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Almost periodicity of C-semigroups,
integrated semigroups and C-cosine functions

by

X1aoHUI GU, M1A0 L1 and FALUN HUANG (Chengdu)

Abstract. We investigate the characterization of almost periodic C-semigroups, via
the Hille-Yosida space Zp, in case of R(C) being non-dense. Analogous results are obtained
for C-cosine functions. We also discuss the almost periodicity of integrated semigroups.

0. Introduction. Characterizations of almost periodic semigroups and
groups of class Cp were studied by Bart and Goldberg [1] in 1978. Later,
Cioranescu [3], Piskarev [14, 15] and others discussed the almost periodicity
of strongly continuous cosine functions. Recently, Zheng and Liu [21] studied
the almost periodicity of C-semigroups and C-cosine functions under the
assumption that R(C') is dense.

In this paper, we investigate the situation where R(C') is allowed to be
non-dense. We characterize the generator of an almost periodic C-semigroup,
A, via the Hille-Yosida space, Zp, which is a maximal continuously imbed-
ded subspace of X on which A generates a strongly continuous semigroup.
Kantorovitz [13] first introduced the Hille-Yosida space for a closed operator
A with (0,00) C p(A), on which the restriction of A generates a semigroup
of class Cp. R. deLaubenfels [8] extended it to more general cases that A has
no eigenvalues in (0,00), and used it to connect C-semigroups with semi-
groups of class Cy. Similarly, Cioranescu [2] constructed the Hille-Yosida
space of cosine functions. For the extensive literature on this subject, we
refer to [19].

Let Z := span{z € D(A) : Az = irz for some r € R}. We show in
Theorem 2.4 that if A has no eigenvalues in (0,00) and C~'AC = A, then
A generates an almost periodic C-semigroup if and only if the image of C is
contained in (Zy)q, the closure of Z in Zj, the Hille-Yosida space for A; and
(Zp)a is proved to be a maximal continuously imbedded subspace of X on
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which A generates an almost periodic semigroup of class Cy of contractions
(Theorem 2.6). The key fact here is that a solution of the abstract Cauchy
problem is almost periodic in Zj if and only if it is almost periodic in X.
The same method applies to the case of asymptotic almost periodicity of
C-semigroups; but this is the subject of another paper ([18]). Theorem 4.2
gives the analogous result for C-cosine functions. We also consider the pe-
riodicity (Theorems 2.8 and 4.3). Our results generalize the corresponding
ones in [21].

If 0(A) NiR is at most countable, then a C-semigroup 7'(¢) is almost
periodic if and only if e"T(t)2 has uniformly convergent means for A €
o(A)NiR, z € X. This is proved in Theorem 2.9.

In Section 3 the almost periodicity of integrated semigroups is discussed.
Theorem 3.3 asserts that, if A generates a bounded (r—A)~!-semigroup T'(t)
and a bounded integrated semigroup S(t), then T'(¢) is almost periodic if
and only if S(¢) is almost periodic. Theorem 3.3 relates almost periodicity
of bounded (r — A)~!-groups and bounded integrated groups to uniformly
convergent means.

Throughout this paper, X will be a Banach space, the dual space will
be denoted by X*. All operators are linear. The space of all bounded linear
operators on X will be denoted by B(X). C € B(X) will be injective.
For an operator A, we will write D(A) for its domain, R(A) for its range.
Finally, J = R or RT, where Rt = [0, c0).

1. Preliminaries. First, we recall the definition and basic properties of
C-semigroups or groups.

DEFINITION 1.1. A strongly continuous family T'(¢) (t € J) C B(X) is
called a C-semigroup (J = RT) or a C-group (J = R) if T(t+s)C = T(t)T(s)
for t,s € J and T'(0) = C. The generator A is defined by

DA)={zeX: Jlitmot_l(T(t)a: — Cz) exists and belongs to R(C)}
ot—

with
Az = C’_l(JlitmOt_l(T(t)a: —Cz)) forx e D(A).
St—

The complex number A is in go(A), the C-resolvent set of A, if A— A is
injective and R(C) C R(A — A); we set oc(A) :=C \ oc(A).

LeEMMA 1.2 ([8]). Let T'(t) (t € J) be a C-semigroup or C-group with
generator A. Then

(a) A is closed and R(C') C D(A);
(b) Sg T(s)xds € D(A) with ASS T(s)xds = T(t)x — Cx for all z € X
and t € J;
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(c) T(t)x € D(A) with AT (t)x = T(t)Az, and Sg T(s)Axds = T(t)x
— Cx for all x € D(A) and t € J,

(d) if T(t) is uniformly bounded, then {A € C:ReX € J\{0}} C oc(A)
and (A — A)1Cx = {7 e MT(t)x dt for all z € X and Re\ > 0.

Next, we need to introduce the Hille-Yosida space for an operator; for
the details we refer to [8].

DEFINITION 1.3. Suppose A has no eigenvalues in (0, c0) and is a closed
linear operator. The Hille—Yosida space for A, Zy, is defined by
Zy = {x € X : the Cauchy problem /() = Au(t),u(0) = x has a
bounded uniformly continuous mild solution u(-, x)}
with
|||z, = sup{|lu(t,x)|| : t > 0} for x € Z.
LEMMA 1.4 ([8]). Let A generate a bounded strongly uniformly continu-

ous C-semigroup T(t). Then R(C) C Zy and A|z, generates a contraction
semigroup of class Co given by S(t) = C™1T(t) and

Zy={x:t — OV (t)x is bounded and uniformly continuous}
with
Izl z, = sup [|C T (t)z].
t>0

Now we introduce the notion of a mild C-existence family, which is more
general than C-semigroup.

DEFINITION 1.5. The family of operators {T'(t)}+>0 C B(X) is a mild
C-existence family for A if

(a) the map t — T'(t)z, from [0, 00) into X, is continuous, for all x € X;
(b) for all z € X and t > 0, S(t) T(s)xds € D(A) with A(Sg T(s)xds) =
T(t)x — Cwx.

DEFINITION 1.6. (a) A function f € C(J, X) is almost periodic, written
f € AP(J, X), if for every € > 0, there exists [ > 0 such that every subinter-
val of J of length [ contains at least one 7 satisfying || f(t +7) — f()]| < e
for all t € J.

(b) Let F(t) € B(X) (t € J) be a strongly continuous operator family.
Then F(t) is almost periodic if for every x € X, F(-)z is almost periodic;
F(t) is periodic with period p if F(t +p) = F(t) for all t € J.

We collect some basic results on vector-valued almost periodic functions
in the following lemma (see [21]).
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LEmMMA 1.7. Let f € AP(R, X). Then

(a) f(t) is bounded, i.e., sup;cp || f(t)| < oo;
(b) if g € AP(R, X), h € AP(R,C), then f + g, hf € AP(R, X);
(c) ar(f) :=limy_oot™! Sé e~s f(s)ds exists and
a+t
ar(f) = lim - S e S f(s)ds  for all r,a € R;

t—oo t
o

(d) if ar(f) =0 for all r € R, then f(t) =0 for all t € R;

(e) o(f):={r eR:a.(f)#0} is at most countable;

(f) if X 2 co (that is, X does not contain an isomorphic copy of cy,
where ¢y is the space of all numerical sequences converging to 0), and g(t) =
SE f(s)ds (t € R) is bounded, then g € AP(R, X);

(g) if {fulnen C AP(R, X) and {fn}nen converges uniformly to f, then
f € AP(R, X);

(h) if f'(t) exwists and is uniformly continuous, then f' € AP(R, X).

The following lemma follows immediately from Lemmas 1.4 and 1.7.

LEMMA 1.8. Suppose T(t) is an almost periodic C-semigroup with gen-
erator A. Then

(a) T(t) is bounded and strongly uniformly continuous;

(b) R(C) C Zy, the Hille-Yosida space for A, and T(t) = A% C.

2. Almost periodic C-semigroups and C-groups. In this section,
we discuss the almost periodicity of C-semigroups and C-groups. The fol-
lowing is the main result of this section.

THEOREM 2.1. Let T(t) be a C-semigroup on X with generator A. Then
T'(t) is almost periodic if and only if R(C) C (Zo)a, the closure of T in Zj.

Proof. Sufficiency. Since R(C) C (Zp)q, for fixed z € X and ¢ > 0,
there exist finitely many points r, € R and zj € ker(iry — A) such that
|Cz — S aparllz, < e Thus |[efd20Cz — 3 agetdZozy 7, < e. But Az =
irgy, so e7x, = ekty € AP(RT, X)), ie.,

HetA|ZOC’x— g ake"ktxk.’

<e.
Zo

So we have

HetA|ZOC':L° — E ake”’ftka < HetA|ZOC':13 — E ake"’ﬂtxk‘ <e fort>0.

Zo

Hence T(t)z = e!4120Cz € AP(R*, X), and so T'(t) is almost periodic.
Necessity. Define Pz = limy_oo t Sf) e~ ST (s)x ds for each r € R and
xz € X. Then by Lemma 1.7(c) and from the proof of [21, Theorem 2.1], we
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know that P,x exists and belongs to D(A) with AP,z = irP,z. Thus,
s t+s

1 , .
T(t)Prx = lim — S e ""T(t+71)Crdr =C lim — S e TP (P) 2 dr
§—00 § 5 §—00 S
. 1t .
=Ce" lim - S e "TT(T)x dr = "' CPa.
s—00 8

Hence, T(t)P,xz € R(C) and C~'T(t)P,x = €' P,z is bounded, and uni-
formly continuous. This implies P,z € Zp and {P,z : r € R,z € X} C
D(A’Zo) with A’ZOPT{I; = iTPT.ZL'.

For every z € X, since t — T'(t)x is bounded and uniformly continu-
ous, we see that T'(t)x € Zy for t > 0. Next, we show T'(t)r € AP(R™, Zy).
Since T(t)r € AP(R',X), for every ¢ > 0, there exists [ > 0 such
that every subinterval of R™ of length [ contains at least one 7 satisfying
supsep+ ||[T(t + 7). — T'(t)z|| < e. Then

sup [|T'(t + 7)o = T(t)z]| z, = sup [CT'T(s)T(¢t + 7)x — C~'T(s)T(t)x]
>0 £,5>0
=sup [|[T(t+s+71)x —T(t+ s)x|
t,s>0
<sup||[T(t+ 1)z —T(t)z| <e,
>0
Le, T(t)x € AP(RT, Zy). If f € Z} is such that f(P-z) =0 for allz € X and
r € R, then limy_o ¢t * Sg e~ f(T(s)x)ds = f(Pyx) = 0. But f(T(t)x) €
AP(R™,C). Thus by Lemma 1.7(d), we get f(T(t)z) = 0 for all t € R
and z € X. In particular, f(Cx) = 0. Therefore, {P,z: 7 € R, z € X}+ C
R(C)*, e,

R(C)c HRECO)YY) cr*{Px:reR, ze X}
=span{Px:r R, v € X} C (Zy)a =1Z,
where all the closures are taken in Zj. =

Now we have the following result ([21, Theorem 2.1]) as a corollary.

COROLLARY 2.2. If R(C) = X, then T(t) is an almost periodic C-semi-
group with generator A if and only if T(t) is bounded and X = X,, where
X, s the closure of Z in X.

Proof. The sufficiency is obvious. For the converse, since Zy — X, a
Cauchy sequence in Zj is also a Cauchy sequence in X, so that (Zp), C X,.
By Theorem 2.1, R(C) C (Zp)a, hence R(C) C X,; taking closure on both
sides yields X = X,. =

By Definition 1.5 and combining Theorem 2.1 with [8, Theorem 5.16],
we have
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THEOREM 2.3. Suppose A has no eigenvalues in (0,00). Then there ex-
ists an almost periodic mild C-existence family for A if and only if R(C)
C (Z[))a.

Moreover, combining Theorem 2.1 with [8, Theorem 5.17] and [10, Corol-
lary 3.14] gives

THEOREM 2.4. Suppose A is closed and has no eigenvalues in (0, 00),
and C~YAC = A. Then A generates an almost periodic C-semigroup if and
only if R(C) C (Zp)a-

Now we investigate a special case.

COROLLARY 2.5. If C = (r — A)™ for some n € N, and T(t) is a
bounded strongly uniformly continuous C-semigroup generated by A, then
T(t) is almost periodic if and only if S(t) := etAlzo s almost periodic.

Proof. From the proof of Theorem 2.1, we see that T'(¢) almost periodic
on X implies T'(t) = S(t)(r — A)™™ is almost periodic on Zj. Applying
Lemma 1.7(h) n times, we deduce that S(t) is almost periodic. The converse
holds since T'(t) = S(¢t)C and Zp — X. u

The following theorem clarifies the relations between almost periodic
C-semigroups and semigroups of class Cjy.

THEOREM 2.6. Let T(t) be an almost periodic C-semigroup with gen-
erator A. Then there exists a mazximal continuously imbedded subspace W
of X such that Alw generates a contraction almost periodic semigroup of
class Cop on W and R(C) C W; W is mazimal-unique in the sense that if
Y — X and Aly generates a contraction almost periodic semigroup of class
CoonY, then Y — W.

Proof. Let S(t) be the semigroup of class Cy generated by A|z,. Since
S(t)r = ez, for Az = irx, S(t) clearly takes T to itself, therefore, since
S(t) is continuous, it takes the closure of Z to itself, that is to say, S(t)(Zo)a
C (Zp)a- Set W = (Zp)q; the first half of the result follows.

Now suppose Y — X and Aly generates a contraction almost pe-
riodic semigroup of class Cp. Then Y — Zj, since Zy is maximal (cf.
[8, Theorem 5.5]). It follows that (Zy), contains the closure of span{z €
D(Aly) : Az = irz for some r € R} in Y, which is exactly Y, so that
Y W = (Zo)a. =

REMARK 2.7. We can consider (Zy), for any closed operator A with

s — A injective for s > 0. The results of Theorem 2.5 are also true, and it is
not hard to see that (Zy), equals the set of all almost periodic orbits.

THEOREM 2.8. Assume that A generates a C-group T(t). Then T'(t)
is a periodic C-group with period p if and only if oc(A) C (2mi/p)Z and
R(C) C (Zp)a-
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Proof. Necessity. By Lemma 1.2(b) and the fact that T'(p) = C,
P
(AN=A4) S e MT(s)xds = (1 —e P)Cx forall z € X.
0
Combining this with T'(s) Az = AT (s)x for every x € D(A), we get oc(A) C
(2mi/p)Z, while R(C) C (Zy), follows from Theorem 2.1.

Sufficiency. If © € ker(2mik/p — A) for some k € Z, then T(t)z =
2™k /PCx, which implies T(t + p)z = T(t)x for t € R; the same holds
for every x € Z. Since T'(t) is continuous in Zy, we have T'(t + p)x = T(t)x
for all x € (Zy)q; in particular, T(t + p)Cx = T(t)Cx for all x € X by
our assumption R(C) C (Zy)4, therefore, since C' is injective, we obtain
T(t+p)=T(t). =

It is shown in [1] that every almost periodic semigroup of class Cj can
be extended to an almost periodic group; from [21, Theorem 3.1], we know
that every almost periodic C-semigroup can also be extended to an almost
periodic C-group. So we can assume that A generates an almost periodic
C-group.

Applying [17, Theorem 4.4] and the Hille-Yosida space, we obtain the
following result, where we say that a function u has uniformly convergent
means if

a+R
Rli_r)réo = S u(s)ds
ae

exists, uniformly in a € R.

THEOREM 2.9. Suppose T'(t) is a bounded strongly uniformly continuous
C-group with generator A such that o(A) N iR is at most countable. Then
the following assertions are equivalent.

(a) T'(t) is almost periodic.
(b) For X € o(A)NiR, x € X, e~ MT(t)x has uniformly convergent means.

Proof. By [21, Theorem 3.1], A and — A generate C-semigroups 7'(¢) and
T(—t) (t > 0), respectively, so that the Cauchy problem u'(t) = Au(t) has
a bounded uniformly continuous mild solution 7'(¢)z on R.

Suppose S(t) is the semigroup of class Cy generated by A|z,. From the
proof of Theorem 2.1, we know T'(¢)z is almost periodic if and only if S(t)Cz
is almost periodic in Zy. To see that (b) implies (a), by [17, Theorem 4.4],
we only need to show that e *S(#)Cx has uniformly convergent means in
Zy for X\ € 0(A|z,) NiR. This can be achieved by a small modification of
[9, Theorem 4].

(a)=(b) is trivial, since T(t)x and e MT(t)z (A € iR) are almost peri-
odic. m
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3. Almost periodicity of integrated semigroups. An integrated
semigroup is a strongly continuous family S(¢) such that S(0) = 0 and

)
1) S(0)S(s) = | S(r)dr — {5()
0

for all s,t > 0.

Let r € p(A) # 0. From [8, Theorem 18.3], we know that A generates an
(r — A)~L-semigroup T'(t) if and only if A generates an integrated semigroup
S(t), and T(t)z = £S(t)(r — A)~la.

Suppose T'(t) and S(t) are bounded, and strongly uniformly continuous.

If S(t) is almost periodic, then S(t)(r — A) "'z is almost periodic, and
T(t)x = %S(t)(r — A)~!z is uniformly continuous, so that T(t)x is almost
periodic.

Conversely, suppose T'(t) is almost periodic, and X does not contain an
isomorphic copy of ¢g. Since

(2)  S(t)xr=(r—A4) S T(s)xds = rST(s)x ds —T(t)x + (r— A) 'z
0 0

is bounded, we conclude that Sg T(s)xds is bounded; by Lemma 1.7(f),

S(t) T'(s)x ds is almost periodic, therefore so is S(t)x.
Combining the above with Theorem 2.1, we have

THEOREM 3.1. Suppose r € o(A) # 0, A generates a bounded strongly
uniformly continuous (r — A)~t-semigroup T(t) and a bounded integrated
semigroup S(t), and suppose X does not contain an isomorphic copy of cg.
Then the following statements are equivalent.

(a) T(t) is almost periodic.
(b) S(t) is almost periodic.
(c) D(A) € (Zo)a-

REMARK 3.2. (a) If A generates an almost periodic (r — A) ~!-semigroup
T(t), then A also generates an integrated semigroup S(¢). However, the
almost periodicity of T'(t) does not guarantee the almost periodicity of S(t).
In fact, if T'(t) is periodic with period p, and {§ T'(t)z dt # 0, then S T(s)xds
is not bounded, so that S(¢)z is not bounded. So the assumption that S(t)
is bounded in Theorem 3.1 is necessary.

(b) The assumption that X 7 ¢y is not needed for the implication
(b)=(a) of Theorem 3.1; the same holds for (b)=-(a) of Theorem 3.3.

Let C = (r — A)~!. Suppose A generates a C-group T'(t). Then A and
—A generate C-semigroups T'(t) and T'(—t) (¢t > 0), respectively. Hence A
and —A also generate integrated semigroups S(¢) and S(—t) (¢ > 0) such
that T(t) = £S(t)(r — A)~L, T(—t) = £S(—t)(r — A)~1, respectively. It is
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easy to verify that (1) holds for all ¢,s € R. So we call S(t) (t € R) an
integrated group.

THEOREM 3.3. Let r € p(A) # (. Suppose A generates a bounded
strongly uniformly continuous (r — A)~l-group T(t) and a bounded inte-
grated group S(t) such that o(A) N iR is at most countable, and X does
not contain an isomorphic copy of co. Then the following statements are
equivalent.

(a) T(t) is almost periodic.

(b) S(t) is almost periodic.

(c) For A € 0(A) NiR and x € X, e T (t)x has uniformly convergent
means.

(d) For A € 0(A)NiR and x € X, e MS(t)x has uniformly convergent
means.

Proof. We only need to show (c)<(d).

(¢)=(d). By (c) and Theorem 3.1, S(¢) is almost periodic, thus S(¢) has
uniformly convergent means, i.e., (d) holds for A = 0.

Now suppose A € o(A) NiR\{0}. Fix ¢ > 0. Then by the assumption
of (c), there exists T, such that

1 h+T 1 h+S

H | e MT(t)zdt - 5 | e MT(t)z dtH <e

h—T h—S
forall T,5 > T, and h € R.

To prove e *S(t)x has uniformly convergent means, by (2), it suf-
fices to show e M Sg T(s)xds has uniformly convergent means. Suppose

I Sg T(s)xds| < M and T,S > 1/|\e|. Then

T

1 h+T t 1 h+S t
Hf S 67/\tST(T)LL‘ drdt — 5 S e*’\tST(T)x detH
h—T 0 h—S 0
1 h+T 1 h+S
— H)\_T X e_)‘tT(t)x dt — G S e_)‘tT(t)x dt
h=T h—S
1 h+T 1 h—=T
— 57 D Tt dt + e D § Tt dt
1 h+5’ 1 h—S
= _=A(h+S) S = =A(h=S)
1+ ¢ T(t)xdt e S T(t):udtH
AS 0 AS 0
<e+4Mse;

the result then follows.
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(d)=(c). Given e > 0 and x € X, there exists T such that
h+K | b
e MS(t)(r— A) e dt — 17 S e NSt (r— A) "l dtH <e

h— K h—L

forall K, L > T. and h € R. Suppose ||S(t)(r—A)tz|| < M and K, L > 1/e.
Then

h+K 1 h+L
—)\t —At
HK T(t)rdt - ¢ | e T(t)xdt”
h—K h—L
h+K d 1 h+L d
-t & _ -1 - -t % _ -1
‘K e NS — A) e dt - 5 | e S0 —A) xdtH
h—K h—L
h+K A h+L
oM -1 Y -1
HK S@t)(r— A wdt - Z | eMs@)(r— A)wat
h—L
+ %e*MKM)S(h +K)r—A) "z — %ew )S(h— K)(r—A) 'z

- %e_’\(HL)S(h L) — A) e+ %e_’\(h_L)S(h L) A) s

< Xe+4Me;

thus we get (c). m

4. Almost periodic C-cosine functions. A C-cosine function C(t)
is a strongly continuous operator family such that C'(0) = C and 2C(¢)C(s)
=C(t+s)C+C(s— t)C for all t, s € R. The corresponding C-sine function,
S(t), is defined by S(t) = So s)ds. The generator A of C(t) is defined by

2 . ..
D(A) = {:U e X: R191trE>0 t—2<C(t):L' — Cz) exists and is in R(C’)},

_ ot 2 _
Az =C (RIBI%EO 2 (Ct)x — Cx) for x € D(A).

For more details on cosine and C-cosine functions, we refer to [11,
19, 21].

First we introduce the interpolation space for C-cosine functions (cf.
[19, Theorem 1.2.5]).

LEMMA 4.1. Suppose A generates a strongly uniformly continuous and
uniformly bounded C-cosine function. Then there erists a Banach space Y
such that
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(1) Aly generates a bounded strongly continuous cosine function G(t),
with corresponding sine function H(t);

(2) R(C) C Y — X;

(3) C(t) = G(t)C, S(t) = H(t)C, Y may be chosen as

Y={xeX:t— CLO(t)x is bounded and uniformly continuous}

and
|z|ly = sup [|[C~'C(t)x]].
teR

Using the above results and arguments similar to those in Section 2,
we can prove the following theorem on the almost periodicity of C-cosine
functions.

THEOREM 4.2. (a) A C-cosine function C(t) is almost periodic if and
only if C(t) is bounded and R(C) C Y}, := span{x € D(Aly) : Az = —r’x
for some r € R}, the closure taken in 'Y, where Y is as in Lemma 4.1.

(b) S(t) is almost periodic if and only if S(t) is bounded, 0 ¢ Py(A) and
R(C) C Y.

We can also derive [21, Theorem 4.1] from Theorem 4.2, as in the proof
of Corollary 2.2.
Finally, we characterize the periodicity of C-cosine functions.

THEOREM 4.3. A C-cosine function C(t) is periodic with period p if and
only if C(t) is bounded, oc(A) C {—4n%k?/p? : k € N} and R(C) C Yy,
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