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A strong convergence theorem for H'(T")
by

FENG DAI (Edmonton)

Abstract. Let T" denote the usual n-torus and let §5(f), u > 0, denote the Bochner—
Riesz means of order § > 0 of the Fourier expansion of f € L'(T™). The main result of
this paper states that for f € H*(T™) and the critical index o := (n —1)/2,

1 fnﬁz(f) — S,

u+1

lim
R—oo log R ;
1. Introduction. In this introduction we describe the main results
and their background with a minimum of definitions. We give the necessary
details and appropriate definitions, as needed, in the next section.
Let A denote the unit lattice in the n-dimensional Euclidean space R™
having integral coordinates, and let T™ be the n-torus, identified with R™/A.
By HP(T™), 0 < p < 1, we denote the usual Hardy spaces on T". Let

)~y an(f)ermhe
keA
be the Fourier expansion of an integrable function on the fundamental cube
Q={(z1,...,zn) eR": =1/2<2; <1/2,j=1,...,n}.

For u > 0, we define the Bochner—Riesz means of order § > —1 of the
Fourier expansion by

- 2\ 9 ,
%mmzz(—ﬂ)mmmﬁ

k| <u

)€ Aand |k| = (k2 4+ - + k2)Y/2 Tt is well known

where k = (k1,...,kn
]) that for § > a:= (n —1)/2,

(see [STW] and [C
Qd
sup [|Sy (F) 1t ey < Cllf |y
u>0
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while for § = (n —1)/2,

H52||(H1(’]I‘n)7Ll(Tn)) > C’log(u + 1).
The main purpose of this paper is to investigate the strong summability of
the Bochner-Riesz means on H'(T") at the critical index o = (n — 1)/2.
We will always use the letter o for the critical index (n — 1)/2 for the rest
of the paper.

The background for the problem treated here is as follows. In 1983,

B. Smith [Sm] proved that for every f € H'(T),

1 o1
(1.1) IOgNkZEHSk<f)HH1(T) < Clflla (s

where S (f) denotes the usual kth partial sum of Fourier series. A new proof
of this inequality was given by Belinskii [Be2] in 1996. However, the multi-
dimensional generalization of this inequality seems to be more complicated.
In fact, the two-dimensional result for rectangle partial sums with bounded
ratio of sides was obtained by Weisz in [We] while the n-dimensional re-
sult for the cubic partial sums and a modified product H'(T") space was
obtained by Belinskii in [Bel].

It was Bochner [Bo] who first pointed out that when the dimension
n > 1, summability at the critical index (n — 1)/2 was the correct analogue
of convergence, for phenomena near L'. In this sense, versions of many of the
results for S are known for S¢ in the case of general n (see [SW, Ch. VII]
and [St1]). Of related interest is the fact that an inequality similar to (1.1)
was proved in [JLL] for the space HP(T"), 0 < p < 1, with the Bochner—
Riesz means with critical index § = n/p — (n + 1)/2 instead of partial sums
(see also [Lu, Theorem 4.3, p. 196]). Therefore, a problem that remained
was what happens for functions in H'(T"), n > 1.

This paper is devoted to the proof of the following theorem, which gives
an affirmative answer to a question raised by S. Z. Lu [Lu, p. 204].

THEOREM 1. For f € HY(T") and R > 0,

1 If [ERGIPeS
log(R+1) u+1

du < C||f |l g1 (Tnys
0
where C' is a positive constant independent of f and R.

As a consequence, we have
COROLLARY 2. For f € HY(T") and R > 0,

R || O R
1Se(f) = flmmemy , ¢ Eu(f,H')
T Bl B

du,
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where

Bu(f HY = int {1~ gllmrrny s 9(0) = 3 exe®™, e e Ch,

[k|<u

and “x” means that the ratio of both sides lies between two positive constants
independent of f and R.

COROLLARY 3. For f € HY(T") and R > 0,

R
Sa(f) — n

1 S 1S5 (f) fHHl(T)dung(f, 1 ) 7

log(R+1) 5 u+1 log(R+1) /) g (pny

where C' is a positive constant independent of f and R, and w(f,t)g1(Tn)
denotes the first-order modulus of smoothness of f on H(T").

We point out that in the one-dimensional case, Corollaries 2 and 3 for
the partial sums of Fourier series are due to Belinskii [Be2] and the authors
of [CJL], respectively.

The paper is organized as follows. Section 2 contains some basic defini-
tions and notation. The proof of Theorem 1 is divided into two parts: the
first part is given in Section 3, where we prove

1 }S% 158 ()l oy

(12) log(R+1) u+1

du < C|| fll g1 (Tny,
0

while the second part is given in Section 4, where we show

155 ()l ey < CUIF e omy + 158 ()| zaemy ).

This last inequality combined with (1.2) will prove Theorem 1. In the final
Section 5, we prove Corollaries 2 and 3.

2. Basic definitions and notations. In this section we introduce some
basic definitions and notations, most of which can be found in [SW] and [Lu].

Let S(T™) denote the space of test functions on T™ and S’(T") be the
dual of S(T™). The Poisson kernel on T" is defined by

ﬁt($) _ Z 6727r|k|1‘/62m'k-z7 t>0,
keA
where A is the unit lattice in R”, k = (ky, ..., k,) and |k| = (k24 -+k2)1/2.
For f € §'(T™), we define

Pi(f)(x) = sup f » Py(z)|.
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DEFINITION 2.1. The Hardy space HP(T™), 0 < p < 1, is the linear space
of distributions f € S'(T") with || f||lgr = || P+(f)||r < 0.
We denote by B(x,r) the ball
B(z,r):={yeR": |z —y| <r}

with center at x € R" and radius r > 0, and we write xg for the character-
istic function of a measurable set E C R™ . Let @) denote the fundamental
cube

Q={(z1,....2p) eR": —-1/2<2; <1/2,j=1,...,n}.
We now turn to the “atomic” characterization of Hardy spaces.

DEFINITION 2.2. Let 0 < p < 1. A function a € L*°(R") is an HP(R")-
atom with support B(z,r), x € R™, r > 0, if it satisfies

(i) suppa C B(x,r),
(i) fallo < r"/2,
(iii) §zn a(z)P(z)dz = 0 for all polynomials P(z) of degree less than or
equal to [n(1/p —1)].

A function a € L*(T") is a regular HP(T™)-atom having support B(z,r),

z € R", r >0, if ax.+q is an HP(R™)-atom with support B(z,7). An
exceptional H(T™)-atom is a function a € L>®(T") with |alle < 1.

LemMA 2.1 ([F]). Let 0 <p < 1. If {a;}32, is a sequence of exceptional
or regular HP(T™)-atoms, and {cj};?‘;o s a sequence of complex numbers

with
> 1/p
(Z |C]"p) < 00,
j=0
then 222 cja; converges in HP(T") and
. 1P
|2 e, <A(X )™
j=0 j=0

where A > 0 depends on p and n.

Conversely, if f € HP(T™) then there exist a sequence of exceptional or
regular HP(T")-atoms {a;}32, and a sequence of complex numbers {c;}72,

such that
° e 1/p
f:chaj and <Z|Cj|p) < B| fllze,
j=0 3=0

where B depends on p and n.
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The conclusion of Lemma 2.1 is often described as the “atomic” charac-
terization of Hardy spaces.

Let m be a nonnegative integer, ¢ be a positive real number, and let h
be a vector in R™. For f € §'(T"), we define

Al f(x,s) = Z(—l)m_j (T) (f % P)(z+jh), zeR™ s>0,
=0

and

() morny = sup [[sup |AT 8| -
|h|<t s>0
W™ (f,t) ge(rny is called the mth modulus of smoothness of f on HP(T").

3. Proof of Theorem 1: Part I. The main goal in this section is to
prove

1SS ()l ny
u-+1

1
log(R+ 1)

(3.1) du < C|| fllmr(rn)-

OL’ﬁm

This same inequality with L!(T")-norm on the left-hand side replaced by
H(T™)-norm will be shown in the next section.
Let

Then we have

We also define

n— n+1 —(n—

Su(f) (@) =l ””(T)u” | f@ = y)lyl~ =YD 0, o 2muly]) dy,
Q

where J,(t) denotes the Bessel function of order v. Then by Lemma 2.1

and the following well known estimate of Stein (see [St2, Theorem 1], or
[SW, p. 285]):

Ko (y) — nn-1/2 (“_H

2 S ATLv

LY(Q)

sup
u>0

)Wry\-<"-1/2>Jn_1/2<2mryr>

it will suffice to prove that for every H'(T")-atom a,

R
Sy
1 [Su(a)ll L1 (@) < C.

(32) log(R+ 1) §) u+1
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For the proof of this last inequality, we claim that it is enough to
prove (3.2) for every H!(R")-atom with support B(z, r) for some z € [—1, 1]"
and r € (0,0.001). To see this, first, we note that by the translatlon in-
variance of the operator S and the fact that ||S® l(z2(Tn),22(mmy < 1, we
may assume a is a regular H!(T")-atom with support B(0,7) for some

€ (0,0.001). Second, we note that by the definition, for every regular
H(T™)-atom a with support B(0,7), r € (0,0.001), ax[—s/2,3/2» can be
expressed as a sum of 3" H'(R")-atoms, each having a support B(z,r) for
some z € [—1,1]™. Since the definition of Sy(a)(x) for z € @ involves only
the values of a on [—1,1]", the claim follows.

For the rest of this section, the letter a will always denote an H!(R™)-
atom with support B(z,r) for some z € [—1,1]" and r € (0,0.001).
The proof of (3.2) for an H*(R")-atom a relies on the following

LEMMA 3.1. With the above notation, we have

00 2
O § T S ] de< oo iog
0 {z€Q:|z—z|>br}
(ii) | |Su(a)(z)| da < Cy;
{z€Q: |x—=z|<5r}
i) | Su@@ldr< ot Driogt +1).
{z€Q: |x—z|>5r}

For the moment we take this last lemma for granted and proceed with
the proof of (3.2).

By Lemma 3.1(ii), it suffices to prove

R
1 1
(3.3) | | 1Sy (a)(x)] dz du < Ch,.
1Og(R * 1) 0 utl {z€Q: |z—z|>5r}

To prove (3.3), we consider the following two cases:

CASE 1: 7~! < R. In this case, on one hand, by Lemma 3.1(iii),

—1

S u—li—l S |Syu(a)(x)| dx du
0 {z€Q: |z—z|>5r}
e 1 1
<C, S 1+ (u+Drlog— ) du < Cplog— < Cplog(R+ 1),
5 U +1 r T

but on the other hand, by Lemma 3.1(i) and Holder’s inequality,
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o
S u+1 S |Su(a)(x)| dx du
r—1 {zx€Q:|z—z|>5r}

R u 1/2 R
<(Iavrm) (O 1 isiowie]w)”

1 r—1 {z€Q:|z—z|>5r}
1
< Crt/2p=1/2 log — < C'log R.
T

CASE 2: R < r~ L. In this case, using Lemma 3.1(iii), we obtain

B
| — { 1Su(a)(2)] dz du

0 utl {z€Q:|x—z|>5r}

R

1 1
SCné—u_i_l((u—l-l)rlog;—i—l) du

1
< CpRrlog . +Cplog(R+1) < Cplog(R+1).

The last inequality follows since the function 10% is decreasing over (e, 00).

Now combining the above two cases we obtain (3.3). This proves the first
part of Theorem 1, assuming Lemma 3.1. =

For the proof of Lemma 3.1, we need the following

LEMMA 3.2. Let x € Q be such that |x — z| > 5r. Fort > 0, put
g:(t) =" | ala — ty)xo(ty) do(y),
S§n—1

where do(y) denotes the usual Lebesque measure on S"~! normalized by
o(S" 1) =1. Then

(i) supp gz () C [Jx — 2| =7, — 2[ +7];

(ii) |gz(t)| < Cpr=L, with Cy, > 0 depending only on n.

Proof. By the definition, we have
(34) () <" | Ja(e —ty)|do(y) = | la(y)| do(y),

§n—1 S(z,t)NB(z,r)

where S(z,t) = {y € R" : |[z—y| = t}, and do¢(y) denotes the usual Lebesgue
measure on S(z,t) normalized by o;(S(z,t)) = t" L. Since S(x,t) N B(z,r)
= () whenever t ¢ [|x — z| — 7, |x — z| + 7], (i) follows by (3.4).

To show (ii) we note that for ¢ € [|[x — z| — 7, |x — 2| + 7],

ot(S(x,t) N B(z,7)) < Cr" 1,
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Thus, by (3.4), it follows that
|g2(t)| < Cr" e = O,
which gives (ii). =
Now we are in a position to prove Lemma 3.1.

Proof of Lemma 3.1. (i) Recall that the Plancherel theorem for the
Fourier—Bessel transform (see, for instance, [GS, p. 656]) asserts that for
any > —1/2 and f € L%((0,00), t?*+1 dt),

T 2
(35) [P dt =4 S’S Jﬁ((t237)T;S) F(5)$2 ds| 2941 gy,
0 olo

This last formula will play an important role in our proof below.
Let g.(t) be as defined in Lemma 3.2, and write

Sula)(@) = Cou!? | alz — y)xo )y~ "D J,_y jo(2muly]) dy
Rn

= Cul/? S gx(t)t_(”_l/Q)Jn_l/Q(Qﬂut) dt.
0
Then using Lemma 3.2 and (3.5) with 8 =n—1/2 and f(t) = g.(t)t"?", we
deduce that for |z — z| > 5r,

[e.9]

| 1Su(a)(@)]? du = C S H (=172 g o (2mut) dt 2 du
0 0
|x—z|+r
C’” 2,—2n
— _47T2‘ S g2 (t) 2672 dt

< Cr e — 272

Noticing that z € [—1,1]", we obtain, by Holder’s inequality,

[e.e]

S [ | |Su(a) ()] da:]Qdu

0 {zeQ:|z—z|>5r}

o
< S { S \x—z!‘”daz} { S \m—z!"]Su(a)(m)IQd:r} du
0 5r<jz—2(<10 5r<|z—2|<10
1 1
<Cpr'log= | |z — 2|"|x — 2| 2" da < Cpr~'log? =,
" 5r<|z—2|<10 "

which gives (i).
(ii) Since for |x — z| < br,

‘T—Q 2 B(27T)7
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it follows that

(3.6)  Su(a)(z) = Coul’? [ a(z — y)lyl~ "D T,y o (2muly]) dy
Q

= Cou'? | a(z — y)ly|" "D T, p(2muly|) dy,
Rn

where

SR () = Cou | flo = )|yl "2 J o (2muly]) dy

R’I’L
It is well known that (see [SW, Theorem 4.15, p. 171])

I (n
SV () (@) = Cn f(£>e2mf(1—'§—'§> g,

l§|<u
where
F© =1 fye vy,
R7
and that (see [Du, Theorem 8.15, p. 169])
(37) sup /() s < Cll ey

Now using (3) and (3.7), we obtain, by Hélder’s inequality,
| |Su(a)(x)] dz
{z€Q: |z—2z|<5r}

= | |55V (a) ()| da
{z€Q: |x—z|<5r}

1/2
< Cr2( [ 180 a) (@) de) * < o allaa < Cn

Rn
This gives (ii).
(iii) To show (iii), we consider the following two cases:

CASE 1: 5r < |z — z| < 0.1. In this case x — Q D B(z,r), and hence

(3.8) S a(z —y)dy = 0.
Q

For simplicity, we put tog = |z — z|, p(t) = t*(”*l/Q)Jn_l/g(t), and

g:(t) =" | ale — ty)xo(ty) do(y).
Sn—l

175
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Then, by Lemma 3.2(i) and (3.8), we have
to+r
(3.9) Su(a)(z) = Cpu” S 9z (t) [p(2mut) — @(2muty)] dt.
to—r
Since
[/ ()] = [ T 0(6)] < Cmin{t, "),
it follows that for tg —r <t <tg+r,
lp(2mut) — p(2muty)| < Cur min{uty, (uto) ™ "}.
Hence, by (3.9) and Lemma 3.2(ii),
to+r
(3.10)  |Su(a)(z)| < Cru” S |9 (t) |ur min{uto, (uty) "} dt < Cpurty™
to—r
in the case when 5r <ty = |z — 2| <0.1.
CASE 2: |z — z| > 0.1. In this case B(z,0.005) N B(z,7) = 0, so
(3.11)  |Su(a)(2)|
=l ala =yl (2malyl) dy
{y€Q:|y[>0.005}
< Chu'/? S T min{u" V2 w2 dy < C,,.
{y€x—B(z,r):0.05<|y|<10}
Now putting the above two cases together, combining (3.10) with (3.11),
we deduce
| |Su(a)(x)| dz < C(u+1)r |
{z€Q: |x—z|>5r} 5r<|z—z|<0.1

dx + C,

|z — z["

1
<G, [(u+ 1)rlog; + 1],

which gives (iii).
This completes the proof of Lemma 3.1. u

4. Proof of Theorem 1: Part II. This section is devoted to the proof
of the inequality

(4.1) 155 (e eny < CULS e erny + 150 (Dl eny),
with C' > 0 independent of f and u. This combined with (3.1) proved in the
last section will complete the proof of Theorem 1.

The referee kindly pointed out to us that Theorem 1 is, in fact, a direct
consequence of (3.1) proved in Part I because of the following fact: SO is
translation invariant and the Hardy space H'(T") can be characterized by
a system of Riesz transforms (see, for instance, [Lu, Remark 6.1, p. 152]).
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Our proof of (4.1) in this section is independent of this fact and may be of
independent interest (see, for instance, [Dal).

For the proof of (4.1), we define

u

1)
oo (@) =) (1 - E) ar(f)e*™FT 5> 1, u >0,

and

ol (f) (@) = sup oy, () ()]-

u>0

We need the following lemmas.

LEMMA 4.1. Let 0<p<1,6 >d(p) :=n/p—(n+1)/2 and f € S'(T").
Then f € HP(T") if and only if o2(f) € LP(T™). Moreover, if f € HP(T")
then

HfHHP(’JT") ~ Hgf(f)HLP(’JT")'
LEMMA 4.2. Let £ > 0 be an integer and let m be an £+ 1 times differ-

entiable function on [0,00) such that lim, ..o m(u) =0 and

S Im D () el du < oo.
0

Define
Tu(f) := ) m(|kar(f)e*™ .
keA
Then for f € S(T"),
DT ey e n
T (f)(2) / | mD (wyutol(f) (@) du, xR
) 0

For the moment we take these last two lemmas for granted and proceed
with the proof of (4.1). By Lemma 4.1, it is sufficient to prove that for
fe ST,

(4.2) o2 (S2(f)) (@) < Clol™ (f)(@) + 1S3 () (@)]].

To prove (4.2), we have to estimate |J§"(§3(f))(x)| for y,u > 0. We put
¢ =[] + 1 and consider the following two cases:

CASE 1: 0 < y < u. In this case we will prove

(4.3) 03" (S5 (N)(@)] < Cuoi(f) ().
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To this end, we write

S = 3 (1- B (1 By gy

|kl<y J u
= 3 m(lkDax( ez,
keA
where ) ) )
(1) o= E DR ) max{g(e), 0).

y2n u2a
We claim that for 0 <t <y < u,
(4.5) m D (0] < Cuy ™,
which, combined with Lemma 4.2, will imply that for 0 < y < u,

[m D (Ol (1) ) ] < Cuo () (x).
0

03" (S5 () (@) = Cn

and hence will prove (4.3).
In fact, by (4.4), for 0 <t <y,

o t)Qn—il (U o t)oc—ig (U + t)a—i3
D < y .
[m ®)] < i1+i2r{1&-?;,X:£+1 y2n ue ue

So, if 0 < y < u/2 then, clearly,
m < Cyt, o<t <y;
if u/2 <y < wthen for 0 <t <y,

|m(€+1)(t)| < Cy—Qn—Za max (u _ t)2n+a—i1—i2uoz—i3 < Cy—ﬁ—l.

i1+ig+iz=0+1
Therefore, in either case, we have, for 0 < t < y < u,
m ()] < cy
proving the claim.
CASE 2: y > u. In this case we will prove
(4.6) o3 (S ())(@)] < Culol()(@) + 1S5 (N ()],

which combined with (4.3) in Case 1 will complete the proof of (4.2).
We write

@n @S = Y (1-%2"(1_ L

2
u
|k|<u y

U

= T(f) () + <1 - ;)27153(1”)(96),
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where

T (F)() = Y m(lkar(f)e* ™,

keA
2\
m) = o) (1- 15 )
alt) = yi (= 1) — (y — u)?].

For 0 <t < u, it is easy to verify

] < Clu—t oD ()] < C.

o) < Clu—t)fy,  max e (o) <C

Using these estimates, we have: if « = (n — 1)/2 is an integer then £ = a+1
and for 0 < t < u,

‘m(ﬁ—&-l)(t)’ <0 max ‘a(il)(t)’ (u—t)*""2 (u+t)> '
T ditietiz=l+1 u® u
ia<a=f—1

if « = (n—1)/2 is not an integer then ¢ = [a] + 1 and for 0 < t < u,

—t a—~0—1 —t a—/{ ) ¢ a—j
u® u® i+j=1 u®
+C max ’a(il)(t” (u—1)*"" (utt)*7"
i1+iotig=0+1 u® u®
i2<[a]=0-1
('LL _ t)a—[a]—l
uoa—f—l .

D (0)] < Cla()]

<Cu 't l+C

In either case, we have

So, by Lemma 4.2,

Now (4.6) follows by (4.7).
This completes the proof of Theorem 1, assuming the validity of Lem-
mas 4.1 and 4.2. =

So, it remains to prove Lemmas 4.1 and 4.2.

Proof of Lemma 4.1. Using the transference theorem in [CF] and fol-
lowing the proof in [STW], one can easily verify that for f € HP(T") and
6>0d(p):=n/p—(n+1)/2,

o2(Hllzerny < CNF Lo crny-
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On the other hand, since
1+6 4
o= 2mtlk] _ (27t) S 5 —2rty <1 B @) dy.
Y

I(1+90) +
it follows that
_ 144 0
Bf)(a) = S Ve ()
0

which implies N
Py(f)(x) < od(f)(x)

and hence the inverse inequality

£ 1 e (rmy < No2 () Locrny-
This completes the proof. m

Proof of Lemma 4.2. First, we note that under the assumptions of Lem-
ma 4.2 the following is true:

lim m®(t) =0, i=0,...,¢,

t—o0

and
o

| Im @)t dt <00, i=0,...,L
0
In view of these last two facts, we obtain by integration by parts ¢ times

_1\—1 14
m(t) = % S mD (w)ut <1 — E) du.
/! 5 uj
The identity

(=t T (41) ¢t n
Tn(f)(z) = — | mD (ol (f) () du,  f € S(T™),
0

then follows. This completes the proof. =

5. Proof of Corollaries 2 and 3

Proof of Corollary 2. The lower estimate is obvious. For the proof of the
upper estimate, we let 7 be a C*°-function on [0, c0) such that n(t) = 1 for
0<t<1,and n(t) =0 for t > 2, and define for u > 0,

@ = (1 au(se,

keA
and for u <0,

Vu(£)(@) = ao(f).
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Then it is easy to show that
If = V(P < CEL(f,HY),  u>0.
For simplicity, we set
gj = Vopi-2(f), =2

Without loss of generality, we may assume R > 16, 22" < R < 22" with
m > 2, and {, f(x)dx = 0. Since

188 (f) = £l
—d < CEy
§ u+1 U C (f? )7
it is sufficient to show

R | Sa B
{ 1820) = Sl
u-+1

CEL(f, HY)

<C’§J w1 du.

(5.1) <

16
We have

m+1 2%

R\ Garm o
S 1S3 (f) = fllmn du < Z S If — gl Ju
u+1 , . u+1

16 ]:3 223_1

m+1 22

+Z S ;H u(f g])HHld’u,

J=3 92i—1

m+1 22

+Z S —H u(gj)_ngHldu,

Jj=3 927—1
=1+J+L.

For the first sum, we have
j —2

m+1 22’ ) m+12
recS( B ) S B,
o

9271 Jj=3 9273
¢ Bulf, HY)
<o B g,
5 u—+1

For the second sum, using Theorem 1, we have

m+1 m+122j R
. E.(f, HY) E.(f, H")
J<OY Vf—gllm<Cy | T du< O] =L du,
j=3 J=3 92178 !

To estimate the third sum, we first claim that for 227" <y < 2% and 7 >3,

(5:2) 152 (95) = g5l < Cu™?| Agy)l|
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where A = >0, (9/ dx;)? denotes the Laplacian on T™. For the moment
we take this last inequality for granted and proceed with the proof. Using
Bernstein’s inequality, we deduce that for 277 <y < 22]

— — _ 1
w2 Alg) | = AV (D)l <€ Cu2% |[Vypsa (f) |1
< Cu™ Vo2 ()l
Since ag(f) = 0, it follows that

272 272
uH | Vopi2 (Dl Su™t ) Vs () = Var (Nl < Cu™t Y By (f, HY),
=0 =0
where Ey 1(f, H') = Eo(f, H'). Then from (5.2) we get
212
Hsl(j(gj) - gj”Hl < Cu_l Z E2l*1(f7H1)7
1=0
and hence
m+1 2% 212 m+1 272
1
L<CZ S +1 ZE211f, )S 222] ZEzllf,
] 3 2] 1 :3
om— 12l 1
cZz—ﬂEQl W(f,HY<C Y g )du+CE0(fH1)
=3 91-2
CEJ(f, HY)
< ———— du.
<0\ w+13

Putting the above together, we prove (5.1) and hence the desired upper
estimate, assuming (5.2).

Now it remains to prove (5.2). To this end, let £ € C*°(R) be such that
E(x) =1 for 0 < |z|] < 1/2 and &(x) = 0 for || > 3/4. For simplicity, we

define '
P, = { Z cpe®™RT e C, || < u}

k| <u
Since
Gi = Vaai-2(f) € Py a2,
it follows that for j > 3 and 92! <u<2? we get g; € P2, and hence

(53 S2g)-gi= Y K _’5_’2> 1} (lfL!) (g)2h

|k|<u

=~ (gt

keA



A strong convergence theorem for H*(T™) 183

where )
1—12)e —1
m(t) = L0 " e

We note that m € C*°[0,00) and suppm C [0, 3/4]. Hence,

k mik-x
5o )ancatg et
keA

and (5.2) then follows by (5.4).
This completes the proof of Corollary 2. =

< Col|Algi) a1
H1

Proof of Corollary 8. By Corollary 2 and the Jackson inequality, we have

R NOt
LIS e,
log(R+1) 5 u+1
R 1 R -1
log(R—kl)0 u+1 log(R+1)0 u+1
W(f,1/10g(R+ 1)) 1°g“§+1) log(R+1)
- log(R+1) (u+1)2
R
NPEIATICLESL VR g
08 log(R+1) v

1
SC"J(f’ log(R + 1>>H1’

proving Corollary 3. =
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