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Reducibility and unitary equivalence for a class of
multiplication operators on the Dirichlet space

by

YoNG CHEN (Jinhua), YOUNG JoO LEE (Gwangju)
and TA0 Yu (Jinhua)

Abstract. We consider the reducibility and unitary equivalence of multiplication
operators on the Dirichlet space. We first characterize reducibility of a multiplication
operator induced by a finite Blaschke product and, as an application, we show that a
multiplication operator induced by a Blaschke product with two zeros is reducible only in
an obvious case. Also, we prove that a multiplication operator induced by a multiplier ¢
is unitarily equivalent to a weighted shift of multiplicity 2 if and only if ¢ = Az for some
unimodular constant A.

1. Introduction. Let D be the unit disk in the complex plane C, and
T be the unit circle. The Dirichlet space & consists of all analytic functions
f on D for which
VIf1? dA < oo
D

where dA is the normalized area measure on . Note that 2 C H? where
H? is the well known Hardy space consisting of analytic functions f on D
such that

2 |dC]
Oigglqgrlf(ré“)l S <o

It is known that the Dirichlet space Z is a Hilbert space with the norm
21 (e g
= (V1P 5 + Y12 dA
T
T D
and the inner product

_ [ 19 1

(fo)=\fao > +\1gdA
T D

for f,g € 2. See |R] for more information on the Dirichlet space.
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We say that a function ¢ on D is a multiplier on 2 if ¢ C 2. By the
closed graph theorem, each multiplier ¢ induces a bounded multiplication
operator My on Z defined by Myf = ¢f. Let M(Z) be the set of all
multipliers on 2. Recall that each multiplier is a bounded analytic function
on D (see [] for details).

For a bounded linear operator T on a Hilbert space H, a closed subspace
A in H is said to be invariant under T, or an invariant subspace of T, if
TA C A. Also, we say that A is a reducing subspace of T if A is invariant
under both T and its adjoint T%. We also say an operator T on H is reducible
if T' has a nontrivial reducing subspace.

The problem of characterizing reducing subspaces of certain multipli-
cation operators has been well studied on the Hardy space and Bergman
spaces. For examples, see [C], [DPW], [DSZ], |GH], [HSXY], [SW], [T1],
[T2], [Zhul] and references therein.

In [SZ], Stessin and Zhu studied the problem of characterizing reducing
subspaces on certain weighted Hilbert spaces of analytic functions and ob-
tained a complete description of reducing subspaces for weighted unilateral
shift operators of finite multiplicity. As a consequence of their result, we
know that for a given positive integer N, M,~ has exactly 2" — 2 nontrivial
reducing subspaces on the Dirichlet space &. Later, Zhao [Zhl1] studied the
same problem on a Dirichlet space equipped with a norm smaller than || ||.
To be more precise, let 2y be the space of all analytic functions f on D for
which

1/2
1o = (IFO)F + [ 1f12da) " < oo.
D
Also, given a point a € D, let

a—z

z)=—, z€D,

#al2) 1—-az

be the Mo6bius transformation. For finitely many points a1,...,ay € D, we
call wq, ... pay a finite Blaschke product with zeros aq,...,an. Note each

finite Blaschke product is a multiplier for 2.

Zhao [Zhl] considered multiplication operators M,,,, induced by
Blaschke products with two zeros a, b and proved that M, ,, has a nontriv-
ial reducing subspace on % if and only if a + b = 0. Moreover, if a +b = 0,
he shows that M, ,, has only two nontrivial reducing subspaces on %.

Motivated by the result of Zhao, we consider the same problem on the
Dirichlet space Z for multiplication operators induced by finite Blaschke
products. In Section 2, we first give a characterization of reducibility of
multiplication operators induced by general finite Blaschke products on &
(Proposition . As an application, we show that M, is reducible on
2 if and only if a + b = 0 (Theorem . Also, for a multiplication op-
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erator My induced by a general finite Blaschke product ¢, we point out
that nonreducibility of My on & implies the same on Zp. As an immediate
consequence, we recover the result of Zhao |Zhl] mentioned above.

In Section 3, we consider the problem of when a multiplication operator
induced by a multiplier on & is unitarily equivalent to a weighted unilateral
shift of finite multiplicity. The corresponding problem on the Bergman space
has been studied in |[GZ] and [SZZ]. Also, the same problem on % has been
studied by Zhao [Zh2].

We first characterize multipliers on & for which the corresponding mul-
tiplication operator is unitarily equivalent to a weighted unilateral shift of
finite multiplicity (Proposition . In particular, we show that for a mul-
tiplier ¢ € M(2), M, is unitarily equivalent to M,2 on Z if and only if
¢ = A\z? for some unimodular constant A (Theorem .

2. Reducibility of multiplication operators. In this section, we give
a characterization of multiplication operators induced by finite Blaschke
products and having a reducing subspace. We start with an observation on
analytic branches of ¢! for a finite Blaschke product ¢.

Let ¢ be a finite Blaschke product with N zeros and let {81, ...,8nx} be
N analytic branches of ¢! on a simply connected set D\ L where L is a
curve connecting all finite points in {¢(z) : z € D, ¢'(z) = 0} and a point
&inT. Fork=1,...,N, put Dy = Bx(D\ L) and T}, = Br(T \ {&o0}). Then
D;N Dy =0and T; N T}, = 0 for all j # k. Also, we have

D\ ¢ UDkv T\ ¢ ' ({é}) = UTk;

Note that ¢pofi(A) = Aforall A € D\ L and ¢of(§) = £ for all A € T\ {&}.
Also, B o ¢|p,(A) = A for all X € Dy, and Sy o ¢|1,,(§) = £ for all X € Tj.
For the details one is referred to [DPW], [DSZ] or |GHJ.

For a function f € &, the function

(f(B1(2)),---, f(Bn(2))), z€D\L,

is a vector-valued analytic function on D\ L. Since 2 C H? and each function
in H? admits a nontangential limit at almost all points in T, we see that to
each f € Z corresponds a unique vector-valued function

(F(BL(E)).- -, F(BN(E)))

for almost all points £ € T. These vector-valued functions will play an im-
portant role in our characterizations of reducibility and unitary equivalence.

Let H = 2 or H = H?. For ¢ € H and a multiplier ¢ on H, we shall
denote by [1)]4 7 the smallest invariant subspace of My generated by v in H.
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Namely, [1]4 % is the closure of the set of linear combinations of functions
of the form ¢*v for k =0,1,2,....

The following result generalizes the arguments for local inverse in [GH]
on the Bergman space, and provides a practical way towards solutions for the
reducing subspace problem. It also shows that there is a useful connection
between the smallest invariant subspaces on the Dirichlet space and Hardy
space for the multiplication operator induced by a finite Blaschke product.
Note that
(2.1) (f.9) = \(zf) (z9) dA

D
for all f,g € 2.

PROPOSITION 2.1. Let ¢ be a finite Blaschke product with N zeros. Sup-
pose f,g € D ¢Z and f L g. Then the following conditions are equi-
valent:

(a)
()

[flo.2 [ }
€9 flo.u [ ]¢> H2-
) (F(BL(E)),-- -, F(BN(E))) L (9(B1(€))s- -, 9(Bn(£))) for almost all
£e.

Proof. Put F' = zf and G = zg for simplicity. Note that F' and G are
analytic on the closed unit disk D (see below). By and Stokes’

theorem, we first note that

(22) (¢"f,0"g) = \(¢"F) (9"G) dA

D

_ 8 -
T

T T 271'

T T 2

for any integers m,n > 0.
First suppose (a). By (2.2 , we have
T T
for any integers m,n > 0. Thus, given integers t and ¢ > 0 with £ > ¢, the
above equation shows that

S€f¢¢t 17|d§‘ B
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Now fixing an integer ¢ and letting £ — oo, we see that
V¢ro'o''gdo(s) =
T
for all integers ¢, which implies (b).
Now we prove the equivalence of (b) and (c). For each integer k, we note
that

ot 171 [ 094 ¢kfg e S Jdn]
£0'0" fg )9(Bi(n) 5

§r "4 = L B 5,

S dn

= Snka 9(B;(m) 5.

7j=1
where we used the change of variables n = ¢(§), € € T, with
) = S48 g

$(§)
which gives the equivalence of (b) and (c).
Finally, we assume (b) and prove (a).

By -, it suffices to show that
I(t) := ! tiﬂ =
(1) := | €F'9'G -~ =0
T
for every integer ¢. For t = 0, (2.2]) shows that
\ € |

10) = {¢FPG > = (f.g) =
T
because f 1 g by the assumption. For ¢ < 0, we note that
— d
10 = | oG ol
T
Since ¢ is a finite Blaschke product with IV zeros, we may write
¢ — ZM(P%I e gpé\ik
where M + My +---+ My, = N, a; # 0 and a; # a; for all i # j. Then it is
not hard to see that the space z2(Z © ¢2) is spanned by the functions
1 2

z,z2,...,zM,log j=1...,M;—1,

1—a;z" (1 —a2)’
fori=1,...,k. Since F = zf € 2(2 © ¢Z), we can write

M ok k M;—1
(2.3) F(z)zz:lajz]+z:lbjlog1 z;z:lcw = m2)
J= J= =L

for some constants aj,b; and ¢;;. Then
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(2.4) 2F'(2) = Zja]zj —1—2&

1—a;z
j=1 J

+Z]C”[ (1 —a;z) +(1—az)3+1

for all z € D. Recalling ¢ 'G has a zero of order at least M + 1 at 0, we
have

-t ()
(2.5) S¢ tGer 1551 |d£| Wj)'(g) -0
2 !

for all j =1,..., M. Also, since ¢(a;) =0 for j = 1,...,k, it follows from
the reproducing property of the Hardy space that

5O e _ [, L) g
o TR~ oo (2 )

= ¢""(a;)G(a;) — ¢~ (0)G(0) =0
for all j = 1,...,k. Also, since {/(1 —af) = 1/£ — a; for each a € D and
£ €T, we have, by the Cauchy integral formula,

QWSW@%W@LWW)(@Jls

2 (1= a;€)) 2w (E—a;)i 2m  2mi

1 97'(§g() 1 N
= >/ e = =D (g,
2m'§r E—ap G- 1)!”’ o)
for all i = 1,...,k and j = 2,..., M;. But, since ¢ = 2M goaMll- -@fl\i’v, we

caneasilyseethat (o~ g)( )( ) —Ofor alli=1,...,kand j =2,..., M,
Now, combining f with , we see that I(t) =0 for t <0.

Finally, consider the case t > 0. Using integration by parts and condi-
tion (b), we have

1 2m 1 27
0= g0y ) S TEMAR) = 30§ F) 1o () G
2§" 29 (bt 1 29)¢( 19)1619md9
0
—;ﬁﬂ%w%@www
0
feroo s e e
T
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Now, using the same argument as in the case ¢ < 0, we can see that I(t) =0
for t > 0, as desired. The proof is complete. =

A theorem of Richter [Ric, Theorem 1] says that if S is a two-isometry
operator on & which satisfies (5, 5" % = {0}, then any invariant subspace
N of S must be of the form

N =\ S"NeSsN).
n>0
Also, it is known that a multiplier ¥ on & is a two-isometry if and only if

1 is an inner function (see [RS, Theorem 4.2] for details). So, if ¢ is a finite
Blaschke product, we have

(2.8) 7=\/ ¢"(2© ¢2).
n>0
In addition, if M is a reducing subspace for My in &, we have
290 M=\/¢g"MooM), M =\/¢"(M" M)
n>0 n>0
Now we are ready to prove the main result of this section which char-

acterizes reducibility of multiplication operators induced by finite Blaschke
products.

THEOREM 2.2. Let ¢ be a finite Blaschke product with N zeros. Then
the following conditions are equivalent:
(a) My is reducible on 9.
(b) There exist nonempty sets By # {0} and E2 # {0} in 2 such that:
(bl) By L Es.
(b2) 2 6 ¢Z = span(E; U E»).
(b3) For any f € FEy and g € Es, we have

(f(BLO)s - F(BN(€)) L (9(Br(€)); - 9(BN(£)))
for almost all £ € T.

Proof. Suppose (a) and let M be a nontrivial reducing subspace of M.
Let By = M & ¢M and Ey = M+ © ¢ ML, Since Ey, E are all contained
in 26¢% and 26 ¢Z = E1 @ Ea, we see that (bl) and (b2) hold. Also, for
any f € Ey and g € Es, we see that [f]s.o C M and [g]y o C M* by .
So, (b3) is a consequence of Proposition

Now, to prove (b)=(a), put

M = \/ ¢"span(Ey), N = \/ ¢" span(Es).
n>0 n>0

Then M and N are invariant under M, and M L N by Proposition
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On the other hand, implies
\/ ¢"span(E1 UEy) = \/ ¢"(2 ©¢2) = 2.

n>0 n>0

It follows easily that ' = M and M is a nontrivial reducing subspace for
My, thus My is reducible. m

As an application of Theorem we characterize the reducibility of
multiplication operators induced by finite Blaschke products with two zeros.
First we consider the case when the zeros are the same.

PROPOSITION 2.3. Let ¢ = 2 where a € D. Then My is reducible on I
if and only if a = 0.

Proof. First suppose M is reducible on & and a # 0. By Theorem
we can choose nonzero f,g € 26 ¢ such that [f]g o L [g]g 9. Put F = zf
and G = zg. Since F,G € 2(9 & ¢Z) and

2(2 6 ¢9) = Span{log 1 c },

1—az’ 1 —az

we can write

z 1 z

1
F:cllog + G:d110g1_az+d2

— C2 — —
1—az 1—az 1—az
for some constants ¢y, ca,d; and do.Then, by Proposition and (2.2)),
|dg]

2

J(t) =\ eFe'G
T

0

for all integers t. By the reproducing property for the Hardy space, we note

oot & T oo (L) ldél
Jer@do 25 = lerero (1) i

1
= ~[(zF'¢")(a) = (2F"¢")(0)] = 0
for every ¢t > 0. It follows that

e 1 |dg]
(2.10) J(t) = d §T§F ¢! log T2 = 0

for all integers ¢. In particular, since J(1) = 0, we have
— 1 |dg

2.11 F' 1 =

(2.11) @ P (96 log = 5 =

T

Note ¢ = 2 and _
F, . cla (&)

S l-az  (1—az)?




Reducibility and unitary equivalence 149

Thus, by the Cauchy integral formula,
!d£ |

_ 1 aci(a—§)?  ca(a—€)? |d¢|
log 22 EFO00) 5 = Vo 1 S =k=
B 1 (aci(1—a€)? &(1-a€)?\ dé
Jlos 15 (“Femr e ) o
_1_2log(1—|al*)+2[al*+|a|* 1__ @
2 a? 371 o>
Thus, if d; # 0, from we have
4
(2.12) c1[61og(1 — |af?) + 6]al® + 3[al*] = c fﬁ%z'

Also, since J(2) = 0, from we have again
d
d1 g log —— §F’¢2 | 5' = 0.
T f

On the other hand, one can see as before that

Jlog +—— g EFg? = |d£‘
T
2 __12log(1 — |al*) + 12|af* + 6la|* + 4[a|® +3lal®* 24 @
T at 5T la|?”
Thus, if d; # 0 we get
12alal®

5c1[121og(1 — |af?) + 12]al* + 6|al* + 4]a|® + 3|a|*] =

1—]al?
Hence, if dy # 0, ¢; # 0 and ¢y # 0, we see using that 8
(722% — 60) log(1 — ) = 60z + 3022 — 5223 — 214
where z = |a|?, which is impossible because x # 0.
Ifdi #0,c1 #0 and ¢ =0, implies
2log(1 — ) + 22 + 2° = 0,

which is impossible too because * = |a|? # 0.

Also, if d; # 0, c2 # 0 and ¢; = 0, we have by , ala* = 0 and then
a = 0, which is a contradiction. Hence dq must be 0. Also, by replacing the
roles of F' and GG in the proof above, we see that ¢; must be 0 too. It follows

that

oz doz
F=——" G= .
1—az 1—az

Since (f,g) = 0, by (2.1) and the reproducing property of the Bergman
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space [Zhu2, Chapter 4], we have

— — 1
0=\F'GdA=cody——5
HS) a2
which gives cg = 0 or dy = 0, so in turn F = 0 or G = 0, which is a
contradiction. Therefore we conclude that a = 0.
The converse implication follows from the result of Stessin and Zhu [SZ]
as mentioned at the introduction. m

We say that two Blaschke products ¢, and ¢ are equivalent if there

exists A € D such that

P1 = @r0 2.
If two Blaschke products ¢1 and ¢o are equivalent, it turns out that My,
and My, share reducing subspaces (see Lemmas 2.1 and 2.2 in [ZhI], for
example).

For a function ¢ analytic on D, we recall that ¢ € D is a critical point of ¢
if ¢’(c) = 0. Bochner’s theorem [W1l, [W2] says that every Blaschke product
with N zeros has exactly N — 1 critical points in D.

Now suppose the Blaschke product ¢ = ¢,pp has two zeros a,b € D.
Then ¢ has only one critical point ¢ in D. If we let ¢1 = pg() © @, then it is
easy to see that ¢ = Ap? for some unimodular constant A and hence ¢ is
equivalent to 2. Note that (pq) (2) = 0 if and only if

[b(lal* = 1) +a(lb* — 1)]2* + 21 = |al*|b]*)z + b(Jal* — 1) + a(|b]* — 1) = 0.
It follows that 0 is the solution of the equation (¢q¢p)'(z) = 0 if and only if

a+ b= 0. Also, if ¢ is equivalent to 22, we see the only critical point of ¢
is 0. So the observation above gives the following lemma.

LEMMA 2.4. Let ¢ = pqpp where a,b € D. Then ¢ is equivalent to o>
where ¢ is the critical point of ¢. In particular, ¢ is equivalent to 2> if and
only ifa+b=0.

Now we characterize the reducibility of My with ¢ = ¢, pp.

THEOREM 2.5. Let ¢ = @qpp where a,b € D. Then My is reducible on 2
if and only if a+b = 0. In this case, My has exactly two nontrivial reducing
subspaces.

Proof. Let ¢ be the critical point of ¢. By Lemma ¢ is equivalent
to 2. By Proposition My is reducible if and only if ¢ is equivalent to 22,
which is in turn equivalent to a +b = 0 by Lemma [2.4] again. The remaining
assertion follows from the result of Stessin-Zhu [SZ]. »

Recall that % is the space of all functions f analytic on D for which
1/2
1l = (1FO)2 + [ 172 da) " < 0.

D
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In the rest of this section, we find a relation between reducibility of

multiplication operators on the spaces & and Zy. To do this, we need the
2

following useful lemma, taken from [Zh2]. For a € D, we let P,(§) = |1§__‘Z‘|2

be the Poisson kernel on D. Also, we let (f,g)o = f(0)g(0) + (f, g)« where

(f.9). =\ f'g'dA

D

for f,g9 € 9.
LEMMA 2.6. Let ¢ = <pa1 < Qqy where ay,...,an € D. Then

@WW”-SZf& (f,9)0 + (|9(0)]*™ — 1) £(0)g(0)

T j=1
for all f,g € Dy and integers m > 0.
In the following result, we let 2 be the space of all f analytic on D for
which f(0) =0 and
V117 dA < 0.
D
Note that 2 is a Hilbert space with respect to the inner product ( , ).
PROPOSITION 2.7. Let ¢ be a finite Blaschke product. If M is a nontriv-
ial reducing subspace of My on Dy, then (1/2)M or (1/2) M= is a nontrivial
reducing subspace of My on 2. Hence, the reducibility of My on Yo implies
the same on 9.

Proof. Put ¢ = @y, - ¢ry where Ai,..., Ay € D. Let M be a non-
trivial reducing subspace of My on Zy. Let f € M and g € M. Since
(@™ f, ™ g)o = 0, it follows from Lemma that

15 530 € = L o) - 1500

T k=1
for every integer m > 0. Taking m — oo in the above, we see that

Szf P)\k |df| _ 0

T k=1

and hence (|¢(0)*™ — 1)£(0)g(0) = 0 for all integers m > 0. Thus either
f(0) =0 or g(0) = 0. Decompose 1 = ¢ + ¢ where ¢ € M and ( € M*. By
the observation above, €(0) = 0 or ¢(0) = 0. If ¢(0) = 0, then

<67 6>0 = <6> 1- <>0 = <€> 1>0 = 6(0) =0.

Hence € = 0 and so 1 € M. Similarly, ¢(0) = 0 implies 1 € M. Thus either
le Morle Mt
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Assume 1 € M. Since (f,1)o = f(0), we see f(0) = 0 for any f € M+
and hence M+ C 2. Let N = {f — £(0) : f € M}. Since 1 € M, we sce
that N = {f € M : f(0) =0} and %y = C & N © M=*. Note N C N,
dM* C. ML and N' L M*. Thus M* is a nontrivial reducing subs ace for
Mgy on 2. Consider the multiplication operator M, : Z — %. By (2 , it is
easy to see that M, is a unitary operator. Moreover, My on Z is umtarily
equivalent to My on 2 via M,. Thus M;7IME = %ML is a nontrivial
reducing subspace for My on Z.

Similarly, if 1 € M, we see that (1/2)M is a nontrivial reducing sub-
space of My on 7. =

The above result says that nonreducibility of My on & implies the same
on Zy. Thus, by Theorem together with Lemma and the result
of Stessin-Zhu [SZ], we see that M, is reducible on %, if and only if
a+ b =0, which is already noticed in [Zh1].

3. Unitary equivalence to M,2. In this section, we characterize mul-
tipliers on Z for which the corresponding multiplication operator is unitarily
equivalent to a weighted shift of multiplicity 2. We first characterize finite
Blaschke products for which the corresponding multiplication operator on
2 is unitarily equivalent to a weighted unilateral shift of finite multiplicity:

PROPOSITION 3.1. Let ¢ be a finite Blaschke product with N zeros. Then
the following are equivalent:

(a) My on 2 is unitarily equivalent to a weighted unilateral shift of finite
multiplicity N .

(b) There exists an orthogonal set {f1,...,fn} C DS ¢Z for which the
N x N matrix

H(Bi(&)  fa(Bi(§)) -+ SN (Bi(E))

Ue) = fl(ﬁ?(f)) fz(ﬁ?(f)) fN(ﬁ?(f))

(BN () f2BN(E)) -+ fN(BN(E))

is unitary for almost all £ € T.

Proof. First assume (a). Then there is an orthogonal set {g1,...,gn} in
2 6 ¢Z such that
(3.1) (¢"g;, ¢"gr) =0

for m,n > 0 and j # k. Also,
(3:2) (" g1, ¢"gr) =0
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for m#nand k=1,..., N. By Proposition (3.1) is equivalent to

(3.3) Zgj BiE) gr(Bi(§)) =0,  j#k,

for almost all £ € T. Also, by a similar argument to that for Proposition [2.1]
we see that (3.2]) is equivalent to

N
(34) Z|gk(ﬁl(§))|2 = Ck, k= 1a"'aNa
=1

for almost all £ € T and some constants c,. Now, letting fi = gi/+/cx for
k=1,...,N, we see from and that the matrix U(€) is unitary
for almost all £ € T, so we have (a)=(b).

For (b)=-(a), it is obvious that (b) implies and (3.4), and in turn
and hold. Then it is easy to see that My is unitarily equivalent
to a weighted unilateral shift of finite multiplicity N, so (a) holds. =

Now we characterize multipliers on & which are unitarily equivalent to
a weighted shift of multiplicity 2.

THEOREM 3.2. Let ¢ € M(2). Then My is unitarily equivalent to M2
if and only if ¢ = A\2% for some unimodular constant \.

Proof. First suppose My, is unitarily equivalent to M,2. By Lemma 2.1 of
[Zh2], we see that ¢ = Ap,pp for some a,b € D and unimodular constant A.
Notice that M.2 is reducible, and hence an application of Theorem im-

plies ¢ = Apap—a-
Now we show a = 0. If a # 0, it follows that there exist nonzero g1, g2 €
2 S ¢ such that
(3.5) (¢"g1,0"g2) =0, m,n >0,
(36> <¢mgla (bngl) = <¢m927 ¢n92> =0, m 7& n.
Since the set z2(Z2 © ¢Z) is spanned by the functions —log(1l — @z) and
—log(1 + az), we write
F:=zg1 = —c1log(1l —az) — calog(1 + az),
G := zg9 = —dj log(1 — az) — dylog(1 + az)
for some constants c1, s, dy and do and then
cla c2a
l—az 1+4az
On the other hand, since 0 = (g1, g2) = (F, G)., it follows that
(3.7) (¢1dy + zdo) log(1 — |a|?) = —(crda + T2dy) log(1 + |al?).

F =
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Since 0 < |a| < 1, the above shows that there are two cases to consider:
Case 1: ¢1dy +¢ads #0 and ¢1ds + ¢ady # 0.
Case 2: ¢ydy +¢3ds =0 and ¢1ds + cady = 0.
First consider Case 1. By and , together with Proposition

feron 2

2T
T

Using a similar argument to the proof of Proposition [2.3] we see that the
above equation yields

(=€) log(1 —ag) de
c“§r €—a2(Et+a) 2mi

0.

Q@) log(1+ag) de
rad ) e e fae o

_ g { (L @) log(1 —ag) d¢ (1 —a2€2) log(1 + a€) d¢
=G 1§T E+a)2(€-a) 2mi (E+a)2(E—a)¢ 2mi

By applying the Cauchy integral formula in the above equation, we see that

+6d2§
T

(erdy + Tada)[(1 — 2?)log(1 + z) + (2% + 3) log(1 — @) + 22(1 + )]
= —(c1dz + &dy)[(1 — 2°) log(1 — x) + (2® + 3) log(1 + =) — 2z(1 — )]
where x = |a]? € (0,1). It follows from (3.7)) that
(1—a?)log(l —x) —2z(1 —x) log(l+x)
(1—2?)log(l+z)+2z(1+x) log(l—=z)
Now, we prove the above is impossible. To do this, we define
h(t) = [(1 — %) log(1 — t) — 2t(1 — t)]log(1 — t)
—[(1 = t*)log(1 +t) + 2t(1 + t)]log(1 +¢), ¢ € (0,1).
Since h(0) = 0, it suffices to prove h/(t) < 0 for all ¢ € (0,1). Since
W (t) = 2t[log?(1 4 t) — log?(1 — t)]
+ 2t[log(1 — t) — log(1 + t)] — 4[log(1 — t) + log(1 + t)],
we see by simple calculations that
/ _ — ; - L 2j+2
hiE) = 4;(0 +1)(25 +1) ,Hm;jﬂ km) ’
which is negative because

3 1_2[1+1+ . }
k+m=2j+1 km 2j  2(2j—-1) JjG+1)

2)
j+ 12541
for all j. Thus Case 1 cannot happen.

J
T )T GFD@E+)
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Now, consider Case 2. Since (c1,c2) # (0,0), we have either (¢1,d;) =
(c2,—d3) or (c1,d1) = (—c2,d2). Without loss of generality, we may assume
(Cl,dl) = (—Cg,dg) = (1, 1) and then

F = —log(l —az) + log(1 + az).
Note

a n a
l—az 1+az
By (3.6) and (2.2)), together with the proof of Proposition

d
T
By the same arguments as in Case 1, the above equation gives

F' =

=0.

(1 —2%)log(1+ ) + (2% + 3)log(1 — z) + 2z(1 + )
= (1 —2%)log(1 — =) + (2 + 3)log(1 + z) — 22(1 — =)
where x = |a|?. Thus we have
(1 + 2*)[log(1 — 2) — log(1 + 2)] + 2z = 0.

But a simple calculation shows that the above is impossible for all z € (0, 1),
which gives a contradiction. Hence a = 0 and so ¢ = \z2, as desired.
The converse implication is clear. =

We close this paper with a remark that for ¢ = p,p_ with a # 0, the
proof of Theorem also shows that two nontrivial reducing subspaces of
My are [f]y,7 and [gly, Wwhere

PR S YOV
oz Ogl—az Ogl—i—az 975 Ogl—&z Og1+az '
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