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Suitable domains to define fractional integrals of Weyl
via fractional powers of operators

by

CELSO MARTINEZ (Valéncia), ANTONIA REDONDO (Albacete)
and MIGUEL SANZ (Valéncia)

Abstract. We present a new method to study the classical fractional integrals of
Weyl. This new approach basically consists in considering these operators in the largest
space where they make sense. In particular, we construct a theory of fractional integrals of
Weyl by studying these operators in an appropriate Fréchet space. This is a function space
which contains the LP(R)-spaces, and it appears in a natural way if we wish to identify
these fractional operators with fractional powers of a suitable non-negative operator. This
identification allows us to give a unified view of the theory and provides some elegant
proofs of some well-known results on the fractional integrals of Weyl.

1. Introduction and results in L{ (R). Many of the fractional opera-
tors that appear in Fractional Calculus can be described as fractional powers
of some non-negative operator considered on a suitable function space. Fre-
quently this space is not a Banach space. However, if it is a sequentially
complete locally convex space, the theory of fractional powers can provide
global results applicable to the part of the operator in certain classical spaces
such as the Lebesgue spaces LP. This approach to Fractional Calculus has
already been considered by the authors (see [I1]-[13]).

The theory of fractional powers in Banach spaces is well-known and it
was developed mainly by A. V. Balakrishnan [I] and H. Komatsu [5] for non-
negative operators (see also [9] and [3]). An extensive bibliography of this
theory can be found in [9] and [I6]. The concept of a non-negative operator
in a Fréchet space and the corresponding theory of fractional powers were
developed in [10] and [§] (see also [9]). Previously, W. Lamb [6] constructed
another more restrictive extension.

Fractional integrals and derivatives of Weyl have been widely studied
(see [4] and [14] and the books [2] and [15]), but usually they have not been
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considered as operators defined in suitable function spaces, and so their
properties have only been proved for certain kinds of functions.

In this paper we develop a method to study the classical Weyl fractional
integrals. The basic idea is to consider these operators in the largest space
where they make sense and where these operators can be described as frac-
tional powers of a certain non-negative operator.

From now on, given a function g € L%OC(R) which is not necessarily inte-
grable, the expression SZO g(t) dt will be understood as an improper integral.
C, will stand for the set of complex numbers with strictly positive real
part. Given a linear operator A, D(A) and R(A) will denote, respectively,
the domain and the range of A.

Given a complex number o € C; and f € L
a > zq such that the integral

o0
V(¢ — o)1 f(t) dt

a

1
loc

(R), if there exist points

is convergent, then we deduce without difficulty (see [I1, Lemmas 3.1, 3.2
and 3.3]) that for almost every = € R, the integral

o

(1) J (=)t r () dt
also converges, and the function
1 o
Kof(z) = —— \(t—2)* ' f(t)dt, ae z€ER,

I(a)

belongs to the space Li. (R). The function K¢ f is called the classical frac-
tional integral of Weyl of order « of the function f. So, if we do not make
any restrictions, the natural space where we can consider the linear operator
K& : f— K&f is Li (R), and its natural domain is

loc

T

oo
D(K®) = {f € Lo (R) : | (t —2)* ' f(t) dt exists for ae. z € R}.
€T
This was already indicated in [I1, Remark 3.5], where we also noted that,
from the merely algebraic point of view, the operator K} (which we will
call K) cannot be a non-negative operator in L{. (R), since 1 + K is not
surjective. We cannot work with the closure operator either, since K is not
closable, and thus fractional powers of K do not make sense in LIIOC(R), and
obviously, we cannot establish relationships between them and fractional
integrals of Weyl either.
In this paper we overcome these difficulties by constructing a suitable
function space which entirely contains the domain and the range of K. This
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space will be a Fréchet space and K will be a non-negative operator in this
space. The aforementioned space contains all the Lebesgue spaces, and in
algebraic sense, it is maximal with respect to the property of non-negativity
of K.

In [I1, Lemma 3.2 and Theorem 3.6] we proved the following results:

LEMMA 1.1. Let o € C4 and a,z,z9 € R with x,z9 € |—00,al. If f €
D(KY), then

§t - o syt

Rea—1 o0
§<A—|—B<a x> >sup S(s—wo)o‘_lf(s)ds
a — X tza 'y
when Rea # 1, and

§t - o)t

< (1+cttos( 22 ) sup ()Sj(s—wo)“_lf(S) ds

when Rea = 1, where A, B, C' are positive constants which only depend on
the complex number a.

LEMMA 1.2. Given a, 8 € Cy such that Rea > Re 3, we have D(K) C
D(Kg), and for a,z € R with x € |—00,a] the following estimate holds:

o
’ | (t — )" f(t) dt| < B(a — a)RP~) sup

V(s —2)* " f(s)ds

where E is a constant which only depends on o and (3.

By means of these two results we proved (see [11, Theorem 3.7]) that for

a, B € C, with Re 3 < 1, the operator KgK{f} is an extension of Kngﬁ. In
what follows, with a more careful use of these same results, we will prove
that the restriction on the size of the real part of § can be removed.

THEOREM 1.3. If a, 8 € C,, then the operator KgKg 1§ an ertension
of K&

Proof. Given f € D(Kff,”Lﬁ), let z in R be a point where the function
KgJ”Bf is defined, and let a > z. At the beginning of the proof of [I1
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Theorem 3.7] we proved that
0 r'(B)

a

i(t — ) TN K f)(t) dt = Ta+d) QSC (t — )P f(t) dt
1 a - oo o
+F(a)§c(t—w)ﬁ 1(§(s—t) Lf(s) ds) dt

for any a, € C4. So, in order to prove our statement, it is sufficient to
show that the last iterated integral converges to zero as a — oo. For a fixed
xo < a, we denote

(2) M(a) := igg

S (s — xo)“+ﬁ_1f(s) ds‘

and we write 0 = Rea and 7 = Re 3. By applying successively Lemmas [1.1
and [I.2] we find that there exist positive constants P, @, Pi, Q1 such that

@S — ) () ds| < <P+@( 0! )U_l)m—wo)—TM(a)

a — T
if o0 #1, and
[§(s -0 £5)ds| < (Pl ‘o log(“a‘_?)) (a — 20)"" M(a)

a
if o = 1. Since lim, . M (a) = 0, it is sufficient to prove that the expressions
a
Mi(a) == (a— )" | (t — )" " dt,

T

My(a) == (a —z0) "o (t —2) a—t)" " dt,

xT

Ms(a) = (a—ao) 7| (t — )7 1og<“a__”‘;’> dt

T

are bounded in a. But this is evident, since it is easy to see that
1/a—x\"
T\a— X
o4+7—11
a—x

S v H1 =) dw,

a — X 0
a—z\" a—x :

Ms(a) = < ) [log( 0) — SvTﬁllog(l —v)dv|,
a— xo a—x 5

which completes the proof. m
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REMARK 1.4. In general, the operator KgJFﬁ is not an extension of the
composition KgKg Set f(z) :=e 2™ If 0 < Rea < 1 we have

_ 1 T -1 _ 1 —271'723300 —27i —1
&) (KNG = grgy Je= o) JOdi = e §erbmn s,
In view of the identities
1 o0
a—1 __ —vSs, —Q
s _7F(1—a)se v~ %dv,
0

- 104)F(04) OS:<U +12m.>v—a dv = (2mi) ™,

the last integral in is equal to

IS
LS vSs Otd d
r(1—a)§e <§€ v ”) y
1 T 1
= *Old =T 2 -\ —Q
F(l—a)§v+27riv v (0)(2me)™,
hence

(K f)(x) = (2m) = f ().
Thus f belongs to the domain of D(K}U/ Ky 2). However, it is evident that
f ¢ D(K).

The following partial result of additivity will be useful later on.

THEOREM 1.5. Given a, 3,y € C4 such that Re(a+ ) = Ren, if f €
D(KY) and K f € D(KL), then

feDKMP) and KOTPf=KBKAf.

Proof. By applying similar arguments to those in the proof of Theo-
rem we first note that it is sufficient to show that, given a point x € R
such that (KgKf‘Uf)(x) is defined, we have

[ee)

lim g (t — )% (g (s — 1)L f(s) ds) dt = 0.

From this, we reason in the same way as in Theorem but taking

M(a) := sup
t>a

[ (s = w0)" " f(s) ds|

instead of . "
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In order to establish the next two results, given A > 0, we introduce the

set
o0

D(H)) == {f € LL.(R S e () dt is convergent}
D(

and we consider the operator Hy : D(H,) — Li (R) defined by

(Hrf)(z) == e S e Mf(t)dt forall f e D(Hy) and z € R.

T

PROPOSITION 1.6. If o € Cy, then D(K$) C D(H)), and

(4) lim 2 Y(Hyf)(xz) =0 for all f € D(K2).
In addition, if Rea > 1, then
(5) lim 22 Y (K f)(z) =0 for all f € D(K2).

Proof. Let f € D(KS) and z € R. When ¢ < z < a, we have

a

Lgle—M fltydt = (z — o)~ \(t — ) F(t) dt

x x

+ S (A=) = At =) (S(s — ) f(s) ds) dt

eM(t — c)@

which easily implies that f € D(H)). Moreover

o0

2 Nz — )l S (t —c)* L f(t) dt’

x

|2~ (HAf)(2)] <

+ Sala)[a" e OSO e M1 —a)(t =)™ = At —¢)'~) dt
where xoo
Se(a) i=sup | | (s —)* " f(s) ds

t>x ¢

By taking into account that
lim 2% Yz —¢)'™ =1 and lim S;(a) =0
r— 00 rT— 00

and using L’Hopital’s rule, we obtain

27 [ e (- a)(t—c) ™ = At —c)' ) dt| < 1
and therefore lim, oo 2 1 (H,f)(z) = 0.

If Rea > 1, from Lemma 1.2l we deduce that f € D(K) and in the same
way the relation is proved. m

lim sup
rT—00
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In the case 0 < Rea < 1 we have D(K) C D(KS). However, as we will
see in the next proposition, we cannot guarantee a similar inclusion when
Rea > 1. As usual, we will denote

D(K®):= (| D(K"), R(K*):= (] R(K").
neN neN

PRrOPOSITION 1.7. For all « € C with Rea > 1,
D(K*)NR(K*™) ¢ D(K).
Proof. First, let us see that the function

e iy =B x> 1,
0, x <1,

fo(x) := {

belongs to D(K") for all § € C; and for all positive integers r. This is
obvious for r = 1, since by integration by parts, it is easy to prove that
fs € D(K). If we reiterate this process p times, we obtain an expression

(6) Kfs=cofs+eifpri+ -+ cp1fprp1+ oK pip,

valid for = > 1, where ¢, ..., c, are complex constants.

Now, we are going to prove that fg € D(K"). In fact, if we assume the
result up to exponent » — 1, we can apply this induction hypothesis to the
functions f3, ..., fs4+p—1 and we only need to prove that K fz;, € D(K"1),
which is obvious when p > r, since

K faip(@)] < ya AP for g > 1,

where 7 is a positive constant. Consequently, fz € D(K).

Letting p = 1, directly from @ it follows that fg € R(K), and by
induction we can easily prove that fg € R(K") for all positive integers 7.
In particular, given o € Cy with Rea > 1, the function f,_1 belongs to
D(K*) N R(K*). However, it does not belong to D(K{). In fact, from (),
taking 8 = a—1 and p = 2, by means of L’Hopital’s rule we easily find that

P E fa 1)) = — 5T+ O,
and thus f,_1 does not satisfy (5)). m
THEOREM 1.8. Ifa € Cy and f € D(KY), then
Ky f € D(H)) < H\f € D(Ky),
and in that case H\KGf = KSHy f.

Proof. From Proposition if f € D(K2) then f € D(H,). Given
x > 0 such that the function K3 f is defined at x, for all a > z, applying
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the Tonelli theorem, we obtain the identities

a a a S

(7) S (t — )2 teM (S e f(s) ds) dt = S e f(s) (S (t — )2 teM dt) ds
and m t ' '
Lgle—kf (§ (s — )21 f(s) ds) dt = § £(s) (§ (s — t)@"Le M dt) ds.
Moreofer t x t
o § (t — 2)* LM dt = Ha—) ST FO1 AT g § (s — 1)* e M gr.
x 0 x

So, the left member of is equal to

e (ie*)‘t <§ (s —t)* 1 f(s) ds) dt.

T t

Now, it only remains to prove that the expressions

CSL (t—ax)* e dtosoe_’\Sf(S) ds and
3) e
e/\ac S e—At(S (S o t)a—lf(s) dS) dt

converge to zero as a goes to infinity.
In order to prove the convergence of the first expression, it is sufficient
to write it in this way:
a=T ca—1 ¢ g 00
e
SO § 3 L q@ e S e—)\s]e(s) ds

a

a®—leMa—2)

and to apply L'Hopital’s rule on the left and Proposition [I.6] on the right.
On the other hand, given ¢ such that ¢ < xz, we have

00 1—q 00
-0t = (225)  fs-ar e ds

a a

~(1-a) OSO(S - C>a et (Jte -0 i) de) s,

s—t
S

which implies the estimate

=5ty < k60,0 o) + 0 (455 )
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where
¥ 1-al
k(a,) i=sup | [ (€= )"~ f(§)dg| and p(a) = .
s>a M (Sye%
Then, using L’Hopital’s rule, we find
T a=T _og—1_AT
: _ N\l—0o =Xt/ p\o—1 1 S T e’ Tdr -z
alggo(a c) S e Ma—t) Hdt = aango la— o7 Toa

a
with ¢ = Rea. Since f € D(K$), we have lim, . k(a,c) = 0. Conse-
quently, the second expression in also converges to zero as a goes to
infinity. =

2. Relation between the Weyl operators and the fractional pow-
ers of K. In this section, we are going to construct a Fréchet space con-
tained in L{ .(R) and containing the domain and the range of K and where
this operator will be non-negative. This space will not be a topological sub-
space of L{ (R). These conditions uniquely characterize the aforementioned
space. We will study the relationships between the fractional powers of K

and Weyl’s operators.

PROPOSITION 2.1. Let A > 0. In the space Li. (R) the operator 1 + \K
is injective and its range is
X = {f € D(Hy) : lim (H,f)(x) = 0}

o0 o0

= {f € Ll (R): S e M f(t)dt exists and lim S AT f () dt = 0},

which is independent of X > 0. Furthermore,
D(K)UR(K) ¢ X.
Proof. Given f € X, the function

9) h(z) == S e MF(t)dt

is absolutely continuous and it is very easy to prove that
g=—-h" € D(K) and (1+AK)g=f.
Conversely, given f € R(1+AK) and g € D(K) satisfying (1+AK)g = f,
the absolutely continuous function i = K¢ satisfies the differential equation
—h'(z) + Ah(z) = f(z) (ae. 2 €R)

and in addition lim, .o h(z) = 0. An elementary calculation yields the
unique solution of this Cauchy problem, and it establishes that h can be
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expressed by means of @D, hence f € X. The uniqueness of h implies that
of g, so the operator 1 + AK is injective.

Let us see that the range of the operator 14+ AK is independent of A > 0.
In fact, given A\, u > 0 and f € R(1 + AK), if we consider ¢,d such that
c < d, by integration by parts we get

d d
Vet f(t)dt = O e f(2) dt

d d
+ (A —p) S etA=n) (S e M f(s) ds) dt,

which leads to

d d
‘S e M F () dt} < emhelere S e MF(t) dt)

c

N — —pc _ ,—pd d
+ ‘ :u“(e € ) sup e)xtge—)\:;f(s) ds‘
2 t€le,d] +

This estimate implies the convergence of the integral | e~ f(t) dt for all
x € R. Likewise, we deduce that

(10) e § e (e dt] < (1A ) sup | § e () ds)
ZC t

c

which implies that the first member converges to zero as ¢ goes to infinity.

Therefore, we can conclude that f € R(1+ pK), and so R(1 4+ AK) is
contained in R(1+ pK). This proves that R(1+ AK) is in fact independent
of A > 0.

In order to show that D(K) C X, we reason in a similar way. Note that
the inclusion R(K) C X is a direct consequence of the fact that all the
functions in R(K) have zero limit as x — oc.

On the other hand, the function f: R — R defined by

1, z€nn+nt[n=12...,
f(x) :_{ -1
0, zeR\,eylm.n+n""[,

does not belong to D(K) since

o0

S f(t)dt = Z 1/m = oo;

n m>n

also f € R(K), since f(z) does not converge to zero as = goes to co. Never-
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theless, f € X since for = € [n,n + 1] we have

e”COSoe f()dt<e“"3""oso_ dt<—Ze
T n m>0

and the right side tends to zero as n — oco. Thus, D(K)U R(K) & X.

REMARK 2.2. It is evident that X & Li (R), since the function f(z) :=
e” does not belong to X.

PrOPOSITION 2.3. Ifa € C and n € N, then the following relations hold:
( )ﬂR(Ka))\X#@-

( ) n0<Re a<l

(D
(H> URea 1 (

(iii) Ugeasn DK ) C D(K”) C D(K") C X.

(iv) Ureasn R(K3) C R(K) C R(K™) C X.

Proof. In Remark we have considered f(z) := e 2™ which ob-
viously does not belong to X. In addition, K$f = (2mi)~*f whenever
0 < Rea < 1. Consequently, f € D(K3)N R(K), which proves (i).

If Reaw =1 and f € D(K%), then taking into account , from Propo-
sition [T.6] we get

lim (Hyf)(z) =0,

r—00
which means that f € X and proves (ii). Finally, the inclusions in (iii) and
(iv) are straightforward consequences of Theorem n

REMARK 2.4. For a € C4, A > 0 and f € D([K3]x) (the part of K¢
in X, see Remark 2.10), we have K3 f € X C D(H)). Theorem implies
that Hyf = K(1+ AK)"'f € D(K2) and

KK+ MK)'f = K14+ AK) Ko f,
therefore (1 + AK)~'f € D(K2) and
K1+ AK) =1+ AK) K2 f.

By repeating this argument, we find that (1 + AK)™"f € D(KS) for all
n € N and
KA1+ AK) ™ "f=(14+\K) "K_f.

But Theorem does not ensure that the conditions
feXND(K2) and (1+AK)'fec D(K%)
imply that Kg f € X. We can only assert that
KOK(1+AK)™'f = H\K2f.
That is,
K14+ AK) " f = (1 — NH)\)KCf.
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THEOREM 2.5. The set X, endowed with the seminorms
1 £lloc,a := sup [K (K +1)~" f](z)]
r>a

= sup
r>a

b
£l gy == \IF @) dt forb>a,

a

emooe_t t)dt or a € R
Jetryar| i ,

is a Fréchet space.

Proof. Let {gn}>2, be a Cauchy sequence in X. By the definition of the
topology of X, and the fact that the space L] (R) is complete, this sequence

loc
is convergent in L. (R). In order to prove that X is complete, it is enough

to see that its limit f belongs to X.
Given € > 0 and a € R, there exists ng such that

gm — Gnolloop <€ for m >mng, b > a.
On the other hand, taking b > a such that
gm0 lloop < €,
we get
gmloo.e < € + l|gngllsc,e < 26 for all m > ng and ¢ > b.

Let d, ¢ be such that d > ¢ > b, and mg > ng such that

gmo — fll1eq) < €
Then

d d
e’ S e tf(t)dt — e S e Gy (1) dt‘

[

d d
< e e (1) = gmo ()] dt < [1f(2) = ging (£)] dt

= |lgmo — fll1,jc.q) < &5

hence
d (o) o)

(11) He_tf(t) dt‘ < H g () dt‘ n H e gmo (1) dt’ Y%
c c d

= € llgmo llooc + €~ llgm, llow.a + €% < Bee™ + 2ee 7.

Consequently, for fixed x € R, the integral Szo e~ f(t)dt always converges.
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Now, multiplying by e and taking limits as d goes to infinity, we obtain
o
e | e tr(r) dt‘ <3¢ foralle>b.

c

Thus fe X. m

LEMMA 2.6. The set C}(R) of functions of class C' with compact sup-
port is dense in the Fréchet space X.

Proof. Given g € X, the sets

(feX g = flijos <cand g flocs <} (€>0,a<0)

are a neighborhood base of ¢ in the topology of X. Now, given € > 0 and
a < b, choose ¢ > b such that ||g]|co. < €. As C§°(]a, c|) is dense in L'([a, c]),

there exists f € C§°(Ja, ¢[) such that

Hg - f”l,[zz,c] <eg,
S0 we get

Hg - f”l,[a,b] < Hg - f 1,[a,c] <e

and

lg = Flloop < 1lg = fllooa < llg = /1
which implies that C§(R) is dense in X. m

THEOREM 2.7. The operator K : D(K) — X is a densely defined non-
negative operator in the space X and its range is dense.

Proof. The density of D(K) and R(K) is a direct consequence of the
preceding lemma. In fact, it is evident that C}(R) C D(K), and for f €
C3(R), we have

Liad Tt 19lloo,e < 26,

f(z) =— S f'(s)ds forall z € R,
which means that f € R(K), so C}(R) C R(K).
Now let us prove that K is non-negative. Given a € R, for all A > 0 we
get

IMNE(L 4+ AE) ™ flloc,a = sup K (K +1)7IAK (1 + AK) ™ f](2)]

=sup | ANK(1 +MK) 'K (K + 1) f](z)|

r>a

= sup
r>a

AN OSO e MK (K + 1)L f)(t) dt‘

o0

< sup |[K(K +1)7! fl(@) A | e dt = || flooa-

>
r>a -
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Assuming that b > a, in order to estimate
[AK (1 + AK)_lfHL[a,b]

we write
MK (1+AK) ™" fl(x) = g(z) + h(x),
with
b o)
gla) =X e M f(t)dt, h(z):= e | e Mf(t)dt (z € [a,b]).
T b

Note that, taking into account , we obtain
()] < A+ 1A= 1)e D] fllocy
where X + |\ — 1| = max{1,2X — 1}. This implies
b

[1h(@)|dz < {(b—a)\lflloo,b, 0< A<,
~ 1200 = e )| flloop, A =1,

a

hence
b

V17(2)| do < max{2,b — a}|| llocp-

a

On the other hand
b

Vlg()| de

a

| /\

AN (§ M f (1)) dt) dz

xT

e MF ()] (§ AN daz) dt

a

Il
Qe > Qe O Q e O

(1= N £(t)] dt < || ll1.as)-

Thus, it is shown that

S

b
INK (14 AE) T f oy < Vlg(@)| da + | [(@)] do

< 1l o) + max{2,b = a}| flloo,b,

which proves that the operator K is non-negative. m

S|

REMARK 2.8. The inverse of K is the distributional derivative operator
on the domain of absolutely continuous functions which vanish at infinity.

REMARK 2.9. We will say that a topological space of locally integrable
functions has the property of convergence almost everywhere if the conver-
gence of a sequence in this space implies the pointwise convergence of some
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subsequence except on a set of measure zero. As is well known, this happens
in Lebesgue spaces and in L11OC (R), with the usual topologies. This property
also holds for the topology of X since it is finer than the one induced by
Ll (R).

REMARK 2.10. Given a linear operator A : D(A) C X — X and a linear
subspace Y of X, we denote by Ay the operator with domain

D(Ay):={peDA)NY :ApeY}
and defined as Ay ¢ := A¢ for ¢ € D(Ay). The operator Ay is called the
part of A in Y.

From Proposition we find that [K$|x # K for all o € C4 with
Rea > 1, since we know that D(K*) C D(K®), and D(K“)\D(K%) # 0.
However, as we will see later, there exists a certain relation between both
operators.

ProposITION 2.11. If 0 < Rea <1 and f € D(K), then K(f = K*f.

Proof. We know that D(K) is contained in D(K®). From Theorem
it is also contained in the domain of K. Let f € D(K) and
2:={x>0:(K,f)(r) exists}.
The set R\ {2 has measure zero. Given x € {2, we are going to prove that the
function A — A"?[K (1 + AK)~!f](z) is integrable in ]0,cc0[. Given b > ,
writing [K (1 + AK) " f](x) = g(\) + h(\), where
b o)
g =M e Mty dt,  h(\) = | e f(t) dt,
x b

and applying the Tonelli theorem, we see that A~*g(\) is integrable in |0, oo|,
and

o) b oo
[ A9 dx = g(g A~ A=) dA) F(t)dt
0 xz 0

b
=T(1-a)|(t—2)* " f(t)dt.
x
On the other hand, by using integration by parts, we can prove without
difficulty the estimate

)] < 26720 sup | § £(s) ds,
t>b 1y
which implies that the function A~®h()) is integrable and

‘ [ A en() dA| <201 = Rea)(b — 2)%* sup | | f(s) ds‘.
0 t2b 1y
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The right side tends to 0 as b — 0o. So, the function A™*[K (1+AK)~!f](z)
is integrable with respect to A on the interval |0, oo[, and we have

- b
| AT+ M) () dh = T(1 = ) Jim {2 - 2)° £ (1)
0 (If

= I'(1 = a)l(e) (K f)(x).

Finally, since the topology of X has the property of convergence almost
everywhere, it is easy to prove that there exists a set {29 C 2 such that
2\ {29 has measure zero and for all z € {2y we have

oo oo

(g ATOK (1 4+ AK) L] d)\) (@) = | A [K (1 + AK) ™! f)(2) dA

0 0
Therefore, (K3 f)(z) = (K*f)(z) for all z € {2, and the proposition is
proved. m

THEOREM 2.12. For all o« € C4 the fractional power K¢ is an extension
of [K$]x, and so the latter operator is closable. If 0 < Rea < 1, both
operators are equal. If Rea = 1, the power operator K¢ coincides with the
closure of the operator [K|x

Proof. To see that K extends [K$]x, let n be an integer such that
n > Rea. Given f € D([K§]x) we will prove by induction on n that (1 +
K)~l'f € D(K?) and
(1+K)'Kef =K1+ K)™'f.
For n = 1 this is a direct consequence of Proposition and Remark
Now, assuming the assertion holds up to n — 1, consider a such that 0 <
Rea < n. Then taking into account the induction hypothesis, jointly with
Theorem and the additivity of fractional powers, we obtain
(1+K)'Kof = KS/" K1+ K)~Lf
_ Klau—a/nKa/n(l +K)_1f
= KoMK (1 + K)7 f = K*(1+ K)7'f.
By the characterization of fractional powers (see [7, Def. 2.1 and Corol-
lary 3.5] and [9, Th. 5.2.1]), the relation obtained shows that f € D(K®)
and that K¢ f and K“f coincide.
Suppose that 0 < Rea < 1 and f € D(K®). As
(K +1)7'K*f € D(K),

from Theorem it follows that the function ¢ = KL (K + 1)"1K*f
belongs to D([KS]x). On the other hand, applying Proposition and
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the additivity of fractional powers, we obtain
¢ =K, “(K+ 1)K f = KK + 1)K f
=K' KYK+1) 'f=KE+1)""f.

Then, as K(K +1)7'f = f — (K +1)"'f and (K + 1)"'f € D(K) C
D([K3]x), we obtain f € D([Kg]x).
Finally, in the case Rea =1, given f € D(K®), for all A > 0 we have

K14+ MK)" f = KO2K2(1 + AK) L.
Then, from Proposition it follows that
K214+ AK)™ f = K&2(1+ AK) "'
and, by the arguments in the case of exponents less than one,
KOPPKSP(1+ A K) ' f = K&2KS?2(1 + AK) 7L 1.
In addition, from Theorem we obtain
(12) (14+MK)'feD(K2), K(1+MAK)"'f=(1+\K)1K"f.

Letting A — 0 and taking into account that D(K) is dense in X and that
K% is a closed operator, we obtain f € D([K%]x). =

REMARK 2.13. When Rea > 1, we do not know if [K]x is a closed
operator. Nor do we know if [K¢]x = K® when Rea > 1. In the case
Rea > 1, if we try to prove this last property, we have no relation of type
. In this case, the use of an integer power of the resolvent operator
does not improve the situation. In fact, if for all f € D(K®) there exists
an integer m > 0 such that (1 + AK)™™f € D(KS%), then by considering
the function (1 + AK)™ fa—1 € D(K*°) C D(K®), from Proposition [L.7| we
would get a contradiction, since as we saw in the proof of that proposition,
fa1 & D(KS).

3. Fractional integral of Weyl in LP(R) and other subspaces of X.
In this section, we will use the following result about fractional powers in
sequentially complete locally convex spaces (see [9, Th. 12.1.6]).

THEOREM 3.1. Let E be a sequentially complete locally convex space, and
A: D(A) C E — E a non-negative linear operator. Let ' C E be a vector
subspace of the same type, not necessarily with the same topology, such that
the operator Ap (the part of A in F) is non-negative. Let o € C,. If there
exists an integer n > Rea such that A%p = (Ap)®¢ for all ¢ € D[(Ar)"],
then

(A%)F = (AF)™.
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From this theorem jointly with Theorem we deduce the following
result about the part of the operator K¢ in certain subsets of X, such as
the LP(R) spaces.

As usual, given a € R, the characteristic function of the interval [a, co]
is denoted by xq-

THEOREM 3.2. Let FF C X be a sequentially complete locally convex
vector space whose topology has the property of pointwise convergence almost
everywhere, such that the operator Kr is non-negative. Then

[K3p = (Kp)®  for 0<Rea <1,

[K&r = (Kp)® for Rea=1,

(Kp)* D [K3)p  for Rea > 1.
In particular, this is valid for F = LP(R) with 1 < p < oo, and for the
space Cioo(R) of continuous functions which vanish at +o00, endowed with
the seminorms {||xafl||c : @ € R}.

Proof. Let us denote by 7x and 7 the topologies of the spaces X and F.
First, we are going to show that (Kp)* = [K?]p for a € C. For this, taking
into account Theorem (3.1} it is sufficient to prove that (Kp)*f = Kf
for f € D[(KFp)"] with n > Rea. That is, we will see that the value of
Sgo APTAK™(1 + AK)™" fd\ does not depend on the topology, Tx or 7,
considered.

This fact is a direct consequence of the property of pointwise conver-
gence almost everywhere, since the function A"~ *K"(1 + AK)~"f is inte-
grable in |0, oo[ with respect to both topologies, the operators K and Kp
are non-negative, and f € D[(Kp)"]. From the identity (Kr)* = [K“]|F and
Theorem we deduce that [K§|r = (Kp)® when 0 < Rea < 1, and the
second operator is an extension of the first when Rea > 1.

In the case Rea = 1, in order to prove the identity [K3]r and (Kg)® it is
enough to observe that the relation implies that, given f € D((Kp)®),
we have

(1+AKp)~'f € D(K)
and
K1+ AKp)  f = (1+ AKp) HKr)*f.
From this, we proceed as in Theorem [2.12] now taking limits in F' as A goes
to infinity.
Next, we are going to see that the result can be applied to the concrete

spaces mentioned above. In fact, if 1 < p < oo, for f € LP(R) and x € R we
have

&°] _1/q . o
-z q Xz f if p>1 (wherel/p+1/g=1),
z Xz fll1 if p=1,
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which proves that LP(R) C X. Likewise, Young’s inequality implies that, for
all A >0, K(1+AK)"'f € LP(R) and

INK (14 AK) T fllp < 11 £1lp-
For the space C;(R), we can reason in the same way. =

REMARK 3.3. In [I2, Th. 3.13], we proved that for F' = LP(R) with
l<p<ooand aeCy,

[K&lr = (Kp)®.
But in this case, this result follows from the fact that the integral operator
of Weyl is the adjoint operator of the integral operator of Riemann—Liouville
(see [9, Th. 2.1.4]), that the fractional powers commute with the adjoint ([9,
Corollary 5.2.4]), and the fractional integral of Riemann-Liouville coincides

with the corresponding power of the integral operator of Riemann—Liouville
[12, Th. 2.6]).
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