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Abstract. A small perturbation method is developed and employed to construct
frames with compactly supported elements of small shrinking support for Besov and
Triebel-Lizorkin spaces in the general setting of a doubling metric measure space in the
presence of a nonnegative self-adjoint operator whose heat kernel has Gaussian localization
and the Markov property. This allows one, in particular, to construct compactly supported
frames for Besov and Triebel-Lizorkin spaces on the sphere, on the interval with Jacobi
weights as well as on Lie groups, Riemannian manifolds, and in various other settings.
The compactly supported frames are utilized to introduce atomic Hardy spaces HY in the
general setting of this article.

1. Introduction. Compactly supported frames and bases are an impor-
tant tool in harmonic analysis and its applications, allowing one to repre-
sent functions and distributions in terms of building blocks of small support.
Atomic decompositions exhibit another side of the same idea. The purpose
of this study is to construct frames with compactly supported elements of
small shrinking support for Besov and Triebel-Lizorkin spaces in the general
setting of a doubling metric measure space in the presence of a nonnega-
tive self-adjoint operator whose heat kernel has Gaussian localization and
the Markov property, described in [2], [13]. In particular, this theory allows
constructing compactly supported frames on Lie groups with polynomial
volume growth and their homogeneous spaces, complete Riemannian man-
ifolds with Ricci curvature bounded from below and satisfying the volume
doubling condition, and in various other nonclassical setups.

Compactly supported frames have already been constructed on the sphere
in [16], on [—1,1] with weight w, g(z) = (1 —2)*(1 +z)? whenever a = j3 is
a half integer and o > —1/2 in [17], and more generally on the unit ball in R?
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with weight wy, () = (1—|2|)*~/2, where y is a half integer and p > 0 in [I7].
One of the strengths of our method is that although it is general it allows us to
obtain, in particular settings, better results than the existing ones. For exam-
ple, it enables us to improve the results on the interval from [I7] by relaxing the
conditions on «, # from o = /3 a half integer and a > —1/2 to any «, 5 > —1.

An important application of the compactly supported frames is to atomic
Hardy spaces HY, 0 < p <1, in the general setting of this paper. The com-
pactly supported frames provide a vehicle to establish a Littlewood—Paley
characterization of the Hardy spaces H Z and their frame decomposition.

We shall operate in the setting established in [2], [13], which we next recall
briefly:

I. We assume that (M, p, ) is a metric measure space satisfying the
conditions: (M, p) is a locally compact metric space with distance p(-,-)
and p is a positive Radon measure such that the following volume doubling
condition is valid:

(1.1) 0 < p(B(z,2r)) < cou(B(z,r)) <oo forallz € M and r > 0,

where B(z,r) is the open ball centered at x of radius r and ¢y > 1 is a
constant. The above yields

(1.2) w(B(x, \r)) < co\p(B(xz,7)) for x € M, r >0, and X > 1,
were d = logy cg > 0 is a constant playing the role of dimension.

II. The main assumption is that the local geometry of the space (M, p, )
is related to an essentially self-adjoint positive operator L on L?(M,dpu),
mapping real-valued functions to real-valued functions, such that the asso-
ciated semigroup P; = e~* consists of integral operators with (heat) kernel
pi(z,y) obeying the following conditions:

e Small time Gaussian upper bound:
C* exp{—c'p(z, y)*/t}
V(B V) u(B(y, VD)

e Hoélder continuity: There exists a constant o > 0 such that

N\ o ex o x) 9
(1.4) |pt(m,y)_pt(x,y/)‘SC*(p(y y)> \/ p{ p( ?/)(/t}\[))
n(B Yy

for z,y,y) € M and 0 <t < 1, wheneverp(y y) \[
o Markov property:

(1.5) S pe(x,y)du(y) =1  for ¢t > 0.
M

Above C*, ¢* > 0 are structural constants.

for z,ye M,0<t<1.

(1.3)  |pe(z,y)| <
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We shall also assume the following additional conditions:

e Noncollapsing condition: There exists a constant ¢ > 0 such that
1. inf w(B(x,1)) > c.
(1.6) inf p(B(r,1)) 2 ¢

e Reverse doubling condition: There exists a constant ¢ > 1 such that
(L.7)  w(B(z,2r)) > cp(B(z,r)) forxze M and 0 <r < (diam M)/3.

The latter condition is only needed for lower estimates of the LP-norms
of frame elements (see Proposition [2.5)). It can be relaxed if such estimates
are not needed, which is the case in the general theory.

A natural effective realization of the above setting appears in the general
framework of Dirichlet spaces. More precisely, in the framework of strictly
local regular Dirichlet spaces with a complete intrinsic metric it suffices to
verify the local Poincaré inequality and the global doubling condition on
the measure, and then the above general setting applies in full. For more
details, see [2]. A key observation is that situations where our theory applies
are quite common, which becomes evident from the examples given in [2].

We next outline the main points in this paper. We build on results on
functional calculus, frames and spaces of distributions developed in [2, [13].
For convenience, we collect in §2|all the results we need from [2] [13].

To achieve our goals we first develop in a general small perturba-
tion scheme for construction of frames in a general quasi-Banach space B of
distributions given a pair of dual frames {¢¢}, {1&5} In fact, this is the situ-
ation in [I3]. This method has been developed in [16] in the more favorable
situation when a single frame {1)¢} for B exists (see §3.3)). The latter scheme
can be applied directly in our setting in the special case when the spectral
spaces have the polynomial property (see [13]): on the sphere, interval, ball,
and simplex. The idea of these schemes is rooted in the development of bases
in [22], and also in [I4} [15], and is related to the method for construction of
atomic decompositions in [1].

The construction of compactly supported frames in the current setting
is given in It relies heavily on the finite speed propagation property of
solutions of the wave equation associated with the operator L (see
below). This property follows from the Gaussian bound on the heat
kernel p;(z,y). The finite speed propagation property alone, however, is not
sufficient. Other properties of the heat kernel and the doubling condition
on the measure given above are also important for the development of a
complete theory. In particular, they allowed dealing in [13] with Besov and
Triebel-Lizorkin spaces with full set of indices and their frame characteri-
zation, which plays a critical role here.

In §f the compactly supported frames from §4] are applied to the devel-
opment of the atomic Hardy spaces HY in the setting of this article.
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In §0] the developments from the previous sections are applied to the
specific setting of [—1,1] with Jacobi weights.

Section [7] is an appendix where we prove the boundedness of almost
diagonal operators on Besov and Triebel-Lizorkin sequence spaces.

Some useful notation: throughout, |E| := u(E), 1 is the characteristic
function of £ C M, and |- ||, = [|-||zr := ||| zr(as,dp) - Positive constants are
denoted by ¢, C, c1, ¢, ... and are allowed to vary at every occurrence. The
notation a ~ b stands for ¢; < a/b < co. We also use the standard notation
a A'b:=min{a,b} and a V b := max{a, b}.

2. Background. In constructing compactly supported frames we shall
make extensive use of results from [2), [13]. In this section we review every-
thing that will be needed from [2] 13].

2.1. Functional calculus. We adhere to the notation in [2, [13]. In
particular, the following symmetric functions will appear in what follows:

2.1) Dm@w%=UBWAWB@AW””(L+M%w>ﬁ7 2y M.

1)
As B(z,r) C B(y, p(y,z) + 1), yields

d
@2 Bl <a(t D) Benl syed o
Combining this with (2.1)) we arrive at the useful inequality
—o+d/2
(2.3) Dso(2,y) < e/ *|B(,6)| ! (1 + p(”; ”) .

Here |B(x,6)|~! can be replaced by |B(y, )|~ .
The following inequality will be instrumental in some proofs (see [13|
Lemma 2.1]): For o > d and § > 0,

(2.4) [ (1407 p(x,9))7 duly) < e|B(x,0)|, =z €M,
M
The finite speed propagation property will play a key role in this study:
1

2.5 cos(tVL)f1, f2) =0, 0<ét<r, &:= ,
@5 (eos(tVI)fi b Ne
for all open sets U; C M and f; € L?(M) with supp fi cUj;,j=1,2, where
ri= ,O(Ul, UQ).

This property implies the following localization result for the kernels of

operators of the form f(6v/L) whenever f is band limited. Here f(¢) :=
{g f(t)e " dt.
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PROPOSITION 2.1. Let f be even, supp f C [—A, A] for some A > 0, and
feW for some m > d, i.e. || f™||y < co. Then for § >0 and z,y € M,

(2.6) FOVL)(z,y) =0 if p(z,y) > cSA.

We shall need the following result from the smooth functional calculus
induced by the heat kernel, developed in [13] Theorem 3.1].

TuroREM 2.2 ([13]). Let f € C*(Ry), k > d+ 1, supp f C [0, R] for
some R > 1, and f®**1(0) = 0 for all v > 0 such that 2v + 1 < k.
Then f(6v/L), 0 < § < 1, is an integral operator with kernel f(5v/L)(z,v)
satisfying

(2.7) [F(6VI)(x,9)| < exDsi(,y),
(28)  |f(OVI)(x,y) — F(OVI)(x,y)|

)
s%(“%yv Dssle) if ply ) <

Here Dsy(x,y) is from (2.1)),
cx = cp(f) = R k) | fll= + (2R (If P =], & = caerR?,

where c1,ca,c3 > 0 depend only on the constants cy, C*,c* from (1.1)—(1.4),
except for c3 which depends on k as well; o > 0 is the constant from ((1.4)).
Furthermore,

| F(OVI) (2, y) du(y) = £(0).
M
This theorem readily implies the following result that will be needed
later on.

COROLLARY 2.3. Suppose f € C*°(R), supp f C [0, R] for some R > 1,
and fEtD(0) = 0 for all v > 0. Then for anyn > 0 and 0 < § < 1
the operator L™ f(6v/L) is an integral operator with kernel L™ f(5v/L)(x,y)
having the property that for any o > 0 there exists a constant cs, > 0 such
that

(2.9) |L"f(5\FL)(x,y)] < cg7n5*2"D57g(m, y), x,y€ M.

The requirement in Theorem that f is compactly supported can be
relaxed.

THEOREM 2.4 ([13]). Suppose f € CF(Ry), k> d+1,
FP N <Ce@+XN)"T" forA>0and 0 <v <k, wherer > k+d+1,

and fE(0) = 0 for all v > 0 such that 2v +1 < k. The (5\F is an
integral opemtor with kernel f(5\f )(z,y) satisfying (2.7 , where the
constants c, ¢j, depend on k, d, o, co, C*, c*, and lznearly on C’k
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2.2. Spectral spaces. Let Ey), A > 0, be the spectral resolution asso-
ciated with the self-adjoint positive operator L on L? := L?(M,du). We let
F\, A > 0, denote the spectral resolution associated with VL, i.e. F\ = E2.
Then for any bounded measurable function f on R, the operator f(v/L) is
defined by f(v/L) = Sgo f(\)dFy on L?. For the spectral projectors we have
E>\ = ]l[o)\](L) = SSO 1[0,)\} (u) dEu and

o o0
Fy=1px(VL) = | L) dFy = | 1j 5 (V1) dE..
0 0

For any compact K C [0,00) the spectral space X% is defined by
SPo={fell:0(VL)f =fforall§ € C(Ry), 6 =1on K}.

In general, given a space Y of measurable functions on M we set

IN=5Y):={feY:0(VL)f = fforall 6 € C(R,), 0 =1 on [0,\]}.

2.3. Distributions. Distributions are naturally defined in the general
setting of There are some distinctions, however, between the test func-
tions and distributions used when u(M) < oo and when p(M) = oc.

In the case u(M) < oo, we use as test functions the class D of all func-
tions ¢ € (,,,>o P(L™) with the topology induced by

(2.10) Pm(p) = || L™¢|l2, m >0.

If (M) = oo, then the class D of test functions is defined as the set of
all functions ¢ € (5o D(L™) such that

(2.11) Prni(6) := sup (1 + p(x, 20)) |L"p(x)| <00 ¥m,€>0.
zeM

Here xg € M is selected arbitrarily and fixed once and for all.

As usual the space D’ of distributions on M is defined as the set of all
continuous linear functionals on D, and the pairing of f € D' and ¢ € D
will be denoted by (f, ¢) := f().

Observe that since L maps real-valued functions to real-valued functions,
we have Lp = L¢p and hence ¢ € D if ¢ € D. Also, if p € S(R) (the
Schwartz class on R) is real-valued and even, then Theorem implies that
©(VL)(z,-) € D and ¢(VL)(-,y) € D. Furthermore, it is easy to see that
©(v/L) maps continuously D into D. Now, given f € D’ we define ¢(v/L)f

by
(2.12) (p(VL)f,8) := (f,o(VL)$) for ¢ € D.

It readily follows that ¢(v/L) maps continuously D’ into D'.
As is shown in [3, Proposition 2.5], if ¢ € S(R) is real-valued and even,
then

(213)  o(VL)f(@) = (f,e(VL)(x,)), VfeD VoeM.
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2.4. Frames. Our construction of compactly supported frames will rely
on the frames developed in [13]. Here we collect the needed information
from [13].

Construction of Frame #1. The construction begins with a cut-off
function ¢ with the following properties: ® € C*°(R4),0<? <1, d(u) =1
for u € [0,1], and supp® C [0,b], where b > 1 is a constant (see [13]). We
shall assume that b > 2. The constant b will remain fixed throughout the
paper. Set ¥(u) := ®(u) — P(bu).

An important point is that the function @ can be selected so that the oper-
ators @(6v/L) and ¥ (5+/L) are integral operators whose kernels (5v/L)(z, y)
and ¥ (6v/L)(x,7y) have subexponential space localization, namely, for any
r,y € M,

10 BV e.y)l, POV, g)] < o exp{—n(P(x,y)/é)f;’T
(IB(z,9)[|B(y,0)|)

where 0 < 8 < 1, k,c > 0, and B can be selected as close to 1 as we
wish. Furthermore, ®(5v/L)(x,y) and ¥(6v/L)(z,y) are Hélder continu-
ous [13].

Setting

(2.15) Ty(u) := d(u) and W;(u) =¥ 7u), j>1,

we have ¥; € C°(Ry), 0 < ¥; < 1, supp¥ C [0,b], supp¥; C [p¥~1 v/ H]
for j > 1, and } ;5,%;(u) = 1 for u € Ry. Hence we have the following
Littlewood-Paley decomposition:

(2.16) f=>_w(VL)f for feD (and f € LP).
j=0
For j > 0 we let X; C M be a maximal d;-net on M with ¢; := '7b*j*2
and suppose {Ag¢}ee x; 1s a companion disjoint partition of M consisting of
measurable sets such that B(,d;/2) C A¢ C B(&,6;) for § € Xj. Here v > 0
is a sufficiently small constant.
The jth level frame elements )¢ are defined by

(2.17) Ye(w) = AP (VL) (2,€), €€ X

Let X :=J >0 X where equal points from different sets X; will be regarded
as distinct elements of X', so X can be used as an index set. Then {t¢}ecx
is Frame #1.

The construction of a dual frame {¢¢}ecy is much more involved; we
refer the reader to [13, §4.3] for the details.

We next describe the main properties of {1)¢}¢cxr and {1/;5}56 x-
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ProrposiTION 2.5 ([13]). (a) Localization: For any 0 < & < k/2 there
exists a constant ¢ > 0 such that for any { € X, j > 0,
e (@), [e ()] < | B(E,b7)| 7 exp{—~(¥ p(x,€))"}
and for any m > 1,
L™ e ()|, [L™ e ()] < em|B(E,b77) [~/ 20%™ exp{—&(V p(a, £))°}.
Also, if p(x,y) < b7, then

[e(w) = ve(y) < elB(E L)W pl, )™ exp{ =~ (¥ p(x, €))7}

and the same inequality holds for 1/35.
(b) Norms:

[ellp ~ [1ellp ~ [B(E67)[MP~H2, 0 <p< oo
(c) Spectral localization: wg,zﬁg € X if& e Xy, Y € Eﬁj—l,bﬂ‘rl} if
§ € X, and e € Eﬁf?,bﬁ?} ife X, j>1,0<p<oo.
(d) Representation: For any f € D' we have
F=Y (Fdehe =D (five)de inD.
fex Lex

This also holds for f € LP, 1 < p < oo, with the usual modification when
p = oo.

(e) Each of the systems {1¢} and {4} is a frame for L2.

2.5. Besov and Triebel-Lizorkin spaces. The Besov and Triebel-
Lizorkin spaces associated with the operator L, defined in [13], are in general
spaces of distributions. To handle possible anisotropic geometries there are
two types of Besov (B) and Triebel-Lizorkin (F) spaces introduced in [13]:
(i) classical B-spaces B,, = B, (L) and F-spaces Fj;, = Fy; (L), and (ii) non-
classical B-spaces ng = B;q(L) and F-spaces szq = F]fq(L). We next recall
them. Let ¢g, ¢ € C*°(R,) be such that

supp o C [0, 2], 90(()2V+1)(0) =0for v >0, |po(N)]>c>0 for A e 0,254,
supp C [1/2,2], and |o\)|>¢>0 for A e [273/4,2%/4],

Then [po(N)| + X251 [P(27IN)| > ¢ > 0 for A € Ry. Set j(N) = p(279))
for j > 1. B
DEFINITION 2.6. Let s € R and 0 < p,q < oo.

(i) The Besov space By, = B, (L) is defined as the set of all f € D’ such
that

15155, = (@7 VDFOl)) " < o

Jj=0
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(ii) The Besov space B;q = B;q(L) is defined as the set of all f € D’
such that

—iv— 1/q
115, = (3 (NBC 2 (VI )] 1)) < .
Jj=>0
DEFINITION 2.7. Let se R, 0 < p < 00, and 0 < ¢ < o0.

(a) The Triebel-Lizorkin space F,, = F,, (L) is defined as the set of all
f € D’ such that

7l = || (@ tevmson”)

3>0

< Q.
Lp

(b) The Triebel-Lizorkin space F;q = FIfq(L) is defined as the set of all
f € D’ such that

1717, = [ (0BG 27 e (VDFO)')

7>0

1/(1‘

< 0.
Lr

In both definitions above the £¢ norm is replaced by the sup norm if
q =00

Frame decomposition of Besov and Triebel-Lizorkin spaces.
One of the main results in [I3] asserts that Besov and Triebel-Lizorkin
spaces can be characterized in terms of respective sequence norms of the
frame coefficients of distributions, using the frames {1¢}¢c v, {t¢}eex from

2.4

To state this result we next introduce the sequence spaces by, b;q and

> qu, associated with the B- and F-spaces. As before, X := U >0 A will
denote the sets of the centers of the frame elements and {AE}EG X; W111 be
the associated partitions of M; b > 2 will be the constant from §

DEFINITION 2.8. Let s € R and 0 < p,q < oo.

(a) by, is defined as the space of all complex-valued sequences a =
{a¢}ecx such that

ol = (2013 (B& b1 2ael?]"") " < o
Jj=0 EEX;

(b) IB;Q is defined as the space of all complex-valued sequences a =
{ag}gex such that

||aH5§q e <Z[Z (|B(£’bfj)|*3/d+1/p71/2‘a£|)pi| q/p>1/q ‘>

7>0 €EX;
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DEFINITION 2.9. Suppose s € R, 0 < p < 00, and 0 < g < o0.

(a) fpq is defined as the space of all complex-valued sequences a =
{ag}eex such that

lall g, = (0 3 llaliac (7)< oe.
=0 EEX;

(b) f}fq is defined as the space of all complex-valued sequences a =
{ag}eex such that

lallz, = | (204 lagl 4, (17) "]

fex

< Q.
Lr

Here ﬂAg = \Ag]*I/ZIlAE with 14, being the characteristic function of Ag.

As usual, the P or ¢9 norm above is replaced by the sup-norm if p = co
or ¢ = oo.

In stating the results from [I3] we shall use the “analysis” and “synthesis”
operators defined by

Sy fe{(fde)teer and Ty :{agkeer = Y agie.
cex

Here the roles of {1} and {¢)¢} can be interchanged.

THEOREM 2.10 ([I3]). Let s € R and 0 < p,q < cc.

(a) The operators Sy : By, — by, and Ty : by, — Bp, are bounded and
TyoS; =1d on By,. Consequently, for f € D' we have f € By, if and only
if {{f,ve)}ecx € 3. Moreover, if f € By, then ||fllss, ~ I{(f¥¢)}los,

and
1715, ~ (09 32 s deuselz] ") .

j=0 £€Xj

(b) The operators S@ : B;q — I;;q and Ty : I;;q — B;q are bounded and

Ty o 191[’ =1d on B;q. Hence, f~€ ng < {(f, ¢§>}56X € Bf,q. Furthermore, if
£ e By then [£]155, ~ I{(F.00)} g, and

1715, ~ (32 [20 (BE b1 dedvelly) |

J>0 €€X;

Q/P> 1/q.

THEOREM 2.11 ([13]). Let s€e R, 0 <p < o0 and 0 < g < co.
(a) The operators Sy : Fpy — fp and Ty = f, — Fj, are bounded and
T;05y =1d on Fy,. Consequently, f € Fy, if and only if {{f, 12@}5695 € fogs
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and if f € Fyy, then || f||rs, ~ [{(f, ¢§>}”f;q- Furthermore,

i, ~ | (20" 3 1. Gl we])
j>0

£eX]

e

(b) The opemfors Sy F;q — f;‘l and Ty : f;q — Flfjl are bouniied and
Tj 0 Sy =1d on Fy,. Hence, f € Fy, if and only if {{fse) Yeex € fpyr and
1 € Fy then |l ~ {45, G}, - Purthermore,

I, ~ | (% > [IBEv ) s dal wel)) |

e’

The roles of {1¢} and {¢¢} in Theorems [2.10 can be interchanged.

2.6. Maximal operator. We shall need the maximal operator M; de-
fined by

1/t
(2.18) M f(z) = sup<B|§|f]tdu> , TEM, t>0,

where the sup is taken over all balls B C M such that x € B. Since p is
a Radon measure on M which satisfies the doubling condition , the
Fefferman—Stein vector-valued maximal inequality holds (see e.g. [23]): If
0<p<o00,0<qg<o0,and 0 <t < min{p,q} then for any sequence {f,}

of functions on M,
1/q
W <e (Znor) 7,

@10)  [(Zmenor)”|

From [10, Theorem 2.1} it follows that the constant ¢4 > 0 above can be
written in the form

(220) ¢ =cimax{p, (p/t — 1)~y max{L, (g/t — 1)},

where ¢; is a constant depending only on the underlying space M.

3. Small perturbation method for construction of frames. The
purpose of this section is to develop a small perturbation method for con-
struction of frames in the case when there exists a pair of dual frames {v¢},
{4b¢} for a quasi-Banach space B of distributions (or a class Y of spaces B).

3.1. Assumptions in the case of a single space B. Assume (M, p, 11)
is a metric measure space and D C L%(M, 1) is a linear space of test functions
on M furnished with a locally convex topology induced by a sequence of
norms or seminorms. Let D’ be the dual of D consisting of all continuous
linear functionals on D. The pairing of f € D' and ¢ € D will be denoted
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by (f,¢) := f(¢) and we assume that it is consistent with the inner product
(f,9) = 3y Fgdp on L2(M, p).

Further, we assume that B C D’ with norm ||-||5 is a quasi-Banach space
of distributions, which is continuously embedded in D’ and D C B.

The old pair of frames. We stipulate the existence of a pair of dual
frames {9¢ becx, {1 becx in B, where ¢, 1)¢ € D and X is a countable index
set, with the following properties:

A1l. For any f € B,
(3.1) F= Fdeve = (f, e,
ek Lex

where the two series converge unconditionally in B and hence in D’.

A2. Consider the following analysis and synthesis operators:
Sp o fer (Fe)eex and Tyt (he)eex = > hetde.
feXx
Then there exists a quasi-Banach (complex) sequence space By with quasi-

norm || - ||, such that:

(i) the operator S; : B — Bq is bounded, and
(ii) for any sequence h = (h¢)ecx € B the series D ccy hethe converges
unconditionally in B and T, : B4 — B is bounded. Furthermore, the
roles of 9 and 15 can be interchanged.
Therefore, for any f € B we have ((f, 15@)5695 € Ba, ((f,v¢))ecx € Bg, and
1B ~ IICCF ved)llBy ~ I1(CF10e)) |84

In addition, we assume that B; obeys the conditions:

A3. (i) For any sequence (h¢)eex € Ba, [|(he)lls, = l[(|hel)5,-

(ii) Let h = (he)eex € Bq and assume (hg,);j>1 is any ordering of the
terms of the sequence h. Set Xy, := {&; : j > m} and define the truncated
sequence h("™) € By by

W™ =he ifE€X, and h{"M:=0 ifEeX\ X,
Then ||h™) |5, — 0 as m — oco.

Clearly, this assumption implies that compactly supported sequences are
dense in By.

AA4. The operator with matrix

(32) A= (af,n)f,’nGXa agn = <¢7]7w§>7
is bounded on By, i.e. ||Al5,-8, < ¢ < .
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3.2. Construction of new frames. Next we construct a new pair of
dual frames {0¢}ecx, {0¢}ecr in B, where X is the index set above, in two
steps: We first construct a new system {6¢}¢cx to well approximate {t¢}ecx
in terms of the size of the inner products (1, — 0,,1¢) and be well localized
in terms of (6, 1¢). More precisely, we assume that §; € B, £ € X, can be
constructed so that the operators with matrices

B = (bf,’l])f,nEXa bfn = < nvwrf)?
D = (dgy)emexs  dey = (g — Oy, Ye),

are bounded on By, i.e. ||B|g,—B, < ¢, and more importantly for a suffi-
ciently small € > 0 (to be determined later on)

(3.3)

(3.4) 1Dlls,-s5, < e
We introduce two operators:
(3.5) Tih:= Y hebe, h = (he)ecx € Ba,
{ex
(3.6) Tf:=) (f,0e)be, f€B.
fex

LEMMA 3.1. The operators T; and T are well defined and bounded, that
18,
(3.7) |Tahlls < c||h|lB,, Yh€ By and |Tf|g<c|fls VfeB.

Furthermore, the series in (3.5)—(3.6) converge unconditionally in B and
hence in D'.

Proof. Let h = (hg¢)eex be a compactly supported sequence of complex
numbers. Then

(Tah, ty) = Zhgegwn (Bh),, ne€X,

and using ||B||p,—B, < ¢ and A2 we obtain
ITahlls < cllBhlls, < cllBllg,-s,lhls, < A5,

This and condition A3(ii) on B, readily imply that the series in con-
verges unconditionally in B, and Ty can be extended as a bounded operator
from By to B.

We use the above and A2 to conclude that for any f € B,

ITflls < ell((F,9e)) s, < cllflls- m

It will be critical that the operator T is invertible if € in (3.4) is suffi-
ciently small.
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LEMMA 3.2. Ife in (3.4) is sufficiently small and independent of other
constants, then ||Id — T||g—g < 1 and hence T~ exists and

(3.8) HT71HB%5 <c < oo.

Proof. For f € B we have (with Id being the identity operator)
A —T)f = D {f.e) (v — be),
fex
with convergence in B and hence in D’. Therefore,
((1d = T)f,whg) = D {f0e) (e — g, ) = (Dh)y,
{ex

where D is from 1) and he¢ == (f, 1/;§> Now, using A2 and 1’ we obtain

I(Id = T) flls < cllDhlls, < cllDlls;~84lhl5, < cellblls, < ceell -

Hence |Id — T'||p=B < cse < 1 if ¢ is sufficiently small.

By our hypotheses B is a quasi-Banach space and as is well known there
exists a constant 0 < p < 1 such that || 37, filly < >, If;l5 for f; € B.
Using this it is easy to show that ||Id — Tz < 1 implies that T—! exists
and | T~ Y|go5 < ¢ < co. In fact,

T =S -1, T < S = T < (1 (o)) < oo m
k>0 k>0

We need one more simple lemma:

LEMMA 3.3. The operator H with matriz H = (<T71w,7,1;§>)57ne)( is
bounded on By.

Proof. Let h = (h¢)ecex be a compactly supported sequence of complex
numbers and set f:= ", 5 hetpy. Clearly,

(HR)e = 3 hg(T ™ g ) = (T~ (D bty ) ) = (T £ k).
nex nex
The above, A2, and imply
1H 5, = (T £ de))ls, < ellT~ flls < ellflls < cllhlls,-

Since compactly supported sequences are dense in By, the operator H can
be uniquely extended to a bounded operator on B;. »

Construction of the dual frame {f;}. For any ¢ € X’ we define the
linear functional ¢ by

(3.9) Oc(f) = (f,0¢) = > (T "y, she)(f,by)  for f € B,

nex
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From Lemma [3.3] and A2 it follows that for f € B,
10¢(1) = [{f,06)| < 1 H | Bomll((f, ou)s, < el £l

Thus, 55 is a bounded linear functional on B, i.e. ég enB.
Further, for f € B by Lemma T-'f € B, and Lemma yields

(3.10) f=TT7f) =Y (T ).

fex

On the other hand, from the fact that 7! is a bounded operator on B and
it follows that for any f € B we have T-'f = > nexlfs zﬁn>T*11/zn,
where the series converges unconditionally in B and hence in D’. This and
the fact that zﬁg € D imply

(3.11) (T fobe) = Y AT g, ) (f, ) = (f, B).-

nex

Here the series converges unconditionally and hence absolutely because of

the unconditional convergence of the former series. From (3.10)—(3.11)) we
infer that

(3.12) F=) (100, [eB,
fex
where (f, 9~§> is defined in 1) the convergence is unconditional in B.
We next show that 675 can be identified with an element of B.

PROPOSITION 3.4. For any £ € X the distribution

(3.13) O¢ := Z (T=Yy, )y (convergence in B)
nex

belongs to B and for any ¢ € D we have

(3.14) Oc(¢) = (0c, 9),

where on the left the linear functional 55 € B, defined in , acts on
¢ € D C B, while on the right the distribution 0¢ € B from (3.13) acts on
¢ eD.

Proof. Assume for a moment that the series in (3.13)) converges in B and
hence in D’. Then for ¢ € D we have

(O, @) = (D AT g, e g, &) = D (T "0y, V) (@, ) = B (9),

gex cex
where for the last equality we used (3.9)); this proves (3.14]).
To show that the series in (3.13|) converges in B, we observe that as
Yy € D C B, by (3.1) we have
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Yy = anﬂ/;wWw YneX

weX

with convergence in B. Hence, as T-! is bounded on B, it follows that
Ty =3 cx(¥n, Yu)T 4, in B and hence in D'. Therefore, as ¢ € D,

(T 4y he) = D AT ey, e ) (b, ).
weX
However, by Lemmathe operator H with matrix H :=((T~ 14, 1;£>)§,w€/\’
is bounded on By, and (¢, ) Jnex = (o, ¥n))nex € Basincedh, € D C B

and by A2-A3. Therefore, ((T 14, v¢))pex € By and using A3 we have

((T—lwnﬂ;g})nex € By. Then from A2 it follows that the series in 1}
converges in B and 0 € B. =

We next show that {6¢}, {f¢} is a pair of dual frames for B if ¢ is
sufficiently small.

THEOREM 3.5. If € in (3.4) is sufficiently small, with the above defined
{0c}, {0}, for any f € B,

(3.15) f=" (f0¢)0b,
fex
where the convergence is unconditional in B, and

(3.16) 15 ~ (£, 8e) 5,

with the implied constants independent of f.
Moreover, the operator Ty defined by Tyh = de;\f hebe for sequences
h = (he)ecx of complex numbers is bounded as a map Ty : Bg — B.

Proof. The representation (3.15) was already established in (3.12). To
prove that

(3.17) 1115 < el (. 0e))llsss  f €B.
we first use A2 to obtain || f|l5 < ¢l|((f, V¢))||s,. Using we write
(fohe) = (f =T foibe) + (T foahe) = (T71(1d = T) f, ) + (f, O).

Now from A2, (3.7), (3.8), and ||Id — T||g—B < cs& (Lemma it follows
that

1£1l5 < ell((f, %)), < ell(T™HT = 1d) £, ) I, + €l ((f, 0)) I,
< |77 HT —1d) fl|s + e[| ({f.0e)) 15,
< | T Y|pos T — 1|55l flls + cll({f, 8))l s,
< coel| flls + el ({£.0¢))lls,
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with ¢, > 0 a constant independent of €. Therefore,

1£lls < 1= 158D,

which implies (3.17)) if we choose € so that c,e < 1.
In the other direction, we use (3.11]), A2, and (3.8]) to obtain

ICCF, 0N s, = (T f. e 5, < ell T flls < cl £l
The boundedness of Ty : By — B is established in Lemma [3.1] =

3.3. Construction of frames whenever a single frame exists.
There are many cases when there is a single (old) frame {1¢} for a quasi-
Banach space B. More specifically, assume that in the setting of 1[)5 = ¢
for £ € X, i.e. for any f € B,

(3.18) F= {fvehe and [|Iflls ~ [({f,1)]B,-

£ex

In this situation the construction of a new pair of frames {0¢}, {675} can
be simplified. More precisely, {f¢} is constructed as in and {f¢} is
defined by ég = 5_105 for £ € X, where S is the frame operator Sf :=
>ecx ([ 0¢)0¢. This method is developed in [16], where it is shown that if
the operators with matrices B, D from and their adjoints B*, D* are
bounded on By and £2, and || D||s,—5, < &, |D*l5,—8, < & |D]le—e <&,
for a sufficiently small ¢, then S~! exists and is bounded on B and for any

feB,
(3.19) f=> (£.00: and ||flz~ [({f,0)5,

fex
We refer the reader to [16] for details and proofs.

3.4. Construction of frames for classes of quasi-Banach spaces.
Let Y be a class (set) of quasi-Banach spaces B of distributions and assume

that {t¢}ecx, {Ye}lecx is a pair of dual frames, just as in for each
B €Y. We shall denote by Yy the class consisting of the respective sequence

spaces By.

Now, our main assumption is that all constants in are uniform with
respect to B € Y and By € Yy, i.e. they are the same for all B € Y and
Bs €Y.

In the construction in of new frames {0¢}ecx, {ég}gex for BeY
our main assumption now is that the constants are also uniform. Thus we
assume that §¢ € D for £ € X' can be constructed so that ||B|z,»5, < ¢
and ||D||g,—n, < € for all By € Yy, where € > 0 is sufficiently small.

A careful examination of the arguments shows that under the above
assumptions Theorem holds for all B € Y, where the constants in (3.16))
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are independent of B as well; they may depend on Y, Y, and the constants
from the assumptions.

4. Compactly supported frames. In this section we present the con-
struction of a compactly supported frame {f¢} in the general setting of
and its dual frame {9}}, and show how they can be used for characterization
of Besov and Triebel-Lizorkin spaces.

4.1. The construction. Let ¥, := @ and ¥ be the compactly supported
C™ functions from the construction of Frame #1 in §2.4] The first step is
to construct band limited functions @9 and © which approximate ¥, and ¥
in a specific sense given below.

PROPOSITION 4.1. Let Wy and ¥ be the even extensions of the functions
Wy and ¥ from the construction of Frame #1 in §2.4. Then for any e > 0
and N > K > 1 there exist functions @y, 0 € C* and R > 0 such that &g
and © are even and real valued, supp Oy C [—R,R], supp © C [—R, R],

N
)y _ oW py < _ El _
(4.1) () — ey ()] < Ty LERV=0LLK,
t‘N
4.2 v (1) — oW (1)) < —__ R,v=01,...,K.
(4.2) w(t) — 6 (t)l_(lﬂﬂ)m, teR,v=0,1,...,

Furthermore, supp F(t~™O(t)) C [-R,R], 0 < m < N, with F being the
Fourier transform.

Proof. For this proof we shall borrow from [I3] and [16]. Evidently, it
suffices to prove the proposition in the case when N = K =k > 1.

We first construct ©. Define f(t) := (sinyt)~2*¥(t) with v := 7/2b, and
observe that f € C*°(R), f is even, and supp f = supp ¥ C [—b,b], b > 2.

Our next step is to construct a band limited function f4, A > 1, which
approximates f sufficiently well. To this end we shall proceed as in [13, proof
of Theorem 3.1]. Just as in [13] we define the function ¢ on R by its Fourier
transform

1
R e — -1 =
O= Voappogyjzee * Hox o By, Hyi= (20) 7 g, 0= g

k+1

Evidently, ¢(¢) = 1 for € € [—1/2,1/2], suppé C [-1,1], 0 < ¢ < 1, ¢ is
even, and

160l <077 < (2(k +2))” < (4k)Y  for v =0,1,...,k+ 1.

Define fa := f * ¢4, where ¢a(t) := Ap(At). Note that (5,\4(5) = $(£/A)
and hence supp ¢4 C [—A4, A]. On the other hand, f4 = féa, and therefore



Frames for spaces of distributions 133

Suppﬁ C [-A, A]. Since f and ¢ are even, f4 is even. Further,

F(£) = fa(t) = 2m) T AR | EF F(QF (§/A)e™ dg,

R
where F/(€) = (1 — ¢(£))¢~*. From this we infer that

f(V) (t) - f[g”) (t) = i”(27r>—1A—k S §k+yf(§>p(f/z4)el£t d¢

R
and hence
(43) Y~ oo < ATHISE) 5 Fa
< AT SE oo | Fallpr < FATF) P
Here we have used the fact that ||[Fa||1 = ||F||z2 < ¥, where ¢ > 1 is an

absolute constant [I3]. As in [13] we have
[Da()] < c(R)AQL+ AN, e(k) = (k).
We use this and supp f C [—b, b] to obtain, for ¢ > b,
b

7O = 1V O = 11 @) = 1F2 x da®)] < § 17O W) [daly —t)] dy

—b

t+b t+b
<N We | 16a)] du < (k)£ oo | AQ+ Au) ™ du
t—b —b
< C(k)Hf(V)”oo S (1 + v)_k_l du < C(k>A—ka(ll)Hoo(t _ b)_k,
A(t—b)

Therefore,
£ = £ O < AT loo(1+ 1) 75 for [¢] > 20,
This coupled with (4.3) yields
(44)  [fO0) -9 0] <A™ max | fO a1+ [H) 7 < dATEL+])
0<5<2k

fort e Rand v =0,1,...,k, where ¢ > 0 is independent of ¢ and A.

We set

O(t) := (sinyt)** f4(t)  with v := 7/2b as above.

We next show that © and t~™O(t) (1 < m < 2k) are band limited. Indeed,
set Agk = (Ty — T_~)?*, where T, is the left shift defined by T,g(§) :=
g(& + ). Tt is readily seen that

(A?ykﬁ)v(t) = (—1)*2% (sinyt)?* fa(t) = (—1)*2%*O(t)

and hence

O(€) = (—1)*27* A% A ().
As suppﬁ C [—A, A], it follows that supp © C [—A — 2k, A+ 2k~y].
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Further, set G, (t) := (sinyt)2*=2” f4(t), 0 < v < k. Then
t72YO(t) = (sinyt/t)* G, (t).

As above, supp G, C [-A—2(k—v)y, A+ 2(k —v)7]. Clearly, F(sinyt/t) =
ml_,, and hence

F(te()

v,_2v ~
(—1) ™ ]l[_%,y] Xooee X ﬂ[_%,y] * Gl,.

2v

Therefore, supp F (t~2O(t)) C [-A — 2kvy, A+ 2ky], 0 < v < k. This along
with the obvious fact that supp F(¢f(t)) = supp F(f') yields

supp ]:(t_m@(t)) - [_A - 2k77A + 2k7] =: [_Ra R]7 0<m <2k,

as claimed.
We now establish (4.2)). From the definitions of f and O,

U(t) — O(t) = (sinyt)*[f(t) — fa(t)]

and by (£.4),
! A—k|+|k
@) (1) — OV (1) < elsin ~¢[* Gy _ ¢y < CATN
() — O (1)) < elsinyt]” max |F() — f5 (t)‘_(1+]t1)2’f

forv=0,1,... k.

Finally, choosing A so that ¢ A~% = ¢ and setting R := A + 2k~ we get
© with the claimed properties.

We now focus on the construction of ©y. For this, set ¥ := ¥. Note
that ¥ € C§°(R), supp¥ C [—b,—1] N [1,b], ¥ is odd, and " ¥(t)dt =
S? U(t)dt = —1. It is readily seen that the construction above applied to ¥

will produce a function © with the following properties: © € C*°(R), O is
odd, supp © C [—R, R], and

t|v
4. 1) — oW ) < R, v=01,... K.
(4.5) |w(t) — © (t)l_(1+|t|)2N, teR,v=0,1,...,
We may assume that ¢ < 1/2 and N > 4. We have
Vo adt=\w@)dt+ |[O@) —w(t)]dt = -1+ {[O(t) — w(t)] dt.
0 0 0 0
However, by ,
(ogo[@(t) —w () di| <O§o SN
0 T (LN
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Therefore, {°O(t)dt = —1 +n with || < ¢/2 < 1/4. We write a :=
|§o” ©(t) dt| = and observe that {;° aO(t) dt = —1 and | — 1| < e. Further-
more, for v =0,1,..., K

)

etV .
N +c ]1[17b](t)7 t>0,

() (v) 12 (v) _—
OV(0)] < W (t) -6V W)+ O] <

where ¢* > 1 depends only on ¥. However,
N

N
Ly (t) < (1+0) A+ 0N

for ¢ > 0 and hence
N
W) ()] < 9 oyt
OV ()] <2c*(1+0b) TEEE
From this and (4.5)) we infer that
TW) (1) — @M (1) < [ () — O ()| + |6 (1)
N
(14¢)2N’

We define Oy(t) := 1+ Sg a©(u) du for t € R. From the above we obtain, for
v=1,.. K +1,

<e(142¢(1 + b)) =0,1,...,K.

ext™
(14 [2)*”
where e1 := (1 4 2¢*(1 + b)2Y). On the other hand, for ¢ > 1,

46) [ -6y 1) = eI (t) - a0 V(1) <

(
2o(t) — O0(t)] = |§ (@ () — aO(w)) du| = | [ (@ (u) - aOw)) du
0 t

B o0 N p N1 612]\7th1
_51§(1+’U,) U<€1(1+t> <m,
where we have used the fact that {° a@(u)du = {°¥(u)du = —1. For
0 <t <1, we have
t
[Zo(t) — Oo(t)| < | ¥ (u) — aO(u)| du
0
t
22]\/th1
< N N41 €1
_51§)u du < eqt < 7(1_'_75)2(]\771).
From these estimates and (4.6)) it follows that
62|t|(N_1)

]LDO(V)(t)—Q(()V)(t)‘S teR,v=0,1,..., K,

-+ D
where g9 := £22V(1 4 2¢*(1 + b)2V).
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Finally, note that ©y(t) = 1 + Sé aO(u)du = —§° aO(u) du, which
implies éo(g) = —%é(g) Hence supp Oy = supp © C [—R, R].

Clearly, the above construction with N replaced by N + 1 and ¢ suffi-
ciently small results in a function @y with the claimed properties. m

Construction of a compactly supported frame. The constants IV,
K, and ¢ (sufficiently small) will be selected later on. With these constants
fixed, we use the functions @y, © from Proposition [d.1]to define a new frame.

As in (2.15]), we set

(4.7) Q;(u) =00 Tu), j>1.

Let the sets Xj, {A¢teex;, and X 1= (J;50 & be as in the definition of Frame
#1 in We define the jth level (j > 0) elements of the new system by

(4'8) 05 ) ‘Af‘l/QQ (\F)(x,f), §€ Xj'

Then {0 }¢cx is the new Frame #1. A dual frame {0 }¢cy is produced using
the general scheme from

Observe immediately that since supp ©y C [— R, R] and supp © C [-R, R],
by Proposition it follows that each 0¢ is compactly supported, more pre-
cisely
(4.9) supp e C B(£,éRb7), €€ X;,j>0.
We shall assume that ¢, R > 1.

4.2. Main result. Our goal is to show that the above defined system
{O¢}ecx along with a dual system {f¢}ccx constructed by the recipe from

I 3| form a pair of frames for the Besov and Triebel-Lizorkin spaces B,,, B;q,

Fyq: and F defined in §2.5(for the following range of indices determined by
constants 50 >0, 0 < po,p1,q < oo:
(4.10) $2:={(s,p,9) : || < 80, p0o <p <p1, and go < g < o0}
To state the result we also introduce the constant Jy := d/min{1, pp} in the
case of B-spaces and Jy := d/min{1, pp, qo} in the case of F-spaces.

THEOREM 4.2. Suppose s > 0, gg > 0, 0 < pg < p1 < 00, and let
{Oc}ecx be the system constructed in (4.8), where

K>so+Jo+d/2+1 and N >K+so+ Jo+3d/2+1.
If € in the construction of {0¢}ecx is sufficiently small the following holds
true for (s,p,q) € 2 with 2 from (4.10):
(a) The operator
(4.11) Tf:="> (f )b

fex
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is invertible on By, and T, T~ are bounded on B,y
to (s,p,q) € 12.

(b) The system {ég}gex consists of bounded linear functionals on By,
defined by

(4.12) Oc(f) = (f.0c) == > (T "y, ) {f,1hy)  for f € B,

nex

uniformly with respect

with the series converging absolutely, and 55, £ € X, can be identified with
c| B(&,b~7)[71/?
(1 +bp(x, €))7

in the sense that for any ¢ € D we have ég(qb) = (¢, 9~§> (inner product).
Here o > 0 is arbitrary but fized.

Moreover, {0¢}ecx, {ég}gex form a pair of dual frames for By, in the
following sense: For any f € B

(413) Oc =Y (T Yy, he) by and [0¢(x)| < e M,

neXx

P
(4.14) f=> (£.00: and | fllzg, ~ I((f, 0N,
fex
where the convergence is unconditional in B}
(¢) The operator Ty defined by Tyh := Z&X hg@g for sequences h =
uniformly relative

(he)eex of numbers is bounded as a map Ty : bS pq}
to (s,p,q) € £2.

Furthermore, (a)—(c) above hold true when By, is replaced by B o Foos
or qu} and by, by b,sgq; pqr OT [pqs TESpEctively.

4.3. Almost diagonal matrices. On account of Theorem [3.5] and the
discussion in it is clear that to show that {f¢}ecx, {0c}eex is a pair
of frames for the B- and F-spaces B, B;q, Foo :tfq for (s,p,q) € 2 (see
(4.10)) it suffices to show that the operators with matrices

A= (agn)enexs  agn = Wy ve),

(4.15) B = (bepemexs  ben = (0, V),
D= (dep)epex,  dey = Py — by, 1be),
are bounded on the respective sequence spaces by, bpq, b qu, defined in

Definitions 9, and

[1Dllbs, b3, <& DIl <e 1D, <e and [Dllg

9
>bs — )
q rq

s <
afpq =
for a sufficiently small ¢, where the norm bounds and € are uniform with
respect to (s,p, q) € £2. As in the classical case on R" (see [§]), we shall show
the boundedness of the above operators by using the machinery of almost
diagonal operators.
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It will be convenient to denote
(4.16) () :=b"7 for&e Ay, j>0.

Here b > 2 is the constant from the construction of the frames in §2.4]
Evidently, £(£) is a constant multiple of the radius of the neighborhood A
of &.

DEFINITION 4.3. Let A be a linear operator acting on by, by, f5,, or

;fq, with an associated matrix (agy)¢ nex- Let J := d/min{1, p} in the case

of the spaces by, Ef,q, and J := d/min{1, p, ¢} for f;, f;q. We say that A is
almost diagonal if there exists § > 0 such that

a
sup ‘ 517’

< o0,
emex ws(&,m)

where

AN GR) |sl+T+d/2+5 | o(€1) 8|~ T—d/2—8
“alb)= <mm{ ()" €(6) }> <1Tmax{£(f),£(n)}) :

We next show that almost diagonal operators are bounded on by, l;zq,

Jpqg» and fgq. More precisely, with the notation

|agy|
4.17 Alls == sup ————
( ) H H Enex W6(£777)

we have:

THEOREM 4.4. Suppose s € R and 0 < p,q < 0o, and let ||A|ls < oo (in
the sense of Definition for some § > 0. Then there exists a constant
¢ >0 such that for any sequence h := {h¢}ecx € by,

(4.18) [ AR5, < cl|Allsl|P]lo;,

and the same holds true with by, replaced by by, fo., or fy,. Here the con-

pa’
stant ¢ can be written in the form ¢ = c1(p + 1)c|28|c§/p+l/q(l/q)1/q, where
c1,¢2,c3 > 1 depend only on §, b, v, and cg.

To streamline the presentation we postpone the proof of this theorem to
the appendix.

REMARK. Observe that ws(&,n) in the definition of almost diagonal op-
erators can be optimized depending on the specific space by, l;;q, pq> OF f]fq.
This would enable us to work with smaller parameters N and K in the con-
struction of {f¢} and in Theorem However, we have no restrictions on

N, K and opted to go for a simpler version of ws(&, 7).

The above theorem and the construction from indicate that to prove

that {0¢}, {0} is a pair of frames for By, B;q, Fy,, or F, it suffices to show
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that the operators with matrices A, B, and D, defined in (4.15]) are almost
diagonal, and || D||s < € for fixed § > 0 and sufficiently small £ > 0.

4.4. Inner products. We next estimate the inner products involved in
(4.15)). They characterize the localization and approximation properties of
the new system {f¢} relative to the old frame {t¢}.

THEOREM 4.5. For any § € X, n € Xy we have

(4.19) | (e, )| < b I AN=K=d) (g 4 pmintdihd p(e py) =K
(4.20) (O, )| < b M=HN=E=d)(q g pmindalh (e ) =K
(4.21) (e — O¢, by < cebIAN=EK=d) (1 4 pminsit} (e ppy) =K

where ¢ > 0 is a constant independent of €. Moreover, the above inequalities
hold with ), replaced by 1.

Proof. We shall only prove (4.21)); the proof of (4.19) or (4.20]) is similar

and will be omitted. Assume j,¢ > 1. The other cases are similar. From
(2.17) and we get
(e — O, )| < el BIE )2 B(n, )2
< (@b IVE) — O IVI)( ), B2 VI ()|

= ¢ B(&b79)[V2|B (. b~ (b VL) — (VL)W (2 VI)(E ).
Two cases present themselves here.

CASE 1: £> j. Set F(\) := [F(\) — O(\)]@ (b~ (=D )\). Evidently,
FbIVL):=wb7VL) —0b VL)W (bVL), suppFc b7~ b=+,

and by Proposition 4.1
ce
HF(V)Hoo < SN v=0,1,..., K.
Now applying Theorem we infer that
b I(|F oo + b DK FE || o)
| B(w,b=9)[Y2B(y,b=7)[V/2(1 + b p(, y)) ¥
(l=j)(N-K—d)

[FOIVI)(2,y)| <

ceb™
< - - -
= Bz, b79)|V2B(y, b=9) V2 (1 + b p(x, y)) K

and hence
ceb—(=3)(N-K—d)

(I+bp& )K"’

(¥ = bc, )| <

which proves .
CASE 2: £ < j. Set F(\) := [@(b=U=O\) —O(b~U=O\)|@()\). Evidently,
Fb~ L) = w0 VL) - 00 VL)wOb VL), suppF C b1 b7,
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and by Proposition [4.1]
|F oo < ceb™U=ON 1 =0,1,... K.
Now, again by Theorem [2.2]
- (| Flloo + [[FE)| 0o
P VDo) < g B BT o T
_ ceb—(G—ON
=Bz, 07 V2 B(y, b M2 (1 + bp(, y)) K

and hence
ceb=(U—ON

(14 0tp(&,m))E

(¥ = b, ¥n)| <
which confirms (4.21)). =

4.5. Proof of Theorem [4.2l Observe first that a careful examination
of [13] shows that the pair of frames {t¢}ecx, {¢¢ ecx, constructed there
satlsfy conditions A1-A2 of §3.1|with B, B, being any of the pairs of spaces

B,y by, or Bsq, qu or F;q, Jpq OF F]fq, qu, and all the relevant constants, in
particular, the constants in Theorems [2.10H2.11} are uniform with respect
to (s,p,q) € 2, where {2 is defined in . In fact, the maximal inequality
is the main nontrivial contributor to the constants of interest in [13].
Condition A3 ( is also satisfied since we assume p, ¢ < co. The validity
of A4 is a consequence of the argument below.

Note that, if (s,p, q) € £2, then the constant ¢ from Theorem {4.4] applied
with e.g. § = 1 can be bounded as follows:

¢ < cilpy + 1)c§océ/po+1/q0(1/q0)1/q0,

where the constants c1, ca,c3 > 0 depend only on b,~, cg. Here, any § > 0
would do the job. Therefore, Theorem [£.2] will follow from Theorem 5|if we
prove that the operators with matrices A, B, D defined in are almost
diagonal with § = 1 on b;,, b;q, bg» OF fpg and in addltlon for sufficiently
small € > 0,

(4.22) ID||s <& with & = 1.

We shall only prove (4.22); the boundedness of the operators associated
with the other matrices follows similarly. Recall that

D= (dé,n)é,neé\f’ dey = <¢n m¢£>-

It will be convenient to introduce the more detailed notation ws(&, n; s, J) for
the quantity ws(&,n) from Definition We claim that from the inequalities
K>so+Jo+d/24+1and N > K + 5o+ Jo + 3d/2 + 1 it follows that

(423) |d§777| = |<’¢T] - 077)¢§>| S CEWl(ﬁﬂ?? 507;70)7 fﬂ] S X)
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where the constant c is independent of €. This along with the obvious fact
that wi(&,m;8,T) > w1(&,m; 80, Jo) whenever (s, p,q) € §2 yields

|de.|
|D|1 := sup ———— < ce.
emex w1(§,m;8,T)

However, ¢ is independent of M, N, and c. Therefore, ce above can be
replaced by € and would hold.

For the proof of (4.23) consider the case when ¢(§) > /(n), that is,
£ € Xj,ne X and £ > j. From estimate in Theoremwe get

|ag,y| < ceb™I=AN=E=d)(1 4 29 p(g, 1)) ~K

:ce(ZQ)N_K%<1+pggn>_Kfé%wﬂ&nwmjm,

where in the last inequality we have used K > sop + Jo + d/2 + 1 and
N>K+so+ Jo+3d/2+1.

The proof of (4.23) in the case ¢(§) < £(n) is the same and will be
omitted.

The claimed properties of the dual frame elements ég, £ € X, are estab-
lished in Theorem [£.6] below. =

4.6. Localization of 0~€. From our general construction of new frames
in §3|it only follows that the dual frame elements 9}, £ € X, are continuous
linear functionals on the underlying space B, that is, the respective B- or F-
space in the current setting. Now, we would like to provide more information
about the dual frame elements, and in particular, to identify them with well
localized functions.

THEOREM 4.6. For any v,0 > 0 the parameters K, N and € in the
construction of {0¢} can be selected so that for any § € X;, j > 0, the linear
functional 0¢ can be identified with a function

~ ~ cb—li—vly
4.24 O = Qepthy, where |agy| < . ,
( ) 13 ;OW;V &n'¥n | 577| (1 +b]v”p(f,77))g
and
- =3)|-1/2
(4.25) Be(z)] < ABELT)] e M.

(1+bp(z,€))7’
The following two simple lemmas will be instrumental in the proof of
this theorem. For completeness, we give their proofs in the appendix.
LEMMA 4.7. Letc >2d+1,b>1,0<s,t<m, and x,y € M. Then
1 Cb(m—svt)a

2 T rp P (P = O+ 5o )

where ¢ > 0 depends only on d, b and o.

(4.26)
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LEMMA 4.8. Leto >2d+1 and j,v>0,6 >0,b>1, and z,y € M.
Then

(4.27)
p—Im—=ijlo p—Im—rl(o+9) cobli—vle

n%w; A+ 077 p(@,0)) A+ p(g,)) — A+ 07 (e, )

and
p—Im—il(o+d) 1 Co

mz>:()w§ (L4007 p(z,w))7 (1+ b7 p(y,w))” = (L+bip(z,y))7’

(4.28)

where cs > 0 depends only on d, b, §, and o.

Proof of Theorem [{.6 Clearly, it suffices to prove the theorem when
v =0 >5d/2+ 2. Given o > 5d/2 + 2 we impose additional conditions on
the parameters K, M from Theorem[d.2} N—K—d > o+1 and K > o. Later
on an additional condition will be imposed on € as well. By Theorem
for £ € Xj and n € X, j,v > 0, we have

(4.29) |(the — O, thy)| < b D (14 57 () =,
(4.30) (e, )| < b7 (1407 p(¢,m)) =7
Note that by {i the linear functional 9} can be identified with
(4.31) O = > (T4, 1) Uy,
nex

and our next step is to obtain a suitable representation for Tflwn.
LEMMA 4.9. For any o > 0 the parameters K, N, and € in the construc-
tion of {0¢} can be selected so that for any n € X, v > 0, we have

ch—lv—mlo

-1
(4'32 Wy = Z Z tnw w w , where |t77w‘ < (1—i—b”/\mp(77,w))”’

m>0 weX,

and

c|B(n,b=")[ "/
4.33 T 1y < ’ ,
(453 < (o, )
The above series converges uniformly on M.

Proof. From the construction of {0}} in (Lemma [3.2) we have
T'f=> (d-T)"f, where Tf:=> (f ),

k>1 tex

x € M.

for any distribution f from the underlying B- or F-space B with convergence
in the norm of the space and as a consequence in D’. From this and the
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representation f =" . (f, 1/;w>¢w (Proposition we infer that

(4.34) d=T)f =D > (f,90) (W — ).
m>0weX,,
We apply the above to ¢, (n € &, v > 0). We claim that for any k > 1,
(4.35) A =T) %y =D D Tyt — ),
m>0weX,,

where the convergence is in B and hence in D', and
C(C* )kflbf\ufm\a
(1 + pvAm (77’ w))a’

Here the constants ¢, ¢, are from Lemma and ( -
Indeed, by (]4 34[) identity (]4 35) holds for k = 1with T}, = (¢, %), &

by (4.30) inequality (4.36]) holds for £ = 1. Assume now that - -

hold for some k& > 1. Then
(Id = T)F gy = > > ((1d = T)¥ehy, ) (o — b)),

m>0 weX,,

and using (4.29)), m, and Lemma we obtain (n € X, w € X))
|<(Id T T/Jnﬂﬁw | < Z Z | a|| *Hou@zw”

(4.36) |Tk W E X, k= oGy

>0 aEX,
p—lv—tlo p—Im—4(o+1)
<ec c*a “Llee
;(g{ T+ 5 p(n, a)) (1 + 0" p(w, a))°
bh— [v—m|o
< c(c*s)k Cs 1= CoC.

(T 77 pln, )7

Therefore, by induction - - hold for all £ > 1.
We now impose on ¢ the additional condition

1 1

< — = .
°= 2ce  2co0
Summing up we obtain
Cb—|u—m\o
Z T, o > (ee)t!
20b‘|”‘m|"

(L Amp(n,w))T

This, the representation T~ b, = Y7, 5 (Id=T)1,, and (4.35)(4.36) imply
(4.32). N



144 S. Dekel et al.

By the localization of ¢ and 1/35, given in Proposition it follows that

oy < ABE )
(437) e, Wea)| < T e

On the other hand, by (4.8)—(4.9),
[10e]lo0 < ¢|B(&,679)|7Y?  and supp s C B(&,¢b™?)  for & € Aj.

Therefore,

reM, e X, j>0.

c| B(&b~)| /2
[Ye(z) — Og ()] < (Lt (.87

This along with the estimate for |t,,| in (4.32) yields

‘Tﬁlwn(x” < Z Z [tnw| [Yw(z) — u ()]

reM,Ec A

m>0 weX,,
p—lv—mlo |B(w b*m)‘*l/Q
< . )
=

By (1.2) and (2.2) it readlly follows that
[B(n,b™")| < cgbl” ™1+ 6" p(n, )4 B(w,b™)].

We insert this above and obtain

bh™ [v—m|(c—d/2) 1
71
TS e 2 D ity @) (T B o)
c|B(n,b=")| 7"/

- (1 + bl/p(n7 x))a—d/Q—l ’

Here for the last inequality we have used (4.28) with o replaced by the
quantity ¢ — d/2 —1 > 2d + 1. Finally, observe that since o can be selected
arbitrarily large, the above o can be replaced by o + d/2 + 1, which leads

tO.l

We are now ready to complete the proof of Theorem Using Lem-
mas [£.8H4.9 we obtain

(T 4 ) <D0 D [l (= Oy e

m>0 weXy,
p—lv—mlo p—Im—ijl(e+1)
S Z Z v m o mAj o
b~ IV jlo

< - .
- (L4 0"Np(n, €))7
Using this in (4.31)) implies (4.24) with v = o.
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To establish (4.25) we use the estimate for |ag,| in (4.24)) (with v = o)
and the localization of ¢ from 1} We get

Be (@) <D D~ KT g, )| [y ()]

v>0nek,
b lj—v|o |B(77 b—u)’—l/Z
< CZ Z VV o ’V o’

Now, just as in the proof of Lemma we conclude that (4.25)) holds true. =

5. Application of compactly supported frames to Hardy spaces.
In this section we consider atomic Hardy spaces H%, 0 < p < 1, in the general
setting of this article ( We use the compactly supported frames from
§4] to establish a Littlewood—Paley characterization, and as a consequence,
a frame decomposition of the atomic Hardy spaces H%. This result can also
be viewed as an atomic decomposition of the Triebel-Lizorkin spaces Fp27
0<p<1.

Inhomogeneous atomic Hardy spaces. In introducing atoms we fol-
low [111 5] to a large extent. The inhomogeneous nature of our setting, how-
ever, compels us to introduce two kinds of atoms.

DEFINITION 5.1. Let 0 < p < 1 and n := |d/2p]| + 1, where d is from
(1.2). A function a is called an atom (of type A or B) associated with the
operator L if it satisfies one of the following sets of conditions:

(A) There exists a ball B of radius r = rp, r > 1, such that

(i) suppa C B and
(it) [lall 2 < [B[Y/271/P.
(B) There exists a function b € D(L™) and a ball B of radius r = rp,
r > 0, such that
(i) a = L™,
(i) supp L¥b € B, k=0,1,...,n, and
(iii) ||LFD| 2 < #2=R)|BIY/2=VP k=0,1,...,n
Being in a setting different from the one in [11 5] we define the atomic
Hardy spaces HY; as spaces of distributions (§2.5)).

DEFINITION 5.2. The atomic Hardy space HY, 0 < p < 1, is defined as
the set of all distributions f € D’ that can be represented in the form

o oo
f= Z)\jaj, where Z\)\j]p < 00,

j=1 j=1
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{a;} are atoms, and the convergence is in D’. We set
)P P
£ = ,_ i (ZM Py e
] 12505
Our first order of business is to give an example of atoms.

LEMMA 5.3. Assume that the constant N from the construction of © in
Pmposition obeys the condition N > 2n = 2|d/2p| + 2.

(i) For any & € Xy the function
ag == |B(&,1)|Y27YPg;  with suppags C B(,¢R)
s a constant multiple of an atom of type A.
(ii) For any & € &j, j > 1, the function
= |B(&,b7)|V27 VP9, with suppag C B(£,ERb7)
18 a constant multiple of an atom of type B.
The constants ¢, R above are from (4.9)).
Proof. Part (i) is immediate from the construction of ¢, £ € Ap. To
prove (ii) we set
be(x) = |B(&, b9 27 P AP LT O IV (2,6)  for £ € X, > 1
Clearly, L"b¢ = a¢ and
(5.1) Lrbe(z) = | B(&, b)Y 1P |42 L- POV (=, €)
= [B(&,b79) [P VP A 2o R g (7 VL) (2, €),
where g(t) := t~2=KO(t). By Proposition supp g C [—R, R] and ap-
plying Proposition We obtain supp L*be = g(b=/VL)(-, &) C B(&,r) with
r=¢RbI, k=0,1,...,n
On the other hand, from Theorem [2.2] it follows that
lg® VL) (-, €)oo < €| B(E,b7)| 7!
and we know that |A¢| < |B(£,b77)| for € € X;. Combining these with (5.1)
implies
(52) [ EFbelloo < b RB(E b7 TVP < PR B(E, )|V,

where the constant ¢ > 0 depends on b, R, ¢, n. Here for the last inequality
we have used (1.2). Now, the estimate ||LFbe|| 2 < cr?("=R)|B(¢,r)|1/2-1/P
follows from (5.2)) and supp Lkbg C B(,r). »

We now come to the main result in this section.

THEOREM 5.4. We have HY} = p2, 0<p<1, and

(5:3) AWz, ~ W f o, for | e HY.
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Proof. For the proof of the estimate || f||po, < c|[fllz2, f € HY,, we need:
P

LEMMA 5.5. For any atom a and 0 < p < 1, we have

(5.4) HQHF;(;)Q <c¢ < o0.

Proof. Let a be an atom of type B in the sense of Definition [5.1] and sup-
pose suppa C B, B = B(z,r). Denote briefly By := B(z,2r). Let {¢;};>0
be the functions from the definition of the B- and F-spaces in §2.5| From
spectral theory it follows that T'f := (3,5 lp; (VL) £(-)|?)'/? is a bounded

operator on L?(M). Therefore,

H(; le(\@)a(.)\z)lm oy S H(; |¢j(\/f)a(‘)|2>l/2 L2(BQ)!BQ\1/7’*1/2
<| (;) e (VDa(P) Bl

< cllal|2|B|'/P1? < ¢,

where we have used Holder’s inequality and ||a| ;2 < |B|'/2~1/P.
To estimate [|(3_,>¢ |(pj(\/z)a(')’2)l/2||Lp(M\BQ) we split the index set in
two, depending on whether 2/ > 1/r or 2/ < 1/r.

Let 2/ > 1/r. From Theorem and (2.3 it follows that for any o > 0
and j > 1,

(5.5) 0s(VI)(@,y)| = lp(2 V) ()|
< el Bly, 279 (1 4 2 p(a, ).

For the same reason this estimate holds for j = 0 as well. We choose ¢ >
d(2+1/p).

Let x € M \ By and y € B. By ((1.2) and using p(z,2) > r and 727 > 1
we get

B = |B(z,7)| < co(r2’)|B(2,277)| < co(1+ 2 p(x, 2))9| B(2,27)|.
On the other hand, by (2.2)) and since p(z,y) < r < p(z, z) we have
1B(2,279)] < o1 + 20 pl2, )| By, 27)| < co(1+ P p(, 2))4| By, 27)

Therefore,
|B| < cg(1+ 2 p(,2))*|B(y,277)|.

We use this and the obvious inequalities p(z, 2) < p(z,y)+p(y, 2) < 2p(x,y)

in (5.5) to obtain
i (VL) (@,y)| < e| BT (1 + 2 p(2,2)) 7, @€ M\ By, y€B.
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In turn, this and the fact that suppa C B and |aljz < |B|'/2~/P lead to
s (VI r—\ (2VL) (@, y)aly) du(y)

< Ha||L2\|<P(2 VL) (@) |2s)
¢|B|~V/P
(1+27p(z,2))

< B P27 VL) (@, )| e () <

for x € M \ By with o1 := ¢ — 2d > 0. Summing up, using p(z, z) > r > 277
we infer that

|B|~*/7 c|B|~2/P
Z |SOJ |2 = Z j 20 < -1 201 °
21>1/r 21>1/r (1+2p(z,2))* = (1+r'p(z,2))*"
Therefore,
L2 | B~ dpu(x)
. (v L)a()]? <
(5.6) H(y;ﬁm(f 1aOE) 7 i < Jéf IR

For the last inequality we have used (2.4) and poy = p(o — 2d) > d.
Let 27 < 1/r. By Corollary and ([2.3) it follows that for any o > 0
and 7 > 1,
(5.7) 1L (VL) (2, y)| = [L"0(27VL) (x,y)|
¢, 2%m

< - - .

~ By, 277)|(1+ 2p(x,y))7
Exactly in the same way replacing ¢ with ¢g we infer that this estimate
holds for j = 0. We choose o > 2n.

Let x € M \ By and y € B. Clearly, B(z,r) C B(y,2r) and using (1.1
and 7 < 277 we obtain

B = |B(z,7)| < |Bly, 2r)| < co2?|B(y,7)| < co2![B(y,277)].

This along with the obvious inequality p(z,z) < 2p(z,y) and (5.7)) yields,
for any x € M \ By,

e (VL)a(@)| = | § L2 V) (@, y)bly) du(y)|
B

< bl 2 I L0 27V L) (@, )| oo ()| BI'2
¢|B|~V/P(20)2n
T (14 Yp(x,2))
By Definition [5.1f we have n > d/2p. Choose ¢ > 0 so that p(4n —¢)/2 > d.
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Then, by the above,

'7“ 4n
Z o;(VL)a(z)? < ¢|B|72/P Z (AQJ )

¥l An—e
20<1/r 20<1/r (1+2p(x,2))

_ (277)4n
= C’B| 2 Z i \dn—e In—e
S, @ pla,2) /1)

c|B|~2/P .
< T otm e 2 @)

2i<1/r

c|B|_2/p
= (1 +p(, 2)/r)in=e’

IEGM\BQ.

This implies

/2P
H<2]<1/T|<PJ VL)a ()|2)1 2‘ Lp(M\B) <c|B|” 18 ) +p($dz/‘)(/r)) s SO

For the last inequality we have used and p(4n —€)/2 > d. Putting
together the above estimates we arrive at .

Consider now the case when a is an atom of type A. Then suppa C B,
where B = B(z,r) for some z € M and r > 1, and |ja|/2 < |B|Y/?>71/7.
In this case, we proceed exactly as above with one important difference.
As r > 1 the set of all j > 0 such that 2/ < 1/r is empty, and therefore
the estimate ||a|| 2 < |B|"/?~ /P is sufficient to obtain the same result. This
completes the proof of Lemma .

Assume f € HY. Then there exist atoms {ax}r>1 (see Definition [5.1)
such that f = Y7, Apag (with convergence in D) and », [Apl? < 2| f[[}
A

By the properties of ¢; it follows that
0 (VL) f(x) =Y Mepj(VLD)ag(x), =z €M, j>0.
k

Therefore, denoting (as above) T'f := (3_, lo; (VL) f(-)|?)'/? we have, for
reM,
) = (X wes(VDa@) |,
k
< Dl (s (VD)ar(@) [l = 3 1Al Tan ()
k k

Using the above and Lemma we obtain
||f||1}77£2 = ITFI5 <D IwlPITarlll < e Il < cllf 11
k k

as claimed. This completes the first part of the proof.
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Assume f € F3,. We shall show that f € HY and [Nz < ell £l o,
D

To this end for the given 0 < p < 1 we set s9 = 0, po = p, p1 = 2, and
go = 2, and impose on the parameters K, N in the construction of {f¢}ecx
and Theorem [£.2] the additional conditions

(5.8) K >3d/24+1 and N >2K +4n+ 3d+ 2,

where n := |d/2p| + 1 as in Definition Then for sufficiently small € in
the construction of {f¢} Theorem remains valid with By, by, replaced

q Upq
by F;z?2’ fSZ. In particular, denoting X’ := i>1 X, we have
(5.9) F= (10600 = (f.0)0c+ > (f.0¢)0c = fo + fu,
{ex 1) fex’
where the convergence is unconditional in F192’ and
U 1/2

(5.10)  IIfllgg, ~ || (X008 B Lac OF) |

fex

- B 1/p - 1/2

~ (D2 IO Ae ) | (S04 0 B OF) -
£eXy gex’

We split the atomic decomposition of f into two steps by decomposing
first fo and then fi (see (5.9)).

From Lemma we know that there exists a constant c. > 0 such
that for any & € X the function ag := c.|B(&,1)["/271/P0; is an atom (of
type A). On the other hand, from the definition of {A¢} in it follows
that [A¢| ~ |B(&,1)] for € € Ap. Setting ¢ := i '(f, 0¢)|B(E, 1)|V/P~1/2 we
get [Ae| < c|(f,0¢)] |Ag|'/P=1/2 for € € Ap. From this and we infer
that
(511)  fo= D (£ =D g and > el < cllflf,

£eXy £eXy £EX)

We now turn to the atomic decomposition of fi. By (4.9) we have
supp ¢ C Be, where Be := B(&,0;), 0; := ¢Rb™7 for £ € X;. Denote briefly
ag == (f,6¢). We may assume that ag # 0 for £ € &’ (otherwise we remove
¢ from X’). Set

o(@) = (3 logP|Bel 15 (@)
gex’

and write (2, := {x € M : g(z) > 2"} for r € Z. Obviously, 2,11 C {2, for
r € Z and ¢z 2r = Ugear Be. It is easy to see that

(5.12) S 2710, < ¢ | gl@)? du(a).
reZ M
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Indeed,
D202 =2 2N\ Qg | =D (2, \ o] Y27
rez rez v>r VEZL r<v
<o 20\ 2l <6y | 9P )
vEZ VEZ 2\, 41
= ¢ | g(a)? du(x).
M
Define

B, i= {Be : |Be N 2| > Bel/2 and | B N 2,41 < |Bel/2)
and observe that B, N By = 0 if 7 # s and {B¢}eear = U, ey Br- We next
introduce a partial order in the set {B¢}. Namely, we write B, < By if
(i) Be, By, € B, for some r € Z, and
(i) if € € &}, n € Aj for some j < k, then there exists a chain
Be,,..., B, € B, such that B¢, = Bg, Be,, = By, Be, N B€V+1 # ()
and level (¢,) < level (§,41) for 1 <v <m — 1.
Denote by M(B,) the set of all maximal elements Be € B, with respect to
< and for each B € M(B,) set T¢ := {B,, € B, : B;, < B¢}. By assigning
each ball B;, € B, to only one 7¢ we may assume that these are disjoint sets.
Therefore, we have the following decomposition into disjoint “trees”:

{Bn}ne)(’ = U U 72
r€Z Bee M(B;)

We associate with each such “tree” T¢ (£ € X)) the function f¢ ::an—é anby
and set
ag = | B(&,30;)| VP27 fe,  be := L "ag,
Ae = ¢ Y B(g,30;) /P2
We next show that ag is an atom if the constant ¢, > 0 is selected sufficiently
small.

Observe first that each ball B, € T¢ (£ € A}) is connected to B :=
B(&,9;) by a chain of balls and hence B, C B(&,~) with

v :=4; (1 + Z 2b_”) <30, sinceb>2.
v>1
On the other hand, from the proof of Lemma we have supp L™"'0,, C B,
for 0 < m < n, and hence supp Lkbg C U??ETg B,, € B(§,36;) for 0 < k < n.
Thus, to prove that a¢ is an atom, it remains to show that if the constant
¢y is sufficiently small, then

(5.14) I LRbe || 2 < (38;)2 M| B(¢,38;)|Y* 1P, 0<k<n,

(5.13)
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which is equivalent to
(5.15) 1L a2 < (38;)*™B(&,36)[Y*71/7, 0 <m <n.
For this we need the following Bessel type property of {L ™™, }:

LEMMA 5.6. For any sequence {fy}nex: of numbers and 0 < m < n we
have

2
—m —4my
(5.16) H > B,L 9,7HL2 <Y bt .
nex’ nex’

Here, jy is the level of n, i.e. n € &}, .

Proof. To prove the above inequality we shall show that the elements
of the Gram matrix of {L~™6,} decay sufficiently fast away from the main
diagonal, namely, if { € X;, n€ &y, £ > j > 1, and 0 < m < n then

(5.17) (L0, L™™6,)| < b~ ™Ib= DN (1 46 p(&,m)) K.
To prove (5.17)) we proceed similarly to the proof of Theorem 4.5, From (4.8|)

we obtain
(L6, L")
< | B(&b)Y?B(n, b V2L* O I VL)OOB VL)€, 7).
Set F(\) := A~*mO(\)O(b~ =9 \). Then

(5.18) F(b7IVL) =" L7207 vVL)e(b VL),
and by Proposition we obtain, for v =0,1,..., K,
—(—j)N \2N —(t—j)N/2
Nm (1 + N2V (1 + =NV = (14 AN/
and
—(4—5)N \2N —(t—j)N/2
FO() @ i 0<r<l.

< <
|— )\4m+K(1+)\)2N(1+b—(8—j))\)2N - (1+)\)N/2’

Here we have used 2N > K + 4n and for the same reason F®)(0) = 0,
v=0,...,K. Now, we apply Theorem [2.4using N/2 > K +d+1 (see (5.8)
and obtain

[FIVI)(z,y)| <

b ()N /2
|B(x,b=7) V2| B(y, b=7)[Y2(1 + b p(, y)) K~

This along with (5.18]) implies ((5.17)).
Denote briefly ve(z) := b*™ L "¢ (x) for ¢ € Xj. Then, if £ € X},
ne Xy, >7>1, then
[ (v, vg)| < b= DN (1 44 p(g,m))

< Cb*(ffj)(3d/2+1)(1 + (¢, 77))73d/2—17
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where we have used N/2 > 2n +3d/2 + 1 and K > 3d/2 + 1. This and
Definition irnply that the Gram matrix G := ((vg, vy))enear is almost
diagonal for f3, = 2 and by Theoremthe associated operator is bounded
on £2. Therefore, for any sequence {By}nexr of numbers and 0 < m < n,

2 . 2
PO e DI
nex’ nex’

< [Gllasz ) 07232 < ey o270, %,

nex’ nex’

which proves (5.16]). =

We are now prepared to prove (5.15)). Let £ € X, Be € M(B,) for some
r >0, and 0 < m < n. Then using (5.16)) we get

2 .
(19 L el = [ X anl 0y, < b Y P
neTe neTe

On the other hand, for any B, € T¢ we have B, C B(§,36;), which gives

< Q‘Bn‘_”Bn\Qﬂrl‘ :2‘377‘_1 S 1p, dp.
B(£:30;)\$2r41

Thus,
Z oy <2 S Z |0‘77|2|B77|_113n dp
neTe B(8,30;)\$2r+1 n€Te
<2 | l9(2)[? du(z) < ¢[B(&, 36;)[2".

B(£,30))\$2r+1
This coupled with implies
1L ag 2 = el B(€,38))[7/P27 | L7 fe | 2
< e | B(E, 30;) AP
< ceu(30;)P | B(E, 36;)| /2P
Choosing ¢, so that cc, = 1 we arrive at
1L a2 < (36;)*™ B(E, 35;)[/>71/P.

Therefore, with this choice of ¢, the function a¢ from (5.13)) is an atom.
By assumption, f € ng and hence the representation 1’ is valid, where

the convergence is unconditional in F;92~ As ng is continuously embedded
in D' [13, Proposition 7.3], the series in (5.9) converges unconditionally in
D’ as well. Thus, we can rearrange the terms in the representation of fi as
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we please, in particular,

(5.20) A=)"Y Aag D

r€Z Bee M(Br)
Now, using (5.12)—(5.13) and the fact that each a¢, when B € M(B,), is

an atom we obtain

(5.21) SN P <e?> Y 2B

rel BgGM Br) reZ BgGM B'r)

<cd . > BN

r€Z Bee M(Br)
D
< c%QpT]QT\ <clgllf < CHfHFSQ'
re

Here for the last inequality we have used 1p,(z) < cMyly,(x) for § € A7,
and the maximal inequality (2.19)).

From (5.11) and 715.21‘ it follows that f € H} and |f|gr <

cllfl] FY,- This completes the proof of Theorem .

6. Frames of small supports on [—1, 1] with Jacobi weights. The
purpose of this section is to illustrate our heat kernel based method for
construction of frames in the classical case on [—1,1], where the Jacobi
polynomials appear naturally as eigenfunctions; the case on the sphere is
handled in [20] 16].

We consider the case when M = [—1,1], du(x) = wq g(x)dx, where

wap(x) = w(z) = (1 -2)*1+a)’, > -1,
and let
!
[w(@)a(x) f (@) :

Lf(x):=— w(z) , a(x):=1—2a".

As is well known [24], the (L%(wa,s) normalized) Jacobi polynomials Py,
k = 0,1,..., are eigenfunctions of the operator L, i.e. LP, = AP, with
Mo =k(k+a+p+1).

It is not hard to see that the operator L is essentially self-adjoint and
positive. In [2] it is shown that L generates a complete strictly local Dirichlet
space with an intrinsic metric on [—1, 1] defined by

(6.1) p(z,y) = |arccos x — arccos y|.

The doubling property of the measure du follows readily from the following
estimates on |B(z,r)| = p(B(z,r)):

1B(z,7)| ~ (1 — 2 + 7222 (1 4 g 4 p2)SH12,
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The corresponding local Poincaré inequality is also verified in [2]. Thus we
are in a situation which fits the general setting of complete strictly local
Dirichlet spaces, where the local Poincaré inequality and doubling condition
on the measure hold (see [2]). The heat kernel associated with the Jacobi
operator takes the form

(6.2) pi(z,y) =Y e M P(x)Pely), e =k(k+a+B+1),
k>0
and the general theory leads to Gaussian bounds on pi(z,y): For 0 <t <1
and z,y € [—1,1],
¢ exp{—cip(z,y)?/t & exp{—cop(z,y)?/t

(6.3 L exp{—cip(z,y)*/ 1/2 < ol y) < -2 p{—c2p(z,y)*/ {/2.

(IB(z, vt)| IB(y, V1)) (IB(z, V)| IB(y, V1))
In turn, the upper bound above implies that the finite speed propagation
property holds and as a consequence we arrive at the following fundamental
property of Jacobi polynomials: If f is even, supp f C [—A, A] for some
A > 0,and f € W/ for m sufficiently large, then for § > 0 and z,y € [-1, 1],
(6.4) D F6V M) Pe(@)Pr(y) =0 if p(a,y) > EA.

k>0

In this case the eigenspaces have the polynomial property (the product
of two polynomials of degree n is a polynomial of degree 2n), and therefore
the “simple” scheme from [2, §5.3] or [13] §4.4] produces a frame {1 }ecr,
which can be used for decomposition of weighted Besov and Triebel-Lizorkin
spaces on [—1, 1] in the form

(6.5) F=> {fvee,

cex
and the B- and F-norms of f are characterized by respective sequence norms
of {{f,1¢)} just as in Theorems 1—- above.

Now, the scheme from and g4/ produces a pair of dual frames {6¢ }ecx,
{ég}ge x which can be used for decomposition of the B- and F-spaces with
frame characterization of the norms as in Theorem [£.2l Here X has a mul-
tilevel structure: X' = J;5( & and the frame elements {0} have shrinking
supports, namely, supp 6 C B(&,cb™7) for £ € &}, j > 0.

REMARK. Here we have an example where the general method presented
in this paper allows one to improve on well known results and produce new
results in a concrete classical setting. The Gaussian bounds for the
heat kernel were established in [2], and also independently in [2I] in
the case when «, > —1/2. The finite speed propagation property and
its important consequence appear implicitly in [I3] but, to the best
of our knowledge, explicitly for the first time in this article. Frames as in
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(6.5) and their utilization for decomposition of weighted Besov and Triebel—-
Lizorkin spaces on [—1, 1] with weight w, g(x) are developed in [18] under
the condition «, 5 > —1/2, while above we assume «, 3 > —1. Up to now,
frames with small shrinking supports on [—1,1] with weight w, g(x) were
only constructed in [I7] in the case when oo = 3, v is a half integer, and o >
—1/2, while here we operate under the assumption «, > —1. Therefore,
on the whole the proposed heat kernel based development of Jacobi frames
is more complete.

7. Appendix

7.1. Proof of two technical lemmas from §4.6|

Proof of Lemma @ Assume 0 < s < t < m. Denote the quantity on

the left in (4.26) by ¥ and set X% := {w € X, : p(z,w) > p(z,y)/2} and
X2 = {w e X, : p(y,w) > p(z,y)/2}. Then X can be split as follows:

Y= ext  F D pear - = U1+ o, For the first sum we have
p(m—t)o 1 p(m—t)o
Zl = . s o Z m o = . S o’
(L +0%p(z,y))7 o (1+0"p(y,w))7 = (1+b°p(z,y))
Here we have used the simple inequality
(7.1) > A+"p(y,w) T < e < o0
weXm

(see [2 inequality (2.20)]).
To estimate Yo we consider two cases: b°p(z,y) > 1 or b°p(z,y) < 1. In

the first case, just as above we get
cb(m—s)a ch(m—s)o cb(m—t)a c2ab(m—t)a
Yo < n < 3 = < .
(L+bp(z,y))” = (b'p(z,y))”  (b°p(z,y))” — (L+b°p(z,y))7

If b°p(x,y) < 1, then using (7.1]) we obtain

1 b(m—t)a
Yy < <
2 T er = 2 (5 oo’
< cptmto o 2TV

T (L4 bp(zy))7
The above estimates for X and Y yield (4.26)). m

Proof of Lemma [{.8 Assume v < j and denote by X the quantity on
the left in (4.27]). We split X' as

- Z S Z ...+Z---::Z‘1+22+23-

0<m<v v<m<j m>j



Frames for spaces of distributions 157

Now, by Lemma [4.7]

Z Z m)o p—(v—m)(c+9d)
2 1+bm (2,0))7 (L+ 57 ply,w))”
(j=m)o p=(v—m)(o+9)
S Z cb™ b
s . cb_(.j_y)a
< p——mlo < ]
~ (L+p(x,y)° OS;@ ~ (L+p(x,y))°
We estimate X using again (4.26)):
Z Z p—U— m)o b—(m—u)(a+5)
2 22 T p )y (15 0t
(J m)o p—(m—v)(o+96)
< Y TEay
o e y)
ch——v)e Z = (m—v) ch——v)o .
(l—l-b V<m<] (1+b p(z,y))°
To estimate Y3 we proceed in the same way:
(m—j)o p—(m—v)(o+9)
=2 > T I
22 1+bﬂp 2.@))7 (14 7p(y,w))
Z ch—(m—v)(c+6) - ch—i—v)e
= T (e y) - (O ply)

The above estimates for Xy, Yy, Y5 yield (4.27)). The proof of (4.27) when
v > j follows the same lines. The proof of (4.28) is similar and simpler; we
omit it. m

7.2. Proof of Theorem To carry out the proof of Theorem [.4]
we need two lemmas.

LEMMA 7.1. Let 0 < t < 1 and M > d/t. Then for any sequence
{hy}nex,, of complex numbers, m > 0, we have, for v € A¢, £ € X,

> 1l (1+ e )})M

nNEXm
< ¢y max{b(mfj)d/t, 1}Mt( Z ’hnmAn> (z).
T)GXm
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Here the constant c, takes the form c, = clc;/t(s_l with c1,co > 1 constants
independent of t, 6 if M > d/t+4d,0<d <1.

Proof. Consider the case ¢(§) > ¢(n). The proof for £(§) < £(n) is similar
and will be omitted.

Let £ € &; (7 <m) and set 2 := {n € X, : p(n,&) < cob_j} and
0y =€ Xy : V"1 <V p(n, &) <Y}, w1,

where ¢® = v/4 with ~ the constant from the construction of Frame #1 in

§2.4 Set
B, := B(&, b (1 4+b0VHm)), v > 0.

Note that 4, C B, if n € 2, and hence B, C B(n,2c°b~™(1 + b —7t™M)),
implying

< C(l + bl/fj+m)d’B(777 27lc°b*m)‘
< Cb(v—j+m)d‘An|,

where we have used (1.2) and the fact that B(n,27'c¢®b™™) C A, C
B(n,c°b™™) for n € X, (see §2.4). Thus

(7.2) |B,|/|A,| < cbv—itmd -y e,

Since 0 < t <1 we have

Y gl (L p(&m) ™M < 2/ Y oMY |y

NEXm v>0 nesL,
1/t
< /Y0 (Y mglt)

v>0 nes,

From this and ([7.2]) we obtain, for x € Ag,

S gl = § (3 Il 1400, () diaty)

nes, M nef2,

1 B\t t
(X ml([3]) 10,0) auto

B\ 2 M4,

< cb(”—j*’”)dBL | (Z \hnlllAn(y))th(y)
1Bl 5 Neq,

< T M (Y [hylia, ) @)

NEXm
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Therefore, since M > d/t, for x € A¢ we get
> gl V()™M < 3T (37 iy 14, ) (@)

NEXm v>0 nEXm

< eIV (3 Ihgf1a, ) (@)

nEXm

where the constant ¢, is of the form c, = clcyc?l)/té_l it M >d/t+0.
If M > d/t+6,0 <0 <1, then everywhere above M can be replaced

by d/t 4+ §, which will result in a constant ¢, of the form ¢, = clc;/ '5—1 as
claimed. =

In the next lemma we specify the constants in certain discrete Hardy
inequalities that will be needed.

LEMMA 7.2. Lety>0,0<qg<o00,b>1, and an > 0 for m > 0. Then

(7.3) (Z(Z b—(m—j)vam) Q) 1/q <o (Z a?n) l/q7

J=0 m>j m=0

J 4 a\ 1/q 1/q
(7.4) (Z( b—w—mwam) ) <o (Z agl> |
>0 “Sm=0 >0

m
The constant ¢y above is of the form cy = c1(c2/q)V9, where ¢1,¢c > 0 are
constants depending only on v and b.

The proof of this lemma is standard and simple; we omit it.

Proof of Theorem []-]} We shall only establish the result for the spaces

o .
pg» that s,

(7.5) lAnlz, < cllAlslipllz,

The proof in the other cases is similar and will be omitted.

Let A be an almost diagonal operator on f,, in the sense of Deﬁnition

with associated matrix (ag,)¢nex and let h € N;’q. As compactly supported

sequences are dense in f,, (p,q < 00), we may assume that the sequence h is

compactly supported. Then (Ah)¢ = Zne x Genhy. By the definition of f;q,
we have

J4nl g, = || (D 04el/l(amela (1) "]

£ex

= ([ (X (14674 S laal ol L] ") ], < e+ 2.

fex nex

Lr
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1 1
where ¢ = 21/p+1/q,

0= ([ Y2 lagallhalLa0])

)

cex £(n)<L(€) i
5 /
Q= H(Z[IAH’S“ Z |agy] ’hﬁmAf(')]q>l q Ly
cex £(m)>£(€)

We next estimate Q;. Let § € &, n € X, and m > j; hence £(n) < £(§).
We know that B(£,271¢°b™7) C A C B(&,c¢°b9) with¢® = vb72,0 < v < 1,
and similarly for A,. We use the above, (2.2)), and (1.2)) to obtain

d
4cl < Bl v )] < eo1+ 252 g, 79

< g(2/) UL+ B p(€,m)) | B(n, 27 b))
< (2/c%) DAL + b p(€, )| Ay
Therefore,
d d
(7.6)  |A¢ <ot <§E§§> (1 + péfé?) Al er =52/,

Using this and || A||s < oo (see Definition[t.3) it readily follows that whenever
£(n) < (),

L\ T (AN e T e
walzolal(i) () (%) o em g

Denote briefly \¢ := |A§\*5/d*1/2]l145(-) and choose t so that d/t = J +§/2.
Then 0 < t < min{1,p,q} and J + 9§ — d/t > 0. We have

9 g(n))JM(’Ag‘)s/dﬂ/Q
=1 o) l4d
Al = (; L(n;@Q@) |

p(é’”)>_‘7—6 r) 1/q
L+ e
X< £(6) [Fin[Ae () B
=q (Z Z [Zb(jm)(Jﬂs) Z <|A§|>S/d+1/2
j=208€eX; =m>j e |A7]|
j g\ 1/q

We now apply Lemma the Hardy inequality (7.3)), and the maximal
inequality (2.19) to obtain
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A e (Z T [Zb(j—m)(J+6—d/t)
ll4lls 70 éex; Lm>j
Ag|\ #4172 o 1/q
(8 mnsore] )],
nNEXm
<ol (SIS (S wan)])
< C*Cbch<ZMt(Z ]hg\)xg) ) HLP < c*cucﬂchthgq.
>0 éex,

Here ¢, = clc;/té_l is from Lemma ¢y = c3(ca/q)V/? is from Lemma
5]

¢, = ¢y ', and

¢y = cgmax{p, (p/t — 1)~} max{1, (¢/t — 1)~'}
is from . It is readily seen that the constant ¢ = cicyeye, is of the
claimed form.
To estimate Qa we again use ||Al|s < oo and with the roles of { and
7 interchanged to obtain, whenever £(n) > ¢(&),

o (19) (1) 1)

Setting again \¢ := |Ag| 75/~ 1/2]1/1{(') we get

weelElz, @) G

<g —
Tl =1,
n)>£(€)

() nine] )

L
(m—i}5 ’Ad s/d+1/2
(T (X 3 ()
j>0 €€X; Lm<j nEXy N
s a\ 1/q
<l 1+ 070 m) x| ) |
Lr

We use again Lemma the Hardy inequality (7.4), and the maximal
inequality (2.19]) to obtain

(Z x|

§>0¢eXx; bm<j

) Mt( Z (@)5/%1/2’%‘11%)/\5(.)} q>1/q

nEXm

< oy

Lp
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< o[ (32D 2 (Y Ihn|>\,7)}q>1/q‘

Lp
j=0 m<j NEXm
q\1/q
< ([ 5 ebe)]) ], < cnclil,
7=>0 fEXj

where the constants cy,cy, ¢4, ¢, are as above. The above estimates for Q

and Qs yield (7.5). m
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