STUDIA MATHEMATICA 222 (3) (2014)

A lower bound in the law of the iterated logarithm
for general lacunary series

by

CHARLES N. MOORE and XIAOJING ZHANG (Manhattan, KS)

Abstract. We prove a lower bound in a law of the iterated logarithm for sums of
the form ij:l ar f(nex 4+ cx) where f satisfies certain conditions and the nj satisfy the
Hadamard gap condition ngy1/ng > ¢ > 1.

1. Introduction. One of the most remarkable achievements of prob-
ability theory is the classical law of the iterated logarithm (LIL) due to
Kolmogorov [Kol:

THEOREM 1.1. Let Sy, = > j°, Xy where {Xy} is a sequence of real-
valued independent random variables. Let s2, be the variance of Sy,. Sup-
pose sy — 00 and | Xp|? < K2, /loglog(e® + s2,) for some sequence of
constants K,, — 0. Then, almost surely,

lim sup Sim =1

m—oo /252, loglog s2,

This was first proved for Bernoulli random variables by Khintchine [K]
and grew out of the efforts of several authors to determine the exact rate of
convergence in Borel’s theorem on normal numbers. Although the terms in
a lacunary trigonometric series are not independent random variables, it is
evidenced by many results in analysis which give central limit theorem type
behavior or LILs for lacunary trigonometric series, that they exhibit many
of the same properties. For example, Salem and Zygmund [SZ] consider
the situation when the X in Kolmogorov’s theorem are replaced by the
functions ay, cos(nif) on [—m, 7|, where the aj, are real and the ny, are integers
satisfying the lacunarity condition: there exists a number ¢ so that

(1.1) Nt1/Me > q > 1

for every k = 1,2,..., and obtain an upper bound (< 1). This was extended
to an upper and lower bound for partial sums of the form Z,ivzl exp(2ming)
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by Erdés and Gal [EG], and later extended to general lacunary trigonometric
series by Weiss [W].

Takahashi [T'1] extends the result of Salem and Zygmund beyond trigono-
metric functions: Suppose ny is a lacunary sequence of integers and f is in
Lipa, 0 < a <1, f(x+1) = f(z) for all z, and S(I) f(z)dx = 0. Then there
exists a constant C' depending only on « and ¢ such that

ZkN:1 f(ngt)

limsup ==—————=<C a.e.
N—ooo VINloglog N
Several authors—Dhompongsa [D], Takahashi [T2], and Peter [P]—have
considered versions of this with a gap condition weaker than .
To state the results of this paper, we need to introduce some notation
and terminology. Throughout, a cube @@ C R"™ will be called dyadic if it has
the form

Q = [k12", (k1 + 1)2) x -+ x [kn2', (kn +1)2Y)

for some 1, k1, ..., k, € Z; for such a cube we say that Q has sidelength 2'.
Throughout we will use the notation |E| to denote the Lebesgue measure of
a measurable set E.

For m € Z we let F,,, denote the set of all dyadic cubes in R" of sidelength
27" and we will let F denote the set of all dyadic cubes in R™ of sidelength
< 1. By a slight abuse of notation, we will also use F,,, to denote the o-field
generated by the set of all dyadic cubes in R™ of sidelength 27"". (The usage
will be clear from the context.)

DErINITION 1.2. If f is a function on R™, the modulus of continuity w of
fisw(f,0) =sup{|f(z)— f(y)|: |z —y| < 0}. When f is clear from context,
we will write w(f,d) = w(d). Recall that f is said to be Dini continuous if

1
o
(1.2) 1) 45 < o,
o
0
In [MZ] the authors gave a generalization of the LIL of Takahashi in
which the gap condition (1.1 is retained, but the class of functions f is
widened:

THEOREM 1.3. Suppose f is a Dini continuous function on R™ with
the property that f(x) = 0 whenever any coordinate of x is an integer,
and SQ f(z)dz = 0 whenever Q € Fo. Let {ny} be a sequence of positive
numbers satisfying the lacunarity condition nyi1/ng > q > 1 and let {ck}
be a sequence in R™. Then there exists a constant C, depending only onn, q,
and the quantity Xé(w(&)/é) dd, such that for any sequence of real numbers
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{ar} with Ap, = (/> 1 a2 — o0 as m — oo, we have

moarpf(ngr +c
lim sup ‘Zk_l e ( k)‘ <C e

m—00 \/ A?n log log Agn N

The purpose of this paper is to provide a lower bound in the above result.

THEOREM 1.4. Assume that f, nk, ag, Am, and ci are as in the previous
theorem, again with A,, — co as m — oco. Suppose also f has the property
that there exists a number co > 0 such that |Q|™* SQ |f(w)]?du > co for all
cubes of sidelength at least 1. Set M, = maxi<k<p |ar| and suppose that
M2 < K2A2 Jloglog A2 for some sequence of numbers K, — 0 as n — oo.
Then, if q is sufficiently large, there exists a constant ¢, depending only on
n, q, co, and the quantity Sé(w(c?)/é) déd, such that

m
lim sup Zk:l arf (e + ck) >c a.e.

m—oo /A2 loglog A2,

Notice that in both of these theorems we do not assume the ny are inte-
gers, nor do we assume any periodicity of f. We do not know the best possible
values of C and c in these inequalities. In the classical LILs, C' = ¢ = 1,
but it seems difficult to obtain such precision here. It may be possible that
these theorems remain true with the L? modulus of continuity wo(d) re-
placing w(d) in , but the modifications required do not seem to be
straightforward. In the lower bound the so called “Kolmogorov condition”
M? < K, A2 /loglog A2 is an essential hypothesis, even in the trigonometric
case (see [BM, p. 81]). The well-known example f(x) = sin 27z — sin4nzx,
ny = 2%, for which the lower bound fails, shows that the choice of ¢ depends
on w(d). The property that |Q]~* SQ |f(u)]?du > cg is also necessary and
keeps f from becoming too “sparse” at infinity. For example, consider a func-
tion f on R given by f(z) = &, sin(27x) for x € (—n—1, —n]U[n, n+1), where
en, — 0, say montonically. By Theorem (or Salem and Zygmund [SZ]),

> sin 27 (2%2)|

lim sup <C ae.
m—00 vmloglogm
and thus,
o f(2kx
lim sup M -0 ae.

m—oco /1N 10g log m

The latter can be seen by breaking the numerator as Ziﬁl +d on 11
which gives that the limsup is bounded by Ceyni1 on (—oo,—1/2N] U
[1/2N, 00).

Other authors have explored the behavior of sequences f(ngx) beyond
the trigonometric case. Gaposhkin [G] shows that if the nj are lacunary
and satisfy a Diophantine condition, and if S(l) |Z;€V:1 f(nrx)|?>dx > cN, then
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the central limit theorem holds for the f(ngz). Aistleitner and Berkes [AB]
improve on Gaposhkin’s result. Berkes [B] gives an LIL with a more precise
lower bound, although with stronger hypotheses on f.

The proof of the theorem will involve a mix of ideas and techniques from
Moore and Zhang [MZ], the study of dyadic martingales, and classical prob-
ability theory. In particular we make use of a martingale approximation. The
idea of using a martingale approximation was used extensively by Philipp
and Stout [PS], but the martingale approximation we use here is not quite
the same as theirs. In Section 2 we will collect some definitions and lemmas
which will be used in the course of the proof. Throughout we will use the
convention that C' and c¢ represent absolute constants, depending only on ¢,
n, and the quantity , whose value may change from line to line. Some-
times we will need to temporarily track constants and these will be labeled
as C1, (o, etc.

2. Preliminaries. We record some lemmas. The first can be found in
Erdés and Gal [EG], but the proof is short so we include it for completeness.
The second can essentially be found in Gaposhkin [G]; for completeness we
include the details of the proof.

LEMMA 2.1. Let n; <ng < --- be an infinite sequence of positive num-
bers satisfying the lacunarity condition ngy1/ng > q > 1, k = 1,2,.... If
0<a<pf then

1
(2.1) Z 1< 0g 5(1/01).
log ¢
asng<p

Proof. Let ko be defined by the inequality ng, < o < nko+1 (put ng = 0)
and ¢ > 0 be defined by ny,4+; < ﬁ < Nko+it+1. 1f @ = 0 then is true. If
i > 1 then we have 8 > ng, i > ¢" 'ng, 11 > ¢ ta. Hence 5q/a > ¢*, and
follows immediately.

LEMMA 2.2. Suppose k is a positive integer, ¢ > 0. Then

00 2¢/q
ng 1 1 w(0)
v <
(1) | g w(nAc> _max{logQ’logq} S 5 dé,

Jj=k+1 0
j—1 2¢/q
11 ()
(2) Zw(c) §max{ } S —=dd,
P j log2’ log q 5 0
=1 11
3 — <= —,
) j:%rl nj kgl
i—1
L1 g
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Proof. We have

2¢/q 2/q 2/q oo 1/¢F
L |l g
0 0 5 1/q k=11/qk+1
> log2 (1 )+Zlog ( 1 >
wl| —c qu
q — qurl
> min{log 2, log ¢} iw(lc>
- ) k:1 qk *
Then
00 00 2¢/q
1 1 1 )
Z w<nk>§ w<kc)§max{ , } S w()dé
Sy \m — \q log2 logq ) 3 4]
and
j—1 j—1 2e/a
1 1 1
5L (1) <8 () oty ) T 20
k=1 N\ = N 08= 084J
which gives (1) and (2). For (3) we have
Bllsasio
j=k+1 nj —kt g (]] nE q— 1

The proof of (4) is similar. m

We will need a lower bound for ||Z,]€V:1 ar f (ngz+cg)||2 on [0, 1]™. This will
be done by squaring and estimating the terms aza; 8[0,1]" f(ngx + cx) f(njz
+ ¢;) dz. We will use the well-established principle that if say n; is much
larger than ng, then f(ngzr + c;) is roughly constant on cubes where
f(n;xz+c;) has mean value zero, which leads to a small value for the integral.

LEmMA 2.3. If 7 >k, then

‘ | fym+ ) f ez + cx) dq:‘

[0,1]»
2 (g | Ve fle
< ; )2 d ( < >+ )
ngfmﬂ+%ﬂ o) (o N

Proof. Recall that Fy denotes the set of all dyadic cubes in R™ of side-
length 1. Consider the family of cubes of the form Qj,, = (1/n;)Qm —
(1/nj)cj, where Qp, € Fo. Note that SQjm f(njx + ¢;)dx = 0. We say Qjm
is of type I if Q;m C [0,1]", and is of type II if Qjm N [0,1]" # 0 and
Qjm N ([0,1]™)¢ # 0. Let R = (JQj,m) N [0,1]", where the union is taken
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over all type II cubes. Then |R| <1— (1—2/n;)" < 2n/n;. For each type I
Qjm, let a;,, denote its center. Then

‘ S f(ngz + cx) f(njx + ¢j) dx‘
[0,1]™

IN

Z S f(ngz + cx) f(njz + ¢;) daz‘ + S |f(nkx + c) f(njz + ¢j)| de
type IQj,m Qjm R

< ‘ Z S (fnpz + ) — f(niajm + ci)) f(njz + ¢;) dz

type 1Qj,m Qj,m

! <S f e+ )l dx) v (S |f(njz +¢;)|? d:c) v
R

R
< Y w(g) § e seplar
type 1Qj,m T
V2n I 2dr) "
T fr el
VT <[0,S1]7L| (njz + ¢j)| x>
1/2
< w<@nk> <[ ,Sun s+ i) do)
e 2N (0 g a)

VI o
LEMMA 2.4. We have |S[0 i S (x4 ¢) da| < 2nl| flloo/n;. More gen-
erally, if Q is a dyadic cube of sidelength 2° then
b o 27| flloc
Sf(nja:+cj)d:r <2n .
@IS n;

Proof. Using the notation of the previous proof we have

‘ S f(njm—l—cj)dx) < ‘ Z S f(njx—l—cj)dx’ + S |f(njz + ¢j| dx
[071}” type IQj,m Q]’,m R
fllso
=04 § (g + )| do < [R] |l < 201010
R J
The second statement follows from this by a change of variables. m

LEMMA 2.5. If q is sufficiently large then

N 2
S ‘Zakf(nk:r—l—ck) dx > cA%
[0,1]" k=1

for some constant ¢ > 0 depending only on n, q, and the quantity in (|1.2)).
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Proof. We have

N 2
| (Z akf(”kfv+0k)> dx

0.1 k=1

N
=Y ai | [+ ) da

k=1 [0,1]"
N N

+23 > ara; | fkr + cr) f(njz + ¢j) da.
k=1 j=k+1 [0,1]"

For typographical convenience in what follows, set

1 1
Mg = Maxq ——, —— .
1 log 2’ log q

We estimate the second term, using Lemma [2.3] and all parts of Lemma [2.2}

N N
S we | f(nkx+ck>f<njx+cj>dx]

k=1 j=k+1 0.1
N N
<3 Y Jaal( |f<nﬂ+cj>|2dx)”2<w<f%>+x/%||fuoo)
k=1 j=k+1 0,1]" nj Vi
N 1/2 N 1/2
<Z!ak!< S <¢§n’“> | !f(njx+cj>|2dx> ( 3 w<éﬁ"k)>
j=k+1 "9 o j=k+1 "
N 1/2 N 1 1/2
+¢%\f\|oo21akr( > | e refar) (2 L)
h=1 i=k+1 [0 j=k41
\/ﬁ/qw(é) 12X N g 1/2
< (e § 5 0) Z'“k'(z o () | Ittt e o)
0 k=1 k+1 [0,1]"
a? 1/2
(\m’f”oo )Z! k!<Z el !f(njx+0j)|2dx>
St " o1
\/ﬁ/qw((s) 1/2 an 12
() (S S () § o ppar)
0 k=1 j=k+1 J [0,1]7

+ (Ve ﬁ)AN(Z 5 k ST n]x+cj>12dm)l/2

k=1j=k+1 """ [0,1]"
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:<mqfs/qw(5) >1/2 (Za | 1r njx+cj),2d$jzlw<\/25n7?>>l/2

0 Jj=1 [0,1]" k=1

+ (VIR ﬁ)AN(Za | e etan Y L)

’}n kzl
v vl @) o yang|f]
2 . |2 00
§AN(§% Sn]f(n]x—i-c]ﬂ dx) (mq | 5o+ W(q—U)
J= [0,1] 0
Therefore,

N 2
S ’Zakf(nkx—l—ck)‘ dx

[0.1] k=1

N N
ZZCL% S \f(nkx+ck)|2dm—chN(Zai S |f(nkx+ck)|2da:)1/2

[0,1]" k=1 [0,1]"
where ¢; = Sf/ 7z ( ) s+ V\/Znif(!ﬂ‘l")" . By hypothesis, we have the estimate

o f gz + ) ? da: > ¢q for every k, and the lemma follows by taking ¢
[0,1]
sufficiently large (and hence ¢, sufficiently small). m

DEFINITION 2.6. Suppose that Q € Fyo. A dyadic martingale on Q is
a sequence of integrable functions {g,,}5°_, on @ such that each g, is
Fm-measurable and ¢n, = E(gm41|Fm) for every m. Here E(gm+1|Fm)
denotes the conditional expectation: E(gm+1|Fm)(z) = |Q|7! SQ Im+1 dy,
ifxe@ e F,. For k>1, set dp = g — g1, and we also define the square
function Sfm, = (X pey E(d? | Fr1))'/2.

We will need the following subgaussian estimate for dyadic martingales

(see Chang, Wilson, and Wolff [CWW]).

LEMMA 2.7. If g is a dyadic martingale on @ then for each m and
every A > 0, we have

AQ
o€ Q: lam(@)l 2 M < exp( g5 ).
2(|Sgml3
We would like a similar estimate for sums of the form Y " | ay f(ngz+cy).

LEMMA 2.8. Put fm( ) = Yooy arf(ngx + ci) where f is as in the
hypotheses of Theorem (1.4, Then there exist constants C' and ¢ depending
only on q, n, and the quantzty . such that

2
{2 € (0,17 |fm(a)] > M| < cexp(—c;)
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Proof. By Lemma we can break up the sequence n; into a finite
number of sequences each of which has the property that for each £ > 1
there exists exactly one nj with 2871 < n, < 2%. That is, we may write
fm = fm1 + -+ + fiux for some positive integer K so that each f,,; has
at most one ny, in each dyadic block [2%,2FF1). Then since |{z € [0,1]"
fm(x) > A} < Zszl H{z € [0,1]" : fm; > A/K}|, the desired estimate
follows if we can get such an estimate for each f,;. In other words, we may
assume, without loss of generality, that f,, has only one nj; in each dyadic
block [2F, 2k+1).

We first also assume that a; = ay = 0. For m > 1, let f,(z) =
ZZZ? ar f(ngx + k). Under these conditions, it is shown in [MZ], following
the techniques of [CWW], that there exists a family of dyadic martingales

{g,(ﬂ;)}, j=1,...,N, and an absolute constant C such that

‘fm—l—Q Zg ’ < CiAmya

and for each j,
(SQ%)@?))Q < ClA%nJrQ‘

Here C| and N depend only on the dimension n. Thus, for A > C1 A, 42,

[{z €[0,1]" : | frnpo(z |>)\}|

H e 0,1] ‘Zg(j (>A ClAmHH

N
; A—C1A
(4) > AT M1LmA2
Z{xe 0,1+ g @) = 2= G |
N
Am 2 - Am 2
<3 e~ ) < e (o et
= (ng ())? CL A2
)\2
SCexp( >
A2,

By taking C' large enough so that C exp(—cC?) > 1, this remains valid for
A< C1An 0.

Finally, to remove the assumption that a; = as = 0, set fm(:c) = fm(x)—
a1 f(ni1xz+e1)—as f(nex+ca), so that fm satisfies the above inequality. Noting
that ||f||cc < C, where C' depends on the quantity in (L.2), and using the
inequality exp(—c(a — 8)?) < exp(—3ca?/4 + 3c3?), valid for a, 8 > 0, we
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have

{z € [0,1]" : |[fm(2)] > A}

< [{o € 0,17 ful@) > A= (1] + lazDl 1)
2 2
< expl A=) < (20

The following is adapted from part of the proof of Proposition 5 in
Banuelos, Klemes, and Moore [BKM], which itself is based on Zygmund’s [Z],
Lemma 8.26, Chapter 5, Vol. 1].

LEMMA 2.9. Suppose that g(x) is a real valued function defined on a set
E with |E| > 0, and that

1
(x)dx| <eA and — Sg(:c)2 dx > ¢oA®

)

‘ Bl
for some constants A >0, 0 <e <1, ¢g > 0. Suppose also that
{z € E:|g(x)] > A} < CeN/|E| for all A >0,

where C, ¢ are constants. Then if € is sufficiently small, there exists a § > 0
depending only on €, ¢y, C, and ¢ such that

{z € E:g(z) = 0A}| = 0|E].

Proof. Let 0 < § < L to be chosen momentarily. Then

coA? < z) | dx

1o ot
E
1 2 1 2
{z€E: |g(z)|>LA} {z€E:|g(z)|<LA}

< CLAPe Y +2 | A/ ax + fA | lg(z)| do
" E|
<CAY L2+ 1)e P + ﬁﬁ | lg(2)] da.

By choosing L sufficiently large, dependlng on ¢, C, and c¢p, we have

C'A < @ | lg(2)] da.

But then
C/

|];|§ r)de = 5 S )|+ g(z da:>—A—fA CA.
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Thus,

1 1
CA< 3] S gt (z)dz + 3] S gt dx
{z€E gt <iA} {z€E:0A<gt<L'A}
1
+
+ E S g dx
(2€E: g+>1/ A}
/

2

<A+ fﬁ?!{w € E:gt(x) > 6A} + CAL e ),

By choosing 4 sufficiently small, and L’ sufficiently large, the conclusion
follows. m

As to be expected, we will need a Borel-Cantelli type lemma for inde-
pendent, or at least weakly dependent, random variables. This is provided
by the following, whose proof can be found in Banuelos and Moore [BM,
p. 79]:

LEMMA 2.10. Fork =1,2,..., suppose F}, is a collection of dyadic cubes
whose union is [0,1]" such that Fy.1 is a refinement of Fy. Suppose that the
mazximum length of the elements of Fy tends to zero. Suppose E, C Fy, has
the property

‘Qﬂ U J‘>\Q|C/k, VQ € Fy.

J€5k+1

Set B = UJGSk J. Then for a.e. x, x € Ey infinitely often.

3. The proof of Theorem|[1.4, Let M be a fixed large positive number.
Define Ny < Ny < --- by

N
N, = min{N S af > M‘}.
k=1
Let € > 0 and assume € < 1.
Consider a large positive integer [. Using the definition of N; and the
fact that |ay,|? < SA%VN for N; sufficiently large, we can assume that A%Vl =

A?Vl—l + a?v, < M+ sA?Vl, and hence

Ml
(3.1) M' < A%, < T
Consequently,
2
M
(3.2) (1—e)M < ot o .
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Then by Lemma and (| we obtain

" 1+4¢
{1’ e [0,1]": ‘Z ay f(ngx + Ck \/T\/ANH- log log AN1+1 } ‘

2
14¢ Nl loglogANlH
<
Cexp( M=) A?\rl
S Cexp( m(l — €)M10g10gANl+1>

< Cexp(—(1 + ¢)loglog M)
= C((1+1)log M)~
So by the Borel-Cantelli lemma, for almost every = € [0, 1]",

N
1+¢
(3.3) )Zakf(nkx—i-ck)’ < 1/ M2 \/A loglogA%Vl
k=1

for all sufficiently large ! (depending on x).
The definition of N; and (3.1)) yield

N M! 1
2 42 2 I+1 _ ol
(34) Z ak_ANl+1 _ANZ >M —17_5—M |:1—]\4,(1_€):|
k=N;+1
1
> ANl+1 ( — & — M) .
By hypotheses, for all sufficiently large [, we have
N, e A
2 < I+1 < = I+1
1§§fn§a1%+1 ¢ N“rl log logA ~ 2 loglog ANz+1’
which by (3.4) and the definition of Ay, , 1mplies that
N, N,
) KR, Ypviaa /2 1 sy
max  ap S 2 Z ak
1<k<Ni l—e—-1/M loglogANl+1 1—e—1/M logl Mt

We may assume that ¢ is small enough and M large enough so that 1 — ¢
—1/M > 1/2. Thus,

(3.5) max ¢§ £
N S log!

k=N;+1 %%
Let 0 < p < 1. Suppose [ is large so that pulogl > 1. We define a sequence
of positive integers l1, [z, . ..,[| |, where for simplicity we write | | = L%J

(| | represents the greatest integer function) as follows:
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Let [; be the first time such that

Ni+1q 1 Ny
DGz > df
k=N;+1 pIog L N
so that
Nj+l1—-1 1 Ny
(3.6) Z ai < Toa] Z az.
k=N;+1 R8N
Likewise, let I3 be the first time such that
Ni+lo 1 N1
2 2
Z aj; = log 1 Z Ok
k=N;+l1+1 p108 k=N;+1
so that
Ni+la—1 1 Niga
(3.7) Z ai < Toa ] Z az.
k=N;+l1+1 piog k=N;+1

Similarly we define I3,...,1 .
Because of (3.6[), N; + 11 < Ni11, and hence by (3.6) and (3.5)),

N+l Nj+1;—1 Niy

2 _ 2 4 g2

ap = ap +an, 4, < ,ulogl ak
k=N;+1 k=N;+1 k=N;+1

Combining this and (3.7)) yields

Nj+la—1 14e Ny Nit1
g Y azg( ) S o< Y

k=N;+1 plogl ulogl k=N;+1 k=N;+1
the last inequality being a consequence of the fact that
(3.9)

219

1 1 logl
r( e ) + <1 for positive integers r with r < VL 8 J —1.

ulogl ulogl 1+¢
Thus, N; 4+ ls < N1, so by (3.8)) and again using (3.5)), we have
Ni+l2 Nj+la—1
(3.10) Yo oai= ) ap+ady,
k=N;+1 k=N;+1
Nipy
14¢ 1
< (45 + )Y
pwlogl = plogl ulogl el
Ny

- Yo

uloglk Ni+1
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Continuing in the same fashion, using and ( we have

Ni+i3—1 14e Nz+1 Ny
3.11 2<(2—= 2 < ,
k=N;+1 k=N;+1 k=N;+1

which implies that N; + I3 < Nj41. We continue this process, repeatedly
using and (3.9), to conclude that Ny +1| | < Npy1.

Consider a dyadic cube Q with sidelength 2~ where L is chosen so that
2L < ny, < 2L+ By rescaling to @, Lemma [2.5 implies

N+l Ni+ly
H Z ak.f(nkas—}-ck.)‘ dx > c|Q)| Z az.
Q k;:Nl-‘rl k= Nl+1

Similarly, again by rescaling to ), Lemma implies

N+ )\2
H:U €qQ: ’ Z akf(nkaﬁ%-ck)) > )\H < C’exp(—cw)@].

k=N;+1 k=N;+1
Finally, notice that for & with N; +1 < k < N;+ [y, (3.5)) yields

lag| < &
log

Consequently by Lemmas and (3)

‘\Q! Z ap f(ngx + ¢) dz| < Z |ak|n7Oo
Q k=N, +1 k=N, +1 k

N+l N+l

< fllsoviey| Y. a2 >

k=N,+1  k=N,+1

Then Lemma applies to give 6 > 0 (which depends only on ¢ and
constants that themselves depend only on ¢ and n) so that

2n2L

N+l s Nit1
(3.12) {xEQ: Z apf(ngx + cg) > —— Z a%}
k=N, +1 Vilog I\[, )
N+l
ZHQ:EQ: Z arf(ngx +cx) >0 az}‘25|Q|.
k=N;+1
Set h(z) = ],Evlllﬂ arf(ngx + ;). Choose Ly so that 211 < ny,4y, <
2l1+1 Fix x, y, and suppose |z — y| < v/n/2%1. Then using the hypotheses
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of the theorem, the definition of Ay, ,, Lemma (2) and (3.4, and again
assuming that 1 —e —1/M > 1/2, we have

Ni+ly

(3.13)  |h(z) =R < > lanl [F(nkz + ) — fnry + o)
k=N;+1

N+l Ni+ly
Ky, A
< > aktd<xﬂlnk> < N N a;(”ﬁlnk2)

2L1 - 2 Z
\/Joglog AL | k=N

k=N;+1 "Nit+h
Ny a2
k=N;+1 "k
S OKnia \/logll
Thus, if
0
h(z) >
(z) Virlogl
then
KNH—I

h(y)| = |h(z)| - Cﬁ

> 6 — C\/IEKNH-I
Virlogl

From (3.12]) we conclude that there exists a collection of dyadic subcubes
{Q'} of Q with sidelength 2711 such that for all z € @',

N+l

§— OV Ky,
E > 1
akf(nkx + Ck) = ,ulogl
k=N;+1

and with |Ug o @' > 6]Q|.
Consider such a @Q’. Arguing as above we have

‘{ Nl+l2 5
x € Ql : Z akf(nk + Ck) >
k=N +11+1 Viulogl

Ni+l2

> ’{xEQI: Z akf(nk+ck)>6

k=N;+1+1

> 0Q'|.

2
ak}
k=N;+l1+1
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As previously, this leads us to a collection of dyadic subcubes {Q"} of @’
with sidelength 2722, where L, satisfies 272 < NN+l < 2L2+1 such that for
all z € Q”,

Nj+l2 Nit1
6—C 1% KN
E af(ngz + cx) > \/% 1+1 E ai
k=N;+11+1 o8 k=N;+1

and with [Jgnco Q"] > d|Q'|. We continue this process. Eventually we
come to a subcollection of cubes {I} with sidelength 27L), where | | =
L“llif_lj, and L|| is the number satisfying ol < NN+, < 2L+ such
that for all x € I,

N+l Ny
0—C NKN
g ag f(ngz + cx) > \/% 141 E az.
k=Ni+l |1 +1 piog k=N, +1

Moreover, [U;cq 1| > 8|Q| where Q is the previous generation cube. On

. . N,
each I, we need to estimate the remaining terms Zkg\l,ﬁluﬂ ar f(ngx + c).

Using (3.5) and Lemma we have

1 Nl+1 Nl+l 1
‘|I|S Y wflurtea)de| <D ayl me(nkx+Ck)dﬂ?
Ik:Nl-Hu-i-l kZNl-Hu-i-l I
Nit1 N1 L
£ 27U flloo
<C,/— 2 — =< C

k=Ni+1  k=Nj+| | +1

By Chebyshev,

N1

5 1
{xe]:‘ Z akf(nkx+ck)‘>2011/@ Z ai}’§2|l\,
k‘:Nl-Hu-‘rl k=N;+1
so that in particular,
Nit1 5 Niy
(3.14) > anf(nem + ) > —2C ] > ai
k‘:Nl-‘rlu-‘rl g k=N;+1

on at least 1/2 of the measure of I. Choose L so that ol < NN, < oL+1,

N,
Let h(z) = Zkgl\lfﬁl“ﬂ ai f(ngz + ck).
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Let « be a point at which 1D holds, and suppose |z — y| < \/52*£
Estimating as before (as in (3.13))), we have

ZNZH
k= N1+1

[h(x) = h(y)| < CKn,,

Vlogl

Thus, if
h -2 —_—
(x) > —2C1 og
then
€
h -2C
(y) > < 1 log!
_ \[ + KN1+1

log

Consequently, there exists a collection of dyadic subcubes {J} of I with
sidelength 2% such that for every z € J,

Ny

Z akf(nkﬂj + Ck) >

k:NH‘lu +1

and with |J,; J| > 3|1|.
Finally, adding the estimates from all of the above generations, we have

N+ N+l Nit1
S aflur+er)++ Y apflmato)+ Y apf(nwtcr)
k=N;+1 kZNl-Hu—l k=Nl+lu+1

- HuloglJ 0 — OV KN, C\/5+KNZ+1]

1+¢ Vlogl B Vlogl

on a subcollection {J} of dyadic subcubes of @) with
Qna| > st 5 Ll _ 1l _ [ pegee 1G]

=T
where the latter inequality holds if i is chosen sufficiently small. We remark
that neither § nor ¢ depend on u, so this is possible.
We may also assume that [ is large enough so that

pnlogl pnlogl 1
1 .
(3:15) {1+5J/<1+5 >1+5
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Thus, on the subcubes J, if [ is sufficiently large, we can estimate

Ny

D af(mz + )

k=N,+1

- 'VloglJ 0 — OV KN, C\/5+KNZ+1]

1+¢ vlogl B Vdogl

1 plogld—Cy/uKyy,,
|14+ 1+¢ Vilogl

AV

Nip1
> n+/logl Z ai,
k=N,+1

where 7 depends only on pu, €, and d, but can be taken as a fixed positive
number for all [ sufficiently large. Thus, if we let F; denote the family of
dyadic cubes @ in [0, 1] of sidelength 27 (recall 2 < ny, < 2L71) and let
&1 denote the union of those cubes J of sidelength 2-L (recall oL < p Nist

< 2%) found in all of the Q using the above argument, then, for large enough [
(depending only on € and M), the hypotheses of Lemma are satisfied
so that there exists n > 0 such that for a.e. x there exists a subsequence of
{Ni}72, (depending on x) such that for each [ in this subsequence we have

N
D ko1 @k f (ng + cx)

N,
\/(10%5) kg\lflﬂ aj

For such an z, by (3.4]), and again assuming that 1 —¢ —1/M > 1/2, for an
infinite subsequence of the N; we have

N
jeny 41 Ok f (i + cx) -

e
N )
\/(log D Ie a% V2

By (3.1),
loglog A%, , <log((l+1)log M —log(1 —¢)) < 2logl,

the latter inequality holding for ! sufficiently large. Consequently,

N N,
ot anf (e 4 cp) — >ty apf (g + c)

N, N,
\/Zkﬁil azloglog ' a?

v

n
5
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But from (3.3) for a.e. x we have

N,
e ar f (npz + ) - 1+¢

N, N, - M(1 —
\/Zkﬂfl G%IOgIOnglJ{I a; M1 ~e)

for all sufficiently large [ (depending on x).

Hence for a.e. x there is an infinite subsequence of sufficiently large I so
that,

Zkl“ ag f(ngx + i) SN 1+¢
\/Zk L1 ajloglog 37, l+11 a E M(1=2)

Thus, for a.e. z we have

lim sup ey akf(ngz + cx) 2N 1+e¢

n—o00 \/Zk 1 ak loglog Zk L ak 2 CM(l — 6)
We can let M 7 oo, and obtain the desired result.

4. Recurrence for partial sums. For x € [0,1]", consider the par-
tial sums sy(x) = Zszl aif(nk + ck). As a corollary, we show that with
an additional hypothesis, for a.e. z, the seqeunce {sy(x)} is dense in R;
in other words, this sequence visits every neighborhood of every real num-
ber infinitely often. This is a generalization of the same result for lacunary
trigonometric series due to Grubb and Moore [GM].

COROLLARY 4.1. Set sy(z) = Z]kvzl ar f (ng + ci) where f, ax, ng, and
ci are as in the statement of Theorem [L4 Suppose also that there exists
a constant M such that |ax| < M for every k. Then for a.e. x € [0,1]",
{sn(z)} is dense in R.

The proof follows that of [GM] although with enough differences to jus-
tify including it here. We first need a variation of a lemma from [GM].

LEMMA 4.2. Suppose that two sequences of sets En and Fy contained
in [0,1]™ have the following property: There exists a constant ¢ > 0 and a
sequence oy > 0 converging to 0 such that for every x € En there is a cube
Qn of sidelength dn containing x with |Qn N Fxn| > ¢|@Qn|. Suppose that for
a.e. x € [0,1]", x € En infinitely often. Then for a.e. x € [0,1]", © € Fy
infinitely often.

Proof. If we assume the contrary, then there exists a set A C [0, 1]" with
|A] > 0 and a K such that AN JX_, Fn is empty. Almost all points of A
are points of density of A, so we can pick a point x which is both a point
of density of A and in infinitely many Epy. But then, for each such N > K
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and Qx that contains x, we have [Qn NA| < |Qn N F§| so that as 6y — 0,
QN NEFS]/IQN| > |Qn N Al/|@Qn| — 1, which contradicts the hypothesis. =

Proof of Corollary [{.1. Let a € R and let ¢ > 0. As an immediate
consequence of the theorem, sup sy(z) = oo and inf sy(z) = —oo. Thus,
a.e. x € [0,1]" is in an infinite number of the sets

Ey ={x€10,1]" : sy(z) > a and sy11(z) < a}.
We will establish the conditions of the lemma with the sets
Fny={x€]0,1]": [sny(x) —a|] <eor |syii1(x) —al <e}.

Let x € En. Let Qn be the cube containing x of the form Qn = Qni1,m =

an+1 Qm — an+1 ¢N+1, where @, € Fy (as in the proof of Lemma . We

first note that if z,y € Qn with |z — y| < ¢/ny41 then by Lemma [2.2(2),

N
(41)  Jsn(z) = sv@WI < D laxl [f(nez + ex) = fniy + )]
k=1

al cnyg 1 1) w(9)
§MZUJ< >§Mmax{ } S dd < e,
k=1

NN 11 log 2’ log q 50
where the last inequality holds if ¢ is sufficiently small. Also

N+1
(42)  fsna1(2) = s ()] < D law] |f(nez + ) = fnwy + ci))|
k=1

sy cn 1 1 2/a w(9)

SMZw P ) < M max , S do 4+ Mw(c) < e,
P NN+1 log2’ log g 5 0

where again, the last inequality holds if ¢ is chosen sufficiently small. Fix

¢ > 0 so that (4.1) and (4.2) hold. Since sy(x) > a, there are two cases.

CASE I sy(xg) = a for some xg in Q. Then by there exists a ball
B of radius ¢/ny41 centered at xy such that B C Fy. At least 1/2™ of this
ball is in Qx. Therefore, |Fy NQn| > (1/2™)|B| = ¢|Qn].

CASE II: sy(x) > a on Qp. Since x € Ey, we have sy4+1(x) < a. But
sn+1(2) = sy (z)+ani1f(nypiz+enia), and §  f(nnpiz+ensa) dz =0,
so there exists an x1 € Qy such that f(nyi121 + cyy1) = 0. Consequently,
sn+1(z1) = sny(x1) > a, so there exists an xg € Qn such that sy1(xg) = a.
By there exists a ball B of radius ¢/ny41 centered at zp such that
B C Fy. At least 1/2™ of this ball is in Qy. Again, we have |Fy N Qn| >
(1/2%) B = c|Qu.

Applying the lemma, we see that for a.e. z € [0,1]", |sy(z) —a| < ¢
infinitely often. By considering all a rational and a countable sequence of
€ — 0, the corollary follows.
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