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Dual spaces to Orlicz—Lorentz spaces
by

ANNA KAMINSKA (Memphis, TN), KAROL LESNIK (Poznan)
and YVES RAYNAUD (Paris)

Abstract. For an Orlicz function ¢ and a decreasing weight w, two intrinsic exact
descriptions are presented for the norm in the Kéthe dual of the Orlicz—Lorentz function
space A, . or the sequence space Ay, w, equipped with either the Luxemburg or Amemiya
norms. The first description is via the modular inf{g e« (f*/1g)lg| : g<w}, where f* is the
decreasing rearrangement of f, < denotes submajorization, and ¢, is the complementary
function to ¢. The second description is in terms of the modular SI o+ ((f*)° Jw)w, where

(£)° is Halperin’s level function of f* with respect to w. That these two descriptions are
equivalent results from the identity inf{gw(f*/|g|)|g| g < wl= 81 P((f*)° /w)w, valid
for any measurable function f and any Orlicz function ¥. An analogous identity and dual
representations are also presented for sequence spaces.

1. Introduction. The main goal of the paper is to give an isometric
description of the Kéthe dual space of the Orlicz-Lorentz space A ,,, where
© is an Orlicz function and w is a decreasing locally integrable weight func-
tion. Orlicz—Lorentz spaces have been studied extensively for the past two
decades, since when their basic properties were established in [7]. So far,
however, no satisfactory isometric description of their dual spaces has been
given. There are several different isomorphic representations of the Kéthe
dual space (Ay)" given for example in [6] or [8]. Problem XIV in [3] asks
for an isometric representation of (A )"

Orlicz—Lorentz spaces can be treated as a special case of more gen-
eral Calderon-Lozanovskil spaces. Lozanovskil [I8] (see also [I3]-[17], [20]
and [2I]) proved a duality theorem, which in particular can be applied to
Orlicz—Lorentz spaces. However his original formulas are too general and not
explicit enough for application in the setting of Lorentz type spaces. Here
we show that Lozanovskii’s formulas for dual norms and Koéthe dual spaces
can be expressed in terms of the recently introduced modular P, ,, and the
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corresponding modular space M., ,, (see [9]). In fact My, = {f € L° :
P, w(Af) < oo for some A > 0}, where L is the space of Lebesgue measur-
able real functions on I = [0, @) and

Pyl f) = nf{§o(F*/1g))lgl 5 g < w}.
I

The notation g < w means that g is submajorized by w, that is, Xé gt < Sg w
forall t € 1.

In the case p(u) = vP, 1 < p < oo, when A, ,, becomes the classical
Lorentz space Ay, a different explicit isometric description of its dual was
given by Halperin [4]. He introduced the notion of level intervals and level
functions with respect to w, and applied them to obtain a formula for the
norm of the dual space. Here we study level functions and modulars in the
environment of Orlicz-Lorentz spaces, which allows us to extend Halperin’s
theorem to those spaces.

Consequently, we give two different isometric representations of dual
spaces of Orlicz—Lorentz spaces, one by means of submajorization by the
weight w, and the other by level functions with respect to w. They are valid
for both function and sequence spaces.

The paper is organized as follows. In Section 1 we give basic notations
and notions needed further. Among others we define Calderén—Lozanovskii
spaces and Orlicz—Lorentz spaces equipped with the standard Amemiya and
Luxemburg norms.

In Section 2 we recall the definition of the function space M, , and
then applying the general duality theorem of Lozanovskii, we prove that the
Kéthe dual space (Ay ) is Mo, o with equality of norms. In the case when
the space A, is separable, it is also an isometric representation of its dual
space. This representation is given for both the Amemiya and Luxemburg
norms.

Section 3 is devoted to a number of specific properties of the modular
P, (f). A sequence of technical results leads to the main theorem describing
an algorithm for calculating the infimum in the formula for P, (f) when f
is a simple decreasing function. This is Theorem which states that the
function ¢/ produced by Algorithm A minimizes the modular Pow(f) It is
interesting to observe that ¢/ depends only on f and w, but not on ¢.

In Section 4 we give another isometric representation of the Kéthe dual
spaces using the so called level functions f9 with respect to w, introduced
by Halperin [4]. Applying the results of the previous section, in particular
Algorithm A, we first prove that P, (f) = {,¢(f/9))g’ = Sw(fo/w)w for
a decreasing simple function f. In the next step we extend this result to
any f € Ay, which in fact yields the second duality theorem. Theorem
summarizes all Kéthe duality formulas for the function space A, ., equipped
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with either the Amemiya or Luxemburg norm. Halperin’s duality result for
Apw, 1 < p < oo,is then a corollary from Theorem

In the last fifth section we present analogous results for Orlicz—Lorentz
sequence spaces A, .. We show first that the sequence spaces as well as their
Kothe dual spaces can be isometrically embedded into appropriate Orlicz—
Lorentz function spaces. Next applying the results of the previous sections
for function spaces we quickly obtain the analogous isometric representations
of the dual spaces of A, ,, in terms of the sequence spaces my,, ,, introduced
in [9] as well as in terms of the spaces generated by ¢,, w and level sequences.

Let us agree first on the notation and basic notions used in this paper.
We denote by ¢ an Orlicz function, that is, ¢ : [0,00) — [0,00), ¢(0) =0, ¢
is convex and ¢ is strictly increasing. Let ¢, be the complementary function
to ¢, that is, p.(s) = sup;s{st —@(t)}, s > 0. We denote by ¢! the inverse
function to ¢. We say that ¢ is an N-function whenever lim; o4 @(t)/t =0
and lim;_, o ¢(t)/t = oo. It is well known that ¢, is an N-function whenever
¢ is [10]. Recall also that the function t — ¢(a/t)t is decreasing and convex
on (0,00) for every a > 0. The first property results from ¢(t)/t being
increasing for ¢ > 0, while for the second one we see, by convexity of ¢, that
for any t1,t9 > 0,

<2a >t1+t2_< atp | _ ats >t1+t2
4 i1+ 12 2 7 (tr +t2)t1  (t1 +t2)ta 2

<t1 a +t2 a
_2()0 t QSD to '

This also shows that ¢ — @(a/t)t is strictly convex if ¢ is strictly convex.
We say that ¢ satisfies the As-condition for all arguments, respectively for
large arguments, whenever ¢(2u) < Kp(u) for all u > 0, respectively for all
u > ug and some ug > 0.

Given an Orlicz function ¢, define its associated Calderén—Lozanovskit
function as

(1.1) p(t,s) = py(t,s) = o t(s/t)t, s>0,t>0,

and the conjugate function to p as

t
pt,s) = polt,s) = inf L2

, s,t>0.
uw>0 p(u,v)

It is well known that the function p,(t,s) is concave on (0,00) x [0,00).
Moreover, if ¢ is an N-function then
(1.2) Po(t,s) = ot (t)s)s, t>0,5>0,

(see [17, Example 3|, or [2I, Example 7|).
Let further I = [0,a) where 0 < a < o0, and let |- | be the Lebesgue
measure on I. Denote by L? the set of all Lebesgue measurable real-valued
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functions on I. Given f € L? define its distribution function as
G0 = [{te I 1f(B)] > A}, A>0,

and its decreasing rearrangement f* as
fft)=inf{A>0:ds(\) <t}, tel.

Here decreasing or increasing means non-increasing or non-decreasing, re-
spectively. We say that f € LY is submagjorized by g € L° and we write

t t
f < g whenever Sf* < Sg* for every t € I.
0 0

For any decreasing locally integrable function h let

A Banach space (E, || - ||g) is called a Banach function space (or a Kdithe
space) if E C L? and whenever f € L°, g € E and |f| < |g| a.e. then f € F
and ||f|le < |lgllg- We will also assume that each Banach function space
contains a weak unit, i.e. there is f € E such that f(¢) > 0 for a.a. t € I. We
denote by E’ the Kéthe dual space to E, which consists of all f € L such
that |||z = sup{{; fg : llgllz <1} < oo. The space E’ equipped with the
norm ||-|| g is a Banach function space. It is well known that E’ is non-trivial
and contains a weak unit [24, Ch. 15, §71, Theorem 4(a).

Given a Calderén—Lozanovskii function p and a couple of Banach function
spaces F, I, the Calderdon—Lozanovskii space is defined as

P(B,F)={f e L”:|fly = mt{llgle +lIhllr : |f] = plgl, |h])} < oo},
p(E,F)={f € L°: || fll, = inf{max(|lg]lz. [|llr) : || = p|gl, [a])} < o0}

Recall that the spaces pg(L"o,Ll) and py,(L>°, L') coincide isometrically
with the Orlicz space L¥ equipped with its Amemiya and Luxemburg norm
respectively [I8]. Moreover, in the above definitions one may take equiva-
lently |f| < p(lg|,|h|) instead of |f| = p(|gl,|h|). In fact it is enough to
apply Lemma 1 from [21], which states that if ||g||g, ||| < 1 are such that
0 < f < p(g,h), then there exist 0 < g1 < g and 0 < f; < f satisfying
f=p(g1,h1). It is also known [19] that

[fllp(,ry = Inf{C > 0= [f] < Cp(lgl, hl), lgllz <1, [[Allr <1}
—inf{C > 0: || = Cp(lgl, 1), lglls <1, lIAllr < 1}
Both spaces p(E, F) and p°(E, F) coincide as sets, and the norms || - ||, and
I|- Hg are equivalent. The spaces p(E, F), p°(E, F) are defined analogously to

p(E, F) and p°(E, F) with p replaced by p. Moreover, the notation p,(E, F)
stands for the function p = p, defined by (1.1).
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Let w be a weight function on I, that is, w € LY, w is positive and
decreasing on I, and locally integrable, i.e. W (t) = Sé w < 00, t € I. Denote
W (o) = {;°w when a = co. The Lorentz space Ay, is classically defined as

0
Aw:{feLO:||f||Aw=Sf*wZSf*dW<°°}’
I 1

and the Marcinkiewicz space Myy is
t

My ={f € 1% |y =sup (] /W () < oo}
€ o

Both are Banach function spaces and each is the Kothe dual space of the
other [II]. Note that | f|ar, < 1 if and only if f < w. Let ¢ be an Orlicz
function and w a decreasing weight function on I. Then the Orlicz—Lorentz
space [7] is the set

Apw={f € L°: Iy=0 Lpw(\f) < 00},
where I, ,(f) = SI o(f*)w. It is equipped with either the Luzemburg norm
[flla=inf{e >0:I,.u(f/€) <1},

or the Amemiya norm
1
0 .
=inf —(1+ I, (kf)).
I£1la = inf -1+ Ipw(kf))

We denote by A, the Orlicz-Lorentz space equipped with the Luxemburg
norm || - ||4, and by Ag}w the same space equipped with the Amemiya norm

|- I%. Orlicz—Lorentz spaces are Calderén—Lozanovskil spaces relative to the
couple (L™, A,,), and we have

(1.3) A@,w = plp(Loov Ay), A?p,w = pg(Loo’ Ay)

with equality of norms. The first equality may be found in [19] (cf. [5] and
[6]). As for the second, letting f € pg(LOO,E), we have

1115, (2o, 5y = mE{l|zllz + [yl oo = 2] = lyle( £1/1y)}
= inf {inf{|l [ylo(f1/1yDle + Iyl : lyllre = k}}

= it {ke(£1/) |+ K} = inf 3 (le(H ) 1p + 1),

where the third equality is a consequence of |y| < ||y||ze and the monotonic-
ity of s — sp(a/s). The desired equality follows for £ = A,,.

2. The dual space of an Orlicz—Lorentz space. In this section we
will show that the Kothe dual spaces to the Orlicz-Lorentz spaces A ,, and
Ag,w coincide isometrically with M?O*’w and My, , respectively. The spaces
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M, have been recently introduced in [9]. Given an Orlicz function ¢ and
a weight w let

Mcp,w = {f € LO : E|)\>0 Pgo,w()‘f) < OO})

where the modular P, ,, is defined as

P‘”’“’(f):i“f{g (i) 0 <o} =i (55 )], o<}

Here and further, we denote by || - ||1 the norm in the space L' of integrable
functions on I. To avoid any ambiguity in the definition of P, ,, let us agree
that for any measurable functions f,g > 0 on I, if g(¢) = 0 then

f(t)> _{0 if f(t) =0,
“’(g@) 9= 0 it f(1) £ 0.
It is also worth observing that

(2.1) Poulf) = inf{H@(f;)g gl 1}

In fact by convexity of ¢ one has 2p(at) < ¢(t) for each t > 0 and 0 < a < 1.
Therefore, if ||g||ar, = a < 1 then
f*
S H<p< g
1 9]

H <af*>g
o 9
gl ) a

We introduce two equivalent norms on My, ,,. The first one is of Luxemburg
type,

1Fllate = 1F g, = mEEA > 0 P (f/A) <13,

and the second one is of Amemiya type,

1
£ = £ 1., = inf = (Pow(kf) +1).

We denote by M, ., the space equipped with the norm || - || o, and by Mg}w
the same space endowed with the norm || - ||%,. Our first result expresses
the spaces M, ,, and ./\/lsp » as Calderén-Lozanovskil spaces relative to the
couple (Myy, LY).

PROPOSITION 2.1. Let ¢ be an N-function. Then

Pgo(MWaLl) :Mw,wa pg%(MW?Ll) Mgoow’

po(LY, My) = My, w,  po(L', M) = MY

P, W

with equality of norms.
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Proof. Let f € p,(My,L'). Then

11l pp (vt 1)
= 1"l pp (s, 21y = inf{max{[lgllary , Il } : f* = pu(lgl, R])}
=inf{C >0:f* = Cpy(lgl,|]), lgllary <1, [|blly <1}

. I
= . = < <
mt{C'> 05 (g Ylol = 0l Dol < 1. Il < 1
:inf{C>0: Hgo( N >g
Clgl
=inf{ C' > 0 :inf <wp<1lp= v
(o v o (L], <} )= .

Applying ([2.1) we also get the second of the first two equalities:

<1, lgllasy < 1}

IS, (vtyzy = 1o, (e 2ty = nfLllgllany + IRl £* = po(lgl, 1D}

el b oo

1
:’icr;%{mf{k—ﬁ-H (k| |) 13”9”MW:1}}
~pffi [o (i \) ol <1}

.1

The remaining equalities are proved analogously by (1.2). m

Now we are ready to state an isometric characterization of the (Kothe)
dual spaces of Orlicz—Lorentz spaces.

THEOREM 2.2. Let w be a decreasing weight and @ be an N -function.
Then:

(1) The Kdthe dual spaces to the Orlicz—Lorentz spaces Ay, and A&w
are

(Apw) =M}, and (A ,) = My, w,

with equality of norms.

(2) Let ¢ satisfy the appropriate Ay-condition, that is: (1) for large argu-
ments if I = [0,a) with a < oo; (ii) for all arguments if I = [0, 00)
and W (oco) = co. Then the dual spaces (Ayw)* and (AD,,)* are iso-
metrically isomorphic to the respective Kéthe dual spaces. In fact
for any functional & € (Ayw)* (resp., ¢ € (Ang)*) there exists
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Q< M?D*’w (resp., ¢ € My, ) such that
@(f):gfqﬁ, feAgo,wa

I
and | Bll a0y = I161% ., (respe, [@llag ) = I6lar,..)-

Proof. By Lozanovskil's representation theorem [I§|, for any Banach
function spaces E, F' we have

(p(B,F))' = p"(E"F') and (0"(B,F)) = p(E', F"),

with norm equalities. Notice that (A,)" = My . This was proved in [11]
Theorem 5.2, p. 112| under the assumption that W (oo) = oo in the case of
I = [0,00), but the same proof works for any decreasing locally integrable

weight function w. Thus by (1.2)), (1.3) and Proposition we get
(Apw) = (p(L, Ay))' = p° (L, M) = M

Pryw*
The second equality of (1) can be shown analogously.

The second statement follows from the well known fact that Orlicz—
Lorentz spaces are order continuous [7] under the appropriate As-condition,
and the general theorem stating that the Kothe dual space E' of an order
continuous Banach function space E is isometrically isomorphic via integral
functionals to the dual space E* [I, Theorem 4.1, p. 20]. m

3. An algorithm for computing P, ,,(f) for a decreasing simple
function f. In this section our goal is to find a function g which minimizes
P,w(f) for a given decreasing simple function f = Y | @iX[t;_1,t;) With
ap>--->a,>0and 0 =%y <t; <--- <t, < oo. This process consists of
several steps and leads to an algorithm which reveals that such a function g
exists and depends only on f and w, but not on .

First in Lemma [3.I] we show that the minimizing function ¢ has to be
also simple and decreasing. In the second step in Lemma [3:3] we show that
such a g exists. Next, in Lemma it is proved that G(t,) = W(t,), and
then Theorem [3.7] demonstrates that

m—1
9= N Xt i, )
=0

for some ()\i)?zol, (i );-”:BI and m < n, where W (t;,;) = G(t;;). This shows
that g has to be piecewise proportional to f and the ratios A; are determined
by the points ¢;;. Therefore in order to find g it is sufficient to determine
the points ¢;;. This process will be described by Algorithm A. Applying
finally Theorem and Lemma we finish by proving that Algorithm A
produces a function g that minimizes Py, (f).
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LEMMA 3.1. If f = > | ajxa, where ap > -+ > a, > 0 and A; =
[ti—lati) with 0 =ty < t1 < -+ < tp, < 00, then

le(f/g)gll = g < w,
and g = 31" bixa, withby >--->b, >0/

(3.1) fuwu>=nﬁ{

Proof. Let f =31 a;xa, satisfy the assumptions. Corollary 4.5 in [9]
states that

Ppw(f) =inf{llo(f/g)gll1: g < w, 0 < gl},

where g | means that g is decreasing. Fix some g < w, g | and put
hch(f)g and ichp(f>Tg,
g Tg

ngf—fz;(‘j” | g)xfu-

A;

where

Since g is decreasing, so is T'g. Hence it is enough to show that ||Al|; < ||Al1
and T'g < w.

By Proposition 3.7 in [I, Chap. 2] we have T'g < g and so Tg < w. By
convexity of the function s — ¢(a/s)s, a > 0, and Jensen’s inequality for
convex functions we have, for every i = 1,...,n,

a; 1 1
@<uAAﬂn&g>L%yig§\An§

which gives

~ n a; 1 n
Wil = e (g i 1< 2 |

)SAZ.Q

and the proof is finished. m

LEMMA 3.2. Suppose that g =g* => 7", biXti_y,t;) where 0 =1tp <1 <
e <ty < 0. Then
wi) o W)

inf = .
0dt<t, G(t)  i=loom G(t)
In particular, g < w if and only if G(t;) < W(t;) for eachi=1,...,n.

Proof. The left-hand side is clearly majorized by the right-hand side.
Conversely, if for some 6 > 0,

W(t) > 0G(t), i=1,...,n,

which remains trivially true for ¢ = 0, then by concavity of W and the fact
that G is affine on each segment [t;,%;+1], we have, for every A € [0,1] and
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W1 =Nt + Mig1) > (1= XNW(t;) + AW (tig1)
> ( — )\)HG(tl) + )\GG(ti+1) = 9G((1 — )\)tz + )\ti+1),
which proves the converse inequality. =

LEMMA 3.3. Let @ be an N-function. Then for a sz'mple function f =
Yo aixa, such that ap > --- > ap >0 and A; = [ti—1,t;) where 0 =ty <
t < -0 < t, < oo, there exists g = Y iy bixa, with by > -+ > by, > 0,
llgllary, = 1 and such that Py (f) = [l¢(f/9)gll1- C’onsequently, the infimum
in the definition of Py (f) is attained.

Proof. In fact, by Lemma the above infimum may be taken over
g = Y i bixa, with by > -+ > b, > 0 such that g < w. By Lemma
the condition g < w is equivalent to G(tx) = Zle bi|A;| < W(ty) for each
k=1,...,n. But those constraints define the set

k
C= {b: (bl)?zl : bl > 2 bn > 07 Zbl‘A’A < W(tk)a k= 17"'7”}7
i=1
which is relatively compact in R”. Hence if the sequence (b¥) = (bF)™° k=1 C
R™ is minimizing for the infimum in (3.1), then there is a subsequence (b*7)
such that b¥ — b € C, where C denotes the closure of C' in R”.
Let us show that b € C. Indeed, if b € C'\ C then b; = 0 for some

i =1,...,n, which means that bfj — 0if j — oo. Setting gx; = Yoy beA,-v
since ¢ is an N-function we get, for j — oo,

a;
¢<f>gkj _90< > T|Ai] = o0,
gkj 1 bZ

o (b¥) cannot be minimizing for the relevant infimum, a contradiction. m

ExaMPLE. We present an example which shows that for decreasing
simple functions f the functions ¢ that minimize P, ,(f) depend on f.

Let o(t) = 2, w(t) = 1/(2V/1), t > 0. Define the family of functions
fr = xXx0,1) + Ix@,4) on (0,00) for z > 1. Then by Lemmas

() = m { 2? /by + 3/bs : 9—51X[01)+52X[14)}
’ with 1 > by > by and by + 3by = 2 ‘

Applying Lagrange multipliers to minimize the function (b, by) = 22/b; +
3/be with constraint b; + 3ba = 2 gives the solution by = 2z/(z + 3), be =
2/(xz + 3). We have by > by for x > 1. Moreover, if 1 < x < 3 then b; < 1. If
x > 3 then there is no extremum in the set defined by the constraints 1 >
b1 > ba and by + 3by = 2, so ® attains its minimum at (1,1/3) or (1/2,1/2).
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Finally, we get
x(z+3)/24+3(x+3)/2 forl<zx<3,
P@,w(f:r) = 2
¢+ 9 for x > 3,
and it is clear that g cannot be chosen independently of f,.

LEMMA 3.4. Let ¢ be an N-function. Let f = > | aixa, for some a;
withay > -+ > ap, >0 and A; = [ti—1,t;) where 0 =ty < t1 < -+ < t,, < o0.
If g =31 bixa, = g* is a minimizing function for P,.,(f) then

(32 Gt = 9= | w=1(t).
0 0

Proof. One may assume that ||g|lan, = 1. By Lemma we also have
by >+ >by, >0,s0g>0o0n [0,t,). Suppose g does not satisfy (3.2), that
is, G(tn) < W(ty). We will then find a new function h such that h < w and
le(f/R)R|l1 < le(f/9)gll1, contradicting the minimality of g.

In fact, by Lemma llgllary, =1 is equivalent to

G(t) ' W (t) . W(t)
1= =, ot o~ '
o W(t) 0250 G(B) it Glty)

It follows that {7 > 0: W(t;) = G(t;)} # (. Let

in =max{i > 0: W(t;) =G(t;)} and v = “I;Ezlgn W(;EZ; : g/((tfu))

Since G(tn,) < W (ty) we have iy < n. Then W(t;) > G(t;) for all i > 41, and
thus it is clear that v; > 1. Set

91 = 9X[0,t:,) T MIX [t ,tn)-
Note that g1 = g¢7. In fact, since g is decreasing, it is sufficient to show that
bi1 Z ’ylbiﬁ_l. We have G(til) = Gl(til) = W(til) and Gl(til—l-l) S W(ti1+1)
by definition of +;. Then
w(tiy) (b1 — tiy) 2 Wti41) — W(tiy)
= Gi(ti+1) — Giltiy) = mbi 41 (i1 — L))
On the other hand, G(t;;,—1) = G1(ti;—1) < W(ti;—1), so
bi, (tiy — tiy—1) = G1(ti;) — Gi(ti;-1)
> Witi,) = Wit —1) > w(ts,) (i, — ti—1)-
Therefore bi1 > w(til) > ’Ylbil-i-l-
We also have g1 < w. Indeed, in view of Lemma[3.2]and the definition of

i1 it is enough to check that G1(t;) < W (¢;) for i > i;. We have
Gi1(t:) = G(tiy) + n(G(t:) — G(tiy))
< G(ty) + % = gfétf (G(t:) = G(ti)) = W(t),
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However, [lo(f/g1)g1llr < l[#(f/9)gll1 in view of g1 > g and g1 # g and
the fact that ¢(a/t)t is a strictly decreasing function of ¢ for each a > 0 (by

the assumption that ¢ is an N-function). This contradicts the fact that g
realizes the infimum in the definition of Py, (f). =

LEMMA 3.5. Let ¢ be an N—function Let f =" 1ClzXA for some a;
with a; > -+ > a, >0, A; = [ti—1,t;) where 0 =ty < t; < -+ < t,, < 00,
and g =Y bixa, = g* be a minimizing function for P%w(f). Assume also
that for some k = 1,...,n — 1 we have G(tx) = W(tx). Then gxjoy,) is a
minimizing function for Py (fX[04,)), that is,

”So(f/g)QX[O,tk)Hl = Pcp,w(fX[O,tk))7

while

(3.3) H@(f/g)gX[tk,tn) 1
_ inf{Z? w1 Plai/e)cil Al < epry > > e > 0,}
Sl GlA S W (L) = W(tg), k<j<n

Proof. By Lemma we have by > --- > b, > 0, and from g < w and
G(tx) = W (ty) we deduce that

j
D bl SW(t) = W(ty), k<j<n.
i=k+1
Note that minimizing (3.3) is equivalent to minimizing P, , (fx), where for
t €I we let

Fe(®) = (FX () E ) wi(t) = (WX ) (E+ Tr)-
By Lemma applied to the interval [0, t,, — tx) there is a decreasing simple
function (D = Y i1 hixa,—¢, < wy that minimizes P, (fx). On the
other hand, by Lemmas and applied to [0,tx) there is a decreasing
simple function h(?) = > i1 hixa; < wxpy,) that minimizes Py (fX[0,6)),
and we have H®)(t),) = Sg’“ h®) = W(t;). Thus

k k
(3.4) Zga ai/hi)hil Ail = Ppaw(fX[o,0)) Z (ai/bi)bi| Ail,
i=1 =
(3.5) > wlai/hi)hil Ail = o, (fi) < p(a;i/bi)bi| Ail,

i=k+1 i=k+1
and so
(3.6) > o(ai/hi)hil Al < p(ai/bi)bi| Ail.

i=1 =1
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Now let h := Y hixa, and note that h is decreasing. Indeed, we
will show that hj > hgy1. Since H(ty_1) = H®(tp_1) < W(tg_1), and
H(t) = HA(t,) = W(t;) we have

hi|Ag| = H(ty) — H(tgp—1) > W{(ty) — W(tr—1) = wi| Agl,

while
le+1—tk
i1 Agra| = H(tg1) — H(tk) = S Y
0
< Wi (k1 — te) = Witgr1) — Wi(te) < wilAgial,
and thus hy > wp > hiyi. Note also that h < w, since: H(t;) < W(t;),

i=1,...,k by h® < w; H(ty) = HO(t}) = W(t )'andH() H(ty,) <
W(tz) — W(tk), i=k+1,...,n, in view of h(!) < wj. Then

n
> plai/hi)hil Ail > Ppu(f Zgo a;/bi)bi| Ail.
i=1
Consequently, we have equality in and also in both ( and .,
completing the proof. =

LEMMA 3.6. Let @ be a strictly conver N function Let f =" aixa,
for some a; with ap > -++ > a, > 0 and A; = [ti—1,t;) where 0 = ty <
t < <ty <ooandg =y bixa withby,....,bp >0.If g % \f for
A= G(t,)/F(tn) then

le(f/9)glle > e (f/IMDAS -

Proof. Set \; =b;/a;, i =1,...,n. If all the \; are equal to, say, A then
g=XN>" aixa =XNfand G( ) NF(t,),so N = X If g # \f, then not
all A; are equal and by Jensen’s inequality and strict convexity of ¢ we have

1 f . - 1 )\zaz’Az‘ - 1 )\zaz|Az’
*0<g>g 1‘29”(&) G(ta) >“"<. 2 G(tn>>

Glt) 2
<Aff) M

=o(3) = @y () = e

THEOREM 3.7. Let ¢ be a strictly convex N—functwn Let f =" 1 aixa,

for some a; with a; > -+ > a, >0 and A; = [ti—1,t;) where 0 =ty < t; <

C <ty <oo. If g =31 bixa, = g is a simple function realizing the
infimum in the definition of P, ., (f) then

m—1
(37) g = Z Aij[tij,tin)
=0
for some A;, 7 =0,1,...,m —1, where 0 =ig < i1 < -+ <y, =N and

G(ti;) = W(ts;)
for each j =0,1,....,m
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Proof. Let g satisfy the assumptions of the theorem. By Lemma [3.3] we
have by > -+ > b, > 0, and by Lemma .4 G(t,) = W(t,). Define a finite
sequence (ig,1,...,%m) by

io=0 and 4;=min{i > ;1 :G(t;)=W()}, ji=1,....m

Applying Lemma3.5/m—1 times, that is, decomposing f first as fx[o, Ot
fX[tim,l,tn]v then X[0,t;,, ) 88 fX[O,tim,Q) +fX[tim,2,tim,1)> etc., we find that
if g =g* = >iL, bixa, minimizes P, (f) and G(t;;) = W(t;;), G(ti;,,) =
W (ti;,,), then (b;;11,...,b;, ;) also minimizes the sum

ij+1

> p(ai/bi)bilAif

i=ij+1

under the constraints Bj(k) := ZZ i1 bi |4i] < W(ty) — W(t;;) for k =
lj + 1,...,ij+1.

Therefore we may consider each interval [t;;,t;.,,), j = 0,1,...,m — 1,

separately and we will show that gxj byt ) = N X[t iyt ) where

o W(tij+1) - W(tij)

T F(tij+1) _F(tij) ‘
If tz‘j+1 = tij—I—l then

F(t;, — F(t;.
IXTtistizgn) = ( t];if - tij( J))\]X[t tijii) JfX[t tijr)"
Ift;,,, > ti;11 then for all ¢;, <t; <t;,,, onehas G(t;) < W(t;). In this case
consider the function 1; : 1“ Y 5 Ry defined for b = (bi; 41, -+ biysy)
by
Li+1
¢J(b) = wj(bij-‘rlv e 7bij+1) = Z p(ai/bi)bi|Adl,
i=ij+1

and define the set
DERYTY by gy > by > 2 by, >0,
Cj = Vij+i<k<isy Bi(k) <W(tk) — W(ty)),
Bj(ij41) = W(ti;,,) — W(ti;)

Notice that the condition

k
Bi(k)= > bl <W(ty) = W(ts;), k=ij+1,... i1~ 1,
i=ij+1
is a consequence of the relation g < w and the definition of i; and 7;41.
In fact, by Lemma g < w is equivalent to G(t;) < W(t;) for each
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i=1,...,n, and by definition of ¢; and ;1 we have G(t;) < W (t;) for each
k=1;+1,. ij+1 — 1. It follows that for k =4; +1,...,%j41 — 1,

G(t;;) + Z bil Ai| = G(ty) < W(t) = W (ts;) + W(ty) — W(t;,),
i=t;+1
and so 337, 4y bilAil < W(ty) = W (1),

We need to show now that 1); attains its minimum over C; at the point
)‘ja’7 a= (aij+17 s 7aij+1)'

Consider first the simplex S; = R7™' "7 N H;, where H; is the hyperplane
in R%+1~% given by the equation Z,L“:LIH |Ailzi = W(ti;,,)—W(ti;). Lemma
@ tells us that Aja is the unique mlnlmizer of 1 over S;. It remains to
show that A\ja € C; C S;. Suppose for a contradiction that Aja ¢ C;. By the
previous reasoning, there exists b € C; that minimizes 1; over Cj. Define
b(A) = Ab+ (1 —A)Aja for 0 < A < 1. Then by Lemmaand since Aja # b,
we get ;(b) > 1;(\ja). Moreover the strict convexity of ¢t — ¢(d/t)t for
each d > 0 implies the strict convexity of 1;. Therefore for each 0 < A < 1,

;i (b(N)) < A (B) + (1 = N)abj(Aja) < 45 (D).
Notice that for every 0 < A < 1, bj;41(A) > -+ > b;,,, (\), where b(\) =
(bij+1()‘)7 B bij.t,_l ()‘))7 and

Lj+1 Gj+1

D bIAL =X D bl Al + (1= NN (F(ti,,,) — F(t,))
1=i;+1 1=t;+1
= W(tiﬁl) — W(tij).
Moreover for each k =i; +1,...,1j41 — 1,
k
Z i Ail =X Y bilAil 4+ (1= NN (F () — F(t,))
i=1;+1 i=1;+1

<MW (t) = W(t) + (1 = MDA (F(te) — Flt,).
This implies that for 0 < A < 1 sufficiently close to 1, b(\) € Cj;. Since
1 (b(X)) < (D), the element b cannot minimize 1); over C}j, which gives the
desired contradiction. We have thus shown that g = A;f on [t;;,%;,,), and
since j was arbitrary, the proof is finished. =

The following algorithm will be crucial for proving the main Theorem
[3-9] which provides a procedure to obtain a minimizing function ¢ for the
modular Py, (f).

ALGORITHM A. Let f =" aixa, for some a; > --- > a, > 0 and
A; = [ti—1,t;) where 0 =tp < t; < -+ <, < 00. Define first

W (t; .
g-1=f, 70_)\0_1I<nzlilnF(( )), go="f=Xof, io=0.
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Then for j > 0 let

W(tl) - W(tij—l)
i)

3.8 1 =max<{ i > 11 Yi—1 =
(3.8) J { J J—1= Gji_o(ti) — ij2(tij,1
ti;)

J i;<i<n Gj71(ti) - ijl(tij)’

95 = 95-1X[0.t;;) T Vidi—1X[t:; tn)-

Continue the recurrent steps until i,, = n for some m and denote gf = g,,_1.
Clearly v; > 1 for 5 =1,...,m —1, and

Hence A\yg < A1 < -+ < Aj—1. We also have, for j =0,1,...,m —1,
;= W(tij+1) - W(tij)
! Gj—l(tij+1) - Gj—l(tij)
. W(tij+1) - W(tij) W(tlﬁLl) - W(tij)

a ij_l(Gj_2(tij+1) B Gj_Q(tij)) 1_.[1 0 71( (tij+1) - F(tlj)) '

Hence
A—H%— Wit,,) = Wit,)
( ZJ+1) - F(tij)

It follows that for each j = 0, 1,...,m—1,
t

Gf(tij) =

!
<

gf = W(tij).

O

Now we will show that ¢/ is decreasing and ¢/ < w. Evidently gy =
’)/of < w.

Reasoning as in Lemma we can show that g; = g7 for each j. In fact,
since f is decreasing, it is sufficient to show that )\j_laij > /\jai].H for each
j = 1, ce ,’I’)’L—l. Fin = 1, ce ,m—l. We have ijl(tij) = Gj(tij) = W(tij)
and Gj(ti;+1) < W(ti;+1) by definition of «;. Then

w(ti;)(tij41 — tiy) = Wti41) — W(tiy)
> Gj(tij-H) - Gj(tij) = )‘jaij+1(tij+1 - tij)'
On the other hand G;_1(t;;—1) = Gj(ti;—1) < W(ti;-1), so

Aj_]-aij (tlg t'lj_]-) ( ) (tlj—l)
W(ti;) = W(ti;—1) = w(ti;)(t; — tij—1)-
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Therefore \j_1a;; > w(t;;) > Aja;;+1. It remains to prove that g; 1 < w

implies g; < w. By (3.§)),

95 = 95-1X[0,t:;) T Vi9i=1X[t:; tn)-
Hence for k < ij,

Gj(tr) = Gi—a(tr) < W(tk)-
If k > ij, then by definition of ~;,
Gj(tr) = Gj1(ti;) +75(Gi1(tr) — Gja(tiy))

< W(tij) + Wi(tg) — W(tij) = W(ty),

and then by Lemma we have g; < w, which proves that gf < w. Tt is

also worth noticing that since \g < A\; < --- < Ap_1, the function f/gf is
decreasing.

REMARK 3.8. The function g/ produced by Algorithm A is of the form
(3.7), but the sequence (t;;) obtained in this way need not be maximal in

the sense that there may exist t; ¢ (#;,) such that G (t;) = Sf{ g =W(t).

Now we are ready for our main result describing how to calculate the
infimum in P, ,(f) for a decreasing simple function f.

THEOREM 3.9. Let ¢ be an N-function and let f = >"7" | a;xa, for some
a; with a; > -+ > ap, >0 and A; = [ti—1,t;) where 0=ty <t; <---<t,<o0.
Then the function gf produced by Algorithm A is a minimizing function for
P, w(f), that is,

Pou(f) = Hw(gj;)gf

The function g' is independent of ¢ and depends only on f and w.

1

Proof. We divide the proof into two parts.

(I) Assume first that ¢ is, strictly convex. Let g/ be produced by Algo-
rithm A. Suppose that a function h is minimizing as in Theorem We
will prove that A = ¢g/. This will be done by induction on the number s of
steps in Algorithm A.

(a) Assume first that s = 1, that is,

min AW (L:)/F(t:)} = W (tn) /F (tn).

Then g/ = A\of with \g = W (t,)/F(t,). On the other hand, by Theorem
, h = Zg;é“jfx[tkj,tkjﬂ)’ where 0 = kg < k1 < -+ < kp = n and
H(ty,) = W(t,), j = 1,...,p. But since A\of < w, Lemma shows that
fto =+ = pp—1 = Ao, that is, h = Ao f = g7.
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(b) Assume now that s > 1 and that Algorithm A is valid for s — 1 steps.
We claim first that

(39) W(til) = H(til)v

where il = max{i >0: )\0 == W(tl)/F(tl)}, )\0 == mlnlglgn{W(tl)/F(tz)}
Clearly i1 < n. If the claim is false then H(¢;,) < W(t;,). Now since H(t;) <
W (t;) for all i = 1,...,n, two cases are possible:

(i) H(t;) < W(t;) for each 0 < i <y, or
(ii) H(tk) W(tk) for some k < i1 and H(til) < W(ti1)~

In case (i), by (3.7), Ax[t,) = M X[o,t,) With H(tm) = W(tn) for some
A >0 and t,, > t;,. Hence AF(t;,) = H(t;;) < W(t;;) = NoF(t;,) and thus
A < Ag. It follows that
H(ty) = AF(tm) < Mo F(tm) < W(tp),
which contradicts H (tm,) = W (ty).
In case (ii), suppose that k < iy is the largest index such that W (t;) =

H (t). Since h is assumed to be a minimizing function, by Theoremthere
exist t;, <ty <t, and A > 0 such that

hX[tk tm) = )\fX tm) and  H(ty,) = W(tn).

Since AgF' < W and N\ F'(t;,) = W (t;,), we have
A(F(tiy) = F(tx)) = H(ti,) — W(te)
W(tiy) = W(te) < Mo(F(ti,) — F(tr))

A

and
MF (tm) — F(tiy)) = W(tm) — H(t;,)
> M F(tm) — W(ti,) = Mo(F(tm) — F(ti,)),

which gives a contradiction. Thus we have shown the claim (3.9).
Next we will show that

(3.10) hX[o,,) = A0S X(0.41,) = 9" Xo,ts,)-
Suppose for a contradiction that
r—1
hxp.ti,) Z‘S FXttriiytuiien)?
7=0

where 0 = ty) < tr1) < -+ < lyp) = iy with §; # Ao for some j =
0,1,...,7—1. Then by Lemma applied to the interval [0,¢;,) and Ao, we
have
le(f/R)Rll = o (f/P)hx (0.0 I + e (f/R)RX s, 00
> el /oD NoF X0l + 10U /B 1
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It follows that h is not minimizing for P, (f), which contradicts our as-
sumption and proves (3.10)).

Now in view of H(t;,) = W (t;,) we see by the proof of Lemma |3.5| that
hiy (t) = hXpt,, 1) (t + tiy) is @ minimizing function for Py, (fi,), where for
tel,

fir ) = (X, ) (EH i), wir (0) = (WX, 1)) (E 4 Liy)-
On the other hand, it is straightforward to see that Algorithm A for f;, and

the weight w;, has s — 1 steps and that it yields a function gfin which is
nothing else than g/ X[ti, tn) shifted backward by ¢;,, that is,

g (t) = g\ 1 (t + ).

i1
Now by induction hypothesis we have gfi1 = h;, and thus

ng[til tn) = hX[til Jtn)*

We also know by Lemma that hx[oﬂﬁil) is minimizing for Ptp,w(fX[O,til))a
while clearly Algorithm A for f X[0,t:,) has only one step and yields g/ X[0,t:,)-
Thus by part (a), QfX[O,til) = hX[O,til)- Therefore g/ = h, and this finishes
the proof of case (I).

(IT) Assume now that ¢ is any N-function. Let o, (t) = @(t) + (1/m)t>.
Then each ¢,, is a strictly convex N-function and ¢,, — ¢ uniformly on
compact sets. Let g/ be produced by Algorithm A. Suppose ¢/ is not min-

imizing for P, ,(f), i.e. there is h = Y 1" | bixa, < w such that for some
d > 0 we have

le(f/M)Rll + 6 < lle(f/97)g I

Since h, f and gf are simple functions,
lem(f/m)RIL = Nlo(f /BRI and  [lom(f/9")g" v = lle(f/97)g |-
Hence there is N such that for m > N,
lem (f /)Rl < Nle(f/h)RllL +6/3,
lem(£/9)9" 10 = Nl (f/97)g" 11 = 6/3.
Therefore for each m > N,
lem (f/B)RIL+6/3 < llem(£/97)g I,

which means that g/ does not minimize P,,, ,,(f). This contradicts case (I),
and the proof is complete.

4. Dual norms of A, , in terms of level functions. In this section
we develop formulas for the Kéthe duals of Orlicz—Lorentz spaces equipped
with the Luxemburg or Amemiya norms in terms of level functions. Let w
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be a weight function on I as defined in the introduction. For f = f* locally
integrable on I, define after Halperin [4] for 0 < a < b < o0, a,b € I,

b b
Wi(a,b)=\w, F(a,b)=\f Rla,b)= 5/((2, l;)))’

and for b = oo,
R(a,b) = R(a,o0) = limsup R(a,t).
t—00
Then (a,b) C I is called a level interval (resp. degenerate level interval) of
f with respect to w if b < oo (resp. b = 00) and for each t € (a,b),

R(a,t) < R(a,b) and R(a,b) > 0.

It is easy to see that the restriction R(a,b) > 0 ensures that any level interval
of f = f*is in fact included in the support of f*, and this is the only differ-
ence with the original definition from [4]. Level intervals can be equivalently
assumed to be open, closed or half-closed. If the weight w is fixed then we
will speak of level intervals of f, or just 1.i. for simplicity. If a level interval
is not contained in any larger level interval, then it is called a mazimal level
interval of f with respect to w, or just a maximal level interval, for short
m.li. In [4], Halperin proved that maximal level intervals of f with respect
to w are pairwise disjoint and unique and so there are at most countably
many such intervals.

REMARK 4.1. (1) The whole semiaxis (0,00) may be a degenerate l.i.
Take for example any weight function w and let f = w.
(2) Given any weight w, if a decreasing function f is constant on (a,b)
then (a,b) is a L.i. of f with respect to w.
t
decreasing for t > a whenever h is decreasing and locally integrcszle. Letting
now f(t) = cfort € (a,b), as w is decreasing, the inequality R(a,t) < R(a,b)

on (a,b) is equivalent to ;- Sb w< A

First we make a simple observation that the function ¢ — (| h)/(t—a) is

Jw < mgiw on (a,b).

(3) If w is a constant weight then (a,b) is a Li. of f if and only if f
is constant on (a,b). Consequently, any decreasing function with countably
many different values has infinitely many m.l.i. with respect to a constant
weight.

Let indeed w be constant on I, and (a, b) be a Li. of f with respect to w.
Therefore F(a,t)/(t—a) < F(a,b)/(b—a) on (a,b), and since f is decreasing
we have equality, that is, F'(a,t) = F(a,b)(t —a)/(b — a) on (a,b). Hence
f(t) = F(a,b)/(b—a) for all t € (a,b), and so f is constant on (a,b).

DEFINITION 4.2 ([]). Let f € L° be decreasing and locally integrable
on I. Then the level function f° of f with respect to w is defined as
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O/ R(an,bp)w(t) fort € (an,by),
F) = {f(t) otherwise,

where (an, by,) is an enumeration of all maximal level intervals of f.

LEMMA 4.3. Let f = f* = > aixa, € Mew, where A; = [ti—1,t;)
and 0 =ty <t1 < -+ <t, <oo. Then

Rw&ﬂ=§¢aﬁ>f_§¢<§)m

In particular, the intervals (t;—1,t;) are level intervals of f with respect to w.
Moreover, the mazimal level intervals of f with respect to w are (t;;,t;;,,),

where
m—1

)‘]fX[t

tijy1)
j=0

is from Algorithm A.
Proof. Let g/ = Z )\ 3 X ity be as in Algorithm A, where Ag <

A <0 < Ao and

W(tij ) tij+1)

A = :
’ F(ti; ti; )

j=0,1....,m—1.

Hence by Theorem

e ti;tise,)

TR A N
=0 tij 250 Y41

We will now compute the level function f° with respect to w. Suppose

first that
w=Tw= Z( S >
A

=1

We shall show that every (t;,,;,,,) is a maximal level interval of f with
respect to w. By Remark- 2) each (t;, ti+1) is a level interval of f. Moreover
one can check that for i < k § n,

F(ti,t) _ F(ti,ty) F(tit;) _ F(t;ty)
Ve, < i < .
) Wit 6) ~ Wt tr) < Vici<k W (ts, t;) ~ W(ti, tr)

Let us show that each interval (t;,,;,,,) is a level interval for f with respect

to w. In fact, we only need to show that

R(ti;,tr) < R(ti;, ti;,,) for each i <k <iji1.
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In the notation of Algorithm A (see (3.8])), we have, for j =0,1,...,m — 1,
)\-:H'Yiz ZHl)_W(tij) — 1
! i=0 F(tij+1) - F(tij) R(tij’tij+1)
9j-1= Mo X0.0:) T AU X[ty i)+ F A2 Xy AU X )

Hence ijl(tk:) — ijl(tij) = )\jfl(F(tk) ( )) for Zj <k< Zj+1, and so
1 W(ti) = W(ti;)
R(tijvtij+1) =A== A erillliln ~1(ti) — Gj— 1( ;)
< Wt) — WL W(tk) Wt,) 1
=G () — Gia(t,)  Fte) — F(ty) Rt )

which proves that (t;;, tlJ ..) is a level interval.
To see that each (t;;,t;,,,) is a maximal level interval we will need Theo-
rem 3.1 from [4], Wthh states that if a1 < az < by < by and (ay,b1), (az,b2)
are level intervals of f with respect to w, then so is (a1, b2). We also need a
simple observation that (a,b) is a level interval if and only if
(4.2) R(a,b) < R(s,b) for each s € (a,b).
The latter follows from the elementary fact that for v, x,y,z > 0,
Yy < vty o vty <
T r+z rT+z

?

and from

F(a,s)+ F(s,b)

W(a,s) +W(s,b)

Suppose therefore that (;;,%;,,,) is not maximal. Then there is another level
interval (a,b) such that (t;,,%;,,,) € (a,b). It follows that a < t;, or ¢;,,, <b.
Suppose t;;,, < b (in the other case the proof is similar). Then by Halperin’s
above mentioned result, (¢;;,%;,,,) is a level interval. But then by definition
of level intervals we get

1 1
)‘73' = R(ti;, tiyy,) < R(tij iy o) < Rltij,,ti,,) = ﬁj
which means that A\; > A\; 1. However by Algorithm A, ;11 = v;41A; with
vj+1 > 1, which gives a contradiction.
Let now w be arbitrary. Denote TW (t) = Sg Tw. Notice that TW (¢;) =
W (t;) for each i, and TW (t) < W (t) for any t > 0, since for any t € (tx_1,tx),
ti t

1
HSM) (t=tio) SW(tis) + Jw= WD),

R(a,b) =

159

TW(t) = W(tg—1) -l-(
tp—1

Then for each j and each ¢ € (¢;;,t;,,,) one has W(t;,,t) = W(t) - W(t;;) >
TW(t)—TW (t;;) = TW(t;;,t). Therefore, since by the first part of the proof
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(ti;,ti;y,) is a Li. of f with respect to Tw, we have
F(ti;,t) < F(t;;,t) < F(ti ti; )
W(ti;, t) = TW(t;;,t) = TW(ts;, ti;,,)
F(tzj’ ZJ+1)
W(t%’ Z7-&-1)
which shows that also (t;;,%i;,,) is a Li. of f with respect to w. By the
previous reasoning it is also a m.li. of f with respect to w.

Thus the level function f° with respect to w is given by

fo(t) — {R(tijvtij+1)w(t) for t € (tij’tij+1)7 ] = 07 17 c,m— 17
0 for t > t¢,.

Then, by (4.1] m,
m—1

S fo/w Z SO 1]7 l]+1 )W(tijatij+1) = ng,w(f)a
]:

1

R(t;, ) =

- R(tzj ) tij+1)7

and the proof is finished. m

REMARK 4.4. Algorithm A and Lemma [4.3] also suggest another point
of view. Namely, rather than changing the function f, we may change the
weight according to the definition of P, ,(f). Let us define the inverse level
function of w with respect to a decreasing function f as follows:

wl (1) = {f(t)/R(an,bn) for t € (an,by),
w(t) otherwise,
where (ap,b,) is an enumeration of all maximal level intervals of f with
respect to w. Then by definition of w/,

£ N\
[ (w w={o( L ).
I I
Notice also that w/ < w. In fact, for each m.1i. (a,b) of f with respect to w

one has W (a,b) = W/(a,b) = Sb wf. Moreover, for t € (a,b),

Flat) _ Fla,1)
Rla,b) = Rla0)
If ¢ is in no m.Li., then W (t) = W7 (¢). Indeed,

Ty =YWl (anbn) + { w="> W(an,by)+ | w=W(),

bn <t Ey bn<t Ey

W/ (a,t) = = W(a,t).

where Ey = (0,¢) \ Uy, <;(@n,by). If ¢ is in some m.Li., then we have only
WI(t) < W(t).

The next result is a representation of the modular P, ,,(f) via the level
function of f* in the case when its support is a finite interval.
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PROPOSITION 4.5. Let ¢ be an N-function. Then for any f = f* € My
such that supp f = (0, s) where s < 0o, we have

Pow(f)=\¢ ~ w={o( L.
» w w’
I I

Proof. Let f = f* € My, and let (C;) be an enumeration of all m.Li.
of f with respect to w. For every n € N, let
Dy ={(k27"s, (E+1)27"s]: 0 < k < 2"}

be the set of dyadic subdivisions of the interval (0, s], and C,, = {C} : j < n}.
The endpoints of all the intervals in D, U C,, when arranged in increas-
ing order, define a finite partition A, of (0,s] into subintervals A7,k =
1,..., K(n). In other words, A,, and D,, UC,, generate the same algebra F,
of subsets of (0, s]. Moreover

(4.3) AL <s/2"%  k=1,...,K(n).
Then for each j € N and n > j there is a finite set I(j,n) C N such that
ci= J 4
kel(j,m)

Since M, ,, C L' + L (see [1]), the function f is integrable on [0, s), so
we may define for each n the simple function

K(n)
fu = Z( L f)xA;;,
k

which is the conditional expectation of f with respect to the algebra F,.
We will show that f0 — fO a.e., where f2, fO are the level functions for
fn, [, respectively. Fix some m.Li. Cj = (d, €] of f with respect to w. Then
(d,e] = Uk:el(j,n) A} for each n > j. Thus since f is decreasing, as in Remark
4.1(2) we have for each t € (d, €],
F,(d,t) < F(d,t), F,(d,e)=F(d,e).
Therefore (d, e] is a 1.i. of f,, with respect to w for all n > j. Clearly for each

n > j, the set Cj is contained in some m.Li. C™ = (dn, ey] of f,. We claim
that

(4.4) |IC" —Cj| -0 asn— oo.

Indeed, if does not hold, there exist a subsequence (nx) and numbers
do, eo € [0, s] such that d,, — dy and e, — ep, and dy < d or e < ep. More-
over (dy,ey] is a union of some intervals A} and so Ry, (dp,en) = R(dy, ep),
where R, is defined as

R, (s,u) = Fy(s,u)/W(s,u).



Dual spaces to Orlicz—Lorentz spaces 253

For each t € (do,ep) we have t € (dy,,en,| for large k. Choose A?(n) =
(wp, vy] and A?(n) = (pn, ] in such a way that ¢ € A?(n) and dg € A?(n) for
each n. If dg < dy, , then
’F(d()v t) - Fnk (dnk’t)’

< |F(do, dny,)| 4 | F(dny,, wny,) = Fny, (dny s wny )| + [F(wny,, 1) = Fry (wn, 1)

dnk d”k
<Vr+ Vor+ ) = Vr+2 )
Pri A;l(lilk) A;L(nk) Pri A?(I:Lk)
Similarly, if dg > dp, , then
Ty
d"k ATk

i(ng)
Consequently, in view of (4.3) we get
|F'(do,t) — Fp, (dn,,t)| = 0,
and so
R(dp,t) < Ry, (dn,,t) < Ry, (dn,,en,) = R(dp,,en,) = R(do, eo).
It follows that (dg,ep) is a l.i. of f, which contradicts our assumption on
maximality of C; and proves (4.4).

Let t € C; for some j. Then keeping the notation as above we have
(45) (1) = Ru(dn, en)w(t) = R(dn, en)w(t) — R(d, e)w(t) = fO(t).
Suppose now ¢ € [0,s) \ U, Cj. Then for all n € N there exists ko = ko(n)
such that ¢ € A} . Since A} are Li. of fy, there are m.Li. M"™ of f, such that
AR C M™ = (my, hy). Clearly (my,, hy] is a union of some sets A. One can
also establish as in (4.4) that |[M"| — 0 as n — oo, and so for a.a. t,

(4'6) fg(t) = Rn(mna hn)w(t)
F(mp, hy) /| M"|
W (m, hy) /| M™|

Thus we infer from (4.5) and (4.6) that f0 — f9 a.e.
Notice that Py (fn) < Py w(f). In fact, suppose P, ., (f) = k. Consider

the space My, 4, where 9(t) = ¢(t)/k, with the Luxemburg norm | - || given
by the modular

= R(mp, hp)w(t) =

w(t) = f(t).

1
Pw,w(f) = EPgo,w(f)'
This is a r.i. Banach function space with the Fatou property by Proposition
. Since f,, < f we have || fullrmy,.,, < [fllm,,, = 1 for each n. It follows

from the left continuity of the function (0,00) 3 A = Py ,(Af) (see [9,
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Lemma 4.6]) that Py ., (f,) <1, and so

Pow(fn) < Pouw(f)-
Applying this, the convergence f0 — f0 a.e. and w/ < w by Remark we
get

P (f) = liminf Pyy(f) "2 B i inf {o(79/w)w

I
Fatou Lemma
> Je(f/wyw = o(ffwlyw! = Pyu(f),
I I
which finishes the proof. =

LEMMA 4.6. Let ¢ be an N-function and W (oo) = co. If f = f* € My w
then it has no degenerate level interval.

Proof. Suppose there is a degenerate m.Li. (a,00) of f, that is,

R(a,t) <limsup R(a,z) = R(a,00) for eacht>a, and R(a,o0) > 0.
T—r00

Without loss of generality we can also suppose that P, ,,(f) < oo, since level
intervals of f are the same for all kf, where k£ > 0.

We will consider three cases.

(a) Suppose R(a,t) < limsup,_,. R(a,x) for each ¢t > a. Define

zn = max{z € [a,a+ n] : R(a,z) =sup{R(a,t) : t € [a,a +n]}}.

We have z,, / oo and R(a,o0) = lim, o R(a,z,). In fact if z, — x
< oo then by assumption R(a, 7o) = limy,— o0 R(a, Tp) = SUDPse(q,00) R(a, ) <
R(a,00), which is impossible. Therefore z,, oo and lim,,— R(a,x,) =
SUPte(a,00) R(a’ t) = lim SUPt—00 R(a’a t) = R(CL, OO)

Set gn = fX(02,- Clearly R(a,t) < R(a,v,) for each a < t < zy.
Hence (a,z,] is a Li. of f and thus a m.Li. of g,. Therefore gi = fOx(4) +
R(a, vn)wX[q,2,] = fox(oja) + R(a, 00)wX[q,00) = f°, and by Proposition
applied to g, we have

Pyulgn) = | 0(%/w)w = | o(f°/wyw + | o(R(a, zn)w
0 0 a

= o(f*/wyw + o(R(a, ) (W (2n) — W (a)) = oo,
0

since {°w = oo in view of W(oc0) = oo. On the other hand P, (gn) <
P, (f) and so Py, ., (f) = oo, which contradicts our assumption.

Consider now the set
B={z>a:R(a,z) = R(a,0)}.
If case (a) does not hold then B # ).
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(b) Let first sup B = oo. Then there exists a sequence (x,,) such that a <
zn /0o and R(a,x,) = R(a,00) for each n € N, and we proceed as in (a).
(c) Suppose now that sup B = b < oo. Clearly R(a,b) = R(a, o). Let
b <y, / oo be such that R(a,y,) / R(a,o0). Then for each o > 1 there
exists N such that for n > N we have
R(avyn) < R(CL, b) < O'R(avyn)-
We will show that for sufficiently large n,
(4.7) R(b,yn) < R(a, yn) < oR(b, yn)-
The left inequality follows immediately from (4.2]). In order to get the right
one, notice first that
F(a,b)
W(a,b)

F(a7 b) + F(b’ yTL)
W(a,b) +W(b,yn)

= R(a,b) < oR(a,yn) =0

Then
F(a,b)W(b,yn) < oF(b,yn)W(a,b) + (6 — 1)F(a,b)W(a,b),
and since W (b, y,) — oo, we have
F(a, )W (b, yn) < o F (b, yn)W(a,b) + (o = 1) F (b, yn)W (b, yn)
for n large enough. Hence
F(a, )W (b, yn) + F (b, yn)W (b, yn)
< o[F (b, yn)W (a,b) + F (b, yn)W (b, yn)]

and so

Rla,yy) = —@: D)+ Fboyn) . F(byn)
Wi(a,b) + W(b,yn) = W(b,yn)
and the right inequality of is proved.
Therefore R(b,yn) — R(a,b) = R(a,00) = R(b,00). Moreover, once
again using for each b < t from R(a,t) < R(a,b) we have

R(b,t) < R(a,t) < R(a,b) = R(a,o0) = R(b, ),

where the second inequality follows from the definition of B. Hence (b, 00) is
a Li. of f. Notice also that (b, 00) is of the same type as (a,00) in case (a).
Choosing () as in that case for b instead of a we define g, = fx[04,]- Then
the m.Li. of g, are the same as for f in [0, a]. Moreover, by the assumption
sup B = b < oo, the interval (a, ] is a m.Li. of g, and by definition of (zy,),
so is (b, z,]. Hence (gy,) is increasing and

gg = fOX(O,a] + R(a7 b)wX(a,b] + R(ba xn)wX(b,J:n]'

= UR(b7 yn)a

Thus
gn fOX(O,a} + R(aa b)wX(a,b} + R(bv OO)wX(b,oo) = fO a.c.,

and we conclude as in (a). m
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Now we state the main theorem of this section.

THEOREM 4.7. Let ¢ be an N-function and W(oco) = oco. Then for any
f=f"e Mgy we have

Poulf) = §@<{U>w - o)

Proof. Let f = f* € My, with P, (f) < co. In view of Proposition
we may assume that supp f = (0,00). By Lemma f has no degenerate
level interval. Thus it remains to consider the following two cases.

First suppose there is a sequence s, ' oo such that each s, is on the
boundary of some m.Li. of f. Define g, = fX[o,s,)- Then g, / f a.e. and by
Lemma 4.6 in [9],

Ppw(gn) = Ppuw(f)-
Moreover, for such (s,) each m.Li. of g, is also a m.1.i. of f, and therefore
g0 = fOX[O,sn]' Then ¢° 7 f9 and by Proposition and the Lebesgue
Convergence Theorem,
Pyw(gn) =\ olgh /w)w = {o(f/w)w,
I I

which gives the claim.

Now assume there is s such that each Li. of f is in [0, s]. Take (s;)
satisfying s < s, /" oo and put g, = fX|o,s,]- Then once again g0 = fOX[O,Sn]a
because there is no l.i. of g, in (s, sy), and we conclude as above. =

Summarizing the main results of Sections 2 and 4 (especially Theorems
and we get the following theorem.

THEOREM 4.8. Let w be a decreasing weight and ¢ be an N -function.
Then the Kéthe dual spaces to the Orlicz—Lorentz spaces Ay and Ag,w are
expressed as

(Ago,w)/ = MO w and (Ag,w)/ = Mgo*,wa

Py
with
1
_ 0 __
1ty = 1Bt = B0 4 (P () + 1),
1l ) = 1f Mg, = A >0 Py o(f/A) <1},
where

Py.oo(f) = inf{{ o= (F/I])lgl : g < w}.

I
If in addition we assume that W(oo) = oo for I = [0,00) then also

Py ) = [l () w)w = [ (F° ! Yol

1 1
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where (f*)° is the level function of f* with respect to w, and w!™ is the
inverse level function of w with respect to f*.

For ¢(u) = (1/p)uP, 1 < p < oo, we denote the space Ay, by Apw.
The next corollary provides an isometric description of (4, ,)". The second
formula recovers Halperin’s Theorem 6.1 and Corollary on page 288 in [4].

COROLLARY 4.9. Let 1 < p < o0 and 1/p+ 1/q = 1. Then for any
[ € (Apw) we have

1l )y = inf{(S (f*/\g\)%!)l/q Lg < w}.

I
If in addition W (o0) = oo in the case of I = [0,00), then

£l = (§(C )
I

Proof. The first equality follows from Theorem while the second one
from Theorem .7 w

REMARK 4.10. In Lorentz’s paper [12] the theorem (Theorem 3.6.5) on
duality of the space Ay, for 1 < p < oo was also stated in terms of “level
functions”, but his definition of a level function is different from the one
introduced earlier by Halperin. A similar notion of level function was later
used by Sinnamon (see [23, Chapter 2.9|). Both Lorentz’s and Halperin’s
representations suggest that f0 Jw=(f/ w)L for every non-negative decreas-
ing function f, where the right side means the level function of f/w in the
Lorentz sense. It is straightforward to check this equality for a decreasing
characteristic function.

5. Sequence case. We complete the discussion on duals of Orlicz—
Lorentz spaces by considering the discrete case. All results given above
for function spaces are valid in Orlicz—Lorentz sequence spaces as well.
Recall that for a given sequence x = (x;), its decreasing rearrangement
z* = (xf) is defined as z7 = inf{A > 0 : dy(\) < i}, i € N, where
de(A) = {i € N :|z;] > A} for A > 0, and | - | is the counting measure
on N. Then given an Orlicz function ¢ and a decreasing positive weight

sequence w = (w;), the Orlicz-Lorentz sequence space A ., is defined as
o
Apw = {:c = (2;) €1 : Fs=0 Z(p(éa::-‘)wi < oo},
i=1

where [V is the space of all real-valued sequences. We consider the space
Apw With the Luxemburg norm | - [, ,,, denoted further by A, ., or with
the Amemiya norm || - Hg%w, denoted by )\&w. Those norms are defined
analogously to those for function spaces. Orlicz—Lorentz sequence spaces are
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Kéthe spaces as subspaces of 19, and their Kéthe dual spaces are defined
analogously to the function case. To each x € A, ., we assign an element
z € Ay on [0,00), where

o0 o0
T = Z%’X[i—l,i) and w = ZwiX[i—l,z’)-
i=1 i=1

The above correspondence between x and Z is a linear isometry between
Apw and a closed subspace of A, . Evidently

- 0 — 10
1Zxg0 = 124,00 and [lzllX,, = lIZ]24, -
The lemma below ensures that the correspondence remains true in the dual
space.

LEMMA 5.1. Let y = (yi) € (Apw)’. Then
1Yl gy = M0l 100y and yllxe = [19lla0 -
Proof. Define an averaging operator T on A, 4 by
oo
T:hw— Z( S h)X[Z—L’L)
i=1 [i—1,)

Then by [, Theorem 4.8, |Th| A, , < [|h]| 4,5 for each h € A, 5. Moreover,
for any y € (Apw)’,

| gh =\ y(Th).
0 0
Therefore
19014,y = sup{ § 9 I0lase <1} =supd § 5(TR) < IA]a,.. < 1}
0 0
= sup{ | §(Th) : [ Thlla,, <1} =sup{ [ 2 2], < 1}
0 0

= sup{z Yizi: 12l < } = llllxg,)-

Similarly we prove the second equality. »

By analogy to the function case the following space has been defined
in [9]:
My = {2 €1°: Insg Pow(Ar) < 00},

with the modular

Pow lnf{z o /NyiDlyil =y < w}a
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where the submajorization of sequences y < w means that ) !, y* <
>, w; for all n € N. We denote by m,, ., the above space equipped with the
Luxemburg norm || - ||, and by m{, ,, the space endowed with the Amemiya
norm || -||%. Moreover, we adapt the deﬁnltlons of the previous section to the
sequence case by setting, for every non-negative decreasing sequence x = (x;)

and a,b € NU{0}, a < b,

Then (a,b] = {a+1,...,b} C Nis called a level interval of x with respect to
w if for each j =a+1,...,b,

r(a,j) <r(a,b) and 0 <7(a,b),
and the level sequence x° of x with respect to w is defined as

0 r(an, bp)w; for i € (an, by,
:L‘. prd
! T; otherwise,

where (ay,by] is an enumeration of all maximal level intervals of z. No-
tice that the results of the previous section ensure that the correspondence
between = and Z preserves the level intervals. In fact (see the proofs of
Lemmas and we have for any a € NU {0}, r(a,j) < r(a,b) for all
j=a+1,...,bif and only if Z(a,t)/w(a,t) < Z(a,b)/w(a,b) for all t € (a,b).
Hence (a,b] C N is a m.Li. of z with respect to w if and ouly if (a,b) is a
m.Li. of Z with respect to w. Therefore

o0

(5.1) | ol /ww—Zgo 90w )w

0
Moreover, in view of Lemma y < w if and only if § < w and thus

poul) = inf{ § o(@* /|g))lgl : 5 < w}.

0

Hence by Lemma applied to the step function Z* we obtain

(5.2) Ppw(Z) = ppw().

Finally, employing equalities (5.1]), (5.2 , Lemma and Theorem we
can state a duality result for the Orlicz—Lorentz sequence space Ay .

THEOREM 5.2. Let w be a decreasing weight sequence and ¢ be an N -
function. Then

(Aw,w),:mg*,w and (N

@,w), =My, w-
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If in addition ;2 w; = oo, then

(1
2]
3l

14]
5]

16]
7]
18]
[
[10]
(11]
[12]
[13]
[14]
15]
(16]

[17]

[18]

(19]

()"
w;

Perale) = fzojso(

Ju
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