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General Haar systems and greedy approximation
by

ANNA KAMONT (Sopot)

Abstract. We show that each general Haar system is permutatively equivalent in
LP(]0,1]), 1 < p < oo, to a subsequence of the classical (i.e. dyadic) Haar system. As
a consequence, each general Haar system is a greedy basis in LP(]0,1]), 1 < p < co. In
addition, we give an example of a general Haar system whose tensor products are greedy
bases in each LP(][0,1]%), 1 < p < oo, d € N. This is in contrast to [11], where it has
been shown that the tensor products of the dyadic Haar system are not greedy bases in
LP([0,1]%) for 1 < p < 0o, p # 2 and d > 2. We also note that the above-mentioned
general Haar system is not permutatively equivalent to the whole dyadic Haar system in
any LP([0,1]), 1 < p < oo, p # 2.

1. Introduction. By a general Haar system corresponding to a dense
sequence 7 = {t, : n > 0} C [0,1], we mean a sequence of orthonor-
mal (in L?([0,1])) functions which are constant on intervals generated by
the points of the sequence 7—it is constructed analogously to the classical
dyadic Haar system, but with the sequence 7 used instead of the sequence
of dyadic points. (For a more detailed description of general Haar functions,
see Section 2.2.)

It has been shown by L. E. Dor and E. Odell [3] (cf. also the monograph
[9]) that there are pairs of general Haar systems which are not equivalent in
any LP(]0,1]), 1 < p < oo, p # 2. They have also asked whether there exist
general Haar systems which are not permutatively equivalent in these spaces.
(Recall that two basic sequences in a Banach space are called permutatively
equivalent if one of them is equivalent to some permutation of the other.) In
the present paper, we prove that each general Haar system is permutatively
equivalent in L?([0,1]), 1 < p < oo, to some subsequence of the dyadic Haar
system (Theorem 3.2). We also give an example of a general Haar system
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which is not permutatively equivalent to the whole dyadic Haar system
(Theorem 4.6).

The second topic of the paper concerns general Haar systems and their
tensor products as greedy bases in LP([0,1]%), 1 < p < oo, d € N. Let us
recall the concepts of greedy approximation and greedy basis (cf. e.g. [7]).

Let (X,| -||) be a real Banach space with a normalized basis X =
{z, :n € N} (ie. ||zy]| = 1). For z € X with z = > 7| apz,, and m € N,
consider a subset G(m,x) C N of cardinality m such that

min |a,| > max |ay]|
neG(m,x) neN\G(m,z)
(There is some ambiguity in the choice of the set G(m,x), but our con-
siderations do not depend on the particular choice.) Then the mth greedy
approzimation of x with respect to the basis X is defined as

Gm(z, X) = Z An T,
neG(m,x)

In addition, consider the mth best approrimation of x with respect to X:

Om (2, X) = inf inf Hx— E Cnn,
GCN, #G=m c,€R o
n

Clearly, 0., (2, X) < ||z — Gp(z, X)|. Now, the basis X is called greedy if
there is a constant C' > 0, independent of m, such that for each m € N and
r € X,

(1.1) |z — Gm(z, X)| < Cop(z,X).

It has been shown by V. N. Temlyakov [10] that the dyadic Haar system
(normalized in LP([0,1])), or any basis equivalent to it in LP([0,1]), is a
greedy basis in LP(]0,1]), 1 < p < co. S. V. Konyagin and V. N. Temlyakov
[7] have given a characterization of greedy bases in Banach spaces, recalled
in Section 2.1 below (see also P. Wojtaszczyk [13] for more general results in
this direction). As a consequence of the results of [10], [7] and our Theorem
3.2, we deduce that each general Haar system (normalized in LP(]0,1])) is a
greedy basis in LP([0,1]), 1 < p < oo (Corollary 4.1).

In the d-variate case, one can consider either a “localized” dyadic Haar
system (obtained by dyadic scaling and translations of some 2¢ — 1 d-
variate step functions given on [0,1]9), or the tensor products of the uni-
variate dyadic Haar system. The “localized” d-variate Haar system is also
a greedy basis in LP([0,1]9), 1 < p < 0o, d > 2 (cf. V. N. Temlyakov
[10]). However, concerning the tensor product case, the example presented
by V. N. Temlyakov [11] shows that for p # 2 the bases consisting of the
tensor products of the dyadic Haar system are not greedy in L?([0,1]¢) in
any dimension d > 2. In contrast to this result, in Section 4.3 we give an
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example of a sequence of points such that the tensor products of the corre-
sponding general Haar system are greedy in LP(]0, 1]d) for each d € N and
1 <p<oo.

To simplify the notation, by C, C, etc. we denote constants whose value
may be different at each occurrence; a ~ b means that there are constants
c1,¢2 > 0 such that cia < b < caa. For a set A, #A is the cardinality of A,
|A| the Lebesgue measure of A, and x4 the characteristic function of A.

2. Preliminaries

2.1. Characterization of greedy bases in Banach spaces. In what follows,
we need the characterization of greedy bases given in [7].

Following [7], we call a normalized basis X' of a Banach space (X, || - ||)
democratic if there is a constant C' > 0 such that for each m € N and
P,Q C N with #P = m = #Q,

O oS B ot 2 ot

For completeness, let us also recall the definition of unconditional basis:
a basis X of a Banach space (X, || - ||) is called unconditional if there is a
constant C' > 0 such that for each x € X with x = 22021 an T, and for each
sequence € = {e,, : n € N} with ¢, € {—1,1},

(2.2) H i EnlnTn|l < C’H i AnTn
n=1 n=1

Now, the characterization of greedy bases from [7] is as follows:

A normalized basis X of a Banach space (X, | - ||) is greedy if and only
if it is democratic and unconditional.

Moreover, if a basis X’ is unconditional and democratic, then the constant
in (1.1) depends only on the constants in (2.1) and (2.2).

2.2. Definition and basic properties of general Haar systems. In the
following, we consider subintervals I C [0, 1] of the type I = [a,b) with
0<a<b<lorl=]lal]

Let I C [0,1] be an interval and let I’, I” be subintervals of I such that
(2.3) I=1JIl” and I'NI"=0.

Without loss of generality we may assume that

(2.4) 5= |I'| < |I"| = A

Let hr : [0,1] — R be the unique function such that supph; = I, Sé h;y =0,
Sé h? =1, hy is constant on I’, I"” and h; > 0 on I’. Then
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h[ =arxXr — ﬂ[X[//, where

A 1 5 [ 01 1
ay =4 —  —, =4/ —.
=\Ns o+ A, ! Ar Vor+ Ap
We call hy the Haar function corresponding to I = I'UI"”; clearly, h; depends
on the decomposition I = I’ U I”, but for simplicity it is suppressed in the
notation.
Observe that

Ihille = ar, so 27926712 < hglle < 671,

and for 0 < p < o0,

(2.5)

VOrA - -
(26) Ihilly = S (617 + A7)

This implies that
(2.7) 27 1/250/P7 12 <y, < 267772 for 1< p < .

We will also need general Haar functions normalized in LP ([0, 1]):
h
(2.8) hip=t——=0arpXr — Brpxr, 1<p< oo
11l

Now, let 7 = {t,, : n > 0} be a sequence of distinct points from [0, 1],
dense in [0,1], with to = 0, t; = 1. For n > 1, let 7,, = {to,...,tn} =
{0 = sén) < sgn) < .o< s = 1}. For n > 2, let I,, be the interval
[sgﬁzl), s?_l)), 1 <i<n-—1,such that ¢, € I,, (clearly, I,, is unique). Let

I’ , I" be intervals obtained by dividing I,, by the point t,,. The Haar system

n’ n

corresponding to T is defined as follows:
(2.9) hy =1, hy,=hy, with the partition I, =1, UI] forn>2.

The Haar system corresponding to 7 is denoted by Hz. For convenience,
below we write d,, = 61, , A, = Ay, etc.

The classical Haar system (i.e. corresponding to the sequence of dyadic
points D = {0, 1, %, i, %, %, %, %, ...}) is denoted by H,,n > 1.

For each 7 (dense in [0, 1]), the corresponding Haar system H7 is a com-
plete orthonormal system in L?([0,1]), and it is a monotone basis (i.e. with
basis constant 1) in each LP(]0,1]), 1 < p < oo. Since Hy = {hy, : n > 1}
is a sequence of martingale differences (with the Lebesgue measure on [0, 1]
as probability measure, and the sequence of o-fields generated by Hr), it
follows from D. L. Burkholder’s results on unconditionality of martingale
differences (cf. [1], [2]) that every general Haar system is an unconditional
basis in LP([0,1]), 1 < p < oo, and
(2.10) H > entnha| < - 1)H S anhn

n=1 n=1

)

p
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where p* = max(p,p/(p—1)), e = £1 and {a, : n > 1} are any real
coefficients. This fact and Khinchin’s inequality imply that for each p with
1 < p < oo, there are finite constants C), c, > 0 such that for each 7 and

real coefficients {a, : n > 1},
o 1/2 o 1/2
n=1 P n=1

We will need the maximal inequality of C. Fefferman and E. Stein (cf.
e.g. Theorem 1 in Chapter II of [12]). Let M f denote the Hardy-Littlewood
maximal function of f. Then for each p with 1 < p < oo, there is a constant
C}, such that for any sequence g, € LP([0,1]),

pm (S < el (S,

Now, we state some properties of general Haar functions which are
needed later on.

(2.11)

PROPOSITION 2.1. Let I C [0,1] be an interval, and I',I" subintervals
of I satisfying (2.3), (2.4). Let ay, (1 be as in (2.5). Then

(213) BIXI” S 2@[ . MX[/.
Proof. Let x € I". Then

1 o
Mxr(@) 2 o Do) du = 5
I

o+ Ar’
so by the definition of oy, By (cf. (2.5)),

2A; o1 1
2a; - My > 4 -
o1 X1 (IL’)_ (5[+A[ A[ \/(51+A[

> Or,
which implies (2.13). =

As h? = a?xp + B2xr (cf. (2.5)), Proposition 2.1 combined with (2.12)
implies

PROPOSITION 2.2. Let 1 < p < oo. There exists a constant c, > 0

such that for each sequence T of points, the corresponding Haar system
Hr = {hyn : n > 1} and real coefficients {a, : n > 1},

e (Se) <) (Sete) <) (Sre)

3. General Haar systems and subsequences of the dyadic Haar
system. Let I C [0,1] be an interval, I = I’ U I”| with subintervals I’, I"
as in (2.3), (2.4), and let h; be as in (2.5). We associate with h; some
function Hy () from the dyadic Haar system. H ;) depends only on hy, or
more precisely, on the partition I = I’ UI"” as in (2.3), (2.4). Thus, for each
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general Haar system Hz, we obtain a subsequence (and a permutation)
of the dyadic Haar system. We are going to show the equivalence of Hs
and this permutation of the subsequence of the dyadic Haar system in each
Lr(]0,1]), 1 < p < 0.

Let v; > 1 be the integer such that 1/2¥7+1 < |I'| < 1/2"7. Then, for
some integer n; with 1 < n; < 2¥7+2 we have [(n; — 1)/277 72 n; /27172 C T’
(in case there are two such 7’s, we take the smaller one). Now, we associate
with h; the dyadic Haar function with support [(n; — 1)/2V1 %2 ny/2v1+2],
i.e. we take 7(I) € N such that supp Hy(p) = [(nr — 1)/2"7F2,ny/277+2].

Note that

1 1

(3.1) 7101 < lsupp Hny| < 501, supp He(ry C r,
(3.2) 2125 1% < |Hyp| <2677 on supp Hy (),
which implies
(3.3) |Hyp| < 2% 2arxr, arxr <2%% MH ).
Moreover, it follows from (3.1)—(3.2) and (2.7) that

1
B4) Sl < Mol < 220, for1<p<oo.

Now, for a given sequence 7 dense in [0, 1], with the corresponding Haar
system Hy = {h,, : n > 1}, consider 7 : N — N given by

(3.5) 7(1)=1, 7(n)=n(,) forn>2.

It follows from (3.3) and (2.12) that for each p with 1 < p < oo there is
a constant Cp, > 0 (depending only on p) such that for each 7 and real
coefficients {a,, : n > 1},

9—3/2 iasz 1/2
n-'71(n) »
n=1
<[(>azazxn)” S a2 H?
< nQn X17, » n+tr(n)
n=1 n=1

This inequality and Proposition 2.2 imply that there are Cp,c, > 0 (de-

pending only on p, 1 < p < o0) such that for each 7 and real coefficients
{an :n >1},

> 1/2
(36) o (nzl a2HZ,) Hp

NS e)" <ol (S am.)

Moreover, the following lemma shows that 7 is an injection:

1/2

<G,

p

1/2H

p
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LEMMA 3.1. Let T = {t, : n > 0} be a dense sequence of points in [0, 1].
Then for k,m > 2 with k # m we have 7(k) # 7(m).

Proof. Note that for k # m either I; NI}, =0, or I; C I},, or I}, C I,.

If I; NI}, = 0, then by (3.1) the supports of H, () and H(,,) are disjoint,
so 7(k) # T(m).

If I; C I}, and I}, # I}, then we have I}, C I, so 0, = |I}| < %\Ik\ <
L1 2 6,0/2. By (3.),
5m
4
which implies 7(k) # 7(m). Clearly, the case I}, C I}, is symmetric. =

Ok
[supp Hr (x| < 5 < =7 < [supp Ho(my],

As 7 is an injection, {H;(,) : n > 1} is a permutation of some subse-
quence of the dyadic Haar system {H,, : n > 1}. This fact in combination
with (3.6) and (2.11) gives

THEOREM 3.2. Let T be a dense sequence of points in [0, 1], with the cor-
responding general Haar system Hy = {hyn : n > 1}. Then {H ) : n > 1}
is a permutation of a subsequence of the dyadic Haar system, equivalent
to Hr in LP(]0,1]) for each p, 1 < p < oco. Moreover, for each p with
1 < p < o0, there are constants Cp,c, > 0 such that for all T and for all
coefficient sequences {a, : n > 1} we have

ianHT(n) < H ianhn
n=1 P n=1

Cp

<G,
p

Z anHT(n)
n=1

p

4. General Haar systems and greedy approximation in L?([0,1]¢),
l<p<oo,deN

4.1. The case of d = 1. The fact that the dyadic Haar system normalized
in LP(]0,1]), and any basis equivalent to it, is a greedy basis in LP([0,1])
for 1 < p < oo has been proved by V. N. Temlyakov [10] (see also [13] for
a simplified proof); moreover, it has been shown that there are constants
Cp,cp > 0 (depending only on p) such that for any m € N and sequence
ny <...<Npy,

(4.1) P < ||Hpy p 4 oo+ Hap pllp < Com/.

This inequality, (2.11), (3.4) and Theorem 3.2 imply that for each p with
1 < p < oo, there are constants Cj,c, > 0 such that for each sequence
7 with the corresponding general Haar system (normalized in LP([0,1]))
Hrp= {hn,p :n > 1}, and for any m € N and sequence ny < ... < Ny,
(4.2) Cpml/p < Nnyp+ -+ P pllp < Cpml/p-

This means that Hy , is democratic in L”([0,1]); recall that it is also un-
conditional (cf. (2.10)). Combining this with the characterization of greedy
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bases proved in [7], i.e. that a normalized basis in a Banach space is greedy
if and only if it is unconditional and democratic (cf. Section 2.1), we get

COROLLARY 4.1. Let 7 be a dense sequence of points in [0,1], and let
Hr = {h, : n > 1} be the corresponding general Haar system. Then for
each p with 1 < p < oo, Hr,p = {hnp : n > 1} is a greedy basis in
L?([0,1]). In addition, for each p, there is a constant Cp such that for each
7T, f € LP([0,1]) and m € N,

If = G (fs H, p)llp < Cpom(fy HT,p)-
4.2. Comments

REMARK 1. In this paper, we discuss only general Haar systems based
on intervals and partitions of intervals into intervals, but one can replace in
(2.3) and (2.5) intervals I, I’, I"” by arbitrary measurable sets A, A", A” with
positive Lebesgue measure, and consider general Haar systems correspond-
ing to sequences A = {4,, : n € N} of sets. More precisely, let ({2, F, P) be a
non-atomic probability space, and let (F,,n € N) be an increasing sequence
of o-fields, F,, C F, such that F,, is generated by a set A,, of atoms with
#A, = n and A, 1 is obtained by splitting one of elements of A, into
two disjoint subsets, and lim,, .o maxae4, P(A) = 0. Then A = {J,,cy An,
and the function h 4, is defined by a formula analogous to (2.5), but with
A= A"UA" such that A € A, and A', A" € A1, AN A" = . However,
one then constructs a sequence Z4 = {I,, : n € N} of intervals and a mea-
sure preserving mapping o : {2 — [0, 1] such that o(4,,) = I,, P(4,) = |1,.],
A, =Aiff I,,, =1 and A,,, = AV iff I,,, = I. Note that for 1 < p < o0,

oo oo

H Z anhIA,n = H Z anh.A;n
— p _
n=1 n=1

Thus, Theorem 3.2 is also valid for Haar systems corresponding to A, with
the subsequence and its permutation 7 being the same as for Z 4. Moreover,
it follows that {han, : n € N} is a greedy basis in its span in L?({2, P),
1 <p<oo.

REMARK 2. L. E. Dor and E. Odell [3] have obtained a characterization
of monotone bases in LP([0,1]), 1 < p < oo, p # 2, in terms of general Haar
systems (see also Theorem 10.b.4 in [9]). More precisely, for each normalized
monotone basis {z,, : n € N} of LP([0,1]), they have constructed disjoint
intervals Sy, i € P, where P = N or #P < oo and [0,1] = [J;cp Si, and
general Haar systems H7, , on S; such that there is a one-to-one mapping
T :{x, : n € N} — (J;,cp H7, p, which extends linearly to an isometry
T : LP([0,1]) — LP(]0,1]). This characterization allows us to extend Theo-
rem 3.2 to monotone bases—it is enough to assign to \Si|_1/ Pys, the dyadic
Haar function (normalized in LP([0, 1])) with support being a dyadic interval

p
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of maximal length contained in S;, and to the rest of elements of | J; p Hr;
assign dyadic Haar functions according to the procedure 7 described in Sec-
tion 3. Clearly, this also implies that each normalized monotone basis in
L?(]0,1]) is greedy.

REMARK 3. V. N. Temlyakov [10] has proved that the dyadic Haar basis
and each basis equivalent to the dyadic Haar basis are greedy in LP([0, 1]).
P. Wojtaszczyk [13] gives an example of a greedy basis in LP([0,1]), 2 < p
< 00, which is not equivalent to the dyadic Haar basis; his example uses the
isomorphism of L?([0,1]) and X & LP([0,1]), where 2 < p < oo and X is
the Rosenthal space. As there exist non-equivalent general Haar systems, in
fact, there is an uncountable family of general Haar systems such that any
two of them are not equivalent in LP([0,1]), p # 2 (cf. [3] or Theorem 10.b.10
of [9]), we get other examples of greedy bases in LP([0,1]) not equivalent
to the dyadic Haar basis. We do not present in detail the examples from
[3], as below we give an example of a general Haar system which is not
permutatively equivalent to the dyadic Haar basis in any LP([0,1]), 1 <
p < 00, p # 2 (Theorem 4.6). (Recall that the question on the existence of
general Haar systems which are not permutatively equivalent was asked e.g.
in [3].)

REMARK 4. Recall that the unconditionality of general Haar systems in
Lr(]0,1]), 1 < p < o0, is a consequence of the results by D. L. Burkholder
on unconditionality of martingale differences in appropriate spaces ([1], [2]).
Note that though any sequence of martingale differences is unconditional in
an appropriate space LP ({2, P), 1 < p < oo, it need not be democratic (and
greedy). This can be seen by the following example: take the dyadic Haar
system Hp = {H,, : n > 1}. The sequence M of martingale differences is ob-
tained from Hp by replacing blocks of Haar functions Hyzj p, k = 1,...,2%
J > 1, by the corresponding Rademacher function Ry; = 277 Zizl Hozj g
the Haar functions H,, with n # 2% 4+ k, 1 < k < 2%/, belong to M, and the
order of functions is induced by the order in Hp. Note that M is a sequence
of martingale differences (with respect to the sequence of generated o-fields).
Now, taking 1 < p < 0o, p # 2, and m normalized elements of M of the form
H,, p we have | S0 Hy, pll, ~ mY/P (cf. (4.1)), while for m elements of
M of the form Ry;, (note that || Raj|l, = 1) we have || Y- | Raj, ||, ~ mY/2,
so the sequence M of martingale differences is not democratic in LP([0, 1])
with p # 2.

REMARK 5. In [6], general Franklin systems (i.e. orthonormal systems
of piecewise linear functions corresponding to quasi-dyadic partitions) have
been discussed. In particular, it has been proved that if the correspond-
ing sequence of partitions is weakly regular (for the definition we refer to
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[6]), then the corresponding Franklin system {f, : n > 0} is an uncondi-
tional basis in LP([0,1]), 1 < p < oo, and the basic sequence {f, : n > 1}
is equivalent in LP([0,1]), 1 < p < oo, to the corresponding Haar system
(cf. Theorem 3.1 and Proposition 6.1 of [6]). These results, together with
Corollary 4.1 and the characterization of greedy bases recalled in Section
2.1, imply that general Franklin systems (properly normalized) correspond-
ing to weakly regular sequences of partitions are greedy bases in LP([0,1]),
1 <p<oo.

4.3. Tensor products of general Haar systems in LP([0,1]9), d > 2. Let
us now discuss bases in LP([0,1]¢), d > 1, consisting of tensor products
of general Haar systems. Let 77,...,7; be dense sequences of points in
[0,1]. Consider H(z,,...7,) = {hn : 1 € N?}, where for n = (ny,...,nq),
hn = hip, ®...®hgn, with h; , € Hyz,. Note that for each p with 1 < p < oo,
H(z,,...7,) is an unconditional basis in LP([0,1]%). (This follows e.g. from
unconditionality of univariate general Haar systems by the method used in
[8] in the proof of the multivariate version of the Paley—Littlewood theorem,
cf. Chapter 1.5.2 of [8].)

V. N. Temlyakov [11] has shown that for p # 2, H(p .. p) p, i.e. the tensor
product of the dyadic Haar basis, normalized in L?([0, 1]%), is not a greedy
basis in LP([0,1]?). P. Wojtaszczyk [13] has proved that for f € L?(]0,1]%),

(4.3)  Nf = Gm(f; Hp,... D) p)llp
< Cp,d(logm)(dil)ll/pil/Qlam(faH(’D,‘..,D),p)a

with the constant C), 4 depending only on p, d; this was conjectured by
V. N. Temlyakov [11]. It is also known that the factor (logm)(@—1I1/p=1/2]
is optimal (cf. [11], [13]).

Inequality (4.3) and Theorem 3.2 imply that for each d € N and p with
1 < p < oo, there is a constant C), 4 such that for all sequences 71, ..., 7y
and f € LP([0, 1]%),

44)  Nf = Gmf Hin,.m)0)lp
< Cpa(logm) = VP=12lg (f Hig, . 12).p)-

Clearly, the factor (logm)(@=DI1/P=1/2 is gptimal for the class of all tensor
products of general Haar systems, but it may not be optimal for a particular
choice of 71,...,7;. Indeed, now we show examples of sequences such that
the tensor products of the corresponding Haar systems are greedy bases in
all LP([0,1]¢) with 1 < p < co and d > 2.

Let S = {s, : v € N} be a strictly increasing sequence of natural num-
bers; later on, we consider sequences Sy = {sx,, : ¥ € N} such that sy, ~ \”
with fixed A > 1 (cf. (4.7) below). To construct the required Haar systems
we use points from uniform partitions of [0, 1] with steps 1/2°¥, v € N. Let
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VS,U — {07 1}7 uS,U = {O) 1}’
Vs =1{k/2% :k=0,...,2°*}, Us, =Vs,\Vs,_1 forv>1L1

Clearly, Us ,, NUs,, = 0 for v1 # vy. The sequence Us = {u,, : n > 0} is
now defined as the points of the set |J)—,Us,,, with the following natural
order: for each pair v; < vy, the points from Usg ,, precede those from Usg ,,,
and for each v, the points in g, are in increasing order.

Let J, be the interval corresponding to wu, in Ug. By the construction
of Ugs we have

(4.5) op = |J)| =27 for u, €Us, with v > 1.
Moreover,

(4.6) J,NJ =0 for n,lsuch that u,,u € Us,,.
We consider the following sequences S:

(4.7) Sy = {sx, = [\T"]: v e N}, with fixed A > 1,

where [z] denotes the integer part of x, and uy = 0 if A > 2, while py =
[—log(A —1)/log(A)] + 1 in case 1 < A < 2; this choice of u) guarantees
that SAv+1 > Sav-

We are going to show that for each A > 1, 1 < p < oo and d > 2, the
product Haar system H(usA Uy )P is a greedy basis in LP ([0, 1]¢). We start
with the following facts:

Facr 4.2. Let A>1 and d € N. For m € N, let
Zx(d,m) = {(v1,...,vq) € N? . m=5Sxp +---FSxpy 1 <...<vg}
Then there is a constant Cy q > 0 (depending only on A and d) such that
#Zx(d,m) < Cxrq for all m e N.

Proof. This is checked by induction on d. It is clear that it holds for
d =1 with Cy; = 1. Now, let d > 1 and suppose that m € N admits a
representation m = sy, + ...+ 8y, With v < ... < vy If m = sy, +
..+ sy, with I; <. <4 is another such representation, then
AVatha < [)\Vd+MA] +1< d[)\ldJr/w\] +1< (Qd—l— 1))\ld+HA’
and analogously Al4+#x < (2d + 1)A¥a+#x which implies
log(2d + 1
‘Vd_ld’SM)\da Where M)\d: M y
’ ’ log(A)

and consequently, by the induction hypothesis,
#2x(d,m) < > Zx(d—1,m—sx1,) < (2Mxa+1)Cxa-1.
la:lva—1q|<Mx q

Thus, it is enough to put Cy 4 = (2Mx g+ 1)Cr4—1. m
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FAacT 4.3. Let 1 <p<oo and d€N. Forj=1,...,d, let ; = {pj, :
n € N}, ¥ = {9, : n € N} with pjn, ¢, € LP([0,1]). Assume that for
each j there are constants Cj,c; > 0 such that for any sequence {a,, : n € N}
of real coefficients,

< H ( Z ], ") ‘ Lr([0,1])
= H(Z UnPj, ”) ‘ L7 ([0,1]) = CJ’H(%“’% ’2”> 1/2‘

Forn = (ni,...,nq) € N, set o, = Ol @ ... @ Pan, ond Y =YP1 5, @
. ®@Yan,. Then, with ¢ =c1...cq and C = Cy...Cy, for each sequence
{an : n € N} of real coefficients,

(3 az)™

neN

O R O

neNd neNd

Lr([0,1])

Lr([0,1]%)

Lr([0,1)4)

This is an immediate consequence of Fubini’s theorem.

For n = (ny,...,nq) € N¢, define
(4.8) Ron=J, x...xJ, . 7mn=|Rny|=0n,...0n,.

The following lemma is the main step in the proof of the democracy of
Hus, ....us, ). 0 LP([0, 1]4):

LEMMA 4.4. Let A>1,1<p<oo,deN,d>2. Let Sy, Us,, Ry,
be as defined above. Then there are constants Cp,c, > 0, depending only on
p, A\, d, such that for each m € N, ny,..., n, € N4 n; # n; fori # j, and
x € [0,1]4,

(49) CpiT;}XRni (:]3) < (i 2/pXRnl )P/2 i T: "l
i=1 =1

i=1
Moreover, let Hus, .. us,)p = {hamp 11 € N4} be the system consisting

of all tensor products of elements of Huyyg, p, normalized in LP([0, 1]%). Then
there are constants D,,,d, > 0, depending only on p, \,d, such that for each
m €N and ny,...,n, € N with n; # n; fori# j,

(4.10) dym'/? < H(Zm in: P>1/2’

Proof. The proof of (4.9) is similar to the proof of Lemma 9 in [13].

< mel/p.
Lr([0,1])
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Let m € N and n4,...,n,, € N%, n; # n; for i # j, be fixed. It is
enough to consider x € [0, 1] for which XRa, (x) # 0 for some i, 1 < i < m.
For such @ and p € NU {0}, let

Alx,p) ={i:x € Ry, 1/2" < r,. < 1/2M}.

Setting n; = (ni1,...,n44), let v; ; be such that u,, ; € Us, ., ;. It follows
from (4.5) and (4.8) that

d
_ _ o= (Sx,p; 1t tSay,
Tn, = Hénzj =2 (xvia L’d)a
Jj=1

SO
Alx,p) ={i: @ € R,y pt=5x0,, -+ Srvia)-

Now, (4.6) and Fact 4.2 imply that there is bs > 0, depending only on A and
d, such that

Let pp = max{pu € NU{0} : #A(x, ) > 0}. Then

" /2 = p/2
2Hs < (Z P XR,, (w)) — (Z 220 4 A, M))
i=1 pn=0
Hax /2
< b§/2 ( Z 22u/p>p < Cp2te.
n=0

By similar arguments
m
e < Zr;ilprni (x) < C2H=,
i=1

which gives inequality (4.9).
Inequality (4.9) implies

m 1/2
H(ZTEZ-Q/I)XRW) H ~ /P
i—1 p

=

This equivalence, combined with Proposition 2.2 (cf. also (2.5), (2.7)) and
Fact 4.3, gives

[

i.e. inequalities (4.10). m

~ e ) H ~ m /P
Lr([0,1]9) H(;Tnl X Ry, , mb/?.

THEOREM 4.5. Let A > 1 and let Ug, be the sequence of points as de-
scribed in this section. Then for each p with 1 < p < o and d € N,
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H(Z/{S)\y~~-aus>\)7p7 i.e. the system consisting of all tensor products of the gen-

eral Haar system corresponding to Us, , normalized in LP([0,1]%), is a greedy
basis in LP([0,1]9).

Proof. By the results of [7], a normalized basis is greedy iff it is uncon-
ditional and democratic. Unconditionality of Hs .. us,),» in LP([0, 1]4)
follows from unconditionality of general Haar systems in L”(]0, 1]). Democ-
racy of H(USA7.,,,MSA)7P is a consequence of its unconditionality in LP ([0, 1]¢)
and inequality (4.10) from Lemma 4.4. m

THEOREM 4.6. Let A > 1 and let Ug, be the sequence of points corre-
sponding to Sy. Moreover, let D be the sequence of dyadic points. Then for
each p with 1 < p < 0o, p # 2, the corresponding Haar systems HZ/{S)\ p and

Hp,p (normalized in LP([0,1])) are not permutatively equivalent in LP([0,1]).
Thus, there are general Haar systems which are not permutatively equiva-
lent.

Proof. Let {h,, : n € N} and {H,, : n € N} be the general Haar systems
corresponding to Ug, and to the dyadic Haar system, respectively.

Fix p, 1 < p < oo, p # 2. Suppose that there is a permutation & :
N — N such that {h¢yy, : n € N} and {H,, : n € N} are equivalent
in LP([0,1]). Then hg(ny),p @ he(ny)p and Hy, , @ Hy, , are equivalent in
LP([0,1]?). However, {hemi)p @ he(ng),p - M1, 2 € N} is a democratic basis
in L?([0, 1]?), by its unconditionality and inequality (4.10) from Lemma 4.4.
On the other hand, the example presented in [11] shows that {H,, , @ Hp, p :
ni1,ne € N} is not democratic in LP([0,1]?). Thus, these two bases cannot
be equivalent in LP([0,1]?), and consequently, Hus, » and Hp,, are not
permutatively equivalent in LP([0, 1]). m

5. The case of L'([0,1]). Let us discuss the analogues of the results
of Section 3 for p = 1. Since general Haar systems are bases of L*(]0,1]),
but they are not unconditional, we are going to examine the equivalence of
L'-norms of the appropriate square functions—more precisely, we are going
to prove that inequality (3.6) can be extended to the case p = 1. However, as
there is no analogue of the Fefferman—Stein maximal inequality for p = 1,
the method of proof is now different—the proof is based on the method
developed by G. G. Gevorkyan and used e.g. in the study of Franklin series
in LP and H? with 0 < p <1 (cf. e.g. [5]). Note that the results of Section 3
can also be obtained by this method (for 1 < p < 2 directly, and then by a
duality argument also for 2 < p < 00); however, we have decided to present
also the argument given in Section 3 because of its simplicity.

THEOREM 5.1. Let T be a dense sequence of points in [0, 1], with the
corresponding general Haar system Hr = {h, : n € N}. Let 7 : N — N be
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given by formula (3.5). Then there are constants C,c > 0, independent of T,
such that for each sequence {a,, : n € N} of real coefficients,

(5.1) ‘/’H(i“i@m)m”l
n=1

NS eam) ", =l (S m)

For the proof, the following technical lemma is needed:

1/2H
1.

LEMMA 5.2. Let T be a sequence of points. Let I,,,, 1 € N, be a sequence
of intervals corresponding to points t,, € T such that I, , C Iy,. Let
M =min{i: I,, ., C I, } if such an i exists, and M = oo otherwise. Then

[e%) M
D 00, <6 6n,.
i=1 =1

In addition, the intervals I, ,..., I, = are disjoint.
Proof. First, assume that M = 1; clearly, we can also assume that
Iy, =1, or I, , =1 . Put

h=min{i>1:1,, =1}, k=min{i>l:1I,, =1I,},
and for j > 2,
lj=min{i > kj_y: I, =1}, kj=min{i>1;:1,,, =1}
As I, = I, we have l; > 2 and |I, | < 6,,. Moreover, In, = I,
which implies

.17
]1

(5.2) |1 ! !

1
nzj+1| = |Irlzlj+1_1‘ < §‘Inzj+171| < §’Inlj B ‘Imj| < 2j—,1uml .

For fixed j and I; < i < kj, the intervals I, are disjoint and included in
I, ,so
J

k;
(5.3) D On <y |-
i=l

For k; +1 <i <l;y; —1 we have I,,, = I, SO

ni—1"
1 1 1 bt
(5'4) 67% - ’Im— < Eum = 567%—1 < mdnkJJ Z 67% < 6nkj'
i=k;+1

By similar arguments we check that
hi—1

> On, < 26,
i=1
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This inequality, together with (5.2)-(5.4), gives

l1—1 liya1—1 oo kj
25 <25 +Z}(Z;5m+ ; 5 )§25m+2225m
J 2 A +1 j= i:j

< 20,, 42 Z I | < 260, + 4L, | < 66,
j=1
If M > 1, then the sequence {I,, : i > M} is of the type considered
above, which implies the required inequality in the general case.

The fact that the intervals I}, ,..., 1]

n, are disjoint is an immediate
consequence of the definition of M. m

Proof of Theorem 5.1. The left inequality in (5.1) is a consequence of
inequality (3.3) (cf. also (2.5)).

Now, let us prove the right inequality of (5.1).

For a function f, denote by M™* f the dyadic maximal function of f. In
addition, define D,, = supp H,,.

For a fixed sequence {a,, : n € N} of real coefficients, put

Za T (@
ET:{ZL‘. S(z)>2"}, rek,
B, ={z: M*xg.(x) >1/2}, reZ,
N, = {TL eN: DT(n) C BT7 DT(n) §Z Br—f—l}v
1/2
Urla) = (3 a2nd@) "
TLGNT'
Note that for n € N, we have |D. ¢,y N Ef | > 1 5 and consequently

1
| HZ(@)dw > <.

. 2
DrnyNE7 41

Using this inequality we obtain

3= a2<2d a2 | HY,(2)de

neN, neN, DT(n)ﬂEchl
<2 S Z a’ H? sny(@)dz <2 S S(z)dz,
B.MES,, neN, B.NES,,

which combined with the fact that S(z) < 2"t on ES ;| gives
(5.5) lr 13 < 2742 B, .
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Now, by the Schwarz inequality we get

/
§ (o) de < 18,172 ) ar) " < 18,12

By By

which together with (5.5) gives

(5.6) | ¢r(z)do <272 |B,|.
B,

Now, we estimate the analogous integral over Bf. First, note that
la2 H (n)Hoo < 2"+ for n € N,: if not, then, as |H, ()| is constant on D),
we would have D,y C Er41 and consequently D.(,) C By41, contrary to
the definition of N,. Combining this inequality with (3.2), we get

(5.7) lan| < 272612 for n € N,.

Moreover, B, is a union of dyadic intervals. Let D, denote the family of
maximal dyadic intervals contained in B,; as the interiors of intervals from
D, are disjoint, we have

(5.8) B,=|J J [B]=> ]l
JED, JED,
For J € D, let

NrJ:{neNr:DT(n)CJ}v N*J_{nENTJ In & J}.

Observe that if n € N, ;, then I, contains either the left or the right end-
point of J; denote by NTL’ 7 Nr, 7 the respective subsets of N ;. Recall that
any two intervals Iy, I; are either disjoint, or one is included in the other.
All intervals in N L ‘y and in N, R have a common point, so this is the latter

case, and the famlhes NTL 7N, RJ satisfy the assumptions of Lemma 5.2. As
0n < 4Dyl (cf. (3.1)) and Dy C J for n € N, j, Lemma 5.2 implies

(5.9) Yo o< D> Gut > 0n <48l

neN; ; nenNk; neNE,

Now, using the definitions of ¢, Ny 7, N ;, (5.8), (5.7), (5.9) and (2.7) we

get
Swr dr < S Z lan| - |hn(z)| dx < Z Z |an]S ()| dx
< B¢ neN, JED, nEN,. j
<Y Jand Il <22 3 Y,
JED, neN; JED, neN;

<96-27/2 3" |J|=96-27%|B,|.
JED,.
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The last inequality in combination with (5.6) gives
1
Vo (z) dw < 97-277%|B,|.
0

As {n € N:a, # 0} C J,cz Nr, the above inequality, together with the
definitions of S(-), E,, B, and the fact that M* is of weak type (1, 1), implies

1 o)
S(Zaihi(m))l dl‘<zs () de < 97 - ZZT/2|B ]
0 n=1 reZ0 reZ

1
<CY 2B | < C|S(2)"/? da,
reZ 0

and the proof of Theorem 5.1 is complete. =

For a given sequence 7 of points and the corresponding Haar system

= {h, : n € N}, let HX be the space of those f = > 7°  ayh, €

L*([0,1]) for which the series > °7 | a,hy, is unconditionally convergent in
L'([0,1]), with the norm

o
[fllgy = sup H ananhn , where ¢, = £1.
={en: n=1 !
HL is a Banach space, and it is called a (martingale) Hardy space. It follows
from Khinchin’s inequality and inequalities between the L'-norms of the

maximal and square functions for martingales (cf. e.g. Chapter II of [4])
that

feH: iff Sf= (iaihi)meﬁ([o,u),
n=1

and moreover || f|| gy ~ [[Sf|1. It should be clear that Hz 1 is a normalized

unconditional basis of Hi-. Moreover, it follows from Lemma 9 of [13] that
for each sequence ny < ... < Ny,

I35, .

which combined with inequalities (3.4) and Theorem 5.1 implies that H7 1
is democratic in H% Thus, by the characterization of greedy bases recalled
in Section 2.1, we have

COROLLARY 5.3. For each sequence T, the corresponding general Haar
system Hr 1, normalized in L*([0,1]), is a greedy basis in the corresponding
martingale Hardy space Hx-.
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Let us briefly discuss the case 0 < p < 1. First, for 0 < p < 1 the
analogue of the equivalence (5.1) of Theorem 5.1 can fail to hold. To see
this, note that (2.6) implies

2712612 AP < hy |, < 2612 AP for 0 < p <1,
while (3.1) and (3.2) give
A2V PR ||, < 2Y2 YR PR for 0 < p < 1,

so the analogue of (5.1) cannot hold in general for p < 1. Moreover, (5.1)
need not hold even if h, and H.(,) are replaced by hy,, = hy/|hyl/, and
H. () p = Hen) /|| Hr ()l p, respectively (see below).

In [13], the notion of a greedy basis is also considered for quasi-Banach
spaces. As in the case p = 1, for 0 < p < 1 and a given sequence 7 of
points, one could consider the martingale Hardy space HY defined in terms
of the corresponding square function, and ask if Hr , is greedy in HY. Using
Theorem 4 of [13] one can show that, in contrast to the case of 1 < p < o0,
now Hr , need not be greedy in H%. More precisely, one can show that Hr ,,
is democratic (and, consequently, greedy) in the corresponding martingale
Hardy space HY with 0 < p < 1 if and only if there is K € N such that
for any collection of intervals I,,,,...,I,, with I,, D ... D I,, and |I,,| >
+1I,,|, we have | < K. Note that for 7 not satisfying this condition, the
analogue of (5.1) for hy, , and H, (), (0 < p < 1) cannot hold, as by Lemma
9 of [13] we have ||(3_1, H2, ,)Y/?||, ~ m!/? for each ny < ... < ny, so
{H;(n)p : n > 1} is democratic while H7 , is not.

Finally, let us remark that there is an example of a sequence 7 such that
Hrp is greedy in HY, 0 < p < 1, but the analogue of (5.1) for h,, and
H:(n)p with 0 < p < 1 does not hold; however, this example is technical
and it will not be presented here.

References

[1] D.L. Burkholder, Martingale transforms, Ann. Math. Statist. 37 (1966), 1494-1504.

[2] —, Boundary value problems and sharp inequalities for martingale transforms, Ann.
Probab. 12 (1984), 647-702.

[3] L. E. Dor and E. Odell, Monotone bases in Ly, Pacific J. Math. 60 (1975), 51-61.

[4] A. A. Garsia, Martingale Inequalities. Seminar notes on recent progress, Addison-
Wesley and Benjamin, New York, 1973.

[5] G. G. Gevorkyan, Some theorems on unconditional convergence and a majorant of
Franklin series and their application to the spaces Re Hp, Proc. Steklov Inst. Math.
1992, no. 1, 49-76.

[6] G. G. Gevorkyan and A. Kamont, On general Franklin systems, Dissertationes
Math. (Rozprawy Mat.) 374 (1998).



[10]
[11]
[12]

[13]

A. Kamont

S. V. Konyagin and V. N. Temlyakov, A remark on greedy approximation in Banach
spaces, East J. Approx. 5 (1999), 365-379.

S. M. Nikol’skiil, Approzimation of Functions of Several Variables and Imbedding
Theorems, Moscow, Nauka, 1969 (in Russian).

I. Novikov and E. Semenov, Haar Series and Linear Operators, Kluwer, Dordrecht,
1997.

V. N. Temlyakov, The best m-term approximation and greedy algorithms, Adv. Com-
put. Math. 8 (1998), 249-265.

—, Non-linear m-term approximation with regard to the multivariate Haar system,
East J. Approx. 4 (1998), 87-106.

E. Stein, Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscilla-
tory Integrals, Princeton Univ. Press, Princeton, 1993.

P. Wojtaszczyk, Greedy algorithm for general systems, J. Approx. Theory, to appear.

Institute of Mathematics

Polish Academy of Sciences
Abrahama 18

81-825 Sopot, Poland

E-mail: A.Kamont@impan.gda.pl

Received July 10, 2000 (4566)



