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Distances to spaces of affine Baire-one functions
by

JIRf SPURNY (Praha)

Abstract. Let E be a Banach space and let B1(Bg+) and 21 (Bg~+) denote the space
of all Baire-one and affine Baire-one functions on the dual unit ball B+, respectively. We
show that there exists a separable Li-predual F such that there is no quantitative relation
between dist(f, B1(Bg+)) and dist(f, 21 (Bg+)), where f is an affine function on Bg«. If
the Banach space FE satisfies some additional assumption, we prove the existence of some
such dependence.

1. Introduction. If K is a compact (Hausdorff) space, we write C(K)
for the space of all real-valued continuous functions on K and M(K) for
the space of all signed Radon measures on K. (By a Radon measure we
mean a complete measure that is inner regular with respect to compact
sets and is defined on a o-algebra including all Borel subsets of K. A signed
measure is Radon if the total variation |u| of  is a Radon measure. We refer
the reader to [9, Section 416] for more information on Radon measures.)
Let M!(K) denote the set of all Radon probability measures on K. We
always consider M(K) endowed with the weak* topology. We say that a
function f : K — R is universally measurable if f is y-measurable for every
p € MYK). We denote the space of all bounded universally measurable
functions on K by U°(K).

If X is a compact convex subset of a real locally convex space, let A°(X)
and A¢(X) denote the spaces of all bounded affine functions on X and con-
tinuous affine functions on X, respectively. Any p € M!(X) has its unique
barycenter r(u) € X, i.e., the point x € X satisfying f(z) = p(f) for any
f € A%X) (see [1, Proposition 1.2.1]). We sometimes say that p repre-
sents x. A function f : X — R is strongly affine (or satisfies the barycentric
formula) if f is universally measurable, u(f) exists and f(r(u)) = wu(f) for
any p € MY(X). We write 2p¢(X) for the space of all strongly affine func-
tions on X (i.e. functions satisfying the barycentric formula) and recall that
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it is easy to see that any strongly affine function is affine and bounded (see
the proof of [13| Satz 2.1(c)]).

By a result of B. Cascales, W. Marciszewski and M. Raja [5, Propo-
sition 4.1], dist(f,C(X)) = dist(f,A%(X)) for any f € A*(X). If E is a
Banach space, its dual unit ball Bg+ endowed with the weak™ topology is an
example of a compact convex set. Given an element x** € E** let f denote
its restriction to Bg-. By the fact above, dist(f,C(Bg~)) = dist(f, A°(Bg+))
(see [Bl, Corollary 4.2]).

As a further step, a paper [2] by C. Angosto, B. Cascales and I. Namioka
investigates how to measure distance of a function to the space of Baire-one
functions. Let us recall that, given two topological spaces K and E, the
space Bi(K, E) consists of all mappings f : K — E that can be obtained
as the pointwise limit of a sequence of continuous mappings from K to FE.
If £ =R, we write B1(K) for Bi(K,R). If f: K — E is a mapping from a
topological space K to a metric space E, f is said to be e-fragmented if for
any closed set ' C K there exists a relatively open nonempty subset U of
F such that diam f(U) < € (see [2, p. 105]). Then frag(f) is defined as

frag(f) = inf{e > 0: f is e-fragmented}

if such an ¢ > 0 exists, and frag(f) = oo otherwise. If f : K — R is a
function on a metrizable compact space, it follows from [2, Corollary 2.6]
that dist(f, B1(K)) = 3 frag(f).

If X is a compact convex set, let 2;(X) stand for the space of all point-
wise limits of sequences of functions from 2A¢(X). By |20, Théoreme 80] (see
also [7, p. 611]), B1(X) N2A*(X) = A;(X), and any function in 2;(X) is
a pointwise limit of a bounded sequence in A°¢(X). If f € A*(X), following
the result on continuous functions we might ask whether dist(f, B1(X)) =
dist(f,241(X)). The aim of our paper is to present an example that disproves
this. (We recall that a Banach space is an Li-predual if its dual is isometric
to a space L'(p) for a suitable measure y; see [7, p. 625].)

THEOREM 1.1. There exists a separable Li-predual E with the following
property: for any € > 0 there exists ©** € Bpg« such that the function
[ =a"|B,. satisfies

o f is strongly affine,
o dist(f,Bi1(Bg+)) < ¢,
o dist(f,2(Bg)) > 1/2.

If an Li-predual F satisfies an additional topological condition imposed
on the set ext Bg+ of all extreme points of its dual unit ball Bg+, we ob-
tain a quantitative relation between the distance to Baire-one functions and
the distance to affine Baire-one functions. We recall that a subset H of a
topological space K is said to be an H-set (or a resolvable set) if the char-
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acteristic function g satisfies frag(xm) = 0 (see [14], §12]). We recall that
a mapping f : K — E between two topological spaces is Baire measurable
if f~1(U) is a Baire subset of K for any U C E open.

THEOREM 1.2. Let E be an Li-predual such that the set of extreme points
of the dual unit ball is a Lindelof H-set in the weak” topology. Let x** € E**
and f = x**|p.. If

e F is separable, or
e f is Baire measurable,

then dist(f, Aq (BE*)) <5 diSt(f7 B (BE*))

We remark that, for a separable space F, the topological condition im-
posed on ext Bg= is equivalent to ext Bg« being of type F,. This can be seen
from the following two facts: a subset of a compact metrizable space is an
H-set if and only if it is both of type F, and Gs (use [14, §26, X] and the
Baire category theorem); the set of extreme points in a metrizable compact
convex set is of type Gs (see [I, Corollary 1.4.4]).

We also point out that the topological assumption in Theorem is
satisfied when ext B~ is an F,; set. To see this, we first notice that ext B«
is then a Lindelof space. Second, we need to check that ext Bp« is an H-set
in Bp+. To this end, assume that F' C Bg-+ is a nonempty closed set such that
both F'Next Bg« and F' \ ext Bg~ are dense in F. By [25, Théoreme 2], we

can write
x

ext Bg» = [ (Hn UVa),
n=1
where H,, C Bpg+ is closed and V,, C Bpg+ is open, n € N. Thus both
F\ ext Bg= and F Next Bp+ are comeager disjoint sets in F', contradicting
the Baire category theorem. Hence ext Bg~ is an H-set.
The following result presents a condition of a different type that still
yields a conclusion similar to that of Theorem

THEOREM 1.3. Let E be a Banach space not containing ¢*, x** € E**
and let f = x**|p,.. Then dist(f, %1 (Bg+)) < 2dist(f, Bi(Bg~)).

If E above is assumed to be separable, any element x** € E** is in
2, (Bg+) when restricted to B« (see [18] or [3l Theorem II.1.3]) and thus
the inequality is vacuously satisfied (the author would like to thank M. Raja
for this important remark).

We also present a variant of [2, Theorem 2.5] for nonmetrizable compact
spaces needed for our purposes.

THEOREM 1.4. Let K be a compact space and f : K — E be a function
from K to a Banach space E.
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(a) 3 frag(f) < dist(f, Bi(K, E)).
(b) If f is Baire measurable, then dist(f, B1(K, E)) < frag(f).
(c) If f is Baire measurable and E = R, then dist(f, B1(K)) = % frag(f).

Our construction of a separable Lq-predual in Theorem [I.1]is based upon
the notion of a simplicial function space. We recall that, given a compact
space K, a function space H is a subspace of C(K) that contains constants
and separates points of K. We use the construction from [23] to get the
desired example of Theorem

Throughout, we follow the notation and definitions from [23].

We just recall that, given a function space H on a compact space K, the
state space S(H) of 'H is defined as

S(H)={seH": ||s]| =s(1) =1}.

If S(H) is endowed with the weak* topology, it is a compact convex set.
The space K is homeomorphically embedded into S(H) via the evaluation
mapping ¢ : K — S(H) defined by

¢(x)(h) =h(x), heH,zeK.
We denote
UK)NH = {f eUP(K): p(f) =0 for all pe H*}

and X = S(H). Let 7 : M!Y(K) — X denote the restriction mapping. It
follows from [23] Theorem 2.5] that the formula

(LY Ifs)=plf), ww)=sseX, [feU(K)NH,
defines an isometric isomorphism I: U*(KC) N HA+ — Ape(X). Moreover,
I(BY(K)NH ) = BY(X) NApe(X), € [0,w).

To illuminate relations between compact convex sets and Banach spaces,
let us recall the following facts. If X is a compact convex set and £ = °(X),
the state space S(A¢(X)) is affinely homeomorphic to X via the evalua-
tion mapping ¢. The dual unit ball Bg- equals co(¢(X) U —¢(X)) and
the weak topology on E coincides with the topology of pointwise con-
vergence on 2¢(X). Any function f € A°(X) has a unique extension to
E* = span ¢(X). This provides an identification of E** with 2°(X). More-
over, the weak®™ topology on E** coincides with the topology of pointwise
convergence on A°(X).

A compact convex set X is a simplex if A°(X) is an Lj-predual
(for more information on simplices, see [I, Chapter II, §3], [4, Section 2.7],
[6, Chapter 6, §28], [7, Section 3|, [I5, Chapter 7, §20], [I9, Chapter 10] or
[21, Chapter 6, §23]).

If E is a Banach space, a function f : Bg+« — R is the restriction of an
element of E if and only if f € A°(Bg~) and f(0) = 0.
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2. Construction of function spaces. We use the construction of a
function space from [23, Section 5]. For a fixed natural number m > 1,
let Ho,...,Hmn be the simplicial function spaces on the metrizable com-
pact spaces Ky, ..., K, constructed in [23, Inductive construction 5.2]. Let
{Fy: s ¢ NN}y and F,, = {F,(k): k € N}, n = 0,...,m, be the objects
defined there.

We recall from [23, Lemma 3.3] that {Fy: s € NN} is a family of sets
in Ky = [0, 1] with the following properties:

(a) Fy = Ko,

(b) {Fsnn, : n € N} is a disjoint family of nonempty nowhere dense
perfect subsets of Fj,

(¢) U{Fsrn : n € N} is dense in Fj,

(d) diam F, < 27 G1H+81a) g e N<N,

We further demand that the family {Fs : s € N<N} satisfies the following
stronger version of (c):

(e) both {Fyr, : n odd} and {Fyn, : n even} are dense in Fy, s € N<N,

This family is used in [23, Inductive construction 5.2] for an inductive
construction of function spaces with increasing complexity. Roughly speak-
ing, the construction proceeds as follows.

We take the sets of the first level in Ky, i.e., {F,,: n € N}, and create a
new compact space K7 by adding to Ky two copies of each F,,. We imagine
each point of Fj, to be the average of two points “above” and “below” and
encode it in the definition of the new function space H; on Kj. For each
set F),, we consider the sets of the second level {F,,r;: k € N} and transfer
them into the just created copies of F;,. These new sets form the family F;.

The second step splits up the sets from F; and transfers the sets {Fj:
|s| = 3} of the third level into them. Proceeding inductively, we create
function spaces H,, on compact spaces K,,, m =0,1,....

LEMMA 2.1. The following asertions hold:

(a) Hp is a simplicial function space with Ac(Hp) = Hum,
(b) K \ Chye,, K = UpZg U Fa-

Proof. Assertion (a) follows by inductive use of [23] Lemma 5.1(c),(e)],
and (b) from [23, Lemma 5.1(d)]. =

Let 6 = (2m + 1)L

DEFINITION 2.2. We define inductively a function fp,: K, — [—1,1]
such that f,, is constant on each element of F, for every n € {0,...,m}.
The definition is as follows:
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e For x € K, we set
f - 0, x € Fg,s € Nis odd,
m@) =115 e Ko\ U{F, : 5 € Nis odd}.

e Assume that f,, is defined on each Ky,..., K, for some n € {0,...,
m — 1}. Let F,, = {F,(k): k € N} be the enumeration of the family
Fn and let a, (k) be the value of f,,, on F, (k). Let

F(Sak7+)7F(S7kvi)a kENa SGN”+2,

be as in equations (8) of [23, Inductive construction 5.2]. Let Ng;dQ
denote the set of all sequences s € N2 with 5,49 odd. Then we
define the function f,, for

2 € Knp1 \ Kn = | (Fu(k) x {1/k}) U (Fy(k) x {~1/k})
k=1
fm(x)
an(k) +26, o€ U{F(s,k,+): s € N2},
) k), € (Fu(k) x {1/k}) \U{F (s, k. +): s € NI{Z,
an(k) — e U{F(s,k,—): s € Ngc-li_d2 )
an(k), z € (Fu(k) x {=1/k}) \U{F(s,k,—): s € NI P}

LEMMA 2.3. The function fy, from Definition[2.2] has the following prop-
erties:

( ) m(Km) - [_171]7

(b) frag(fm) = 24,

(¢) fm € B3(K, )ﬁHlL

(d) dist(fm, B} () N HED) > 1/2.

Proof. To verify (a), we notice that Definition yields the following
fact: The greatest value of f,,, is d +20m = 1 and the least value of f,, is
-0 —26m = —1.

To prove (b), we note that K, can be written as

(21) m—KOUU n\Knl

We show that f,|x, and fm‘Kn\Kn_p n = 1,...,m, are 20-fragmented.
Obviously, fm|k, is 20-fragmented. If n € {1,...,m}, K,, \ K,_1 can be
written as a countable union of clopen subsets of K, such that the restriction
of f,, to each of them is 2)-fragmented. Let FF C K, be a closed set and
e > 2. If FF C K, it is easy to find a relatively open subset of F' with
diam f,,(U) < e. Otherwise we find the greatest index n € {1,...,m} such
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that F N (K, \ K,—1) # 0. Since K,, \ K,,—1 is an open subset of K, 1,
there exists a relatively open subset U of F with diam f,,(U) < e. Hence
assertion (b) follows.

We start the proof of (c¢) by observing that it is enough to show that the
restriction of f,,, to any member of the partition from is a Baire-two
function. This is easy on Ky and, as above, we find that every K, \ K,,_1,
n = 1,...,m, is a countable union of clopen subsets of K, and that the
restriction of f,,, to each member of this family is a Baire-two function.

For the second part of (c), the function f,, is in A(H,,) by inductive
use of [23, Lemma 5.1(f)]. Indeed, fi|k, € A(Ho) obviously. By Defi-
nition fml|K, satisfies equations (6) of [23] Key step 5.1], and thus
fmlr, € A(H1) by [23] Lemma 5.1(f)]. Proceeding inductively, we verify
that fi|k, € A(Hy) for every n € {0,...,m}. Since H,, is simplicial, [23]
Theorem 2.6(b2)] yields

fe (AC(Hm))LL = H’VJ;],J"
To show (d), let g € BY(K,,) N Hyt be arbitrary. We fix e € (0,6) and
inductively find F;, € F,,, n =0,...,m, such that
olg—fm|>(n+1)§—3"on F,,n=0,...,m.

For n = 0, we find = € K, such that g|k, is continuous at z( (see
14, §27, X]). Let U C Ky be a neighborhood of x such that diam g(U) < e. It
follows from properties (d) and (e) of the system Fy and from Definition [2.2]
that there exist F, F’' € Fy such that FUF' Cc U and f,, = § on F and
fm = —6 on F’. Hence it follows, by distinguishing the cases g(x) < 0 and
g(x) > 0, that there exists Fy € Fy such that |g — f| > 6 —e on Fp.

Assume now that the construction has been completed up to the nth
step for some n € {0,...,m — 1}. Hence we have F,, € F,, such that
(2.2) lg — fm| > (n+1)§ —3" on F,.

Let k € N be the index of F,, in F,; that is, F,, = F,,(k). Let a,(k) denote
the value of f,,, on Fj,(k). Then
(Fn(k) x {1/k}) U (Fa(k) x {=1/k}) C Knj1 C K.

We find x = (z,0) € F, (k) such that (z,1/k) is a point of continuity of
the function g‘Fn(k)X{l/k:}
CASE 1. Assume first that
g(x,1/k) € (=00, an(k) —nd) U (an(k) + (n + 2)d, 00).

If g(x,1/k) € (—00,an(k) — nd), we find a neighborhood U of z in F, (k)
such that the same holds for all elements of U x {1/k}. By Definition
and properties of F,,+1 described above, there exists a set Fj,+1 € F,+1 such
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that F,41 C U x {1/k} and
fm—9g=an(k)+20 —g>an(k) +20 — (an(k) —nd) = (n+2)d on Foiq.

Analogously, if g(z, 1/k) € (an(k)+(n+2)d, 00), again we find a neighbor-
hood U of z in F},(k) such that the same holds for all elements of U x {1/k}.
By Definition and properties (d) and (e) of F,41, there exists a set
Fo4+1 € Fpt1 such that F,, 3 C U x {1/k} and

g— fm =9 —an(k) > an(k)+ (n+2)0 —an(k) = (n+2)6 on Fq.
This finishes the inductive step in this case.
CASE 2. Assume now that
g(x,1/k) € [an(k) — nd, an(k) + (n 4+ 2)d].
Let U be a neighborhood of x in F, (k) such that
—3"e+an(k) —nd < g <ap(k)+(n+2)0+3" onUx{1/k}.
Let y = (y,0) € U be such that (y,—1/k) is a point of continuity of
9l (k) f—1/ky- We see from that
19(y,0) = fn(y, 0)] > (n +1)6 — 3".
CASE 2a. Assume first that
9(y,0) < fin(y,0) = (n+1)0 + 3"c = an(k) — (n +1)6 + 3"«.
Since g is Hp-affine, [23], equations (6) in Key step 5.1] yield
9(y, —1/k) = 29(y,0) — g(y, 1/k)
<2ap(k) —2(n+1)6+2-3" — (=3"¢ + an(k) — nd)
=an(k) — (n+2)0 43" e

By the continuity of g|r, (x)x{—1/x} at (y, —1/k), there exists a neighborhood
V of y in F, (k) such that V C U and

g<an(k)—(n+2)5+3""e onV x {-1/k}.

By properties of F,41 and Definition there exists Fj,11 € Fp11 such
that F,41 C V x {—1/k} and

g<ank)—(n+2)5+3"e=f,—(n+2)0+3" e  on Fuyq.
This finishes the inductive step in this case.
CASE 2b. If
9(y,0) > fin(y,0) + (n+1)d — 3" = a, (k) + (n + 1)d — 3",
[23, equations (6) in Key step 5.1] give
9(y, —1/k) = 29(y,0) — g(y, 1/k)
> 2an(k) +2(n+1)0 —2-3" — (an(k) + (n+2)6 + 3"¢)
= a, (k) +nd — 3" e,



Distances to affine Baire-one functions 31

By the continuity of g|r, (x)x{—1/x} at (y, —1/k), there exists a neighborhood
V of y in F,(k) such that V' C U and

g>an(k)+nd—3""e  onV x {-1/k}.
By properties of F,,4+1 and Definition there exists F,,+1 € Fn+1 such
that F,41 C V x {—1/k} and
g > an(k) +nd —3"e = f, + (n+2)5 —3"e  on Fuir.
The inductive step is finished also in this case.

After the mth step of the construction we obtain a set F,, € F,, such
that

lg = fm| > (m+1)0 —3™e  on F,.
Thus

m—+1 1
— fm 1)0 —3"e = —3Me > = —3™Me.
lg — fmll > (m+1)6 —3™e ST 35_2 3Me
Since ¢ € (0,6) is arbitrary, ||g — fi|| > 1/2. Hence dist(fm, BS(Kmn) NVHEL)
>1/2.

3. Auxiliary results

LEMMA 3.1. Let ¢ : X — Y be a continuous surjection of a compact
space X onto a compact space Y and let g 1Y — Z be a function from'Y to
a metric space (Z,p). Then frag(g) = frag(g o ¢).

Proof. 1If frag(g) = oo, then frag(g o ¢) < frag(g). Assume that
frag(g) < oo and let € > 0 be such that g is e-fragmented. If ' C X is
a nonempty closed set, let W C Y be an open set intersecting ¢(F') such
that diam g(W N ¢(F)) < e. Then diam(g o ¢)(F N Y(W)) < ¢, and thus
frag(g o ¢) < frag(g).

To prove the opposite inequality, assume that frag(goy) < co. Let € > 0
be such that g o ¢ is e-fragmented and let H C Y be a nonempty closed
set. Using compactness and Zorn’s lemma, we find a closed set F' C X such
that o(F) = H and F is a closed set which is a minimal set (with respect
to inclusion) with this property. Let U C X be an open set intersecting F'
with diam(g o )(U N F) < e. Then H \ ¢(F \ U) is a nonempty relatively
open subset of H (it is nonempty by the minimality of F') satisfying

diamg(H \ o(F\U)) < e.
Hence frag(g) < frag(g o ¢), which concludes the proof. =

LEMMA 3.2. Let K be a metrizable compact space and let f € U°(K).
If T+ By — R is defined as f(u) = p(f), p € Buygre)» then frag(f) =
frag(f).
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Proof. Let € > %frag( f) be arbitrary. Using [2, Corollary 2.6], we find
a function g € Bi(K) such that || f — g|| < e. Without loss of generality we
may assume that ||g|| = || f||. If g : Byx) — R is defined as
g(w) = u(g), 1€ Baxkys

then || f — g|| < &. Hence dist(J, Bi(Bm(k))) < €, and thus % frag(f) < e. It

follows that frag(f) < frag(f). Since the opposite inequality is obvious, the
proof is complete. u

LEMMA 3.3. If 'H is a function space on a metrizable compact space K
and f € UP(K) N'HYL, then frag(f) = frag(If).

Proof. Let € > frag(f) be arbitrary. If f: MY (K) — R is defined as

Flp) = ulf), neMY(K),

then frag(f) < by Lemma Since 7 : M!(K) — S(H) is a continuous
surjection, Lemma gives frag(If) < e. Since ¢ > frag(f) is arbitrary,

frag(If) < frag(f).
The opposite inequality follows from the fact that I[fo¢p = f. =

The following fact is a variant of the argument in [19] p. 88].

LEMMA 3.4. Let f: X — R be a convex function on a compact convex
set X such that frag(f) < oo. Then f is lower bounded.

Proof. Without loss of generality we may assume that 0 € X. Assume
that there exists a sequence {x,} of points in X such that f(z,) — —oo.
We consider the set

{)\€£1 Z)\ <1, X )>Of0reachn€N}

with the weak* topology (as usual, the space ¢! is identified with the dual
space of ¢p) and a mapping ¢ : S — X defined by

A) = Z A(n)x,, AeS.
n=1

Then ¢ is a continuous affine mapping and, by Lemma
frag(f o @) = frag(fl,(s)) < frag(f) =n < oo.

Since S is metrizable, [2 Corollary 2.6] yields the existence of a function
g € B1(S) with ||[fop—g| <n+1.

By [14, §27, X], g has a point of continuity, and thus there exist a
nonempty open set U C S and C € R such that ¢ > C on U. We pick
A €U and find t € (0,1) with tA € U. If e,, n € N, denote the standard
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basic vectors in ¢!, then e, — 0, and thus t\ + (1 — t)e, € U for all but
finitely many n € N. For these indices, we obtain

C—n—1<g(tA+(1—t)en) —n—1=<(fop)(tA+ (1—t)en)
< tf(p(A) + (1 —1)f (zn).

This contradiction finishes the proof. =

We will need the following quantitative version of [7, Proposition 2.19].
We recall that {* and {_ denote the upper and lower integral, respectively
(see [8, 1331)).

LEMMA 3.5. Let f: X — R be an affine function on a compact convex
set X and p € MY(X). Then

Fr(u) = frag(f) < fdp <\ fdp < f(r(w) + frag(f).

Proof. 1f frag(f) = oo, the inequalities obviously hold. Otherwise we
may assume by Lemma that f is bounded. Let x denote the barycenter
of u. We start the proof by fixing n > frag(f). We define

(3.1) U= {U C X : U is open and there are compact convex sets
o
K, C X such that M(U\ U Kn) =0 and diam f(K,) < 77}.
n=1

Then V = |J{U: U € U} € U. Indeed, V is obviously open. Since p is
inner regular with respect to compact sets, there exists a sequence {Hy}
of compact sets such that pu(Hyg) " w(V). By compactness, we can cover
each Hj, by a finite family {Uj,...,U,,} of sets contained in Y. For every
ke Nand U;, i =1,...,ng, we find a countable family of compact convex
sets guaranteed by . Putting together all these families, we obtain a
countable family £ of compact convex sets which covers p-almost all of V'
and diam f(K) < n for each K € L.

Our aim is to prove that X € Y. To this end, let I be the family of all
closed convex subsets of X whose complement in X is contained in . Let Z
be the intersection of K. By the argument above, Z is the smallest element
of IC. Set

Y ={x € Z:o0scz f(x) >n}.

(Here oscy f(x) denotes the oscillation of the function f|z at the point x.)
Then Y is a closed convex subset of Z. If x € Z\Y, then there exists an open
convex neighborhood U of z such that UNY = () and diam f(U N Z) < 7.
Since U \ Z € U and U N Z contains U N Z, we observe that U € U. By the
properties of U, Y is a closed convex subset of Z whose complement in X
is contained in Y. By the minimality of Z, we have Y = Z.
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Then there is no open set W C X intersecting Z with diam f(WNZ) <
Since n > frag(f), this implies that Z = (). Hence X € U.

To finish the proof, we choose £ > 0. Let {K,,} be a sequence of compact
convex subsets of X such that

diam f(K,) <n and M(X\UK)—O

Let £ € N be such that

(3.2) p(X\(K1U---UK})) <e
and let

n—1 k
En=K,\|JKi, n=1,..k E=X\[]JKn,
=1 n=1

An=w(En), n=0,...,k.
Without loss of generality we may assume that A, >0forn=1,...,k. We
define probability measures p,, n =0,...,k, by
{,&N‘En if A, >0,
Mn = n .
Ex if A, = 0.

Let x, be the barycenter of u,, n = 0,...,k. Then z,, € G0 FE, C K,
n=1,...,k. Obviously,

N k k

(3.3) Z An =1, Z AnTn = T, Z Anfbn = [,
n=0 n=0 n=0

and

(3.4) flxo) =2lIfI <\ fduo <\ fduo < flxo) +2] £

Since diam f(K,) < 7, from (3.2)- - we obtain

| fdu=201 fduo+ZAnS f dn

n=1
k
< Xo(f(zo) + 20+ | fdu
n=1FE,
k
< Xo(f(@o) + 201D+ D | (f(@n) +m)d
n=1FE,
k

= Xo(f(zo) +2[1£1) +ZAn (zn) + 1)

(Zmn) 22 £l = £(&) + -+ 2] ]

n=0



Distances to affine Baire-one functions 35

Letting € — 0, we obtain {* fdu < f(x) + 7. Since 7 is arbitrary, {* f dp <
f(x)+frag(f). Analogously we obtain the reverse inequality f(x)—frag(f) <
{, f du, which concludes the proof.

4. Proofs of the main results

Proof of Theorem . Let f: K — E be a mapping. To verify (a), we
notice that the proof of the inequality

L o-frag,(f) < dist(f, Bi(X, E))

in [2 Theorem 2.5] does not require any assumption on X (here o-frag.(f)
is the index of o-fragmentability defined in [2] Definition 1]). By [2, Theo-
rem 2.1], o-frag.(f) = frag(f) for hereditarily Baire spaces and thus asser-
tion (a) follows.

For the proof of (b), assume that f is Baire measurable. We use [10],
Theorem 1] to deduce that the range f(K) is K-analytic, and thus separable.
Hence there exists a € (0,w;) such that f is ¥,41(Baire(K))-measurable.
By [22], Corollary 5.5], f is a mapping of Baire class a (i.e., f € Co(K, E)).
It follows that there exists a countable family F = {f,: n € N} C C(K, E)
such that f € F,.

(We recall the following notation from [22] Definition 2.4]. If F is a family
of mappings from a set X to a topological space Y, we inductively define
Baire classes generated by F as follows: Let Fy = F and for each countable
ordinal a € (0,w1), let F, be the family of all pointwise limits of sequences
from Uz, F.)

Let ¢: K — EY be defined by

o(x) = {fu(®)}nen, z€K.

Then L = ¢(K) is a compact metrizable space. Since, for zj,z9 € K,
fa(z1) = fu(xe) for each n € N implies f(x1) = f(x2), there exists a
mapping g : L — E such that f = gop. By Lemmal[3.1] frag(f) = frag(g). By
[2, Theorem 2.5], for every n > frag(g), there exists a function h € By (L, E)
such that ||g—h|| < n. Then || f —hoy|| < n, and hence dist(f, Bi1(K, E)) < 7.
Since n > frag(f) is arbitrary, dist(f, B1(K, E)) < frag(f).

If f is Baire measurable and £ = R then we proceed as in the proof of
(b) and obtain, from Lemma [3.1] and [2, Theorem 2.5],

3 frag(f) = 3 frag(g) = dist(g, B1(Y)) > dist(f, B1(X)).
This concludes the proof. =

THEOREM 4.1. There exists a metrizable simplex X with the following
property: for any e > 0 there exists a strongly affine function f : X — [-1,1]
such that frag(f) < e and dist(f,A1(X)) > 1/2.
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Proof. For each natural number m > 1, let (K,,, H,,) be the function
space from Section [2| and let f,, : K,, — [—1,1] be the function from
Deﬁnition Let K = U,._5 KmU{zx} be the one-point compactification
of the topological union of the spaces K, and let

H={feC(K): flk, € Hm,m > 1}.

It is easy to verify that (K,H) is a simplicial function space with Chy K =
{zeo}UUry_s Chyy,, Ky and A.(H) = H. If X denotes the state space of H,
we obtain a metrizable simplex (see [23, Theorem 2.6(a)]). We claim that X
has the required property.

To see this, we fix ¢ > 0. Let m > 1 be a natural number satisfying
2(2m + 1)7t < e. If fo, + Ky — [—1,1] is as in Definition we define
f:K—[-1,1] as

(11) )=

Let I : U°(K) NH — Ape(X) be the identification from (T.I). Since
frag(f) = 2(2m + 1)1, frag(If) < ¢ by Lemma If g is any function in
21(X), it follows from [23, Theorem 2.5(f)] that I~1g € B¢(K)NH~*. Then
I 9|k, € BYK,) NHEL, and thus || f — I7'g|| > 1/2 by Lemma (d)
Hence ||[If — g|| > 1/2, and the proof is complete. m

Proof of Theorem . Let (K,H) be the simplicial function space con-
structed in the proof of Theorem and let X be the state space of H.
Then H is isometrically isomorphic to 2A¢(X) via the mapping I, and thus it
is a separable Li-predual (see [7, Proposition 3.23]). Given € > 0, let m > 1
be a natural number with (2m +1)~! < ¢ and let f : K — [~1,1] be the
function from . If m @ Baqx)y — Bw is the restriction mapping, let

F: By — [~1,1] be defined as
f(s)=ulf), m(n)=s, s€DBys.
Obviously, fis a restriction of an element from H** to By+. By Lemmas

and [3.1]

fm(x)v x € K,
0, otherwise.

dist(f, Bi(Bp-)) = & frag(f) = @m +1)"! < e,
By [23, Theorem 2.5(a)], f € Ap¢(By+). Finally,
L < dist(If, %1 (S(H))) < dist(f, 2 (By-))-
This concludes the proof. m

Proof of Theorem Let E be an Li-predual such that ext Bg« is a
Lindelof H-set and let f : Bg+« — R be the restriction of an element x** €
E**. By [17, Theorem], there exists a simplex X, an isometric embedding
j: E — A(X) and a projection P : A°(X) — j(FE) of norm 1. Moreover,
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if E is separable, X can be chosen to be metrizable. Further, it is proved
in [I7, Corollary III] that there exists an affine continuous surjection ¢ :
X — Bpg+ such that

) @(ext X) = ext Bg« U {0} and ¢~ !(ext Bg+) C ext X,
) @lext x 1 injective,

) ext X \ ¢~ !(ext Bg+) is a singleton,

) j(e)(x) = (elpg. o p)(x), e € E, z € X.

(In the notation of [I7], the embedding j is denoted by T and ¢ is denoted
by g. Conditions (1), (2) and (3) are explicitly stated in [I7, Corollary III],
condition (4) follows from the definitions of 7" on p. 175 and ¢ on p. 176.)

We claim that ext X is a Lindelof H-set. To show this, we first ob-
serve that ext X differs from the H-set ¢~ !(ext Bg«) by a singleton (see (1)
and (3)), and thus it is an H-set. Second, let F' C X \ ext X be a compact
set. By (1), ¢(F) is disjoint from ext Bg«. Since ext B« is Lindelof, [24
Lemma 14] provides an F, set A with

1
2
3
4

NN N

ext Bg+ C A C ext Bg~ \(p(F)

If 29 € X is the singleton ext X \ ¢! (ext Bg+), then ¢~1(A) is an F, set in
X satisfying

ext X C o Y (A)U{zg} C X\ F.

By [24, Lemma 15], ext X is a Lindelof space.

If f is a Baire measurable function on Bgx, then fo is Baire measurable
on X. If E is separable, X is metrizable. In both cases, Lemma and
Theorem give

dist(f o ¢, Bi(X)) = 3 frag(f o p) = 3 frag(f) = dist(f, B1(Bp-))-

We fix n > dist(f, Bi1(Bg-)). Let g € B1(X) satisfy || f o —g| < n. Without
loss of generality we may assume that ||f o || = ||g||. By [24, Theorem 1],
there exists a function h € 24 (X) such that h = g on ext X and ||h] = | g].

We claim that ||h — fo|| < 3n. To this end, let z € X be given. We find
a maximal measure y € M1(X) with r(u) = x (see [I, Proposition 1.2.1]).
If f is Baire measurable, the set

F={zxeX:|h(x)— (fop)(zx) <n}

is a Baire set in X containing ext X. By [I, Corollary 1.4.12 and the subse-
quent Remark], (X \ F') = 0. Hence, by Lemma

W) = p(h) = {hdp < | fopdu+n< (fop)(a)+n+2n.
F F
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If E is separable, X is metrizable, and thus p(X \ ext X) = 0 (see [I, Co-
rollary 1.4.12]). As above we obtain

ph)= | hdu< | fowdu<(fou)(x)+3n.
ext X ext X
Analogously,
hz) > (f o p)(x) — 3.

Thus [|h — fop| < 3n.

Since P : A¢(X) — j(F) is a projection of norm 1, to any x € X we can
assign a measure fi; € By (x) such that
(4.2) Pf(z) = pa(f), feAYX).
Since P is identity on j(E), we obtain

paz(e|Bg. 0 @) = (el 0 @)(x), € X, eckE.

We use equality to extend the domain of P to any bounded universally

measurable function on X.
We claim that

(4.3) Ho(h) = f(o(@)| <5n, € X.

To verify this, let z € X be given. We write
e = aifiy — aspa, a1, az > 0 with ap +ag < 1, g, pg € MY(X),
and let x1,x9 € X be the barycenters of w1, e, respectively. Then
(4.4) p(x) = arp(z1) — azp(z2).
Indeed, if e € E is arbitrary, let € denote its restriction to Bp«. Let ¢y :
MY (X) — MY(Bg+) denote the mapping induced by ¢ : X — Bp- (see [9,
Theorems 4181 and 418L]). Then
e(e(x)) = pa(€o @) = arpa(€o @) — agpa(€o @)
= a1(pgp1)(€) — az(pgp2)(€) = arpa(€o @) — azpz(€o )
= are(p(x1)) — aze(p(r2)) = e(arp(z1) — azp(x2)).
Hence (4.4)) holds.
Further, by Lemma |3.5
pi(h) <\ fopdu+3n="\| fd(eyn)+3n
X Bpx
< f(r(pgpn)) + 30+ 2n = f(e(21)) + 5.
Analogously,
pr(h) = f(e(@1)) — 5n.
Hence
i (h) = fle(@1))] < 5n.
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Similarly we obtain

[2(h) = f(p(22))] < 5.
By combining these inequalities and (4.4)) we have

bz (h) = f(e(@))] = larp1(h) — azpa(h) — flarp(z1) — azp(w2))]
= la1(pa(h) = fe(@1))) — az(pz(h) — f(e(22)))]
< 5n(ar + az) = 5.
This gives .
If {h,,} is a bounded sequence in A¢(X) pointwise converging to h, the

Lebesgue bounded convergence theorem implies that Ph, — Ph. Since
Ph,, € j(E), there exist elements e, € F, n € N, such that

Phy, =en|Bg. 0, mneN.
Then {e,|p,.} converges to a function e € 2;(Bg+). It follows that Ph =

e’BE* o and7 by ‘ )
lelBg. — fll = lle[Bg. 0 = fowll = [|Ph— fopl <bn.

Hence dist(f, 204 (Bg-)) < 57n. Since n > dist(f, B1(Bg-)) is arbitrary, we
obtain

dist(f, % (Bg+)) < 5dist(f, B1(Bg+)). =

THEOREM 4.2. Let X be a compact convexr set such that A°(X) does
not contain £* and f : X — R be an affine function. Then dist(f,21(X))
< 2dist(f, Bi(X)).

Proof. 1f dist(f,B1(X)) = oo, the assertion obviously holds. We as-
sume that dist(f, B1(X)) < oo and fix n > dist(f, B1(X)). By Theorem
and Lemma f is bounded. We find a function g € B;(X) such that
lf — gll <n. Without loss of generality we may assume that ||g|| = || f].
It is easy to find (see e.g. [16, Exercise 3.G.1]) sequences {uy} and {l,} of
functions on X such that every w,, is upper semicontinuous, every [, is lower
semicontinuous and

—llgl € un g, gl =2\ 9.
We fix n € N and # € X. By [I, Corollary 1.3.6], there exist measures
1, po € M (X) representing z such that
(un —m)*(x) = p1(up —n) and  (In +n)«(2) = p2(ln +n).

(We recall that f* and f, are the upper and lower envelopes of a function f,
respectively; see [Il p. 4].) By [11, Theorem 4.2], f is universally measurable
and u(f) = f(r(pn)) for every u € M(X). (Here we use the identification
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of A°(X) with (A¢(X))**.) Hence
(n = m)*(2) = i (un — ) < | fdpr = f(2),
(In +0)e(x) = pa(ln + 1) > | fdp = f(2).

Since the upper envelope is an upper semicontinuous concave function
and the lower envelope is a lower semicontinuous convex function (see
[1, p. 4]), the Hahn-Banach theorem provides a function h,, € 2¢(X) such
that

(un - 77)* < hn < (ln + 77)*

Since 2¢(X) does not contain ¢!, Rosenthal’s theorem (see [12, p. 18])
provides a subsequence {hy, } of {h,} that converges pointwise to a func-
tion h. Then h € A;(X) and

g—n=lim u,, —n<h<liml, +n=g9+n.
k—oo k—o0
Since ||g — f|| <, we obtain
If = Al < 2n.
Since n > dist(f, B1(X)) is arbitrary, the proof is finished. =
Proof of Theorem[1.3 This follows from Theorem .
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