ﬁ! T P(a™ 7k 2k,

we obtain
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It follows that d* P(a) € Pp(" FE; F) and
1
k!

REMARK 3.3. Observing that the proof of Theorem 3.2 does not use
the triangle inequality, we conclude that if M is a quasi-Banach ideal of
multilinear mappings such that each M, is a complete p,-normed ideal
of n-linear mappings and M has property (B) with constant C, then the
quasi-Banach ideal Pa of polynomials is a global quasi-holomorphy type
with constant o = 2C.

d*P(a)| < 2"[[Pa" Hlpy, < (20)"|IPllpyllal™ . =

Pm

Along the paper we will provide plenty of examples of ideals of multilinear
mappings having property (B). In particular, the following two sections show
that the ideals of multilinear mappings which are generated by the two
general methods introduced by A. Pietsch [25] have property (B).

4. The linearization method. The notation El,.?.,En means that
E; is omitted, and the same for (z1,.%.,x,). For i = 1,...,n, consider the
isometric isomorphism I;: L(E1,...,En; F) — L(Ej; L(E, .0 Ep; F)),

Li(A) () (21, .., 2n) = A2, . . ).

For the case n = 1 to make sense, we set [1(A) = A for A € L(E; F).

Given a sequence (Z,)5°; of Banach operator ideals, an n-linear map-
ping A € L(E1,...,Ey; F) is said to be of type [Z1,...,Z,], written A €
[T, ..., Z(E1, ..., En F), i

I;(A) € Z,(Es; L(Eq, ., B F)) foreveryi=1,...,n.

For A e [Th,...,Z,](E1,. .., Ey; F) we define

[Allz.....z.) = max{[| L (A) |z, - - - M (A)]|z, }-
For every n, [Z1,...,Z,] is a Banach ideal of n-linear mappings, hence
([Z1, ..., Zy])52, is a Banach ideal of multilinear mappings and (Piz, .. 7,])n%1

is a Banach ideal of polynomials; the proofs can be found in [9, Proposi-
tion 2.3.3].

THEOREM 4.1. For every sequence (I,)7°, of Banach operator ideals,
the Banach ideal ([Z1,...,1,])22, of multilinear mappings has property (B)
with constant C = 1. Therefore, the ideal (Piz, .. 1,1)ne0 of polynomials is a
global holomorphy type with constant o = 2.

Proof. The second assertion follows from the first by Theorem 3.2. Let
A€ [Il, . ,In+1](E1, e By K F) So, for j=1...,n, I](A) S Ij(Ej;

L(Er,.1.,E,,K; F)). Define a linear operator u;: L(E1,.1., B, K; F) —
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B uj(B)(z1,.1.,2,) = B(z1,.1. 2, 1).
So we have
(uj 0 Ij(A)) () (w1, 1., xn)
= u;(L;(A) () (@1, . 1. ) = L;(A) () (z1, . 1. 2, 1)
= A(x1, .., 1) = ALz, ... ap) = LA (2)) (21, .., 2).
We proved that I;(Al) = ujol;(A), so by the ideal property I;(Al) € Z; for
all j =1,...,n, as I;(A) € Z;. Therefore Al € [I1,...,I,](Ex, ..., En; F).
Moreover,
11;(AD) Iz, = lluj o Ii(A)llz; < llusll 1 ;(A)llz, = [11;(A)llz;-
Since I,,41(A) is defined on K, we have || I,,4-1(A4)|z,,, = [[In+1(A)]| = ||A] =
11 (A < [115(A)lz;» 5 = 1,...,n. So,
[ALliz,....z,) = max{{[ L (AD |z, .., [Hn(AD) 2, }
< max{|[L(A)lz,, - -, [ 1n(A) ]z, }
= max{[[[L(A)z, s [Tt (Dllz, 0} = [Allz,... 20 i)

completing the proof. =

5. The factorization method. Given a sequence (Z,)52; of Banach
operator ideals, we say that an n-linear mapping A € L(Ey,...,E,; F) is of
type L(Z1,...,Z,) if there are Banach spaces G, ..., Gy, linear operators
uj € Z;(E;;Gy), j = 1,...,n, and a continuous n-linear mapping B €
L(Gy,...,Gy; F) such that A = B o (u,...,uy). In this case we write
A€ L(Ty,...,T,)(E,...,Ey F), and define

1Allz@,,...z) = Wb (1B Juallz, - - unllz,,
where the infimum is taken over all possible factorizations A= Bo(u1, ..., uy,)
with u; € Z;.
For every n, L(Z1,...,Z,) is a complete 1/n-normed ideal of n-linear

mappings, hence (L£(Z1,...,7,))22, is a quasi-Banach ideal of multilinear
mappings and (Pg(z,,..7,))ne1 15 @ quasi-Banach ideal of polynomials; the
proofs can be found in [9, Proposition 2.3.3].

It is noteworthy that if Zy,...,Z, are closed operator ideals, then
Il - lz(zy,..,z,) 18 @ norm (this fact was first proved in [6, Satz 2.5.7]) and
the components L£(Zi,...,Z,)(E1,...,Ey; F) are closed (see [7, Proposi-
tion 3.5]). Actually, in this case, from [14, Lemma 1.2] (or [15, Lemma 6]) it is

easy to see that [|A|| = [|Allz(z,,..z,) forall A€ L(Zy, ..., Z,) (B, . .., En; F).
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THEOREM 5.1. For every sequence (I,)72, of Banach operator ideals,
the quasi-Banach ideal (L(Z1,...,Zy,))>2 of multilinear mappings has prop-
erty (B) with constant C' = 1. Therefore, the ideal (Pg(z,,.. 1,))n=0 of poly-

nomials is a global quasi-holomorphy type with constant o = 2.
Proof. The second assertion follows from the first by Remark 3.3. Given
n (n + 1)-linear mapping A € L(Z1,...,Zpt1)(E1,. .., En, K F), there
exist Banach spaces G1i,...,Gp, G, linear operators u € Z,11(K; G), u; €
I;(Ej;Gy), 5 = 1,...,n, and B € L(G1,...,Gy,G;F) such that A =
Bo (uy,...,up,u). Defining

D:Gyx--xGn—F, Dy, ,yn) = By1,--.,yn,u(l)),

we get

Al(z1, ... xn) = A(z1, ...y 20, 1) = Bur(z1), . -+, un (), u(l))
= D(ul(xl) cotp(zg)) = (Do (ur, ... upn))(T1,. .., Tn),
showing that A1 = D o (u,...,u,). Since each u; belongs to Z; it follows
that Al € L(T4,...,7, )(El,...,En;F). Moreover, from || D < |[|B]| ||ull
and [Jul| < |lul/z,,, (see [10, p. 131]), we have
1Al z,...z) < WP luallz, - - llunllz, < IBIullz, s luallz, - - l[unllz,
So, 41 gz, 7.y < Bl urlz, - llunlz, lulz, ., for every representation

A= DBo(ui,...,up,u) withuj € Z;, j =1,...,n and u € Z, ;. We finish
the proof by taking the infimum over all such representations to obtain
1Az, 20 S Al 2 ™

In the special case where Z,, = 7 for every n € N, we shall write £(Z)
and Pz instead of L(Z,...,T) and Pz, . 7). Until now, in Pr(7) we have
considered the 1/n-norm P € Pgz)("E; F) — ||Pllzz) = [|1Pllz(z)- It is well
known that P € Pr)("E; F') < there exists A € L(Z)("E; F) such that
A = P & there are a Banach space G, a linear operator v € Z(E; G) and
a polynomial @ € P("G; F) such that P = @ o u (see [3, Proposition 4.3]).
So, for P € Py ("E; F') we can consider

IP|lz(zy,1 := inf{||Allz(z) : A= P},

1Pllz@)e := mf{[|Q lull7 : P =Qou, uel}
which define two other complete 1/n-norms on Py ("E; F') (see [8, p. 50]
and [9, Proposition 2.5.5]).

THEOREM 5.2. For every Banach operator ideal I, the ideal Prz) of
polynomials is a global quasi-holomorphy type with either || - || z(z), || - l2(z)1
or || - ”E(I),Q-

Proof. From Theorem 5.1 we know that (Pge), | - |lz(z)) is a global
quasi-holomorphy type with constant o = 2. So, for every n, any k£ < n,
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a € E and P € Ppq)("E; F), we have d*P(a) € Py (*E; F) and

y("E;
L =
(+) ‘ —d"P(a)

< 2% Pl zpylla)™*.
L(T)

Let n € N, k <n,a € E and P € Pg7)("E; F). We already know that
d*P(a) € Prz)(PE; F). We conclude that (Pgzy, || - lzz)1) and (Pra,
|l - [lz(z),2) are global quasi-holomorphy types with constant o = 2e by ob-
serving that

L 4

1

< H—‘J'fp(a)
k! c L£(T)

< 2Pl e llal™ ™ < (2€)"1P |l ey 2llal™*

< (2¢)"[[Pllcyallal™ ",

< Hi, 3P(a)
(1)71 k-

£(T),2

where the first and the last inequalities follow from [8, Lemma 3.1], the
second is obvious, the third follows from (x), and the fourth from [9, Propo-
sition 2.5.5]. =

EXAMPLE 5.3. Given a sequence (p,)52; of numbers with each p, > 1,
we denote by Lg.p, ... p, the class of all (p1,...,pn)-dominated n-linear map-
pings (see [3, 4, 9]) endowed with the (p1,...,p,)-dominated quasi-norm.
Since L(Ip,,...,II,,) = Lgp,,.. p, isometrically, where IT, is the ideal of
all absolutely p-summing linear operators, from Theorem 5.1 we see that
(Laspr,....pn )y has property (B) with constant C' = 1. Therefore, given
p > 1, the class P, of all p-dominated homogeneous polynomials is a global
quasi-holomorphy type, with respect to the p-dominated quasi-norm, with
constant o = 2.

6. Sufficient conditions for holomorphy type to imply prop-
erty (B). Let M be a Banach ideal of multilinear mappings. Information
about polynomials in P4 implies information about symmetric multilinear
mappings in M. But there are plenty of non-symmetric multilinear map-
pings in M, so a full converse of Theorem 3.2 is not to be expected. Even
S0, we are going to see that a partial converse holds true, that is, for certain
ideals, having property (B) is equivalent to generating a holomorphy type.
A little preparation is needed.

Given A € L("E; F), we denote by Ag the symmetrization of A. An ideal
of multilinear mappings M is said to be

o symmetric if Ag € M("E; F) whenever A € M("E; F) (cf. [13]);
e closed for scalar multiplication (csm, for short) if M satisfies at least
one of the following conditions (cf. [4]):
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(i) if A€ M("E;F), ¢ € E" and pA € L("1E; F) is given by
CA(x1, ..., Tpt1) = @(21)A(T2, . . ., Tpy1),
then pA € M("HE; F);
(ii) if A€ M("E;F), p € E' and Ap € L("TLE; F) is given by
Ap(x1, ..oy Tpy1) = o(Tnt1) AT, ..o x),
then Ap € M(""E; F).

THEOREM 6.1. Let M be a csm symmetric closed ideal of multilinear
mappings. The following assertions are equivalent.

(a) For all n, E and F, A1 € M("E;F) for every A € M("E,K;F)
symmetric in the first n variables.

(b) M has property (B) (with best constant C' = 1).

(¢) Pa is a global holomorphy type (with best constant o not greater
than 2).

Proof. (a)=(b). Obvious because ||Al| = [|A].

(b)=-(c). This is a particular case of Theorem 3.2.

(c)=(a). Let A € M("E,K;F) be symmetric in the first n variables.
Choose ¢ € F' and a € E such that ¢(a) = 1 and define B := Ao (idg, ",
idg, p). Then B € M("*1E; F) by the ideal property. Since M is symmetric,
Bg € M(""'E;F), hence B = Bg € Pu("HE; F). As Py is a global
holomorphy type by assumption, c/lké(a) € Pu(FE;F) fork=1,...,n.

For k=0,1,...,n — 1, define P, € P(**'E; F) by

Pi(z) = p(x)Al(a" %, 2F).
Let us prove, by induction on k, that P EPM(k+1E; F)for k=0,1,...,n—1.

For k£ = 0 this is obvious.

Now we assume that P, € Pryy(*1 E; F) and prove Py € Py (FH2E; F).
For every x € E and £k =0,1,...,n — 2, we have

(n - k)! c/i\lﬁ_lé(a)(x) _ Bs(an_k,xk+l)

(n+1)!
== i - [(n = R)p(a) AL, 2t + (b + 1)p(2) AL (", 2")]
= [l = DAL+ (k+ D),

But c?““g(a) and P belong to Py (*1E; F), so the (k + 1)-homogeneous
polynomial Q(z) := Al(a™*~1 2#*+1) belongs to Pr(*T1E; F) as well. So
Q € M(*T1E; F). Since Al is symmetric (because A is symmetric in the
first n variables), it follows that Q(x1, ..., zpe1) = AL(a™ F 1 21, . .., Zpy1).
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Suppose that M satisfies condition (i) of the definition of csm ideals. Us-
ing this condition for ¢ and @ we find that the (k + 2)-linear mapping
Crr1(21,. .., 2hg2) == @(x1)Q(2, ..., Tpio) belongs to M(¥2E; F). Since
M is symmetric, Py = C/'k:l = (C/'k:l)s € Pu(FT2E; F). If M satisfies
condition (ii) of the definition of csm ideals, then a suitable modification of
the definition of Cky1 completes the proof by induction.

Setting k = n — 1 we see that P,—1 € Py("E; F). For every x € E,
—1d"B(a)(x) = (n+1)Bs(a,2") = p(a)AL(z") + nep(z) Al(a, z" 1)
— Al(z) + nPy_1(x).

But C/Z\”E(a) and P,_1 belong to Py ("E; F), so Al € Pm("E; F) as well.
Since A1 is symmetric, it follows that A1 = (A1)Y € M("E; F). u

REMARK 6.2 (On the definiton of property (B)). We could have used
the following variant of property (B):

e An (n + 1)-linear mapping A € L(G, E, ) B, F) is said to be sym-
metric from the second variable on if

A(y7$17 cre .Tn) = A(y7x0'(1)7 ce 7xa(n))

for every permutation o of the set {1,...,n}, any x;,...,2, € E and
y € G@G.

e Given A € L(Ey,...,E,; F) and a € Ep, we define aA € L(Ey,...,
E,;F) by aA(xa,...,z,) = Ala,x9,...,2Tp).

e Let J be a class of multilinear mappings such that each component
J(E1,...,En, F) is endowed with a quasi-norm | - || 7. We say that
J has property (B') if there is C' > 1 such that for every n € N and
every A € J(K, E, ) E:F ) symmetric from the second variable on,
1A e J("E; F) and ||[1A||7 < C||A|| 7.

A simple adaptation of the proof of Theorem 3.2 shows that a Banach
ideal of multilinear mappings having property (B’) also generates a holomor-
phy type. It is not difficult to see that even for Banach ideals of multilinear
mappings, properties (B) and (B’) are not equivalent. Nevertheless, to each
ideal M with property (B’) we can associate an ideal M’ with property (B)
by defining M'(E1,...,E,; F) := M(E,,...,E; F).

The notion of strongly symmetric quasi-normed ideals of multilinear
mappings was introduced by K. Floret and D. Garcia [13]. It is easy to see
that, for strongly symmetric ideals, properties (B) and (B’) are equivalent.

7. Weak property (B). In the proof of Theorem 6.1, we used the
trivial fact that if M is a closed ideal of multilinear mappings and A1 € M
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whenever A € M, then M has property (B). It is natural to ask if this weak
version of property (B), namely:

A e M("E,K; F) symmetric in the first n variables = Al € M("E; F),

implies property (B) in general. The ideal we construct in this section
proves that the answer is negative, that is: in general, the norming condition
|A1]|m < C||Al|am does not follow from the condition A € M = Al € M.

Let \V denote the operator ideal of nuclear operators on Hilbert spaces.
According to [24, Section 15.2] we can restrict ourselves to operators from a
Hilbert space H into itself. Given v € N'(H; H), from [10, Theorem 5.30(b)]
we know that [|ufly = 3772, sj(u), where s;(u) is the jth approximation (or
singular) number of w.

DEFINITION 7.1. For an operator v in ' and n > 1, we put
1 [o.¢]
I/n(u) = S1(U) + m ]ZQ sj(u).

PROPOSITION 7.2. Letn > 1.

(a) vy is an ideal norm on N equivalent to the nuclear norm |- ||x = v1.

(b) vpt1(u) < vp(u) < nvpir(u) for all w in N and the constant n is
optimal in the second inequality, that is, supg_,epn Vn(u)/Vny1(u)
=n.

Proof. (a) We only prove the triangle inequality. For any compact linear
operators u,v: H — H and every n > 1, from [27, Proposition I11.G.11] we
know that >0 sj(u +v) < 3770 (sj(u) + s;(v)). So, if u,v € N(H; H),
then

1 oo

7(“ —i Z:sj(u—i-v)

vn(u+v) =s1(u+v)+

To see the optimality of the constant n, let (e;) be the standard unit vectors
of sequence spaces and define, for each k € N, uy, := Z?Zl e;®ej € N (lg; £3).
So,
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U (ug) _ L+ ﬁ(k_ 1) _ n!+n(k—1)
Vnt1(ur) 1+ L(k—1) n! + (k—1)

We denote by U the maximal extension of N to the class of all Banach
spaces. By [24, Theorem 15.6.3], an operator u: E — F between Banach
spaces belongs to U if and only if for all Hilbert spaces Hi, Ho and all
operators v € L(Hy; E),t € L(F; Hs), the composition ¢t o u o v belongs
to N.

Following [24, Section 7.2], it can be easily seen that, for each n, the
norm v, on N can be extended to a Banach ideal norm v, on U defined by
vn(u) :=sup{vy(touow): ||t||,|lv|| < 1}. Proposition 7.2 implies

—n ask—o00. n

PROPOSITION 7.3. vp(u) < nvpy1(w) for alln and w € U, where the con-
stant n is optimal. Therefore sup{vy,(u)/vp+1(u): 0 # uw €U, n € N} = .

Given an operator ideal Z and n € N, for convenience we shall write ["Z]
instead of [Z, ™, 7).

THEOREM 7.4. Let (1,,)72, be a sequence of Banach operator ideals such
that, for everyn € N, I,11 C I, and |jul|z, < Cyllullz,,, for all w € Ty,
where C,, is the optimal constant. Then, for all A € "1\ T, 1](F1,..., Ey,
K; F) we have Al € [nIn] (El, R F) and HAIH[”LJ < CnHAH[”JrthLﬂ?
where Cy, is the optimal constant.

Proof. Let A € "1\ T, 1](E1,...,E,,K; F). For j = 1,...,n, we have
I;(Al) € L(Ej; L(Ey, ..., Ep; F)). The mapping

J: L(Gh,...,Gn, K F) — L(Gy,...,Gp; F), Bw— J(B):=Bl,

is an isometric isomorphism. Since I;(A) € InH(Ej;E(El,.E.,En,K; F))
for j =1,...,n, it follows that

I;(Al) = JoI;(A) € T 1(E;; L(Ey, ., Ep; F)) C To(Ej: L(Ey, .., En; F)),
and |[I;(Al)|z, = |/ o Ij(A)lz, = [I1;(A)llz, < Cull;j(A)llz,,,. Hence
Al € [nIn](El, .. .,En;F) and HAlH[nIn] < CnHAH[nJrlInJrﬂ.

Given 0 < € < Cy, choose u € I,,41(E; F') such that |ju|z,/||u|z,., >
C, — . Defining A € L(E,K,.", K; F) by A(z,A1,...,An) = A1 Adgu(z)
we find that A € ["*1Z,1](E, K, .0, K; F) and

[Allr+1z,, 1) = max{[[ i (A, 05 [T z,00 22 <G <+ 13
= max{[|ullz, ., [ull} = [lullz,..-
In the same way we obtain [|Al[[;nz,] = [[u[|z, and therefore
Al||n
[AUlpz,) ullz, S C e n

ANz, ) lullz,.
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Combining Proposition 7.3 and Theorem 7.4, with U,, := (U, v,,) playing
the role of Z,, in Theorem 7.4 and C,, = n, we accomplish the task of this
section:

COROLLARY 7.5. The symmetric Banach ideal M = (["Uy])2, of mul-
tilinear mappings is such that:

(a) Al € M(En,...,E,; F) whenever A € M(Ey,...,E,,K; F).
(b) M does not have property (B).

8. Polynomial property (B). In this section we define and explore
the polynomial counterpart of property (B).

DEFINITION 8.1. Let R be a class of continuous homogeneous polyno-
mials between Banach spaces such that for all n € N and Banach spaces E
and F, the component R("E; F) := P("E;F) N R is a linear subspace of
P("E; F) endowed with a quasi-norm || - ||z. As before, R(°E; F) = F for
every E and F. We say that R has property (B) if there is C' > 1 such that
for alln € N, P € R("E; F) and a € E, we have Pa € R(" 'E; F) and
|Pa|lr < C||P||rllal|l (remember that Pa(z) = P(a, 2" 1)).

From the proof of Theorem 3.2 we have the following result:

PROPOSITION 8.2. Ewvery class of homogeneous polynomials with prop-
erty (B) with constant C' such that the components are quasi-Banach spaces
is a global quasi-holomorphy type (global holomorphy type if the components
are Banach spaces) with constant o = 2C.

Now we illustrate the polynomial property (B). We denote by Lk and Pk
the classes of all continuous multilinear mappings and homogeneous polyno-
mials between Banach spaces over K with the usual sup norm, respectively.

ExaAMPLE 8.3. Let Hgk be the subclass of Pg formed by all continuous
homogeneous polynomials defined on Hilbert spaces, that is: given P €
Px("E; F), P € Hx("E; F) if and only if E is a Hilbert space over K or
P = 0. From [12, Proposition 1.44] we know that ||P|| = || P|| for all scalar-
valued polynomials P in Hgk. By composing with a given linear functional
and applying the Hahn-Banach theorem, we see that ||P|| = || P|| for all P
in Hx, proving that Hx has property (B) with respect to the sup norm with
constant C' = 1. In particular, Hi is a global holomorphy type with constant
o = 2 (Proposition 8.2) which is not an ideal of polynomials (obvious).

It is obvious that L and L¢ have property (B) with constant C' = 1.

From the classical estimates
n

. n
1Pl < — 1P < e™[|.P]],



58 G. Botelho et al.

which hold for every natural n, any Banach spaces £ and F, and P €
P("E; F), we know that Pg and P¢ are global holomorphy types with con-
stant 2e. We are about to see that the polynomial property (B) works out
well in the complex case, but, surprisingly, in the real case it does not.

PROPOSITION 8.4. Let Q be a closed ideal of polynomials between com-
plex Banach spaces. The following assertions are equivalent.

(a) Q has property (B) (with best constant C' = e).

(b) Q is a global holomorphy type (with best constant o < 2e).

(c) For alln, E and F, Pa € Q(" 'E; F) whenever P € Q("E; F) and

aclb.

Proof. (a)=(b). This is a particular case of Proposition 8.2.

(b)=(c). Since Pa = (1/n!)c?”_1P(a), this implication follows immedi-
ately from the definition of global holomorphy type.

(¢c)=(a). The case n = 1 is immediate. Given n > 1, complex Banach
spaces F and F, a € E and P € Q("E; F), by assumption we have Pa €
Q(""E; F). It follows from the definitions that

1+,
Ha||P = Pa = Hd" 1P(a).

Using [16, Corollary 3] with K = n — 1 we obtain

ol = sl @p (o ) vt <

n n—1
~(25)  IPlal < el fal,

proving that Q has property (B).
For each n € N, let P,, be the nth Nachbin polynomial, that is
P (C" ] lley) = C,  Po((AyeosAn)) = A1+ A

Since every ideal of polynomials contains the polynomials of finite type and
continuous homogeneous polynomials on finite-dimensional spaces are of
finite type, each P, belongs to Q. Taking a, = (1,0,...,0) € C", it is easy
to see that || Pyan|| = 1/n(n — 1)""1. But ||P,| = 1/n", so
[ Pran| _ n"!
[Pl lan]l — (n—1)"—1

showing that e is the best constant. =

1 n"(n—-1)!
|

= 2] el

|Pall = "HI

— e asn— oo,

PROPOSITION 8.5. FEwery closed ideal of polynomials between real Banach
spaces lacks property (B).

Proof. Suppose that a closed ideal Q of polynomials between real Banach
spaces has property (B) with constant C. For n € N and 0 < k < n, let
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Cn, be the numbers defined by L. Harris [16, p. 477]. By [16, Theorem 2],
for each n € N there are P, € P("(R2,| - ||¢,)) and 0 # a,, € R? such that
|d"1P, (an)| = Cnm—1||Pull |ar|l. Using again the facts that every ideal
of polynomials contains the polynomials of finite type and that continuous
homogeneous polynomials on finite-dimensional spaces are of finite type, we
deduce that each P, belongs to Q. By [26, Theorem 1], there is an absolute
constant ¢; > 0 such that cinlogn < ¢, 1 for all n. So,

cintlogn|| Py llan|l = (n = Dleinlog n|| Pyl [lanll < (n = Dlena [ Pall llanll
= cnn—1|[ Pl llanll = 14"~ Pa(an) || = n!]| Poan |
< nlCJ| Pl [lan,

yielding the contradiction c¢; logn < C' for all n. Hence every closed ideal of
polynomials between real Banach spaces fails to have property (B). m

REMARK 8.6. (a) By Proposition 8.5, Pgr, or any closed real ideal of
polynomials Q such that Pa € Q("'E;F) whenever P € Q("E; F) and
a € FE, shows that the converse of Proposition 8.2 fails even for ideals of
polynomials, and that property (B) is more appropriate for ideals of multi-
linear mappings than for ideals of polynomials.

(b) The proofs of Propositions 8.4 and 8.5 use neither property 1.3(ii)
(just the containment of the polynomials of finite type) nor the fact that
each Q("E; F) is closed in P("E; F') (just the fact that the underlying norm
is the usual sup norm).

(c) Let R be a subclass of Pr such that each component R("E; F) is a
closed subspace of P("E; F'). If R has property (B) with respect to the sup
norm, then R is a global holomorphy type (Proposition 8.2) which is not an
ideal of polynomials (Proposition 8.5).

9. Everywhere absolutely summing mappings. Several classes
have already been studied as multilinear/polynomial generalizations of the
ideals of p-summing and (p;¢)-summing linear operators. Quite promising
is the class of all multilinear mappings/polynomials which are absolutely
summing at every point of the domain, which we define next. This class was
introduced by M. Matos [17] and developed in [21, 22, 23].

Given p € [1,00), let ¢,(E) be the Banach space of all absolutely p-
summable sequences (z;)72; in E with the norm

= /
Izl = (3 lagl?) ™"
j=1

We denote by £;/(E) the Banach space of all weakly p-summable sequences
()52, in E with the norm [|[(;)72;|lw,p = sup, e g, [(#(5))521 [l We
denote by ¢;(E) the closed subspace of (}/(E) formed by all sequences
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(2j)721 € €, (E) such that limy, oo [|(25)572,, lw,p = 0. If 0 < p < 1 we have
p-norms instead of norms, and the resulting spaces are complete metrizable
topological vector spaces.

DEFINITION 9.1. Let 1 < ¢ < p. An n-linear mapping A € L(Ey,...,
E,; F) is said to be (p; q)-summing at (ay,...,a,) € E1 X -+ X By if

(Alar +af o an +2f) = Alar,. o a))2 € G(F),
(k)

whenever (z;
pings in L(E1, ..., Ey; F) which are (p; ¢)-summing at every point of Fy X

-+ x B, will be denoted by E:}S’(p;q) (E1,...,En F).

)‘;‘;1 € ly(Ey), k = 1,...,n. The space of all n-linear map-

To endow this space with a norm we adapt [17, Section 7]. First we fix
some terminology. An n-linear mapping A € L(E1,..., E,; F) is said to be
(p; q)-summing if it is (p; ¢)-summing at (0,...,0). In this case we write
A € Log(pig) (B, -+, En; F). Tt is well known [2, Theorem 1.2(ii)] that A is
(p; q)-summing if and only if there is C' > 0 such that for every m € N and

M e By j=1,....mk=1,..n,

1 n m - k)\m
lAGS. 2Dl < € TGS
k=1
The least such C' is denoted by |[|Al|as(pg) and it defines an ideal norm on
Lospia)(Ers o Ens F).

LEMMA 9.2. If A € EZ‘S’(p,q)(El,...,En;F) and (ay,...,ap) € By X ---

x B, then there exists a constant Cy, . 4, > 0 so that

S llAGar + 2, an + ) — Ala, . an)|P < Cay.a
7j=1

k
whenever H(xﬁ ))]O-‘;le,q <lL,k=1,...,n.

Proof. We argue for n = 2. Let A € Eg‘s’(p,q)(El, Ey; F), (a,b) € By x Eo,

(;)521 € Beu(ry) and (y;)521 € Beu(p,)- It is clear that the linear operators
A(a,-) and A(-,b) and the bilinear mapping A are (p; ¢)-summing. So,

(S A+ b+ 3) - A r)?)”
j=1

< (S 1AGu?) " + (S 1A nlr) " + (3 1. mlr)
j=1 J=1 J=1

1
< ”A(a7 ')Has(p;q) + HA(a b)”as(p;q) + HA”as(p;q) = Ca,/bp' .
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Given A € Ee"( ) (B1, ..., En; F), the n-linear mapping ¢y, 4(A): 5 (E1)
X - X Ly(Ey) — £p(F) given by

Vg (A)(( §”>;->°;1,...,<x§">>;11>
= (A, o), (A + g ) - A )
is clearly well defined. Actually, much more is true:

PROPOSITION 9.3. Let A € L(Ey,...,E,; F). The following assertions
are equivalent:

(a) Ae Ly (Fy,...,EpF).

st
) Vpq(A) is well defined and continuous on £y (Ey) X -+ X Ly (Ey).

(b
(c) There is C > 0 such that

1 n 1/p
(114¢ a4 S A+, anta - Aar,...an)ll)

j=1 ’
1)\ oo n)\ oo
< Oll(ar, (282 ) g -+ 1@, (25)2 ) g
for every (a1,...,an) € E1 X --- X E, and (:E(k))j’;l € lg(Eg), k =

j
1,...,n.
(d) There is C > 0 such that for every (ai,...,an) € E1 X --- X Ey,
meNand:z:gk),.. ()EEk,k‘—l n,
" n 1/p
(HA(al,...,an)Hp—i—Z ||A(a1+:c§.1),...,an—|—a:§- ))—A(al,...,an)Hp)

j=1
1 n)\m
< Oll(ar, @) lwg -+ 1@y (23 ) g
(e) There is C > 0 such that

> 1/p
(1@, a) P43 AGar+a o antal™) — Alar, o an) 7)
j=1
< Cll(ar, @)D g+ @n, (25)320) g,
for every (a1,...,an) € By X -+ X Ey, and (x§k))§il €y (Ex), k=
1,...,n.

Proof. (a)=(b). Given k € N and (x ())] L € Ly(Er), m = 1,...,n,
define

F

ko ( §1))J (@ (n))J ) ={(by,...,bn) E By x--- X E, :

1pa(A) (b1, (25)320), . (b ()2 )l < K}

For each k € N and (x g-r))jol € Byu(g,),r =1,...,n, this set is closed in Ey x

- x FE,. Hence so is F}, := ﬂ b (o (oo (zM)ee where the intersection
J=Lmoty =1
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is taken over all (xy));?‘;l € ng(Er), r =1,...,n. Using Lemma 9.2 it is
not difficult to check that £y x --- x E, = {J,cy Fr- By the Baire category
theorem there is ko such that Fy, has non-empty interior. Let (b1,...,by)

be in the interior of F},, so there is 0 < e < 1 such that

pa(A)((er, (@)52)), .- (ens (25)220)) 1 < Ko

whenever ||¢, — by|| < ¢ and (xg-r));”;l € Bug,), 7 = 1,...,n. Thus, if
(x§r));?°1 € ly(E;), 7 = 1,...,n, are such that ||($§-r))§i1”w,q < &, then

I(by +287) = byl < & and (2$7)22, € Byup,y, 7 = 1,...,n. It follows that

1p,q(A)(b1,0,0,...) + ()32, (0, 0,0,..) + (@)l < ko

Therefore, 1, 4(A) is bounded in the ball of radius € and center at the
point ((b1,0,0,...),...,(bn,0,0,...)) € Lg(E1) X+ x £y (Ep). It follows that
Ypq(A) is continuous.

To prove (b)=>(c), observe that

Ipq(A)((ar, (2$)224), ..., (an, (@)32)))IP

= || A(ay,. .. an)|" + Z 1A(ar + 230, an +2l") = A, ... an)|)
j=1

and put C' = |1y 4(A)||. The implications (c)=(d)=-(e)=(a) are trivial. m
PROPOSITION 9.4. The map
Upat Logpg) (B, -y Ens F) — LIG(ER), ..., 0G(En); €p(F))
is linear injective and its range is closed in L({y(E1), ..., g (Ey); {p(F)).

Proof. 1,4 is well defined by Proposition 9.3. Its linearity and injec-
tivity are obvious. Let us prove that its range is closed. Let (Ay)p2, C

Lospg) (B1s s Eni F) with ¢y (Ag) — h. So, [[4pq(Ax)| — [[A]]. Given

aj € B, j=1,...,n, from
Ypq(Ar)((a1,0,0,...),...,(an,0,0,...)) = (Ag(a1,...,an),0,...,0),
if m; denotes the projection onto the jth coordinate, we get
liinAk(al, coyap) =m(h((a1,0,0,...,),...,(an,0,0,...,))).
So we can define A€ L(Ey,...,En; F) by A(ai, ..., ay):=limg Ax(a1,...,an).

Let (b1,...,bn) € By x -+ x E,, and (a;y))‘j?‘;l € ly(Ey), r=1,...,n. For
each m € N,



Holomorphy types and ideals of mappings 63
I+, b+ 2f™) = Al b))
1 .%'] 5. x‘] 1y-+-53Un ]:]-p
n 1/p
< <HA(b1, Lb)|P Z 1A+ 2, b+ 2l™) = A, 7bn)y|f’>

j=1

= Tim g (A&) (01, )70, (s @) 0))

< 1im [0 (A TT 1 brs @570l

r=1

suwllmmWHmﬁhﬁﬂmaslelwmu+mé”ﬁ;mwx
= r=1

showing that Ae L, q)(
that

i (h(@M)2 L @M)E))
= A(xgl) + $§~1), . ,xgn) + x(n)) - A(xgl), . ,:cgn))
for every j = 2,3,.... Since
7Hw«é)h1w~,@?5£0)=A@f%~wwVW

W20 @20 = g (A2 @),
So pq(A) = h, and therefore h belongs to the range of ¢, 4. =

Eq,...,E,; F). Moreover, it is not difficult to see

It is plain that Ee"(p_q) is an ideal of multilinear mappings. From Propo-
sitions 9.3 and 9.4 it follows that the correspondence

A€ Lipg) (B By F) = ([ Allev(pig) = 1tpa(A)

makes ﬁZZ@ ) (E1,..., E,; F) aBanach space. Straightforward computations
show that (E;"S’(p Q) | llev(p:q)) s @ Banach ideal of multilinear mappings mod-

ulo property 1.3(ii’). For every A € Eas(p ) (B1y -y En; F), || Allev(pyg) 18 the

least constant C' for which the inequalities in Proposition 9.3 always hold.

DEFINITION 9.5 (M. Matos [17]). Let 1 < ¢ < p. An n-homogeneous
polynomial P € P("E; F) is said to be absolutely (p; q)-summing (or (p;q)-
summing) at a € E if (P(a+ z;) — P(a))52, € {p(F) whenever (z;)72, €
¢y (E). The space of all n-homogeneous polynomials in P("E; F) which are
(p; q)-summing at every point of E will be denoted by P "B F).

i)

We let P € P, q)(”E F) = ||P|lev(p;q) be the norm on s (0 q)("E; F)
introduced in [17]. Adapting the proof of [21, Proposition 4] we find that
P e Pl ("E; F) if and only if P € L) ("E; F). Characterizations ana-

logous to those of Proposition 9.3 also hold for polynomials. In particular,
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P;;’(p; 0 = ng:(p;q) as ideals. M. Matos [17, Proposition 7.8] proved that

;;’(p;q) is a global holomorphy type with respect to the norm P + || P||cy(psq)

with constant o = 2e.

THEOREM 9.6. LIF as(pia)

is a global holomorphy type with respect to the norm P — HPHeV(p;q) with
o=2.

) has property (B) with constant C = 1. So,

Proof. The second assertion follows from the first by applying Theo-
rem 3.2 and observing that its proof does not depend on the property that

LS. lacks, namely, 1.3(i1'). Let A € LY (E1,..., Ep1; F) and a €

Epyq. From
Aa(ay + xﬁl), B zgn)) — Aa(ay,...,an)

= A(aq —i—xé”,...,an —|—:U§n),a+0) — A(ay, ..., an,a),

it is clear that Aa € Zz(p;q)(Elv ..., En; F). Given a; € Ej and (;ng))?il €

ly(Ey), k=1,...,n, by Proposition 9.3 we get

> n 1/p
(HAa(al,...,an)Hp—l—Z lAa(ar +2t,.. . an+ 2! ))—Aa(al,...,an)Hp)
=1

= (I, ... an, )"

= n 1/p
+ > A+, an 2 0+ 0) - Alar, - an0)]|7)
j=1

< N Aoy llalll(ar, @)D g 1 an, @) lwg-

Tt follows that | Aa/ley(pg) < | Allev(pallall- =
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