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The non-pluripolarity of compact sets in complex spaces
and the property (LB∞) for the space

of germs of holomorphic functions

by

Le Mau Hai and Tang Van Long (Hanoi)

Abstract. The aim of this paper is to establish the equivalence between the non-
pluripolarity of a compact set in a complex space and the property (LB∞) for the dual
space of the space of germs of holomorphic functions on that compact set.

1. Introduction. Let E be a Fréchet space with the topology defined
by an increasing system {‖ · ‖k}k≥1 of seminorms. For each k ≥ 1 put

‖u‖∗k = sup{|u(x)| : ‖x‖k ≤ 1}
where u ∈ E∗, the topological dual space of E.

We say that E has the property (Ω̃) if

∀p ∃q, d > 0 ∀k ∃C > 0 : ‖u‖∗1+d
q ≤ C‖u‖∗k‖u‖∗dp , ∀u ∈ E∗,

and has the property (LB∞) if

∀{%n}↑+∞ ∀p ∃q ∀n0 ∃N0, C > 0 ∀u ∈ E∗ ∃n0 ≤ k ≤ N0 :

‖u‖∗1+%k
q ≤ C‖u‖∗k‖u‖∗%kp .

We then write E ∈ (Ω̃) (resp. E ∈ (LB∞)).
The above properties and many others were introduced and investigated

by Vogt (for example, see [11], [14]). One of the first problems raised here
is to find conditions under which a Fréchet space has the property (LB∞)
or (Ω̃). In [5], S. Dineen, R. Meise and D. Vogt have shown that a nuclear
Fréchet space E has the property (Ω̃) if and only if E contains a bounded
subset which is not uniformly polar. In [11] they have obtained a holomorphic
characterization of nuclear Fréchet spaces E with (Ω̃) which is related to
holomorphic extendability. Another problem considered here is the following.
In [14] Vogt proved that the property (Ω̃) implies the property (LB∞). Also
in [14] by an example in the space Λ(B) of Köthe sequences Vogt showed
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that the class (LB∞) is strictly larger than (Ω̃). Next, in [11] the following
question was raised: in what Fréchet spaces the property (LB∞) implies (Ω̃)?
Our paper concerns the above two problems.

Let K be a compact set in a Stein space X. We denote by H(K) the
space of germs of holomorphic functions on K. The first main result of this
paper establishes the relationship between the property (LB∞) on [H(K)]∗β
and the non-pluripolarity of K. Actually the following theorem is proved:

Theorem 3.1. Let K be a compact subset in a Stein space X. Then the
following conditions are equivalent :

(i) [H(K)]∗β ∈ (LB∞).
(ii) K ∩Z is not pluripolar in Z for every irreducible branch Z of every

neighbourhood U of K in X with K ∩ Z 6= ∅.
As a consequence of the above theorem we obtain the following second

main result.

Corollary 3.2. Let K be a compact subset in a Stein space X. Then
the following statements are equivalent :

(i) [H(K)]∗β ∈ (Ω̃).
(ii) [H(K)]∗β ∈ (LB∞).
(iii) K ∩Z is not pluripolar in Z for every irreducible branch Z of every

neighbourhood U of K in X with K ∩ Z 6= ∅.
(iv) w∗(x,K ∩Z,Z) < 1 for every x ∈ Z and every irreducible branch Z

of every neighbourhood U of K in X with K ∩ Z 6= ∅.
Here we remark that Siciak’s relative extremal function w∗(·,K ∩ Z,Z)

helps us in proving the implication (ii)⇒(i) in the above corollary.
Besides the introduction, the paper contains two sections. In the second

we recall some definitions and fix the notations. The third is devoted to
proving the main results of the paper.

Acknowledgements. The authors would like to thank Prof. Nguyen
Van Khue for helpful suggestions during the preparation of the present pa-
per and express their thanks to the referee for his helpful remarks and sug-
gestions.

2. Preliminaries

2.1. Plurisubharmonic functions on complex spaces. Let X be a complex
space and ϕ : X → [−∞,+∞) an upper semicontinuous function on X. We
say that ϕ is plurisubharmonic on X if for every a ∈ X and every local
embedding h of a neighbourhood of a in X into a neighbourhood W of h(a)
in Cn there exists a plurisubharmonic function ψ on W such that ψ ◦h coin-
cides with ϕ on a neighbourhood of a. In [7] Fornæss and Narasimhan proved
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that an upper semicontinuous function ϕ : X → [−∞,+∞) is plurisubhar-
monic on X if and only if ϕ ◦ h is subharmonic for every holomorphic map
h : ∆→ X of the unit disc ∆ = {t ∈ C : |t| < 1} into X.

A subset K of X is said to be pluripolar if for every x ∈ K there exists
a neighbourhood U of x in X and a plurisubharmonic function ϕ on U such
that ϕ|U∩K = −∞ and ϕ 6≡ −∞ on every irreducible branch of U .

According to Bedford [1], the Josefson theorem [10] is true in the case of
Stein spaces, i.e. K ⊂ X is pluripolar if and only if there exists a plurisub-
harmonic function ϕ on X such that ϕ|K = −∞ and ϕ 6≡ −∞ on every
irreducible branch Z of X with K ∩ Z 6= ∅.

2.2. Extremal plurisubharmonic functions. Let K be a compact set in a
complex space X and U a neighbourhood of K in X. Put

U(K,U) = {ϕ ∈ PSH(U) : ϕ|K ≤ 0, ϕ ≤ 1 on U}
where PSH(U) denotes the cone of plurisubharmonic functions on U .

For x ∈ U define

w(x,K,U) = sup{ϕ(x) : ϕ ∈ U(K,U)},
w∗(x,K,U) = lim sup

x′→x
w(x′,K,U), x ∈ U.

It follows that w∗(·,K,U) is weakly plurisubharmonic on U , i.e.
w∗(·,K,U) is upper semicontinuous and plurisubharmonic at every regu-
lar point of U (see [3]).

2.3. Holomorphic functions. LetE and F be locally convex spaces andD
a non-empty open subset of E. A function f : D → F is called holomorphic if
f is continuous and Gateaux-holomorphic. We denote by H(D,F ) the space
of F -valued holomorphic functions on D equipped with the compact-open
topology. Instead of H(D,C) we write H(D).

Now assume that K is a compact subset of E and let H(K) denote the
space of germs of holomorphic functions on K. This space is equipped with
the inductive limit topology

H(K) = lim ind
U↓K

H∞(U)

where U ranges over all neighbourhoods of K in E and H∞(U) denotes the
Banach space of bounded holomorphic functions on U .

If K is a compact subset in a Stein space X, then by [2], H(K) is a
(DFN)-space.

For details concerning holomorphic functions and germs of holomorphic
functions we refer to [2], [4] and [13].
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3. The non-pluripolarity of a compact subset K in a Stein space
and the properties (LB∞) and (Ω̃) on [H(K)]∗β. The main result of this
section is the following.

3.1. Theorem. Let K be a compact subset in a Stein space X. Then
the following conditions are equivalent :

(i) [H(K)]∗β ∈ (LB∞).
(ii) K ∩Z is not pluripolar in Z for every irreducible branch Z of every

neighbourhood U of K in X with K ∩ Z 6= ∅.
For the proof of Theorem 3.1 we need the following

3.2. Proposition. Let Θ : X → Y be a finite proper holomorphic sur-
jection between Stein spaces and K a compact subset in Y . Then [H(K)]∗β ∈
(LB∞) if and only if [H(Θ−1(K))]∗β ∈ (LB∞).

Proof. Sufficiency. Let [H(Θ−1(K))]∗β ∈ (LB∞). Choose a decreasing
neighbourhood basis {Uk}k≥1 of K in Y . Since Θ is a proper holomorphic
surjection, it follows that {Vk = Θ−1(Uk)}k≥1 forms a neighbourhood basis
of Θ−1(K) in X (see [8]). Let {%n}↑+∞ and p ≥ 1 be given. In view of the
hypothesis we can find q ≥ p such that (see [2])

∀n0 ≥ q ∃N0 ≥ n0, C > 0 ∀f ∈ ([H(Θ−1(K))]∗β)∗β = H(Θ−1(K))
∃k ∈ [n0, N0]:

‖f‖∗1+%k
q ≤ C‖f‖∗k‖f‖∗%kp

where

‖f‖∗q = sup{|f(x)| : x ∈ Vq} = ‖f‖q, ‖f‖∗k = ‖f‖k, ‖f‖∗p = ‖f‖p.
This shows that for every g ∈ ([H(K)]∗β)∗β = H(K) (see [2]), there exists
k ∈ [n0, N0] such that

‖g‖∗1+%k
q ≤ C‖g‖∗k‖g‖∗%kp

where
‖g‖∗q = sup{|g(y)| : y ∈ Uq}

and similarly for ‖g‖∗k and ‖g‖∗p. Hence, by [14], [H(K)]∗β ∈ (LB∞).

Necessity. Assume that [H(K)]∗β ∈ (LB∞).
(i) First we consider the case where Θ : X → Y is the normalization

of Y . Put
Sy = {h ∈ HY,y : h(Θ∗HX)y ⊂ HY,y}

for each y ∈ Y , where Θ∗HX is the direct image sheaf of the sheaf HX . Since
Θ is finite proper holomorphic, it follows that Θ∗HX is HY -coherent. Hence
S is an HY -coherent sheaf. In view of the Steinness of Y and by Cartan’s
Theorem B (see [9]) we can find h ∈ H0(Y,S) such that h 6≡ 0 on every
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irreducible branch of Y . It follows that σ 7→ hσ defines an isomorphism
between H(Θ−1(K)) and h[H(Θ−1(K))] ⊂ H(K). Hence, [H(Θ−1(K))]∗β is
a quotient space of [H(K)]∗β. This shows that [H(Θ−1(K))]∗β ∈ (LB∞).

(ii) Now assume that Y is a normal space. By the integrity lemma [6],
Θ is a branched covering. Let n be the order of Θ. Then H(Θ−1(K)) is an
integral extension of order n of H(K).

The integrity lemma [6] implies that there exist continuous polynomials
p0, p1, . . . , pn−1 on H(Θ−1(K)) with values in H(K) such that

fn + pn−1(f)fn−1 + . . .+ p0(f) = 0

for f ∈ H(Θ−1(K)).
In order to show that [H(Θ−1(K))]∗β ∈ (LB∞), by [14] it suffices to prove

that every continuous linear map T : [H(C)]∗β → H(Θ−1(K)) is bounded on
some neighbourhood of 0 ∈ [H(C)]∗β. Since pj ◦T are continuous polynomials
on [H(C)]∗β with values in H(K) and [H(K)]∗β ∈ (LB∞), by Vogt’s above-
mentioned result [14] we infer that these polynomials are bounded on a
neighbourhood W of 0 ∈ [H(C)]∗β. Hence from the relation

[T (µ)]n + pn−1[T (µ)][T (µ)]n−1 + . . .+ p0[T (µ)] ≡ 0

for µ ∈ [H(C)]∗β it follows that T is bounded on W .
(iii) General case: Consider the commutative diagram

X̃ Ỹ

X Y

ν̃

��

Θ̃ //

ν

��
Θ

//

where ν : Ỹ → Y is the normalization of Y and X̃ = X × Y Ỹ is the fibre
product of X and Ỹ over Y , and Θ̃ and ν̃ are the canonical projections.
Note that Θ̃ and ν̃ are finite proper holomorphic surjections.

By (i), [H(ν−1(K))]∗β ∈ (LB∞), and by (ii), [H(Θ̃−1ν−1(K))]∗β ∈ (LB∞).

But Θ̃−1ν−1(K) = ν̃−1Θ−1(K). Hence [H(ν̃−1Θ−1(K))]∗β ∈ (LB∞). From
the sufficiency part it follows that [H(Θ−1(K))]∗β ∈ (LB∞).

Now we need the following lemma:

3.3. Lemma. Let K be a compact set in a complex space X such that
[H(K)]∗β has the property (LB∞). Then K is a set of uniqueness, i.e. if
f ∈ H(K) and f |K = 0 then f = 0 on some neighbourhood of K.

Proof. Let {Un} be a decreasing neighbourhood basis of K in X. Given
f ∈ H(K) with f |K = 0, choose p ≥ 1 such that f ∈ H∞(Up). For each
n ≥ p, put

εn = ‖f‖n = sup{|f(z)| : z ∈ Un}.
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Then {εn} ↓ 0. Using the property (LB∞) of [H(K)]∗β for the sequence

{%n =
√
− log εn } ↑ +∞

and for the above p we find a q ≥ p such that for each j = 1, 2, . . . , there
exist Nj > j, Cj > 0 such that for each m there exists km with j ≤ km ≤ Nj
such that

‖fm‖1+%km
q ≤ Cj‖fm‖km‖fm‖

%km
p .

This yields
‖f‖1+%km

q ≤ C1/m
j ‖f‖km‖f‖

%km
p .

Choose kj with j ≤ kj ≤ Nj such that

#{m : km = kj} =∞.
Then

‖f‖q ≤ ‖f‖
1/(1+%kj )
kj

‖f‖%kj /(1+%kj )
p ≤ ε1/(1+%kj )

kj
ε
%kj /(1+%kj )
p .

Letting j → ∞ we have ε
1/(1+%kj )
kj

→ 0. Hence f |Vq = 0. The lemma is
proved.

Proof of Theorem 3.1. (i)⇒(ii). Assume that [H(K)]∗β has the property
(LB∞) and that K ∩ Z is pluripolar for some irreducible branch Z of a
neighbourhood U of K in X with K ∩ Z 6= ∅. Consider the normalization
ν : X̃ → X of X. Choose an irreducible branch Z̃ of ν−1(U) such that
ν(Z̃) = Z. By the normality of ν−1(U), it follows that Z̃ is a connected
component of ν−1(U) and, hence, by Proposition 3.2, [H(ν−1(K)∩ Z̃)]∗β has

the property (LB∞). Moreover, E = ν−1(K)∩ Z̃ is pluripolar in X̃. Choose
a plurisubharmonic function ϕ on X̃ such that

ϕ|E = −∞ and ϕ 6≡ −∞ on every irreducible branch of X̃.

LetW be a neighbourhood of E in X̃ such that there exists a finite proper
holomorphic map Θ from W onto the unit polydisc ∆n ⊂ Cn, n = dimX.
For each z ∈ ∆n \ S(Θ) put

ϕ̃(z) =
∑

Θ(x)=z

ϕ(x),

where S(Θ) denotes the branched locus of Θ.
Then ϕ̃ is a plurisubharmonic function on ∆n\S(Θ) and locally bounded

above on ∆n. The function ϕ̂ defined by the formula

ϕ̂(z) =





ϕ̃(z) for z ∈ ∆n \ S(Θ),
lim sup
z′→z

z′∈∆n\S(Θ)

ϕ̃(z′) for z ∈ S(Θ),
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is plurisubharmonic on ∆n. This function is equal to −∞ on Θ(E). Indeed,
let z0 ∈ Θ(E). Write

Θ−1(z0) = {x1, . . . , xq, xq+1, . . . , xp}
where ϕ(xj) = −∞ for 1 ≤ j ≤ q and ϕ(xj) 6= −∞ for q + 1 ≤ j ≤ p. Let
M > 0 be arbitrary. Since Θ is a finite proper holomorphic surjection, it
follows that there exists a neighbourhood V of z0 in ∆n such that Θ−1(V ) ⊂⋃p
j=1 Uj , where the Uj are disjoint neighbourhoods of the points xj , 1 ≤ j
≤ p, respectively. Moreover, by the upper semicontinuity of ϕ we can assume
that

ϕ(x) <
{−M for x ∈ Uj , 1 ≤ j ≤ q,
ϕ(xj) + 1 for x ∈ Uj , q + 1 ≤ j ≤ p.

This shows that for z′ ∈ V \ S(Θ) we have

ϕ̂(z′) = ϕ̃(z′) =
∑{

ϕ(x′) : Θ(x′) = z′, x′ ∈
q⋃

j=1

Uj

}

+
∑{

ϕ(x′) : Θ(x′) = z′, x′ ∈
p⋃

j=q+1

Uj

}

< −M + (p− q) max
q+1≤j≤p

(ϕ(xj) + 1).

Hence, ϕ̂(z0) = −∞.
Consider the Hartogs domain Ωϕ̂ given by

Ωϕ̂ = {(z, λ) ∈ ∆n × C : |λ| < e−ϕ̂(z)}.
Since Ωϕ̂ is pseudoconvex, there exists f ∈ H(Ωϕ̂) such that Ωϕ̂ is the
domain of existence of f (see [9]).

Write the Hartogs expansion of f on Ωϕ̂:

f(z, λ) =
∑

k≥0

fk(z)λk

where

fk(z) =
1

2πi

�

|t|=e−ϕ̂(z)−δ

f(z, t)
tk+1 dt, δ > 0.

In view of the upper semicontinuity of ϕ̂ it follows that the fk are holo-
morphic on ∆n. Consider the continuous linear map T : [H(E)]∗β → H(C)
given by

(Tµ)(λ) = µ(f(Θ(·), λ))

for µ ∈ [H(E)]∗β and λ ∈ C. Since H(E) = lim indV ↓E H∞(V ) and [H(E)]∗β
∈ (LB∞), by [4], we can find a neighbourhood V of E in Z̃ such that

T ∗ : [H(C)]∗β → ([H(E)]∗β)∗β = H(E)



8 Le Mau Hai and Tang Van Long

(see [2]) maps [H(C)]∗β continuously into H∞(V ). This shows that f extends
holomorphically to Θ(V )×C. Hence ϕ̂|Θ(V ) = −∞. However, since Θ : W →
∆n is an analytic covering and ϕ̂|Θ(V ) = −∞, it follows that ϕ = −∞ on
Z̃. This is impossible.

(ii)⇒(i). By Vogt [14] it suffices to show that every continuous linear
map T : [H(C)]∗β → H(K) is bounded on a neighbourhood of 0 ∈ [H(C)]∗β.
First consider the function f : K × C→ C given by

f(x, λ) = T (δλ)(x) for x ∈ K, λ ∈ C
where δλ is the Dirac functional associated to λ. For each n ≥ 1, put

An = {λ ∈ C : fλ ∈ H∞(Un), ‖fλ‖Un ≤ n}
where {Un} is a decreasing neighbourhood basis of K and fλ(x) = f(x, λ)
for x ∈ Un. The Montel theorem and the continuity of T imply that An is
closed in C for every n ≥ 1. We see that C =

⋃
n≥1 An. The Baire theorem

shows that there exists n0 such that A
◦
n0 = IntAn0 6= ∅. Since K is a

compact subset contained in Un0 , it meets only finitely many irreducible
branches of Un0 . Hence, we may assume that Un0 has only finitely many
irreducible branches, all meeting K. By the hypothesis each branch meets
K in a non-pluripolar subset.

Take a hypersurface H in X containing the singular locus S(X) of X. Let
Y = X \H. Since H is a hypersurface and X is a Stein space, it follows that
Y is a Stein manifold. Put Y0 = Un0 \H. Then Y0 is an open subset of Y .
Since each irreducible branch of Un0 is the closure of a connected component
of Y0, Y0 has only finitely many connected components. At the same time, K
intersects each connected component in a non-pluripolar subset. Let {Zi}i=1

be the connected components of Y0. For each i = 1, . . . ,m, write K ∩ Zi as
a countable union of compact subsets of Zi. Since K ∩ Zi is not pluripolar,
it follows that for each i = 1, . . . ,m we can find a non-pluripolar compact
subset Ei ⊂ K ∩ Zi. Let E =

⋃m
i=1 Ei. Then E is a compact subset of Y0

and E∩Zi = Ei is not pluripolar in Zi, i = 1, . . . ,m. Since the holomorphic
functions on Y0 separate points of Y0, Y0 can be holomorphically embedded
as an open subset of Ŷ0, the envelope of holomorphy of Y0. Hence E is a
compact subset of Ŷ0. Let

T1 = T ∗|[H(E)]∗β : [H(E)]∗β → H(C)
and let

T ∗1 = [H(C)]∗β → ([H(E)]∗β)∗β = H(E)

be the conjugate map of T1.
Consider the separately holomorphic function g : (E×C)∪(Ŷ0×A

◦
n0)→

C given by
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g(x, λ) =
{
T ∗1 (δλ)(x) for (x, λ) ∈ E × C,
f̂λ(x) for (x, λ) ∈ Ŷ0 × A

◦
n0 ,

where f̂λ is the holomorphic extension of fλ to Ŷ0 for λ ∈ A
◦
n0 . Using a result

of N. T. Van and A. Zeriahi [12] we see that g extends to a holomorphic
function ĝ : Ŷ0×C→ C. Then h = ĝ · (e× id) : Y0×C→ C is holomorphic,
where e : Y0 → Ŷ0 is the canonical holomorphic embedding. Consider the
holomorphic function h1 : C → H(Y0) induced by h. Since h1(A

◦
n0) ⊂

H(Un0) and H(Un0) is contained as a closed subspace in H(Y0), and from
the uniqueness of holomorphic functions, we get h1(C) ⊂ H(Un0). Hence,
f extends to a holomorphic function f̂ : Un0 × C → C such that f̂(·, λ) ∈
H
(
Un0

)
for all λ ∈ C. By shrinking Un0 we derive that

sup
x∈Un0
λ∈L

|f̂(x, λ)| ≤ CL

for each compact subset L ⊂ C.
Hence, we can define a continuous linear map S : [H∞(Un0)]∗ → H(C)

by
S(µ)(λ) = µ(f̂(·, λ))

for λ ∈ C.
The condition (ii) implies that K is a subset of uniqueness and, hence,

span δ(K) is weakly dense in [H(K)]∗β. By [3], [H(K)]∗β is reflexive and it
follows that span δ(K) is dense in [H(K)]∗β where δ : K → [H(K)]∗β is
defined by δ(x)(ϕ) = ϕ(x), x ∈ K, ϕ ∈ H(K). Let T ∗ : [H(K)]∗β → H(C)
be the conjugate map of T . Now we have

T ∗
( m∑

j=1

λjδzj

)
(λ) =

m∑

j=1

λjT
∗(δzj )(λ) =

m∑

j=1

λjf(zj, λ)

=
m∑

j=1

λj f̂(zj , λ) =
m∑

j=1

λjS(δzj )(λ) = S
( m∑

j=1

λjδzj

)
(λ)

for λ ∈ C, {zj} ⊂ K, 1 ≤ j ≤ m.
Hence, S|[H(K)]∗β = T ∗ and T ∗ is bounded on a neighbourhood of 0 ∈

[H(K)]∗β. Then from the reflexivity of H(K) and H(C) and, hence, T =
T ∗∗, as well as from the definition of the strong topologies β on [H(K)]∗

and [H(C)]∗ and the equality (T ∗(U))0 = T−1(U0) which holds for every
neighbourhood U of 0 ∈ [H(K)]∗β, where U0 denotes the polar of U , it follows
that T is bounded on a neighbourhood of 0 ∈ [H(C)]∗β. Hence [H(K)]∗β ∈
(LB∞). Theorem 3.1 is proved.

Now we obtain the following corollary.
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3.2. Corollary. Let K be a compact subset in a Stein space X. Then
the following statements are equivalent :

(i) [H(K)]∗β ∈ (Ω̃).
(ii) [H(K)]∗β ∈ (LB∞).
(iii) K ∩Z is not pluripolar in Z for every irreducible branch Z of every

neighbourhood U of K in X with K ∩ Z 6= ∅.
(iv) w∗(x,K ∩Z,Z) < 1 for every x ∈ Z and every irreducible branch Z

of every neighbourhood U of K in Z with K ∩ Z 6= ∅.
Proof. (i)⇒(ii) follows from Vogt’s results [14]; (ii)⇒(iii) by Theorem 3.1.
(iii)⇒(iv). Assume that there exists a neighbourhood U of K in X and

an irreducible branch Z of U such that

w∗(x,K ∩ Z,Z) = 1 for x ∈ Z.
Hence

w∗(x, ν−1(K) ∩ Z̃, Z̃) = 1 for x ∈ Z̃
where ν : X̃ → X is the normalization of X and Z̃ is an irreducible branch
of ν−1(U) such that ν(Z̃) = Z.

On the other hand, since the set

{x ∈ Z̃ : w(x, ν−1(K) ∩ Z̃, Z̃) < w∗(x, ν−1(K) ∩ Z̃, Z̃)}
is pluripolar, we can find ξ ∈ Z̃ such that for every k ∈ N we can find
ϕk ∈ U(ν−1(K) ∩ Z̃, Z̃) satisfying ϕk = 0 on ν−1(K) ∩ Z̃, ϕk ≤ 1 on Z̃ and
ϕk(ξ) ≥ 1− 2−k. We claim that the function

ϕ(x) =
∑

k≥1

(ϕk(x)− 1), x ∈ Z̃,

is a plurisubharmonic function on Z̃ and ϕ = −∞ on ν−1(K) ∩ Z̃. Indeed,
since ϕ is the limit of the decreasing sequence of its partial sums which are
plurisubharmonic and ϕ(ξ) ≥ −1, it follows that ϕ ∈ PSH(Z̃). Obviously,
ϕ = −∞ on ν−1(K) ∩ Z̃. By (ii)⇒(iii) we derive that [H(ν−1(K) ∩ Z̃)]∗β
does not have (LB∞). Proposition 3.2 also yields that [H(K ∩ Z)]∗β does
not have (LB∞). Since (ii)⇔(iii), it follows that K ∩ Z is pluripolar. That
contradicts the hypothesis (iii).

(iv)⇒(i). Let U be a neighbourhood of K in X. By hypothesis,
w∗(x,K,U) < 1 for x ∈ K. From the upper semicontinuity of w∗(·,K,U)
we can find a neighbourhood V of K in U such that

d = sup{w∗(x,K,U) : x ∈ V } < 1.

Let f ∈ H∞(U). Then for each neighbourhood W of K with K ⊂ W ⊂ V
the function
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log |f(z)| − log ‖f‖W
log ‖f‖U − log ‖f‖W

, z ∈ U,

belongs to U(K,U). Hence for z ∈ V we have

log |f(z)| − log ‖f‖W
log ‖f‖U − log ‖f‖W

≤ d.

This shows that

‖f‖V ≤ ‖f‖1−dW ‖f‖dU
and, hence, [H(K)]∗β has the property (Ω̃).
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