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On the Heyde theorem for discrete Abelian groups
by

G. M. FELDMAN (Kharkov)

Abstract. Let X be a countable discrete Abelian group, Aut(X) the set of au-
tomorphisms of X, and I(X) the set of idempotent distributions on X. Assume that
ar,az, B, B2 € Aut(X) satisfy fray ' & Beagy b € Aut(X). Let &1, &2 be independent ran-
dom variables with values in X and distributions j1, 2. We prove that the symmetry
of the conditional distribution of Ly = £1£1 + (B2€2 given L1 = a1&1 + a2és implies that
u1, p2 € I(X) if and only if the group X contains no elements of order two. This theorem
can be considered as an analogue for discrete Abelian groups of the well-known Heyde
theorem where the Gaussian distribution on the real line is characterized by the symmetry
of the conditional distribution of one linear form given another.

1. Introduction. The well-known Skitovich—Darmois theorem asserts
that a Gaussian distribution on the real line is characterized by the inde-
pendence of two linear forms of independent random variables. A similar
result of Heyde characterizes a Gaussian distribution by the symmetry of
the conditional distribution of one linear form given another.

THEOREM A (C. C. Heyde [6], see also [7, §13.4]). Let &y, ...,&n, n > 2,
be independent random variables, and let oy, 3; be nonzero constants such
that ﬁioz;l + @-a;l % 0 for all i # j. If the conditional distribution of
Lo =016+ 4 Bnén given Ly = a1&1 + -+ - - + anéy is symmetric, then all
random variables §; are Gaussian.

Let X be a locally compact Abelian separable metric group. Denote by
Y = X* the character group of X. Let (x,y) be the value of a character
y € Y on an element z € X. Denote by M!(X) the convolution semigroup of
probability distributions on X. For u € M'(X) denote by i its characteristic
function,
i) = | (z,y) du(z).
X
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A distribution g € M(X) is called Gaussian ([9, Ch. IV]) if its character-
istic function can be represented in the form

a(y) = (@,y)exp{—p(y)}, yev,
where x € X and ¢ is a continuous nonnegative function on Y satisfying
the equation

P(u+v) + @(u—v) =2[p(u) + ¢(v)], w,veY.
Let Aut(X) be the set of topological automorphisms of X, and let &1, ..., &,,
n > 2, be independent random variables with values in X and distribu-
tions p;. Consider the linear forms L1 = o1& + - + apéy, and Lo = $1&1 +
-+ Bn&n, where o, 8; € Aut(X) satisfy the condition ﬁiai_l + ﬁjaj_l €
Aut(X) for all i # j. Let us formulate the following general problem.

PROBLEM 1. Describe locally compact Abelian separable metric groups
X for which the symmetry of the conditional distribution of Ly = [(51&; +
<o+ Brén given Ly = o1& + - - - + &, implies that all distributions 1, are
either Gaussian or belong to a class of distributions that can be considered
as a natural analogue of the class of Gaussian distributions.

Problem 1 was solved in the class of finite Abelian groups ([3]) and in
the class of all locally compact Abelian separable metric groups under the
additional assumption that the characteristic functions of the distributions
pj do not vanish ([4]). The aim of the article is to give the solution of
Problem 1 in the class of countable discrete Abelian groups. We will also
study some similar problems.

We shall first fix some notation. If G is a subgroup of X, then denote
by AY,G) = {y € Y : (z,y) = 1 for all x € G} its annihilator. For
a € Aut(X) we define the conjugate automorphism a € Aut(Y) by the
formula (z,ay) = (ax,y) for all x € X, y € Y. Denote by I the identity
automorphism of a group. Let fs : X — X be the homomorphism fox = 2x
and put X(5) = Ker fa, X@ = Im f,. Denote by T the circle group (the
one-dimensional torus) and by Z the group of integers. If A and B are
subsets of Y, denote by A+ B={y €Y :y=u+v, u€ A, veE B} their
arithmetic sum. Let ¢ be an arbitrary function on Y and let h € Y. Denote
by Ay, the finite difference operator

App(y) =¥y +h) —(y), yeY.

A continuous function ¥ on Y is called a polynomial if for some nonnegative
integer m,
APt lp(y) =0 forally,h €Y.
If € is a random variable with values in X and with distribution u, then
fi(y) = E[(&,y)]. For p € M'(X) we define @ € M'(X) by i(E) = p(-E)
for all Borel sets E C X. Observe that fi(y) = 1(y). Denote by E, the
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degenerate distribution concentrated at a point x € X, and by o(u) the
support of u € M'(X). Let I(X) be the set of idempotent distributions
on X, i.e. the set of shifts of the Haar distributions m g of compact subgroups
K of X. Note that

_ 1, yeAlY, K),

M ly) = {0, y ¢ ALY, K).
Observe that the Gaussian distributions on a discrete Abelian group X are
degenerate, and the class I(X) can be regarded as a natural analogue of the
class of Gaussian distributions for discrete Abelian groups. We remark that
if H is a closed subgroup of Y and i(y) = 1 for y € H, then i is H-invariant,
ie. i(y+h)=p(y) forally e Y, h € H, and o(u) C A(X, H). We will use
the well-known facts concerning the structure of locally compact Abelian
groups and the duality theory (see [5]). We now formulate the main result
of the article.

THEOREM 1. Let X be a countable discrete Abelian group. Assume that
a1, a2, 01,02 € Aut(X) satisfy ﬁlafl + ﬁg&;l € Aut(X). Let &,& be
independent random variables with values in X and distributions pi, pa.
The symmetry of the conditional distribution of Lo = (1&1 + PB2&2 given
Ly = vy + aaéa implies that p1, pz € 1(X) if and only if X(9) = {0}, i.e.
the group X contains no elements of order two.

First we study the case when X is a discrete torsion-free Abelian group.

2. The Heyde theorem for discrete torsion-free Abelian groups.
We will prove the group analogue of the Heyde theorem for discrete torsion-
free Abelian groups and use this result to prove Theorem 1. We need some
lemmas.

LEMMA 1 ([4]). Let X be a locally compact Abelian separable metric
group. Let &1,...,&,, n > 2, be independent random wvariables with values
in X and distributions pj. Assume that o, 3; € Aut(X). The conditional
distribution of Lo = [1&1 + -+ + Bnén given L1 = a1&1 + - + apén is
symmetric if and only if

n n
(1) 11 2j(@u+ 8v) =[] As(@mu - Bv),  wwveY.
j=1 j=1

LEMMA 2 ([1], see also [2, Appendix 1]). Let Y be a compact Abelian
group and Y (y) be a polynomial on'Y . Then 1)(y) = const.

LEMMA 3 ([8, Ch. 6, §1]). Let F(t), t € R*, be a characteristic function,
and let ®(t), t € R¥, be the restriction to R* of an entire function &(z),
z € CF. Assume that

2) F(t)=d(t), teU,
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where U is a neighbourhood of zero in R¥. Then F(t) can be extended onto
C* as an entire function and (2) holds for all R¥.

We can now prove the main result of this section.

PROPOSITION 1. Let X be a countable discrete torsion-free Abelian
group. Assume that aj,(; € Aut(X) satisfy ﬁiai_l + ﬁjaj_l € Aut(X)
for all i # j. Let &1,...,&,, n > 2, be independent random variables with
values in X and distributions p;. If the conditional distribution of Lo =
Bi&1+ -+ Bnén given L1 = a1&1 + - - - + anéy, is symmetric, then all v are
degenerate distributions.

Proof. By Lemma 1, the symmetry of the conditional distribution of Lo
given L; implies that the characteristic functions fi; satisfy (1). We note
that Y = X* is a connected compact Abelian group. Passing to the random
variables 53- = ;& we can assume without loss of generality that L; =
&1+ +&n and Ly = §1&1+- - -+0,&p, where the automorphisms §; € Aut(X)
satisfy §; £6; € Aut(X) for all ¢ # j. Then equation (1) is transformed into

(3) [Lai(u+00) =] Aj(w=00), wvey,
j=1 j=1

where §; + gj € Aut(Y) for all i # j. It is clear that the characteristic
functions of the distributions v; = u; * 1, also satisfy (3). Set f;(y) = v;(y),

g5 = gj and rewrite equation (3) using the new notation:
n n
Hfj(u—i-ejv) = Hfj(u —¢gjv), u,vEY.
j=1 j=1

We will prove that f;(y) =1 for all y € Y and j. It is obvious that f;(y) =
71;(y)[* > 0. Choose a neighbourhood U of zero in Y such that f;(y) > 0
for all y € U and j. Set ¢;(y) = —Inf;(y), y € U. Take a symmetric
neighbourhood U; of zero in Y such that Uy +¢;(Uy) C U, j=1,...,n. The
functions 1); satisfy

ij(u+5jv)zzwj(u—ejv), u,v € Ur.
j=1 j=1

In order to solve this equation we apply the finite difference method. We
restrict ourselves to the case n = 2. Let V be a symmetric neighbourhood
of zero in Y such that

Y An(V)cU
j=1
for any A\; € {I,e1,e2}. Then
(4) Y1(u+ev) +Y2(u+ev) — Y1 (u —e1v) —o(u —eqv) =0, w,veV.
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Let k1 € V. Put hy = e2k; and hence hy — egk; = 0. Give u and v in (4)
the increments h; and k; respectively. Subtracting (4) from the resulting
equation we find

(5) Aluwl(u + 517}) + Aluw?(u + €2'U) - Almwl (’U, - 81?)) =0, wvelV,

where l11 = (52 + 61)]{31, 112 = 2«52]{31, 113 = (62 — El)kl. Let k‘Q e V. Put
he = e1ko and hence hg — e1ko = 0. Give u and v in (5) the increments ho
and ky respectively. Subtracting (5) from the resulting equation we arrive
at

(6) Al21Al11¢1(u + 51”) + AlQQAllsz(u + 52”) =0, u,v €V,

where lg) = 2e1ko, loo = (e1 +2)ke. Let k3 € V. Put hy = —e9ks and hence
hs + eaks = 0. Give u and v in (6) the increments h3 and ks respectively.
Subtracting (6) from the resulting equation we find

(7) Al31A121A111¢)1(U + 6111) = 0, u,v € V,
where l31 = (¢1 — €2)k3. Substituting v = 0 in (7) we infer that
(8) VAVIWAVIATI wl(u) =0, weV

Since Y is a connected Abelian group, we have Y?) =Y. Hence, fo: Y — Y
is an open homomorphism. The condition £; £e9 € Aut(Y'), the expressions
for 111,121,131 and equation (8) imply that there is a neighbourhood W of
zero in Y such that

(9) Adi(y) =0, hyyeW.

Since Y is a connected compact Abelian group, this implies that there exists
a compact subgroup H C W such that Y/H = T* ([5, §24.7]). Consider the
restriction of equation (9) to H. As by Lemma 2, all polynomials on a
compact Abelian group are constants and 1(0) = 0, we have ¥;(y) = 0,
y € H. Hence, fi(y) =1, y € H. It follows that fi(y +h) = fi(y), y € Y,
h € H. Let p; : Y — Y/H be the natural homomorphism, and py : Y/H —
T* be the above mentioned isomorphism. Consider the composition p =
pap1 : Y — TF. Since p is an open homomorphism, p(W) is a neighbourhood
of zero in T*. Denote elements of T* by t = (t1,...,t), where —7 < t;
< 7. The group operation in T* is coordinatewise addition modulo 27. The
function fi induces a positive definite function f; on T* by the formula
fit) = fi(y), t = py. By the Bochner theorem, there is a distribution
A1 € MY(ZF) such that Xl(t) = fi(t), t € TF. Moreover it follows from (9)
that in the neighbourhood p(W) of zero in T* we have the representation

(10) Aty =e 0 tepw),

where 1;1(75) = 1(y), t = py. It is clear that {/;1 (t) is an ordinary polynomial
of k variables. Since ZF C R¥, we can consider \; as a distribution on R*
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with support in Z*, i.e. we can assume that the function fl(t) is defined
on R¥ and is 27-periodic in each variable. Note that the right hand side of
(10) can be extended to C*¥ as an entire function. By Lemma 3, the same
holds for the left-hand side of (10), and (10) holds for any ¢ € R¥. Since the
polynomial 1;1(75) is 2m-periodic in each variable, we infer that 1;1 (t) =0,
t € R*. This implies that fi(t) = 1, t € R¥, and hence fi(y) =1,y € Y. We
proved that v is a degenerate distribution, so that the same is true for u;.
Reasoning similarly we prove that us is also a degenerate distribution. The
proof for arbitrary n uses the same scheme. Proposition 1 is proved.

It is well known that any locally compact Abelian group is topologically
isomorphic to a group of the form R™ x G, where m > 0 and G contains a
compact open subgroup. Proposition 1 implies the following statement.

COROLLARY 1. Assume that a locally compact Abelian separable metric
group X is of the form X = R™xG, where m > 0 and the group G contains a
compact open subgroup. Assume that oy, 5 € Aut(X). Let &y, ..., &n, n > 2,
be independent random variables with values in X and distributions p;. If
the conditional distribution of Ly = $1&1+- - -+ 0né&n given L1 = a§1+- -+
ap&, is symmetric, then for some shifts f; of the random wvariables §; the
conditional distribution of Ly = &)+ - -+0n&), given L] = an&i+- - -+an),
s symmetric and U(u;-) C R™ x Gg for all j, where u;- is the distribution of
5} and the subgroup Go consists of all compact elements of G.

Proof. Put Y = X* and denote by Cy the connected component of
zero in Y. By the structure theorem for connected locally compact Abelian
groups, Cy = M x L, where M ~ R™, and L is a connected compact Abelian
group. By Lemma 1, the symmetry of the conditional distribution of Lo given
Ly is equivalent to equation (1). It is easily seen that ¢(L) = L for any ¢ €
Aut(Y'). Hence, we can restrict equation (1) to the subgroup L. Since L is a
connected compact Abelian separable metric group, it is the character group
of a countable discrete torsion-free Abelian group. Proposition 1 implies that
the restrictions of the characteristic functions fi; to L are characters of the
subgroup L. Extending them to characters of Y we find that there are x; € X
such that

(11) ﬁ](y):(xjvy)v yeL?J:L’n

Substitute (11) into (1) and consider the resulting equation on L. We infer
that

23 Bjz; € A(X,L) =R™ x G,
j=1

It follows from L(?) = L that
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n
o = Zﬁjl’j € R™ x Gy.

j=1

It is obvious that §(R™ x Gg) = R™ x Gy for any § € Aut(X). So By 'zg €
R™ x Gy. Put 2} :3:1—61_1960, x; =2xj,7=2,...,n. Then

(12) mi(y) = («,y), yel, j=1,...,n

Moreover,
(13) > Bl =0.
j=1

Put u; = E_x; * 1. Equality (13) implies that the characteristic functions
i (y) = (=2, y);(y) satisfy (1). By Lemma 1, if £} are independent ran-
dom variables with values in X and distributions u;, then the conditional
distribution of L, = (& + -+ + (&), given L] = a1&] + - + &), is
symmetric. It follows from (12) that
ﬁ;(y)zl, yel j=1,...,n.

Hence, o(uj) C A(X, L) = R™ x Gy. Corollary 1 is proved.

REMARK 1. Corollary 1 implies the following statement (with the same
notation). If the conditional distribution of Ly = $1&1 + -+ + 5p&, given
L1 = o1&+ - -+ o€, is symmetric, then studying the possible distributions

5 one can suppose without loss of generality that G = G, i.e. the group G
itself consists of compact elements.

3. Proof of Theorem 1. To prove Theorem 1 we need some lemmas.

LEMMA 4 ([3]). Let X be a finite Abelian group with X 3y = {0}. Assume
that a1, ag, 1, B2 € Aut(X) satisfy 51041_1 + /82042_1 € Aut(X). Let &1,& be
independent random variables with values in X and distributions i, po.
Then the symmetry of the conditional distribution of Lo = B1£1+ P2&a given
Ly = a1&1 + aoy implies that py, pg € 1(X).

LEMMA 5. Let X be a locally compact Abelian group, K a compact sub-
group of X, L = A(Y,K), and o € Aut(X). Then the following statements
are equivalent:

(i) a(K) D K;

(ii) if oy € L, then y € L.

COROLLARY 2. Under the conditions of Lemma 5 the following state-
ments are equivalent:

(i) a(K) = K;

(ii) a(L) = L.



74 G. M. Feldman

The proofs of Lemma 5 and Corollary 2 are standard and we omit them.

LEMMA 6. Let X be a countable discrete torsion Abelian group such that
X(2) = {0}. Assume that o, B; € Aut(X) satisfy Bia;t + 6jaj_1 € Aut(X)
for all i # j. Let &1,...,&x, n > 2, be independent random variables with
values in X and distributions p; such that ji;(y) > 0. If the conditional
distribution of Lo = (&1 + -+ 4+ Bnén given L1 = o1&y + -+ + apé, is
symmetric, then o(pu;) C F for all j, where F' is a finite subgroup of X.

Proof. Set Y = X* and note that Y is a totally disconnected com-
pact Abelian group. The compactness of Y implies that Y(2) = V(). Since
X(5) = {0}, we have Y(?) = Y® =Y, and hence f> : Y — Y is an open
homomorphism. Put f;(y) = [i;(y). We restrict ourselves to the case n = 2.
Reasoning as in the proof of Proposition 1 we come to equation (9) for the
function ¥1(y) = —In f1(y) in a neighbourhood W of zero in Y. Since Y is a
totally disconnected compact group, there is an open subgroup H of Y such
that H C W ([5, §24.6]). Since H is an open subgroup, it is also closed and
hence compact. By Lemma 2, 11(y) = 0 on H. This implies that fi(y) =1
for y € H. Thus, o(u1) C A(X,H) = Fi. Since H is an open subgroup
its annihilator F} is compact, and as X is discrete, F} is finite. For uo we
reason similarly. Denote by F' the subgroup of X generated by F} and Fbs.
Lemma 6 is proved.

LEMMA 7. Let X be a locally compact Abelian separable metric group,
and let &1, &2 be independent random variables with values in X and distri-
butions 11 = mg,, o = Mg,, where K1, Ko are finite subgroups of X. If
f2,0,1 £6 € Aut(X), then the symmetry of the conditional distribution of
Lo = &1 + 6& given Ly = & + & implies that Ky = Ky = K and 0(K) = K.

Proof. Set Y = X*, f(y) = mk,(y), 9(y) = mr,(y), € = S,a=1—c¢,
b=1+¢,c=ab ! Then c =7, where v = (I +6)"1(I — §). By Lemma 1,
the symmetry of the conditional distribution of Lo given L; implies that the
characteristic functions f(y) and g(y) satisfy equation (1), which takes the
form
(14) flu+v)glu+ev) = f(u—v)glu—ev), wu,veY.
Substituting v = —u in (14) we obtain

glau) = f(2u)g(bu), wueY.
This implies that

(15) g(ey) = f(2b"'y)gly), yeY.

Put H; = A(Y,K;), j = 1,2. It follows from (15) that if cy € Hy, then
y € Hy. By Lemma 5, this implies that y(K2) D Kj. Since K3 is finite,

(16) V(K2) = Ka.
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We observe that I +~ = 2(I +6)~', I —~ = 25(I + §)~!. Inasmuch as
fo € Aut(X), we have I £ € Aut(X) and § = (I —v)(I + )~ L. It follows
from (16) that §(K32) = Ko, and by Corollary 2, £(H2) = Ha. Consider the
restriction of equation (14) to the subgroup Hs. We have

flu+v)=f(u—v), wu,v€ Ho.
Hence,

(17) fQ2y)=1, ye€ Ho.

Since fo € Aut(X) and K> is a finite group, we conclude that (K5)®? = K,
and by Corollary 2, (H3)® = Hy. It follows from (17) that f(y) = 1 for
y € Hj, and hence Hy C H;. Reasoning similarly we deduce that (14)
implies ¢(H;) = H; and

9(2ey) =1, ye€ H,

so that Hy C Hy. Thus, H; = Hy = H, K1 = Ky = K. Since e(H) = H, by
Corollary 2, §(K) = K. Lemma 7 is proved.

Now we can prove Theorem 1.

Proof of Theorem 1. Set Y = X*. The necessity of the condition Xy
= {0} follows from the fact that if &; are arbitrary independent random
variables with values in X(9) and aj,3; € Aut(X), then the conditional
distribution of Lo = (1& + -+ 4+ Bnén given L1 = a1y + -+ + anéy is
symmetric (see in more detail [3, Remark 1]). Let us prove the sufficiency.

Considering the new independent random variables £ = a1&1, & = aaéo,
we can assume from the beginning that L1 = & + &, Lo = 01&1 + 285, where
01,02,01 £ 92 € Aut(X). By Lemma 1, the symmetry of the conditional
distribution of Ly given L1 implies that the characteristic functions fi; satisfy
equation (3) which takes the form

(18)  fn(u+ 61v)fia(u + 8av) = fir (u — &10)fia(u — dpv),  w,v €Y.

Put v; = p; * 71, j = 1,2. Then 7;(y) = |i;(y)[* = 0. Set f(y) = 71(y),
g(y) = a(y), d = 0 102, € = &. In this notation equation (18) is transformed
into (14). We will prove Theorem 1 if we verify that the functions f(y) and
g(y) take on the values 0 and 1 only.

By Remark 1, we can suppose from the beginning that X is a torsion
group. Put L={y €Y : f(y) =1}, H={y €Y :g(y) =1}, K = A(X, L),
G = A(X,H).By Lemma 6, 0(vj) C F, j = 1,2, where F'is a finite subgroup
of X. It is obvious that K and G must also be finite subgroups because
K,G C F. It follows from (14) that

(19) fflut+v)g"(u+ev) = f"(u—v)g"(u—cv), wuvey,
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for any natural n. It is clear that the limits

Jim f"(y) = mx(y),  lim g"(y) = ma(y)

~

exist. Letting n — oo in (19) we see that the functions f(y) = mx(y) and
g(y) = mq(y) also satisfy (14). Since X is a torsion group and Xy = {0},
we have fo € Aut(X) and so we can apply Lemma 7. We obtain K = G,
L =H and §(K) = K. By Corollary 2,

(20) e(L) = L.

This implies that the homomorphism induced by € on Y/L is an automor-
phism. Moreover, it follows from L = H that f(y) = g(y) = 1 for y € L.
Hence, f and g are L-invariant. Therefore (14) induces an equation on Y/ L.
Since Y/L ~ K* and K is a finite subgroup with K(9) = {0}, we can apply
Lemma 4 to complete the proof of Theorem 1.

We add to Theorem 1 the following statement.

PROPOSITION 2. Let X be a locally compact Abelian separable metric
group, and let &1, &9 be independent random variables with values in X and
distributions g1 = pa = mg, where K is a compact subgroup of X. Assume

that 6, [+6 € Aut(X). Set v = (I+68) "1 (I—05). Then the following statements
are equivalent:

(i) the conditional distribution of Lo = & + 06 given Ly = & + & is
symmetric;

(ii) v(K) D K.

Proof. Set e = g, a=1I-¢e,b=1I+¢c,c=ab ! Then c = 7. Assume that
(i) holds. Put L = A(Y,K), f(y) = mg(y). By Lemma 1, f satisfies (1),
which takes the form
(21) flu+v)flut+ev)=flu—v)flu—ev), wuveY.
Substituting v = —u we find

flau) = fQ2u)f(bu), weY.

Hence,
(22) fley) = f(2b'y)f(y), yeY.
Since . I
_ ) y 6 M
fly) = {07 yi L

equation (22) implies that if cy € L, then y € L. Now Lemma 5 yields (ii).

Conversely, assume that (ii) holds. We will verify that f satisfies (21),
which, by Lemma 1, proves (i). Note that by Lemma 5, (ii) is equivalent to
the statement: if cy € L, then y € L. Suppose that for some u,v € Y the
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left-hand side of (21) is equal to 1. Then

(23) u+v,u+ev e L.

This implies that av € L. Inasmuch as av = cbv, we have cbv € L, and hence
(24) bv=(I+¢e)vel.

It follows from (23) and (24) that v —v,u —ev € L, i.e. the right-hand side
of (21) is 1. We verify similarly that if the right-hand side of (21) is 1, then
the same is true for the left-hand side. Proposition 2 is proved.

REMARK 2. It follows from the proof of Theorem 1 that if X is a
countable discrete Abelian group such that X = {0}, ¥ = X* and
e, I £ ¢ € Aut(Y), then all solutions of (14) in the class of characteristic
functions are of the form

fy) = (@ny)me(y),  9(y) = (w2, 9)mK (),
where 1,22 € X and K is a finite subgroup of X with §(K) = K, § =¢.

REMARK 3. Let X be a countable discrete Abelian group. Assume that
aj, B; € Aut(X) satisfy ﬂiai_lj:ﬂjaj_l € Aut(X) for alli # j. Let &1, ..., &,
n > 2, be independent random variables with values in X and distributions
p; with non-vanishing characteristic functions. If the conditional distribu-
tion of Ly = B1&1 + -+ 4+ Bnéy given L1 = a1&y + - - - + ap&, is symmetric,
then o(u;) C X(g) for all j, for some shifts u; of the distributions ;.

We shall restrict ourselves to the proof for the case n = 2. Clearly we
can assume that L; = & + &, Lo = & + 082, where 0,1 6 € Aut(X).
Put v; = pj *m;, j = 1,2. It is easily seen that our statement will be
proved if we verify that o(v;) C X (). We note that U;(y) > 0 for all Y. Put
f(y) = v1(y), g(y) = va(y). Reasoning as in the proof of Proposition 1 we
arrive at equation (8) for the function ¢ (y) = —Invy(y) for all u,v € Y. It
follows that 1, satisfies (9) on the subgroup Y(?). Since Y is compact, by
Lemma 2, 91 (y) = 0 for y € Y. This implies that o(v1) C A(X,Y?)) =
X(2)- Reasoning similarly we prove that o(v2) C X().

4. Heyde theorem for X = Rx (G, where G is a countable discrete
Abelian group with Gy = {0}. We will use Theorem 1 to prove the
following statement.

THEOREM 2. Let X = R x G, where G is a countable discrete Abelian
group such that G(g) = {0}. Assume that ay,az, 1,82 € Aut(X) satisfy
ﬁlal_l + 52042_1 € Aut(X). Let &,&2 be independent random variables with
values in X and distributions p1, po. If the conditional distribution of Lo =
B1&1 + 22 given Ly = a1 + anéa is symmetric, then p; = \j * mj, where
Aj are Gaussian distributions on R, and m; € I(X), j =1,2.
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To prove Theorem 2 we need the following

LEMMA 8 ([3]). The conclusion of Theorem 2 is true when G is a finite
Abelian group.

Proof of Theorem 2. We have Y = X* =~ R x H, where H = G*. To
simplify notation we assume that Y = R x H. Reasoning as in the proof of
Theorem 1 we reduce the proof to the case when L1 = & + &, Lo = & + &
and 0,1 £6 € Aut(X). We need to solve equation (14), where f(y) = u1(y),

9(y) = p2(y), e = 5. By Remark 1 we can assume that G is a torsion group.
This implies that H is a totally disconnected compact Abelian group. Denote
elements of Y by (s, h), s € R, h € H. It is obvious that if d € Aut(Y’), then
d(R) = R and d(H) = H. We will retain notation d for the restrictions of
d to R and to H. For this reason we write d(s, h) = (ds,dh), (s,h) € Y. In
this notation equation (14) takes the form
(25)  f(s+s,h+nh)g(s+es' h+eh)

= f(s—s',h—h)g(s—es',h—eh’), (s,h),(s',h') €Y.
Substituting s = s = 0 in (25) we come to the equation
(26)  f(0,h+h)g(0,h+eh’) = f(0,h—h)g(0,h —eh’), h,h' € H.
It follows from Remark 2 that all solutions of (26) are of the form
(27) f(0,h) = (g1, h)mg(h),  g(0,h) = (g2, h)mk(h), heH,
where K is a finite subgroup of G,¢1,92 € G and §(K) = K. Put B =

A(H, K). Substitute (27) into (26) and consider the resulting equation on B.
We obtain

(28) 2(g1 +dg2) € K.
Since K is a finite group and G(3) = {0}, this implies that
(29) g1+ 6g2 € K.

Put p} = Esg,xp, py = E_g,*pa. It follows from (29) that the characteristic
functions ) (s, h) and (s, h) satisfy (25). Note that

1, heB
05 (0,h) = h(0,h) =< ’
M1(7) /1’2(7) {O, hgéB.

It follows that the characteristic functions p)(s,h) and pi5(s,h) are B-
invariant. Hence, o(p;) C A(X,B) = R x K. Since §(R x K) = R x K,
we can apply Lemma 8 and complete the proof of Theorem 2.

REMARK 4. The assertion of Theorem 2 is also valid for the group X =
R™ x G, where m > 1, and G is a countable discrete Abelian group such that
G (2) = {0}. To prove this we reason as in the proof of Theorem 2 and reduce
the proof to the case when G is a finite group. The proof in [3] for the case
of GG finite is based on Theorem A. This proof remains valid when m > 1,
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but instead of Theorem A we need the following statement: Let X = R™,
where m > 1. Assume that «;, 3; € Aut(X) satisfy ﬁiaifl:tﬁjajfl € Aut(X)
for all ¢ # j. Let &1,...,&,, n > 2, be independent random variables with
values in X and distributions p;. If the conditional distribution of Ly =
B1&1 + - + Bnén given Ly = an&y + -+ - + oy is symmetric, then all p;
are Gaussian. To prove this, we reason as in the proof of Proposition 1. We
retain the same notation and restrict ourselves to the case n = 2. We arrive
at equation (9) in a neighbourhood W of zero in Y = R™. Hence, 91 (s) is
an ordinary polynomial in W. By Lemma 3, the representation

fi(s) = e—wl(S)7 sew,

can be extended from W to R™. Standard arguments involving the Marcin-
kiewicz theorem ([8, Ch. 1, §5]) and the Cramer theorem on decomposition
of a Gaussian distribution in R™ show that p; is Gaussian. For ps we reason
similarly.
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