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Abstract. Grafakos—Kalton [Collect. Math. 52 (2001)] discussed the boundedness of
multilinear Calderén—Zygmund operators on the product of Hardy spaces. Then Lerner et
al. [Adv. Math. 220 (2009)] defined Az weights and built a theory of weights adapted to
multilinear Calderén—Zygmund operators. In this paper, we combine the above results and
obtain some estimates for multilinear Calderén—Zygmund operators on weighted Hardy
spaces and also obtain a weighted multilinear version of an inequality for multilinear
fractional integrals, which is related to the classical Trudinger inequality.

1. Introduction. Multilinear Calderén-Zygmund theory is a natural
generalization of the linear case. In recent years, many authors have been
interested in these topics ([5], [6], [4], [20], [15], [13], [21], [3] and [23]). Mul-
tilinear singular integral operators have recently attracted more and more
attention. The class of multilinear singular integral operators with standard
Calderén—Zygmund kernels provides the starting point of the theory. So we
first recall the definition of multilinear Calderén—Zygmund operators.

DEFINITION 1 ([6]). Let 7" be a multilinear operator initially defined on
the m-fold product of the Schwartz space and taking values in the space of
tempered distributions,

T:R") x - x LR") - ' (R").
We say that T is an m-linear Calderon—Zygmund operator if for some 1 <
qj < 00, it extends to a bounded multilinear operator from L% x ... x Lim

to LY, where 1/qg = 1/q1 +---+1/qm, and there exists a function K, defined
off the diagonal x = y; = - -+ = y,,, in (R®)™*1 satisfying

T(fla .- 7fm)(x) = S K(ﬂj,yl, e vym)fl(yl) e fm(ym) dyy -+ - dym
(=0)m
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for all x ¢ ﬂ;nzl supp f;;
A

(11) K(yanlv--'ay )| S s
| S S T —

(1.2)
Aly; — yiIf
(O k=0 lyk — yi)mmte’

for some € > 0 and all 0 < j < m, whenever |y; —y| < 3 maxo<k<m |Yj — Yk|-

|K(y077y]77ym)_K(y077y;7)ym)| S

As in the linear theory, a certain amount of extra smoothness is required
for these operators to have such boundedness properties. We will assume
that K (yo,y1,...,Yym) satisfies the following estimates:

Aq
(1.3) 09009 K (yo, Y1, - - -+ Ym)| <
Yo Y » Y1y y dm (EZ?[ZO |yk‘ _ yl|)mn+|a|
for all || < N, where o = («,...,qy) is an ordered set of n-tuples of
nonnegative integers, |a| = |ag| + - - - + ||, where |o] is the order of each

multiindex «;, and N is a large integer to be determined later.

The initial work on these operators was done in [5], [6] by Coifman and
Meyer in the 70’s. Later on, the topic was taken up by several authors, in-
cluding Christ and Journé [4], Kenig and Stein [20], and Grafakos and Torres
[15]. This last work studied multilinear Calderén—Zygmund theory, includ-
ing the unweighted estimates of multilinear Calderén—Zygmund operators
in the weak and strong sense. Weighted settings were studied systematically
in [16]; it was shown that if 7" is an m-linear Calderén—Zygmund operator,
1/pr+---+1/pm = 1/p and pg = min{p;} > 1, then T is bounded from
LY x -« x L™ into LY, provided that the weight w is in the class A,,;.

In 2001, Grafakos and Kalton [I3] proved the boundedness of multilinear
Calderéon—Zygmund operators on products of Hardy spaces. They gave the
following result:

THEOREM A ([13]). Let1 < q1,...,qm,q < 0o be fized indices satisfying

1 1 1
— 4. —
q1 dm q
and let 0 < p1,...,pm,p < 1 be real numbers satisfying
1 1 1
e =
b1 Pm p
Suppose that K satisfies (1.3) with N = [n(1/p — 1)]. Let T be related to K
and assume that T admits an extension that maps LY x --- x L9 into L9

with norm B. Then T extends to a bounded operator from HP* x --- x HP™
into LP.
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Recently, the theory of weighted multilinear Calderén—Zygmund singular
integral operators was established in [21] by Lerner et al. New more refined
multiple maximal function

(f) = supH ’Q| S ’fz yz)‘dyz

was defined and used in [2I] to characterlze the class of Ay weights and to
obtain some weighted estimates for multilinear Calderén—Zygmund singular
integral operators. So let us recall the definition of A; weights.

For exponents p1, ..., pm, we will often write p for the number given by
1/p=1/p1 + -+ 1/pm, and p for the vector = (p1,...,Pm).

DEFINITION 2 ([21]). Let 1<p1,...,pm <o00. Given d=(wy,...,wn), set

T o/
_ P/DPj
—H“’j :

j=1

We say that & satisfies the Az condition if

O Sﬁ“pm)l/pﬁ(@ Ji” )/ <o

Qi=1
When p; = 1, (|Q|~ IS - p’)l/pg is understood as (infg w;) 1.

In particular, when m = 1, we note that A; degenerates to the classical
Ap, weight. Moreover, if m = 1 and p; = 1, then this class of weights coincides
with the classical A weights. It is well-known that if w € A, for 1 < p < oo,
then w € A, for all r > p and w € A, for some 1 < ¢ < p. We thus use
qw :=1inf{g > 1:w € A,} to denote the critical index of w. We will refer to
(1.4) as the multilinear Az condition.

A result in [21] can be stated as follows.

THEOREM B ([21]). Let T be an m-linear Calderén—Zygmund operator,
satisfying (1.1), (1.2), 1/p =1/p1+ -+ + 1/pm, let 1 < p; < oo and let &
satisfy the Ay condition. Then

m
(15) IT(F)e, < CTL il
i=1
Weighted estimates for a class of multilinear fractional type operators
were proved in [3] and [23]. These results together with [2I] answered an
open problem in [I7], concerning the existence of multiple weights for which
weighted estimates like (1.5) hold.
On the other hand, in 1989, Stromberg and Torchinsky in [25] defined
weighted Hardy spaces and obtained the boundedness of Calderén—-Zygmund
operators on them.
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We will use Garcia-Cuerva’s atomic decomposition theory [9] for weighted
Hardy spaces.

DEFINITION 3. Assume that w € A, with critical index ¢,,. Let [-] be the
greatest integer function. For s € Z satisfying s > [n(q./p—1)], a real-valued
function a(x) is called a (p, q, s)-atom centered at xo with respect to w (or
an w-(p, q, s)-atom centered at xg) if

(a) a € LY (R™) and is supported in a cube @ centered at xo;
(b) [lallLs < w(Q)l/q—l/p;
(C) SRn a(x)xa dx = 0 for every multi-index o with \a| < s.

When g = oo, LY will be taken to mean L* and || f||zee = || f]]oo-

THEOREM C ([9]). Letw € A;,0<p<1<gq<o0,andp # q. For each
f € HE(R™), there exist a sequence a; of w-(p,q,[n(qw/p — 1)])-atoms, and
a sequence \; of real numbers with Y |Ni[P < C|| fllp such that f =37 Nia;

both in the sense of distributions and in the HE norm.

In view of Theorems A and B, it is natural to look for weighted results
on multilinear singular integral operators acting on weighted Hardy spaces.
The first aim of this paper is to give such results. Our first result is as
follows:

THEOREM 1.1. Let 1 < q1,...,qm,q < 00 and 0 < p1,...,Pm,p < 1

satisfy
1 1 1 1 1 1
— + e — == and — e — = -
q1 dm q b1 DPm p

Let T be an m-linear Calderon—Zygmund operator such that K satisfies
(1.1)~(1.3) with N = maxi<i<m{[n((¢:)w/pi — 1)}, [(@i/pi — L)mn]}.
(i) Ifwe Ay N---NA,,, then

(1.6) 1Tz < CTT Il e
i=1
(ii) If w; € Ay for each i, then
(17) ITPleg, < T Ml
i=1

In order to state other results, let us first give some notations and defini-
tions. Denote by f the m-tuple (fi1,..., fim) and by I, the m-linear fractional

—

integral operator, and by M(f) the m-sublinear maximal function, defined
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as follows:
Lo(f)(@) = | file = 619) - finle — Gmy)ly|* " dy,

—

M(F)(z) = sup (QuN") Il = 010)| - o~ B .

where 0y, k = 1,...,m, are fixed, distinct and nonzero real numbers. Note
that if m = 1, then the above operators coincide with the classical fractional
integrals and Hardy—Littlewood maximal function.

In 1992, Grafakos [11] proved the LP! x --- x LP* boundedness for the
above class of multilinear fractional integrals I,,. He also proved two multilin-
ear versions of inequalities for multilinear fractional integrals related to the
classical Trudinger inequality. We give a weighted version of an inequality
in [I1]:

THEOREM 1.2. Let 0 < aw < n and s = n/a be the harmonic mean of
P1y---sPm > 1. Let B be a ball of radius R in R™, let fr € LE:(R™) be
supported in B, and for any x € B, let vz = [[;-, w,‘z/pk, vz(z) > 1, and
wi € As. Then for any v < 1, there exists a constant Cy(7y) depending only
onn, «, the 0;’s and v, such that

(1.8) é}exp( n 7( Lol fm) )njaﬂ@>d:¢

wn-1 \Ifallgzs -l fmllzzm

< Coly) T wn(B),
k=1

where L = [, |0x|"/P*.

REMARK. We note that if wi(z) = 1, then our result is the same as
Theorem 3 in [II]. We give an example of vgz: Let wi(x) = (1 + |x])?*,
ag > 0 (for each k); then g satisfies the conditions of Theorem 1.2.

Assume m = 1, wy = 1. Trudinger [26] proved exponential integrability
of Io(f) for @ = 1, and Strichartz [24] for other . In 1972, Hedberg [18]
gave a simpler proof for all a. In 1970, Hempel et al. [19] showed that if
v > 1, then (1.8) cannot hold for a = 1, and later Adams [I] got the same
conclusion for all «; in the endpoint case v = 1, (1.8) cannot hold either. In
1985, Chang and Marshall [2] proved a similar sharp exponential inequality
concerning the Dirichlet integral. For m > 2, wy = 1, the result was obtained
by Grafakos [I1] as already mentioned above.

2. Proof of Theorem 1.1. We need the following lemma:

LEMMA 2.1. Let 0 < p < 1. Then there is a constant C = C(p) such
that for all finite collections {Qr}}", of cubes in R"™ and all nonnegative
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functions g € L, with supp g C Q we have
m

CAVI D9y
k=1

where Qy, denotes the cube with the same center and 2v/n times the side

length of Qp, i.e. 1(Qr) = 2/nl(Qy).

The proof of this lemma can be easily obtained by replacing LP norm by

LE norm and (1/|Qk|) §, gx(2) dz by (1/w(Qk)) §o, gx(2)w dz in [13].
We will use the following facts:

1
S CH; 200 QSk gr(x)w(r) dr X g, L{',

(a) Let ¢ > 1 and w € A,. Suppose a is an w-(p, 0, s)-atom. Then
by the definition, a is supported in a cube Q, [lallee < w(Q)~ /P, and
{gna(y)y®dy = 0 for any multi-index a with |af < s. From [jafe <
w(Q)~YP we get

/
lallzg < (S la(y)|"w(y) dy>1 T < lafloew(Q)V < w(Q)Va VP,
Q

which means that a is an w-(p, g, s)-atom.
(b) From [10], we know that if w € A,, p > 1, then for any cube @) and
A> 1,

w(AQ) < CX"w(Q),

where C' does not depend on ) nor on A.
Now, we begin to prove Theorem 1.1. First, we consider case (i). Observe
that if each w; is in A,,, then

m
H Ap; C Ap,
i=1
sOwX - - XweE Az
We use the atomic decomposition of HE spaces. Since T is bounded from
L?™ x ... x L?™ into L?, and since finite sums of atoms are dense in HE, we
will work with such sums and obtain estimates independent of the number
of terms in each sum.
We can assume each f;, 1 < i < m, is a finite sum of HY'-atoms, f; =
>k Aik@i g, Where a; i, are (p;, 00, s)-atoms, which means they are supported
in cubes Q; 1 and |a; ;| < w(Qi,k)_l/pi. However, by the above fact (a),

(2.2) laikll g < w(Qy )P
(2.3) S a;p(x)zde =0, |of <s, s> n((¢)w/pi —1)].

Qi k
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Denote by ¢; 1, and [(Q; 1) the center and the side length of Q; 1, and let
Qi = 8y/n Q; . Employing multilinearity we write

(2.4) T(f) (@) =T(f1,- -, fm) (@)
—Z Z)\lkl Ao (@1 Ry 5 - Qo ) ().

For x € R™ and fixed kl, cee km, we estimate

T(f) ()] < L(x) + Ix(x),

where

= Z a Z Akl e [T (@1 Ry - -5 Qi) (2) X

A ) Y
Q11k1 mmemaknL

o) =3 Z\m Dot Tt @,
k1

First, let us discuss I;(x). For fixed ki, ..., ky,, assume that Ql,kl N---N
Qm k., # 0, since otherwise there is nothing to prove.

Suppose that Qs .., i* € {1,...,m}, has the smallest size among all
these cubes. We take a cube Gy, . 1, such that

Qi NN Qi € Ghyobin € Ghybey C Q1 N N Qi
and

W(Ghy,obm) = Cw(Qix i,n)-

Here ékl,...,km denotes the cube with the same center and 8y/n times the
side length of the cube Gy, . ...

By Holder’s inequality, Theorem B, and (2.2), we have

1
* _— T(a1 ks Amk,,) (@) |w(z)dz
e =P AT o) (@) (2)
Elseerkm
1

< G YW\ O,

S oG ’km)w( kit ) T (@1 ey - - s Q) (@) || L,

< Cw(Gy,.,.. k I/QHHaZkHL%

< Cw(Gry,oon) 1 H W(Qy g, ) /=i
i—1

< CHW(le, & —1/q; Hw Qz 1/Qi_1/pi _ CHW(Qi*&*)_l/pi'

i=1 i=1
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Using Lemma 2.1, we have

m
uhHLgch Zrml P [T@ir ) xa, |

=1

(Z‘)\zkw Qi* k;x )" 1/sz~k1 ,,,,, km)‘

(me Qe o) Pw(@) g, )|

<C

.':l

s
I
—

IA
Q
’,:13

AN RIS T R Ip
< CHH (Z |/\i,ki‘w(Qi*’ki*)*l/piw(m)l/pixékl 77777 km)‘ »

s
I
—

(Zl&kz Prw(Qi ke )™ lw(éi*,ki*))l/m

(Z Dok, ‘pz) 1/pi

Secondly, we estimate Iz(z). Let A be a nonempty subset of {1,...,m},
of cardinality |A|, so 1 < |A] < m. Let A° = {1,...,m} \ A. If A =
{1,...,m}, we define

(ﬂ ka) N ( N sz> =) Qi

m
::13

@
Il
MR

||
1 ::]3

€A 1€AC €A
Then
Ac{l,...m} €A i€ Ac
We set
Ba= (@) 0 (N G ).
€A 1€AC

For fixed A, we assume that the side length of the cube Q;4., i* €
A, is the smallest among the side lengths of the cubes Q;,, ¢ € A. Let
PCN; o (z,91,...,Ym) be the Nth order Taylor polynomial of K (z,y1,...,Ym)
with respect to the variable y;« at the point ¢ g, .
Since a;« k.. has zero vanishing moments up to N, by (1.3) we get
m
T somp)@ = T e § am k. i)

(Rn)m—1 =1, i7" Rn

X (K(x7y17"'7ym) - PC]X‘,ki* (x’yla" ’ym))dg



Multilinear Calderén—Zygmund operators 9

m

<C S H |ai e, (yi)| S (@i o (Wi )| |yir — Civ A
(Rr)m—1 i=1,izi* R
m —mn—N-—1
<(lo=el+ > -yl a7,
j=1,j#i*

where £ is between y;« and ¢« .. .

For x S (ﬂiEA Qlc7kz) N (mieAC QiJ%‘)a

1
|SC — S ’5 - Ci*’k‘i*| = §|CU - Ci*uki*|

since x ¢ szl*
Similarly, |z — y;| > %\az — Cik,| for yi € Qig,, i€ A\ {i*}.
Note the following two facts:

(c) If a is an w-(p, 00, s)-atom supported on a cube @, and M > n, then
for any positive number b and ¢ € R",

1

— dy.
T

|a(y)| n, —1/p
S Gy g =@ |

(d) By the definition, for w € A, we have
(Yo ay) <clp(fuw)ds)

Q Q
Using Hélder’s inequality, (2.2) and (c¢)—(d) we obtain

PR
SCH(H%&M@( | w_qg/Qi)l/qi>’Qi*7ki*’(N-l—l)/n

i€A Qi k,

1
(3 k-l

> —mn—N—1+n(m—|A|)
€A

<CH( Qi) l/q@ 1/p,( S wl_‘%)(% /qz)|Q e |(N+1)/n

€A Qiyki
— e .\ 1/pi
X (Z ‘x Cz,h’) H W(Ql,ki)
icA icAe
< C T (@i 5P| Qy e | (Qi ) ™ 44) | Qi e | NI/
€A
H w(Qig,) /P

X (Z |z — Csz)

€A 1€AC

W(Qi’ki)*l/pi

i€AC

—mn—N—1+n(m—|A|)

—mn—N—14+n(m—|A|)
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<CH (Qik) P 1Qi g )| Qi oy | N HI

€A
—mn—N—14+n(m—|Al)
X (Z ‘m - Ci,kz‘|> H w Qz k l/pl
€A i€ AC

Since Q;+ k. is the smallest cube among {Q; r, }ica, and = € (;cgc Qi k> We
get

[Tt ks -+ k) ()]

2

<CH Qi) 7| Qu| Qi | TT w(@ix) 7
€A (1 — o +1Que))" AT e
N7+

<CH sz 1/pl|sz:||sz|

(1 = €] + 1Qik))™ T
Hence, by Minkowski’s inequality and Holder’s inequality, we deduce that

1Bl < c] |
m N l/ -
W(Qi k)~ /P Qs ;| |Qi |”‘A|
x> NI XEa
Ac{t,myi=1 (|7 = ¢ | + 1(Qik;)) AT L%
Qi) P Qup 1Qups|
ik &k | Wik | "
<o % [I(Ema e e
Ac{1,.. i=1 (lz = i | + U Qig,)) " T4 Ly,
W( Qi)™ VP!QMHQMW .
<C ). H Z\ e w(@) P X
Ac{1,...,m}i=1 (|$—Czk\+l(sz)) \AI LPi

Qi) P Qi Qa1 AL
<0H<ZIM ) MG QL i |7 )
(lz = cig,| +1(Qik,))" T4 Lri

where we used the p;-subadditivity of the LP: quasi-norm. So we only have
to estimate

N+1 .
w(Qik) Qg 7| Qg [T

Jii=  Nt1. XEa (l')w(l‘) dx.
g (|2 — ¢ | + Z(Qi,ki))npﬁmpl
If i € A, then
N (Qie) M Qi 1 |7 | Qi | AP
Jl S C Z S w Z,ki ’L,ki Z,ki w(w) dw

B
j:1 QjQi,ki\2j_1Qi,kz‘ (’x B civk’i’ + Z<Q74:kz))npl 141 P
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Ji0).
< Cw(Qik) MQik P 1Qik, |n\A|pl Z w(27 Qi k;)

= (27 Qi ll/n)npﬁr%pi

< Cw(Qik:) Qi [P Qig |n\A|pl Z anqu(Qik )
Jj=

_ 2(.7 1)(”177,“” |A\ pl |Q |Pi+%pi

<C.
To show the last inequality, we used N > mn(q;/p; — 1) — 1. If i € A, then
(Qu) Qi 7| Qi | 7

Ji<C S ks Lk ZJ%_i_ NIl
npi+aPi
Qik, (Jz — Ci,ki| + Z(lekz)) perary

w(x)dx

w(Qi ;)

N1
(’Q(L7k1’1/n)npz+ TA] Pi

-1 pi Mt
< Cw(Qiky) Qi k [P1Qi ;| ™ <C.

Thus we have
- N L/pi
12l p < CTT(C Do)
i=1 kK

In conclusion, summing the estimates for I; and I, and taking the limit,
we obtain

m
T, < CTTUFN e
i=1
This completes the proof of Theorem 1.1(i).
For (ii), the procedure is similar; we only show the differences.

For I (x), we take a cube Gy, . k,, such that w;(G, .. k) = Cwi(Qi* k)
for each ¢. Thus

1
[ — T(a1ys---»mk,,) (@) |vg(z) de
G g V[Tt J@ra(o)
Loookm
<C’VW(CTY]§17 Lk 1/qH”aZk Hqu

<H|Gk1, o | /%Ieessmf wi( 1/%) Hw Qi 1, )V/ai=1/pi

= 7€Gk.,
< C(H Wi(Ghy ... lom 1/Q1> Hw Qi 1/(11'—1/171' < CHW(Qi*,ki*)_l/pi-
=1 i=1

Hence, by Lemma 2.1,

m
INlzg, < |32 D2 Ml Pl [T 1(Qin ) x5, |
k1 km i=1

p
Ly
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,,,,,

< CTT) (3 o for(@ee ) st x|
=1 k

i

< Cﬁ(Z \Ai,kiv’i)l/pi.
i=1 k

i

For I1(x),

Z

+1
Al

Wi (Qik) VP Qi k| 1Qik |
‘T(al,/ﬂv'--,am,km)(x” < CH ( ’ ’ 4 NL
i=1 (|2 =g | +UQik,)) T4

and so
TRIPRELS DR il AW
k1 Em
N+1
- wi(Qi,ki)_l/pi‘Qi,ki‘ ’Qi,ki’nlA‘
X Z H n N1 XEa
I,

acit,.myi=1 (| —cig| +1UQix,)) " ™

< Cﬁ(Z Mi,ki|pi)1/pi.
=1 &

This completes the proof of case (ii).

REMARK. It is worth noting that our assumptions in Theorem 1.1 are
in a sense natural ones. In fact, if we want to show the estimate

1T e, < CTTS
=1

using the same procedure as in the proof of Theorem then we have to
replace w with vz in (%), and get

1
| T (@us e ) (@) () da

m
-1
< Cvg Gy, o) M H lai kg
i=1
So, we must require

m
5(Grct) 0 < Co [ TG )
i=1
However, by using Hélder’s inequality, we know

H wi(Gk1,-..7km)_1/qi < Z/U_J’(Gkh..-,km)_l/q‘
1=1
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So, if Cy =1, we get
[wi(Grroon) ™% = v3(Giy o),
i=1

and hence we obtain cijw; = -+ = ¢pwy, (see [12, p. 10]). For convenience,
we assumed ¢; = -+ = ¢, = 1 in case (i) of Theorem 1.1. Another possibility
for the case Cp > 1 is the assumption in Theorem 1.1(ii).

3. Proof of Theorem 1.2. We follow the proof of Theorem 3 in [11].
We only need to prove Theorem 1.2 for R = Ry with a constant C{(),
since if we can do this, we obtain it for other values of R with constant
Ch(v)(R/Ro)"

Let Ry = 1/P, where P = 2min|0;|~!. We assume that the radius of B
is Ry. Without loss of generality, we assume that fi > 0 and || fx]| e = 1.

Now, fix € B. The following estimate is known from [11} p. 53]:
31 L@ <M+ | [ fele - 0)lyldy.
ly|=0

Since all fj are supported in the ball B and = € B, the integral in (3.1) is
over the set {y : § < |y| < PRy = 1}. For any = € B with vg(x) > 1, we
deduce by Holder’s inequality that

VT fele = Orw)lyl® " dy

§<lyl<1 k=1
/ / /s

<(§ oy an) " ( § Qo ay)’
o<|yl<1 o<]y|<1

<( ] Tty st —owdy) (] (o)== dy)
§<ly|<1 k=1 s<lyl<t

<TI( | Gile—bprnte —owyan) ™ ( § lol™"av)
k=1 6<ly|<1 s<lyl<1
SL_ll_[kaHLglz< | \y!_”dy);=L‘l(wn_1ln§)n.

k=1 §<lyl<1
Thus we have

(3.2) I (f)(x) < C8*M(f)(z) + L~ <wnlln ;)
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Picking § = 1, we get Io(f)(z) < CM(f)(x) for all z € B. Hence

-

6 = e(La(f)(@)(CM(f)(x) )"
will satisfy § <1 for all € < 1. Thus using (3.2), we obtain

[e3

B . o )N\
L)) < comar(i) + o7 (=t (GO ) T

Simple computation gives

W — - n/(n—o CM(f)(z))™™
3.3) L (L) @)y ) < EDITE
" () () /o
where v = (1— €)™/ (=) We multiply both sides of (3.3) by 3, exponenti-

ate and integrate over the set By = {zx € B : I4(f)(r) > 1}. Using wy € A;
and denoting the Hardy—Littlewood maximal function by M, we obtain

J exp (2t (LI (F) (@) Vi5(2) ) da

By
1 M) @) T W™ Cue e oo
<= ) @ de < = Bgl(M(f)(x)) [T wr(z)*/P da
< % S ﬁ Pk/s 2/;,,,C Hwk(x)s/pk dx
B1 k=1

< % ﬁ( S Pk/S Soop () dm)S/pk
k=1 B;

C < s 2 C: i L/s s/Pk
< IO g, )™/ = 2 TL(§ 02 @) (o) d)

k=1 k=1 31

= (Sf (@)anla) dar) " = 2 ankum

Using the same method over the set Bo = B\ B, we easily obtain

(3.4) | exp (w"‘l

Bs

w<L1a<f><x>>"/<”>a@<x>) dx

< en/wn_an/(n—a)ﬁD<B2) < Oy H‘fo(BQ)S/pk = (.
k=1
Combining the integrals over B; and Bs, we get the required inequality
(1.8) with a constant C{(y) = max(Cs, Cy)(1 + (1 — y(n=e)/nyy=n/a and
Co(7) = Cg Tty wi(Ba2) ~*/P.
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