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Weighted bounds for variational Fourier series
by

YEN Do (New Haven, CT) and MICHAEL LACEY (Atlanta, GA)

Abstract. For 1 < p < oo and for weight w in A,, we show that the r-variation
of the Fourier sums of any function f in LP(w) is finite a.e. for r larger than a finite
constant depending on w and p. The fact that the variation exponent depends on w is
necessary. This strengthens previous work of Hunt—Young and is a weighted extension
of a variational Carleson theorem of Oberlin—Seeger—Tao—Thiele-Wright. The proof uses
weighted adaptation of phase plane analysis and a weighted extension of a variational
inequality of Lépingle.

1. Introduction. For a measurable function f on [0,1], let Sf denote
the maximal Fourier sum:

Sf() = sup|(Suf)@),  Suf(e) = S Flk)ei2ts,
" k|<n
Here, f(k) 8(1) f(z)e~?m*= dg is the kth Fourier coefficient, and by conven-
tion, S, f = 0 for n < 0. (We use strict inequality |k| < n in the definition
of S, for the convenience of the transference argument in Section [1.2])

By the Carleson—Hunt theorem [ClHJ, S is bounded on LP for 1 < p < oo,
which leads to a.e. convergence of the Fourier series of functions in L”. See
also Sjolin [S] for the Walsh case, and [, ILT2| for alternative proofs. More
quantitative information about the convergence rate of Fourier series has
been obtained by Oberlin-Seeger—Tao-Thiele-Wright [OST+], via bounds
on a strengthening of S. To formulate this strengthening of S, we first recall
the r-variation norm of a sequence (ap)nez. If 0 < 7 < 0o then

T U T 1/T
la)lvr = s lang|” + Y lan, = an, ]
M, No<---<Njpg j=1

and for r = oo we have ||(ay)|yve = sup, |a,|. It is clear that if ||(ay)||vr
is finite for some r < oo then (a,) is a Cauchy sequence and therefore
is convergent; the finiteness of ||a||y» may be considered as a quantitative
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measurement of the convergence rate of (ay). The variational strengthening
of S considered in [OSTH] is the following operator:

M 1/r

(L) Spf@ = s [ ISwf@) = Sw f@)F]

M, No<-+<Nyr -7

and it was shown in [OST+] that, for 1 < p < oo, S}, is bounded in LP([0, 1])
if r > max(2,p’).

Convergence of Fourier series in non-Lebesgue settings was also consid-
ered in Hunt—Young [HY], where it was shown that S is bounded on LP(w)
for any A, weight w, 1 < p < oco. See also [GMS] for extensions to more
generalized settings. Recall that a positive a.e. weight w is in A,, if uniformly

over intervals I we have
1 1 Pt
[w]a, = sup—“w(x) dx} [Sw(m)_l/(p_l) dx] < 0.
MY 115
Our aim in this paper is to strengthen the results of [HY] and [OST+]
by considering weighted estimates for 5.

THEOREM 1.1. Let 1 < p < oo and w € Ap. Then there is an R =
R(p, [w]a,) < oo such that for all r € (R, 0] we have

(1.2) 1St fll zeo,1,w) < ClLFllze0,1],0)
for some constant C depending only on w, p, r.

As remarked above, Theorem gives more quantitative information
about the convergence of Fourier series than [HY] (which corresponds to
the endpoint 7 = 00). Theorem follows from

THEOREM 1.2. Let 1 < p < 0o and w € A, for some q € [1,p). Then
for r > max(2q,pq/(p — q)) we have

(1.3) 1S5 fll e o,11,0) < ClflLr(o,1],0)

for some constant C' depending only on w, p, q, r.

To derive Theorem from Theorem let 1 <p<ooandw e A,
Since the A, condition is an open condition, we have w € A, for some
1< q<p (seee.g. [L2]). Then follows from applying Theorem

We would like to point out that, in the conclusion of Theorem the
variation exponent must depend upon w € A,. Indeed, suppose towards
a contradiction that there is some p € (1,00) such that holds for
every w € A, and for fixed r € (0,00). Using the fact that the variation-
norm decreases as 7 increases, we may assume that r > 1. Then S} is
sublinear, and an application of the Rubio de Francia extrapolation theorem
shows that the same inequality (with the same r) would have to hold for w
being the Lebesgue measure and all p € (1,00), contradicting an example
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in [OST+, Section 2]. We also remark that in the Lebesgue setting, when
w =1 € Ay, the range of r in Theorem [1.2]is sharp.

Our proof of Theorem extends our previous work in [DL] on a
Walsh-Fourier model of Sj,; and at the same time is a weighted exten-
sion of [OST+]. The proof uses two new ingredients: weighted analysis on
the Fourier phase plane, and a weighted extension of a classical variational
inequality of Lépingle (Lemma. The weighted adaptation of analysis on
the Fourier phase plane in our proof follows closely the adaptation in [DL],
modulo (substantial) technicalities arising from the lack of perfect localiza-
tion of Fourier wave packets. In particular, our approach is different from
the elegant argument in [HY] where a good-\ argument was used to deduce
weighted bounds for S from the Carleson—Hunt theorem. It is not hard to
see that a naive adaptation of the good-\ approach in [HY] does not apply
to the variation-norm Carleson operator. Our approach is inspired by an ar-
gument of Rubio de Francia [RAF], though it is easier to see this inspiration
in the dyadic setting of [DL]. We anticipate that the weighted phase plane
analysis in our proof will be useful in a variety of open problems involving
weighted bounds for multilinear operators with oscillatory nature, where a
naive adaptation of the approach in [HY] seems not applicable @ It is
interesting to compare our paper with that of Bennett—Harrison [BHJ.

1.1. Notational conventions. (i) Henceforth, we work on the real
line R, and set f(£) = § f(z)e 2728 dy.

(i) For any 1 <t < oo we will denote by M, f the L Hardy-Littlewood
maximal function, and by M, f the weighted L' maximal function

1/t
Mt,wf(iv) = ﬁl;gl (u)(lj) § ]f(g;)|tw(x) dx) .

(iii) The dyadic intervals D will play a distinguished role. We denote
by f* the dyadic sharp maximal function of f, namely

f(@) = sup (@)1 § | = 117 | £ () dy da
1eD T T

All BMO norms, unless otherwise specified, are dyadic BMO norms, namely

1 £llBMO = [|f*]lcc- An important inequality for this paper is the familiar
estimate
(14) ||¢”Lp(w) = ||¢ﬁHLP(w)a w e Ap-

(iv) For any interval I and ¢ > 0 we denote by cI the interval with length
c|I] and with the same center as I. This should not be confused with ¢([I)

(*) We would like to point out that Xiaochun Li [[2] has some unpublished results
about weighted estimates for the bilinear Hilbert transform.
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which will denote the center of I. A standard property of an A, weight w
is that it is doubling: there exists v = «y(w) such that for any interval I and
any k > 0,
(1.5) w(28T) < 27%w(I).

(v) For any set G we denote w(G) = |, w(z) dx.

1.2. Transference to a singular integral form. Using a weighted
variant of a transference argument in [OST+, Appendix A], it is not hard
to see that Theorem [I.2] follows from Theorem [I.3] stated below. Here, we
define

K Nj SN 1r
(1.6) Cipf(z) = X NOSEP<NK (; ‘ NJS_I (e df’ )

THEOREM 1.3. Let 1 < p < 0o and w € A, for some q € [1,p). Then
for r > max(2q, %) we have

(1.7) 1O fll e w) < CNFllLrmow)
for some constant C depending only on w, p, q, r

For the reader’s convenience, we include details of the transference ar-
gument.
For any K > 1 and m > 1, let I, k be the set of all non-decreasing
sequences of length K +1in {0, ..., m}. For each such sequence N = (Np <
- < Nk) we construct the variation sum

K 1/r
(1.8) Sgf= (Z [Sn, [ = SNj_lflr)
7j=1

Since the set I,,, x is bigger when m or K is larger, by two applications of
the monotone convergence theorem it suffices to show that

< Cll £l e ((0,11,w)»

sup
Nelm,

L2 ([0,1],w

where the implicit constant is uniform over m and K. Let 0 = w!™?". Then
the above inequality has the following equivalent dual form: for f defined
on [0,1] and for g defined on [0,1] x I, x {1,..., K} (we will write 9x.;(2)
to denote g(x, N, j)),

1 K
(L9 Vf@) Yo D lSn; = Snyoi)gy )w) da

0 Nely k=1

< Ol o] 3 (ngN,] SN

NGI K -

LP' ([0,1],0)
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To prove , we may assume without loss of generality that f and 9N
are trlgonometrlc polynomials for any N € I,and 1 <5< K.

For any N > 0 let Ciy be the Fourier multiplier operator on L?(R) whose
symbol is the characteristic function of {—(N —1/3) < ¢ < N —1/3} (by
definition Cy = 0 if N < 1/3). Let 6(z) = e~ ™" and 6y (x) = 6(z/M).

By standard transference theory (see e.g. [SW] p. 261]), for any integer
N and any 1-periodic trigonometric polynomials P, () we have

1
| P(2)SnQ(z) do = lim %SP(:B)(SM/OCCN(&MMQ)(:B) dx
R

M—oo
0

for any a, 8 € (0,1) such that a? + 32 = 1. We take o = B8 = 1/v/2. Tt
follows that the left hand side of ([1.9) is the same as

i L A SO, — Oy bssag, o)
R

M—o0
NEIm J=1

It follows from Theorem that the analogue of (1.9) for C'y’s holds, thus
the above limit is bounded above by

(1.10) ChmsupfllféM/aHLprH5M/6 > (i|9ﬁ,j|T/)1/T/’

M—00 . — L¥ (R,0)
NEIm,K J=

Since w € Ay C Ay, we have 0 = wli™? e A, and in particular both w
and o are doubling weights. On the other hand, it follows from exponential
decay of ¢ that, for any doubling measure p and any 1 < ¢ < oo and any
1-periodic function h,

1
1?411;1 W’\éMhHsz(R,m < C|lPllLao,11,)-

In view of this observation, ((1.9) follows immediately from (|1.10]).
We take up the proof of Theorem [T.3] below.

2. Discretization. In this section we reduce the task of proving
to proving similar bounds on model operators. Consider absolute constants
Cy € [1,00) and Cj € (O,Cg) and 0271702,2,01 € [CQ,OO). Constants with
these properties are called admissible.

2.1. Tiles and bitiles. In this paper, a tile is a dyadic rectangle of
area 1, which we will write p = I;, x w,, and refer to I, as the spatial interval
and w, as the frequency interval of p. By a bitile P we mean a rectangle
Ip x wp that contains (as subsets) two tiles P; and P» such that they share
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the same (dyadic) spatial interval Ip and

sup Cowp, < inf Cowp,,  |wp| < Cilwpy| + |wr,),
wp = convex hull(Cy jwp, U Caowp, ).

The classical setting (see e.g. [LT2]) when a bitile is a dyadic rectangle of
area 2 is the special case of our general setting when Cy = Cy1 = Coo =
Ci=1.

We say that two bitiles P and P’ are disjoint if they are disjoint in
the phase plane. Denote by wp the convex hull of Cowp, U Cowp,, clearly
wp C wp. In this paper, whenever we talk about a bitile collection it shall
be assumed that the implicit constants above are the same for any two
bitiles.

2.2. Fourier wave packets. For every tile p = I, X wp, a function ¢,

is called a Fourier packet adapted to p if supp(ap) C C3wyp, furthermore for
any N > 0 and n > 0 we have (for some Cy,, depending only on N and n)

1 jz — e(I,)\ "V
<Onp—r— |14+ —7-—2~ ;
= |fp|1/2+n< AT

(1) ' T ()

dxn

here recall that ¢(I,) denotes the center of I,,. In a family of Fourier packets,
we will assume that the implicit constants involved are uniform.

2.3. Discretization and the model operators. For any r € [1,00)
and any finite collection P of bitiles, let
7“) 1/r

A symmetric variant of C, p can be obtained by changing the limiting con-
dition involving N;, N;_1 in the above definition to {N;_; € wp,, N; € wp}.

Without loss of generality, we assume in the rest of the paper that 2g <
r < oo and ¢ € (1,00). Via a discretization argument in [OST+], which
we summarize below, Theorem follows from the theorem below and its
symmetric variant (whose proof is completely analogous).

K
Cr,Pf = sup (Z‘ Z <f7 ¢P1>¢P11{Nj,1¢wp,Nj€wp2}

K, No<-<Nx ‘5| pop

THEOREM 2.1. There is a constant C' < oo independent of f and P such
that

(2.2) 1Crp fllrw) < CllfllLr(w)
for any finite collection P of bitiles and any p € (q,00) such that 1/p <
1/qg—1/r.

Discretization. We sketch the main ideas of our weighted adaptation of
the discretization argument in [OST+, Section 3|. For each interval (a,b)
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with non-dyadic endpoints, let J be the collection of maximal dyadic inter-
vals in (a,b) such that dist(J, a),dist(J,b) > [J|. It is not hard to see that
J partitions (a,b), and the ratio between two adjacent elements of J is at
most 2. By direct examination, it follows that there are O(1) possible mu-
tually exclusive scenarios involving relative locations of J inside (a,b), and
these scenarios are characterized by the following information:

e whether J is the left or right child or its dyadic parent,
e the distance from a to J, which could be arbitrarily large,
e the distance from b to J, which could be arbitrarily large.

More specifically, we may divide J into O(1) disjoint subsets of the following
type: If m,n, k are bounded positive integers and “side” is “left” or “right”
then we denote by Jj ;. side the set of all dyadic intervals J such that J is
the “side” child of its dyadic parent, and a € Jiow(k,m) and b € Jyign(k, ).

o If k =1 then Jiow = J — (m + 1)|J| and Jnign = |J| + (n + 1)|J].
o If k =2 then Jiow = J — (m + 1)|J| and Jhigh = [sup J + n|J|, 00).
o If k =3 then Jiow = (—o0,inf J —m|J|| and Jpigh = |J| + (n + 1)|J|.

The following example of such a partition was given in [OST+]; we in-
clude this example for the convenience of the reader. Below are the values
of (k, m,n,side):

((1,2,1,1eft), (1, 2,2, left), (1,3, 1, left), (1,3, 2, left), (2, 1,1, left),
(2,1,1,right), (2,2, 1, right), (3,4, 1,1eft), (3,3, 1, right), (3,4, 2, left) }.

Since the relative ratios between adjacent intervals in J are bounded
by 2, we may construct nonnegative L° normalized bump functions ¢
such that 1,)(§) = > jcy ¢ (&), furthermore ¢ is supported inside a 1+c¢
dilation of J for each J € J, where the absolute constant ¢ > 0 can be
taken arbitrarily small. By using a standard Fourier sampling theorem for

the Schwartz band-limited function F~1(f(&)\/ps) (cf. [T2]) we can easily
decompose

FOes© = > (fibrs)ora()

[|=1/(2"1J])

for some positive integer L = O(1) where Q/b\[XJ(f) = |12\ /05 (€)e=2micDE,
Note that the frequency support of ¢« s is inside a 1 + ¢ dilation of J with
¢ > 0 that can be chosen small. Furthermore, it is clear that the collections of
functions (¢rxy : |I| = 277|J|7!) can be decomposed |(?)|into O(1) families
of Fourier wave packets adapted to the tiles in the phase plane.

(?) This decomposition ensures that there is only one wave packet associated with
each dyadic rectangle of area 1.
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Let Pgiqe denote the collection of all dyadic rectangles of area 2L whose
frequency interval is the “side” child of its parent. Then
b

[ e S f(e) de = Z S DT {F ) 0p(@) Liaery (), beU, (o)}

a k=1 m,n,side pEPg;qde
where the intervals L, (k,m) and U,(k,n) are the Jioy and Jyigh of J = wp,.
Now, under the assumption that f is Schwartz, it is no loss of generality
to assume that the sequence (N < - -+ < Nk) (used in the definition of Cf,))
does not contain endpoints of dyadic intervals. Performing the above parti-
tion on every (Nj_1, N;), it then follows from the triangle inequality that

C[r]f < Z Cl,m,n,sidef(x) + CQ,m,n,sidef(x) + C3,m,n,sidef($)

m,n,side

with
Ck,m n sidef( )

r\ 1/7
= SUP (Z‘ (fs 0p)Op(®) (N, _ €L, (km), N, Uy (k, ) /
Jj=1 p€Pside
for k = 1,2,3. It is not hard to see that for each 1 < m,n = O(1), we can
bound C3, »f(x) by a sum of Or (1) operators of the same nature as C,.p,
with appropriate choice of admissible constants Cy, Ca, Ca 1, Co2 and Cs.
Similarly, Cg p,nf(2) can be bounded by a symmetric variant of C, p. Since
any interval [a,b) can be written as (—o0,b) \ (—o00,a), it is not hard to see
that C1mnf(x) can be controlled by two operators of the same nature as
C3mnf(x). Thus, Theorem follows from Theorem This completes
the discretization step. m

Below we set up a linearized variant of C, p. By duality in ¢", to show
(2.2)) it suffices consider the following operator (we omit the dependence on
r for simplicity):

K(zx)
(Cpf)@) =Y Y (f:0r)0r (@) 1N, (2)gor, Ny () cwny } 45 (2);
j=1 PeP
here K : R — Zy, No(z) < --- < Ng(z) and {d;} are measurable functions,
with

()] + -+ |dg ()] = 1.
For each bitile P, let dp(z) be 0 unless there exists a (clearly unique) j such
that N;_i(z) € wp and Nj(z) € wp,, in which case we set dp(x) = d;(z).

For a function g, we note that (Cpf,gw) = Bp(f,g), where
BP(fvg) = Z <f7 ¢P1><¢P1 de gw>

PeP
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We say that G’ C G is a magor subset if w(G') > w(G)/2 and we say
G’ has full measure if w(G') = w(G). Via a standard restricted weak-type
interpolation argument [MTTI, Section 2], Theorem follows from the
following proposition:

PROPOSITION 2.2. Let F', G be such that w(F),w(G) < co. Then there
are major subsets of F' and G, denoted respectively by F and é, such that:
(i) at least one subset has full measure, and
(ii) for any |f| < 1z and |g| < 15 and any finite collection of bitiles P
we have

(2.3) Bp(f,g) < Cw(F)YPuw(G)=Y/P
for all p € (q,00) such that 1/p < 1/q—1/r.
In the rest of the paper, we will prove Proposition

3. Decomposition of bitile collections. Without loss of generality
we may assume the following separation conditions:

(S1) The ratio dist(wp,,wp,)/|wp,| is constant over P € P

(S2) For any two bitiles P and P’, if wp Nwpr # 0 and |Ip| = |Ip/| then
wp = wpr.

(S3) For any two bitiles P and P, if [Ip| > [Ip/| then |wp| < [wp[/Ko
for some large absolute constant K that will be chosen in the proof.
(The choice of Kj is refined a bounded number of times below.)

REMARK 3.1. First, we will require that Ky > 2/(Cy — C3). This means
that for any 1 < i < 2, if Cswp, N Cawp # 0 and |Ip| > |Ip/| then
wp C ngpi/.

3.1. Trees. In this paper, a finite collection 7" of bitiles is a tree if there
exists a dyadic interval I and a real number {7 such that for any P € T
we have

1 ~
Ip C Iy and wp:= |&r — e + )CwP.
T

We will refer to It as the top interval of T. Similarly, ér and wp will be
referred to as the top frequency and the top frequency interval of T.

We say that T is 2-overlapping if & € Cawp, for every P € T, and we
say that 1" is 2-lacunary if &7 & Cowp, for every P € T.

It is clear that any tree can be split into two trees, one of each type.
Furthermore, the union of two trees with the same (Ir,&r) is a tree and we
may use the pair (I, &7) for the new tree. If these two trees are 2-lacunary
then the new tree is also 2-lacunary.
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REMARK 3.2. By further requiring that Ko > C3/(2C} + 1) in the sepa-
ration assumption (, we obtain the following properties (cf. Remark .
Let T be a tree and let P, P’ € T be two different bitiles.

o If |Ip| = |Ip/| then IpNIpr = 0.
e If 7" is 2-overlapping and |Ip| > |Ip/| then wp N Cswp; = 0.
e If T'is 2-lacunary and |Ip| > [Ip/| then wp N Cswp; = 0.

REMARK 3.3. If there is a dyadic interval J such that for every P € T
we have Ip C J then we can decompose T into O(1) subtrees, each tree has
J as top interval (the top frequencies of these subtrees are not necessarily
the same, but they are O(1/|J|) away from the original £7). Essentially, this
is because we would have |wp| > 2/|J| and then one can always partition T’
into two desired trees depending on the relative position of & in Wp.

3.2. Tile norms. Below, for any collection Q of bitiles we denote

2 1/2
Safte) = | 3 Woonlly, |

PeQ

DEFINITION 3.4 (Size). The size of a collection P of bitiles is
size(P) = sup w(Ir) 2|11 f | 2
TCP
The supremum is over all 2-overlapping trees T' C P.

It is clear that for w = 1 one recovers the standard definition of size
(cf. [LT1]). For any interval I, let

o [ (57

Note that if J C I then x; < CX7, and this estimate will be used implicitly
in future estimates.

DEFINITION 3.5 (Density). Recall the definition of the functions d;
from (2.3)). Fix a large constant D € (0,00). The density of a collection
P of bitiles is defined to be

. 1 (p, AT
density (P) := sup (ISXIDT\QV Z |d;]" w) ;
T w( T) J:Nj€wr

where the supremum is over nonempty trees T' C P.

Choose D to be very large depending on w, p, ¢, in the proof of Propo-
sition in Section |§| (see also the proof of Lemma [3.15)). All the implicit
constants are allowed to depend on D.
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When the elements of P are disjoint in the phase plane, the follow-
ing improved notion of density is more useful in future estimates; see also
Lemma 4.2

DEFINITION 3.6 (Improved density). The improved density of a collec-
tion P of bitiles is defined to be

—_~—

. 1 . . 1/r
density(P) := sup (w(I)SXIPM Z |dj] w> :

PeP JiNj€wp,
It is clear that ngTS—i?y(P) < C density(P) for any P.

3.3. Decomposition by size. We have the following size bound:

LEMMA 3.7. Assume w € Ay. Then for any N > 0 there is a constant
C =C(N,q,w) < oo such that for any P,

size(P) < C' sup <w( )Slfl X7 w >1/q-

PeP

The main ingredient in the proof of Lemma is the following John—
Nirenberg characterization of size, which is a standard result in the Lebesgue
setting (see e.g. [MTT3]). The proof of the Lebesgue case of this characteri-
zation extends smoothly to the weighted setting (see [DL, Lemma 3.5]); we
omit the details.

LEMMA 3.8. For any 1 < p < oo and any collection P we have

L
rop w(Ip)P

the suprema being over all 2-overlapping trees.

Proof of Lemma using Lemma[3.8. By decomposing T into smaller
subtrees (using Remark , we may assume that Iy = Ip for some P € T.
Thus, it suffices to show that

ISTf I paqw) < CIXE I paw)

But w € Ay, hence [|STf|lLaw) < H(STf)ﬁHLq(w). Therefore it suffices to
show that for any NV < oo we have

(3.1) (Srf)F < CM(FXTy)-
For any dyadic interval J let

o= (y MhentyT

PeT-JCIp |p]

1
ISTf | 2o () ~p sup, mHSTfHLLOO(wy
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Then )
1/2
g 180 —edo < (18050~ 3l )
e L1\
—,m( S lonP ‘) :

PET: IpCJ
Using the known Lebesgue case of Lemma (see e.g. IMTT3l Lemma 6.8]),
we obtain

S’ cjlde < C su
|J|S|Tf() sldz < P€T~111)JCJ’IP’

<C nf M1(fX1T)()

J 17 @)1 (2) N do

and (3.1)) follows immediately. m

We remark that the following bound was proved in the above proof of
Lemma

COROLLARY 3.9. Assume w € Ay. Then for any 2-overlapping tree T
and any N > 0 we have

ST fllBMO < CN lnf Ml(fXIT)( z);

here we use the dyadic BMO norm.

For convenience, in the rest of the paper we say that a collection T of
2-overlapping trees is well-separated if the following conditions are satisfied:

(i) If T,T" € T are two different trees, and P € T and P’ € T" and
‘Ip‘ > ’Ip/’, then either ngpl N C3wp1/ =0or Ip NIy =0.
(ii) If P,P" € Upep T are two different bitiles with |Ip| = |Ips| then
Ip x Cswp, and Ipr X ngpll are disjoint.
LEMMA 3.10. Let P be a collection of bitiles with size bounded above by
2« for some o > 0. Then we can find a collection T of trees such that:

o The bitile collection P —Jpop T has size less than o.
o If another tree collection T' covers Jpep T then for some C =
C(w) < 0o we have
(3.2) S w(lp) <C Y w(lp).
TeT T'eT’!
e If qo € (q,00) then there exists B = B(p,w,q,qo) < 0o such that for
any k >0 and for any 1 < p < oo we have

(3:3) | 2 1], < O2F 000
TET v

L2P90 (w)”
Here C = C(p’w’Q> QO) < 00.
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Proof. For convenience let ap = (f, ¢p,). We follow the standard algo-
rithm from [LT2]. If size(P) > « then there exists a nonempty 2-overlapping
tree Ty C P such that ||St, f||12¢) > @®w(I7,). We select such a tree with
minimal value of {r, @I, and let 7" be the maximal tree in P with top data
(I,,&m,). We then remove from P the bitiles in 7" and repeat this argument
until the remaining collection of bitiles has size less than a. We obtain a
collection T of trees such that

® P —{Jpcr T has size less than o;
e cach T € T contains a 2-overlapping subtree 75 such that

B ~ w(l
(3.4) w(lr) £ Ca”?||S1, fl[7a() = Ca™? Y lapf? ETP)'
PeTy | P|

It then follows from a standard geometrical consideration that the tree col-
lection Tg := {T5 : T' € T} is well-separated when the constant K in (S3)
is chosen sufficiently large (see also Remark . We omit the details.

Proof of (3.2). Assume that T’ covers Q := Jpep T, without loss of
generality we can assume (Jpep T7 = Q. Let Q2 = Upep To. It follows

from (3.4) that
Ip)
‘ < -2 sw(lp '
(3.5) E w(Ir) < Ca E lap| |

TeT PeQ2

Now, divide each 77 € T’ into three trees,
T, ={P €T :inf Cowp, <& < supCswp, },
T ={P €T :supCswp, <& < inf Cowp,},
Ty ={P T : & € Cowp, }.

Clearly, T4 is 2-overlapping. Since size(P) < Ca, we have

I
3O X hen)PU ) < ISy T, < Caulin).
PeT}

On the other hand, since Ty is well-separated, the rectangles
Ip x [inf Cowp,,sup Cswp,), P € Qq,

are pairwise disjoint in the phase plane. This implies that the bitiles of
T} N Qg are spatially disjoint (as their frequency intervals overlap). Thus,

(3.7) Z |<f,¢P1>|2w’gj>§ Z size({P})*w(Ip) < Ca’w(Ip).

PGTéﬂQQ PETéﬂQQ

(3) To be more careful, one can fix a top frequency for each of these trees, and then
select one tree (there are only finitely many of them) whose top frequency is minimal.
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Next, we show that 77 N Q2 can be grouped into O(1) collections of
2-overlapping trees whose top intervals are disjoint. Together with the given
assumption on the size of P, this would imply

(3.8) S ¢p1>|2“’|“’3) < Cau(I).
PeT|NQ2 P|

Let M be the set of elements of 7] N Q2 with maximal spatial intervals. The
grouping of elements in 77 N Q2 can be done as follows:

e Any element P € M can be viewed as one 2-overlapping tree, and
we place these single-element trees in to the first tree collection.

e For any P € M, we show below that we can place every P’ € T/ NQgq
such that Ipr C Ip in O(1) trees sharing the top interval Ip.

Since the intervals Ip, P € M, are disjoint, it remains to show that if
P c Tll N Qg and Ips C Ip then

(3.9) inf CQWPQI < sup Cowp, < sup CQWPé.

Indeed, since |wpy| = 1/[Ip/| > 2/[Ip] it follows from that we may take
—1/(2|Ip|) + sup Cowp, or 1/(2|Ip|) + sup Cowp, as the top frequency for
these trees.

To see the first inequality in , we assume (towards a contradiction)
that sup Cowp, < inf CQWPQ/. By the selection algorithm, the 2-overlapping
tree S € T» that contains P must be selected before the 2-overlapping tree
S" of P'. Now, by definition of 7] we have

[sup Cswp, , inf Cowp,) N [sup CgCUpll, inf C2WP2’) + )

(they both contain £7v). On the other hand, by ensuring the constant K|
is sufficiently large in the separation assumption (, we achieve that wp C
convex hull(Cawpr N Cowpy ). But then P’ must be cleared out as part of the
maximal tree with the same top data as S, leading to a contradiction. This
proves the first half of .

To see the second inequality in , as before exploit the fact that

[sup Cswp, , inf Cowp,) N [sup Cswpy, inf Cowpy) # 0.
By ensuring the constant K in the separation assumption (S3)) is sufficiently
large, we have |wp;| > |wp,|. As a consequence, if sup Cowp, > sup Cowpy
then the interval [sup Cswp,,inf Cowp,) will be above inf Cszé, contra-
dicting the nonempty intersection. This completes the proof of (3.9) and
hence (3.8]).
Finally, collecting inequalities (3.6 —, we obtain

’LU IP
> [(fon)PUE) < Catuin)
peT’
Summing over 77 € T’ and using (3.5]), we obtain the desired estimate ((3.2]).
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Proof of (3.3). Fix k and let
NM =3 " 140y,
TeT

It suffices to show the following good lambda estimate: given any L € (0, 00)
there exists ¢ € (0,00) and ¢ € (0,00) such that

1
(3.10) w{N¥ > Ayn EM) < Fw({NW > /4}),
where
(3.11) B = (Mg f < 2 0karl/ o)y,

Indeed, choosing L sufficiently large (depending on p € [1,00)) and applying
a standard bootstrapping argument, we obtain

H Z 1IT Lr(w)
TeT

< 02000 072 || Moy o (f)]|2%

L2pqo

< C29Wa 0| f[75,, -

as desired. Here we have used the fact that M, ,, is bounded from L'(w) —
L'(w) for any 1 < t < oo and any positive weight w; note that we always
have 2pgy > 2q.

To prove , we use the following estimate which follows from (the
remark after) Lemma [3.11] below: for any dyadic interval I and gy € (g, 00),

2
(312)  w({N} > A/4}) < C20Wa 2Nt/ wu(1) | inf Mg (F57) ()]

where

Nl[k] = Z 1]T'

TeT: IrCI

Let T be the collection of all maximal dyadic intervals of {N¥ > X\/4}. We
apply to elements of I that intersect E/[\k]. Let I be one such interval;
then it follows from the maximality of I that { N > X} NI is a subset of
(N > \/4}. Thus,

w{NH > A} N 1) < 0200 [a=2a\=9/904 (1)) [c2~ 0k AL/ (200))2a
and by choosing ¢ sufficiently small and ¢y sufficiently large we obtain

wll)

w{ N > A} nT) < Ctw(l) < i

Summing the above estimates over all I € I that intersect E[k], we arrive
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at (3.10):
wNE > nE < S w{NH > A N
IeL INEY 20
1 1
<= 1) = —w{NW" 4}).
_L%w() TWHINT > A/4}). -

LEMMA 3.11. Let I be an interval and let T be a well-separated collection
of 2-overlapping trees such that for any T € T we have IT C I, and

(3.13) w(Ir) < Ca™||IST Il L2 (w)-

Then for any qo € (q,00) and N > 0 there is C' = C(qo,w,N) < oo such
that

(3.14) w{NM > A}) < C29W[a A0 £V 20,7,
where
(3.15) NM =3 " 141,

TeT

The implicit constant in O(k) depends on w and q.
REMARK 3.12. As a consequence of (3.14]), we obtain

2
(3.16)  w({NF > A}) < 0200 (1) [a—lxl/@%) inf Mg (/%) )(g:)} ‘

Proof of Lemma|3.11. Since N is integer-valued, without loss of gen-
erality we may assume A > 1/2. We estimate

(3.17) w{NF > A1) <) w({2'h < NF <271
1>0
and it is not hard to see that
(3.18) w{2'A < N < 241\ < w({NH > 21A})
where
N = 5" 1y, and = {T eT: 2"y ¢ {NF > 2413},
TeT,;
Write N for Nl[o]; clearly N; < Nl[k} for £ > 0. We first show that
(3.19) [NV ]loo < 201

Indeed, take any z, and let T, = {T' € T, : « € Ir}. Clearly,
Ni(2) < D loegy
TET,

Since the collection of top intervals of elements of T, is nested, there is one
minimal element. Note that if I; C Iy are two intervals then for £ > 0 we



Weighted bounds for variational Fourier series 169

have 28I,  2F1,. Therefore the intervals 2¢ I with T € T, are also nested
and the minimal of them contains a point y € { Nl < 21+1)\} by definition
of T;. Therefore,

Ni(z) < NW(y) <2741,

completing the proof of (3.19).
Now, denote P; = UTeTl T and as usual

)1 1/2
SPL < Z | f7 ’IIP’> .

PeP;
It follows from (3.13), (1.5)), and Holder’s inequality that
(3.20) o INM 11wy < C2F[Sp, 117 )

For N large let f; = fX1. The key estimate in our proof of (3.14) is

CrLAmM 3.13. For any s € (0,1) and § > 0 there is C = C(e, s, N) < oo
such that

. p.f) < 1[6e (Mafr + [aMs 51/2)]5(M2f1)1_8)-
(3.21) (Sp,f)F < ClINY IS (Mafi + [aMa(N
Now we show (3.14]) using the above claim. It follows from (3.20)), (3.21]),

and the assumption w € A, that
o NIACY < 020®)) (S, ) 2aw)

sczO“f Nl 20y + [l N2 211 2y
< C2PB (NS Fll p2aguy + INISE /222D 0 | NGO Frl s )

The numbers § > 0 and s > 0 will be chosen very close to 0. Consequently,
after bootstrapping, it follows that for any € > 0,

1 2
a| NI < C2°WNNNILEDN i oo
Therefore, it follows from the bound || N|ee < 21X of (3.19) that

2
w{NF > 2}y < 020K 9-1(1-9 o 20 ~Ltey (1) [ inf Mg, f(a;)} !

Choosing € > 0 very small allows for summation over [ > 0 of the above

estimate. Using (3.17)) and (3.18)), we obtain the desired estimate (3.14)).

Proof of Claim [3.13 Fix any dyadic J. For any T € T let Ty :=
{P €T :Ip C J}, and by decomposing T; into O(1) subtrees we may
assume that T’y is a tree with a new top interval I N J for every T € T;. It
suffices to show that for any = € J,

1 2\ 1/2
(3.22) |J|1/2H< Z |ST, f ) HL2 < the value at x of RHS of (3.21]).
TETl
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By Lemma belov, for any 0 < s < 1 there is C'= Cs < oo such that

1/2 s
: s 2 = 2 « 11 ’ itz -
(3.23) 152, £11B) " < Cllfll2 + Ca®lIN 2 1520 113

TeT,

Here we have used the fact that for any P € P,

lar] ( . S|a |211Pw(3:)d:r>1/2<a
11p|172 — \w(Ip) " Ip] =

Since for any P € T; we have Ip C I N J, it follows from Corollary [3.9] that
(3.24) 157, fllBmo < € inf Ml(fXIﬂJ)( )-

Interpolate the estimates (3.23)) and (3.24) to prove (3.22) using a now-
standard localization argument (see e.g. [LT3]). The idea is to decompose

f = Zk>0 fk Where fo = fl[mJ and fk = f12k(ImJ)\2k71(ImJ) fOI‘ k Z 1 and
apply (3.23)) and (3.24)) to fx. More specifically, for p € (2,00) we have

I3 )], = (5 1)
TET,

TeT,

1/p -
< (30 U fulld) 7 sup 15 fellaiey

TGTZ

SCN,pQ_Nk’Imj\l/pxé?rﬁJ(M2fI( z)+[aMa(N, 1/2)( )25/P [ Mo fr(2)]12/P).

Summing over k > 0 we obtain

@9 (3 1snr)",

TeT,

< CLIP inf (Mo fr(2) + [oMa(N] /) (@)*/ Mo fr(2)'=2/7).

On the other hand, using Holder’s inequality we find that

(3.26) H( S \STJka)l/zH < [N 1/pH( L f|p) Hp
TeT,

TETZ

Combining (3.25)), (3.26) and Hélder’s inequality yields

|J|1/2H( Z S, £ )1/ ‘ |J|1/pH( ST, f ) ‘

< CHNlHiéz VP My fr(z) + [a/\/lz(\ﬁl)(m)]%/”[MQfI(gC)]l*ZS/p‘
Choosing p > 2 sufficiently close to 2 we get the desired estimate (3.22). =

Lr
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The following lemma, needed for our proof of Claim is contained
implicitly in [T1], where in fact a stronger logarithmic variant was proved
(see also [HL] for a vector- valued generalization).

LEMMA 3.14. Let T be a well-separated collection of 2-overlapping trees
and let P = Upep T. Then for any 0 < s < 1 we have

G2 (X lren)?)”

PeP
(151 + [ sup W20 ()’ i),

REMARK. While any 0 < s < 1 would be enough for applications to the
Lebesgue setting of Carleson theorems (see e.g. [LT2] and [OST+| where
s = 1/3 is used), our applications to Claim require arbitrarily small
s > 0. We include a proof of (following largely [T1]) below.

Proof of Lemma [3.14 Without loss of generality we may assume
| fll2 = 1. Denote

N=Y 1. ap=(fop). A=(YlarP)" B =sup

TET PeP pep |Ip|'/?

We then divide P into subcollections Py, where for any k£ > 0 we have

_ L o—k—1 lap| k
Pk—{PGP.2 B<!Ip!1/2§2 B}

and let P>y = (J,5), P;. Using the known special case s = 1/3 of ( (3-27)
proved in [LT2] (See also [OST+] for a setting similar to the current paper)
for the restriction to P> of the tree collection T, we obtain

1/2
(X lenl) " <0 ol B) NS
PEPZk
in particular for & > max (0, logs[B(} et |I7])/?]) we have
1/2
(3.28) ( 3 |ap|2) <.
PePZk

On the other hand, it follows from the definition of P that

(3.29) ( Z Iap|2)1/2 N2"“B< Z ‘IP‘)1/2

PePy, PePy,

We can also view Py, as a collection of single-bitile trees, which is clearly well-
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separated. Thus again by the known case s = 1/3 of (3.27)), it follows that

1/2 1/21/3
(3.30) ( 3 |ap|2> < C+C[2—k3( 3 |Ip|> }
PcPy, PePy
Combining (3.29) and (3.30]), we deduce that, for any k > 0,
1/2
(3.31) ( 3 \apP) <.
PePy

From (3.28) and (3.31)) we obtain

>~ lapl® < € + Cmax(0,logy[B|N])y ).

PeP

Using the trivial estimate max(0,logz) < z for any = > 0, we conclude that

(X larl?)" < o1+ BINI)

PcP
for any 0 < s < 1, as desired. »

3.4. Decomposition by density. Since |g| < 1¢, the density of any
collection is bounded above by 1. For the result below, it is important that
the constant D in the definition of density is sufficiently large, much bigger
than the doubling exponent v of w. We return to this point in the proof.

LEMMA 3.15. For any collection P of bitiles and any a > 0 we can find
a collection T of trees such that the density of P —Jpep T is bounded above
by o and
> w(lr) < Ca™"w(G)
TET
here r is the variational exponent used in the definition of density.

REMARK. This is a weighted extension of [OST+, Proposition 4.4], and
the proof below is adapted from [OST+], which is in turn a variational
adaptation of the standard argument. The variant of Lemma ith im-

proved density follows immediately, since for any P we have density(P) <
C density (P).

Proof of Lemma[3.15 If density(P) > « then there is a nonempty tree
T C P such that
(3.32) w(Ir) <o " \XP1gl” D ldj|"w.

j: Nj€wr

We select T" such that |I7| is maximal, and then by enlarging T' (keeping I1
and &7) if necessary we may assume that 7' is maximal in P with respect

to set inclusion. Let 7'y and T_ be the maximal trees in P with the same
top interval as T' but with top frequencies &7 — 1/(2|I7|) and {7 + 1/(2|I7|)
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respectively. We then remove from P the union of 7,7, ,T_. Continuing
this selection process, which will stop since P is assumed finite, we obtain
a collection T of trees such that
density(P - YJ@uru T+)> <a
TeT
We now show that
> w(lr) < Ca"w(G).
TeT

By the selection algorithm, it is not hard to see that for ' # T’ in T the
rectangles It X wp and I X wpr are disjoint. Now, it follows from (3.32)
that for any 7' € T there exists an integer k = k(T") > 0 such that

(3.33) w(Ir) < C2PRa | g N fdy|"w
2k I j: Nj€wr

We then sort the trees in T according to the value of k(7"). More specifically
for each k > 01let Ty, ={T € T : k(T) = k}. It suffices to show that

(3.34) > w(ly) < Ca™" 27 w(G).
TeT),

Fix k. Select a subcollection S C T} such that the rectangles 26T x wg
with S € S are pairwise disjoint, and such that

(3.35) D w(lr) £C ) w(@Hy).
TeTy SeSy

Note that this will imply the desired estimate (3.34)). By choosing D > ~v+10,
where v is the doubling exponent for w, it follows from and -
that

> wIr) <027 Y w(I

TeTy SeSk
—k  —r / /
<C2 %« " SZ Z 1{(:B,Nj(x))€2kls><ws}|dj’r |g|T w
Jj S€ES
< CQ_ka_rlS " Z \dj]’",w < C27Fw(@).
J
It remains to select Si. Assume without loss of generality that T}y is

nonempty. Then we choose S € T}y such that |Ig| is maximal and then
remove all 7' € T if

QkIT X wr N QkIS X wg # 0.

Starting from the remaining collection, we repeat the above selection pro-
cedure until no trees are left. We then let S; be the collection of selected
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trees. For any S € Si, let Tg denote the collection of trees in T that are
removed after S is selected; to show (3.35)) it suffices to show that

(3.36) > 1, < Clgrray,.
TeTg

Note that if T € Tg then |I7| < |Ig| and 2¥I7 N 2FIg # 0, so clearly
I C 2"2]5. Also |wr| > |ws| and wr Nws # 0, so out of any four trees in
Tg at least two will have overlapping top frequency intervals. The desired
estimate then follows from the fact that the rectangles It x wp (with
T € Tg) are disjoint. m

4. The tree estimate. In this section we prove several estimates for
the restriction of the (model) Carleson operator to a tree. Lemma is
applicable to any tree, while Lemma improves the L' case of Lemma
when the elements of the underlying tree are disjoint in the phase plane.

Recall that for any bitile collection Q we denote

Caf(x) =Y (f,ér)pr (x)dp(x)
PeQ

with dp defined as follows: First, (dj)>1 and IV} are two sequences of mea-
surable functions of x such that

e For each z there is some integer K = K () < oo such that di(z) =0
for k > K, and uniformly over = we have 3, < |di(z)[" = 1.
e For any x we have Nyo(z) < Ni(z) < --- -

Then for each z define dp(x) = 0 unless there exists an index k such that
N1 ¢ wp and Ni € wp,, in which case such an index is unique and we
define dp(z) := di(z). We note that if P € P then

X0lgl" > ldk"w < Cuw(Ip) density({P})".
k: Ng Cwp,
The above observation will be used implicitly below.

LEMMA 4.1. Let T be a tree. Assume s € [1,r']. Then there exists some
C = C(s,w) < oo such that

(4.1) 11129CT fl s () < Cw(I7)"* size(T) density (T'),

and furthermore for any N > 0 there exists C = C(N, s,w) < oo such that,
for any k >0,

(4.2)  |[Lgrs1 001 9CTFll Loy < €27 NFw(Ip)Y/* size(T') density (7).
REMARK. As a consequence, for any s € [1,7'] we obtain

(4.3) 19CT fl| 1wy < Cw(Ir)* size(T) density(T').
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Proof of Lemma [{.1 By Holder’s inequality and using the doubling
property of w it suffices to show and for s = 7/, which will
be assumed in the rest of the proof. By dividing T" into two subtrees if nec-
essary, we can assume that the tree is either 2-overlapping or 2-lacunary.
We will return to this distinction below.

Proof of (4.1). We will prove a stronger estimate, where the restric-
tion 17, is not required. Let J be the set of maximal dyadic intervals such
that

Ip ¢ 3J
for any P € T'. It is not hard to see that J partitions R. Let
(4.4) Ty:={PeT:|Ip|l <C4lJ|}

for some absolute constant Cy > 4 to be chosen later. The left hand side
of (4.1) (with s =’ now) is bounded above by A + B where

(4.5) a=(X] |gCTJf\le)1/T,,

JeJJ
;o\
(4.6) B = (ZS 9C, ) w) :
JeJ J
To bound A, we fix J € J and first estimate the contribution of each P € T';:
r’ 1 |<fa ¢P1>| ~N4+D ! 1/
< JIACRR YA}
<S|9Ckp}f\iv> _.CRI‘IPP/Q (S“JQXH, dp| w)

J
< Cw(Ip)/"" size({P}) density ({P}) sup X1, (y)"
yed

From the triangle inequality, it follows that
o\
(47 (§lgCr, 1" w)
J

: —4N
< C'size(T) density (T") Z w(Ip)" (1 + dlSt(J’IP)> .
PET; e

By the A, property of w there exists a constant 3y > 0 such that if I C I’
are two intervals then
Bo
wll) _ (1Y
w(I') 7’|

Without loss of generality, we may choose the doubling constant ~ in ([1.5)
to be large enough such that v > fy.

For any P € T; we can find an interval K of length comparable to
|Ip| + |J| + dist(J, Ip) that contains both Ip and J. Since |Ip| = O(|J|) we
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can choose K to be a dilation of J. We then have
w(Ip)_w(I ) w(K )<C<|IP|>50<|K|>W:C(HP|>BO<|K‘>’YBo
w(J)  w(K) w(J) K| /] /] ]
C( )50< dist(J, Ip)>7_5°
/]
I Bo I Y—Bo
C<|p]) <1 n dist(J, p)> ‘
/] Ip|
Therefore by choosing N sufficiently large it follows from (4.7 that

/ 1/r'
(S l9Cr, fI" w)
J
In|\ Po/™ ) : o)\ 3N
< C'size(T') density(T) Z <|P|> w(J)MT <1 + dlSt(J’P)>

&\ 77|

= C'size(T) density (T)w(J)"/" Z Z Qkﬁo/r’< dlSt(‘]IP)>

k>=1|Ip|=2-J] e

Using the fact that 3J does not contain any Ip, P € T;, and the fact that
elements of Ty of the same size are spatially disjoint, it is not hard to bound
the last display by

IN

IN

. 2N
< C'size(T) density(T)w(J)l/T’ (1 + dlSt(J’IT))

7|
Thus, we can bound A by

. Jé —2N7r'\ 1/7'
A < COsize(T) density(T) | S w(J)( 1+ dist(J, Ir) .
7|
JeJ
Note that by definition 3.J does not contain Ip. It follows that for any = € J,
dist(J, I7) ~14 |z — c(IT)]'
7| 7|
Choosing N large and using disjointness of J’s, we obtain

Zw(‘]) <1 + M) 2NT < C’S%ﬁw < Cw(Ir).
JET ||
Consequently, we have
A < Cw(Ip)Y" size(T) density(T).
To bound B, let Fy = Upep\r, wp,- We first show that

(4.8) Vgl™ D 1di]"w < Cw(J)[density(T)]".
J j:NjEFJ

1+
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We construct O(1) nonempty subtrees of T" such that F); is contained inside
the union of the frequency intervals of these trees. The top interval of each
such subtree will be of length ~ |J| and will be contained in some O(1)
dilation of J. Clearly, follows as a consequence of this construction.
To construct these trees, first we construct their (common) top inter-
val Jy. Let 7(J) be the dyadic parent of J. Then we can find @ € T such
that I C 3w(J), therefore we can select a dyadic interval Jy such that

Ig C Jo C3n(J), |Jo| = |J].

Now, note that by dividing 7" into three trees if necessary, we may assume
without loss of generality that only one of the following scenarios happens:

(i) &7 € wp, for every P € T, or
(ii) &ér < infwp, for every P € T', or
(iii) &r > supwp, for every P € T.

In each of these scenarios, one tree will be constructed. The desired tree
has only one element @ and has top data (Jy,wp), and wp is constructed
below: it will be shown that

(4.9) Fy Cuwy C (IJQ.

We note that by choosing Cy large in the definition we can ensure that
for any P € T'\ Ty we have |wp| < 1/|Jy|. Furthermore, if Cy > 1 we can
also ensure that |wp| < (Co — 1)|Jo|/2.

If (i) is satisfied, we let wy be the dyadic interval of length 1/|Jy| contain-
ing &7. It is clear that for any P € T'\ T; we have wp, C wg and wy C wg,,
and follows immediately.

If (ii) is satisfied, we let wg = [{7, &7 + 1/|Jo|). Since for any P € T'\ T
we have |wp| < |wo| < |wg,|, it follows that we always have wp, C wy C wg,
as desired.

If (iii) is satisfied, we let wo = [£7 — 1/|Jo|,&7), and argue as for (ii).

This completes the proof of . "

Now we return to our task of estimating B. We remark that any J € J
that contributes to B must satisfy |J| < |I7|/Cy < |Ir|/4, therefore J C 317.
We now consider two cases:

CASE 1: T is 2-lacunary. By ensuring that the constant Ky in the sepa-
ration assumption (S3)) is sufficiently large, it follows that for P, P’ € T with
|Ip| > |Ip:| we have wp, C wpr. Since {N;(z)} is an increasing sequence for
every x, it follows from a geometrical consideration that for each x there is at
most one m and such that dp(z) # 0 for some P € T with |Ip| = 2™. Here
it is important that the limiting condition reads {N;_; € wp, N; € wp,}.
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Now, uniformly over m we have

— oI —2
S (14 BN o,
2P|
PET: |Ip|=2m
It then follows from (4.8) that
[(f, ¢ér)]

/ ’ 1/r!
1L59CT v, Fllry < Csup SR ([lg” sup |d,)"w)
per |1p| 7 kNpewr,

< C'size(T) density (T)w(J)Y".
Consequently, we obtain the desired estimate:
1/r'
B < C(Z w(J)) size(T') density(T)
Jed
< Cw(Ip)Y" size(T) density (7).

CASE 2: T is 2-overlapping. We estimate pointwise

’CT\TJf(x)\
r\ 1/r o 1/r
< (Z‘ > (f,op ) 0P, ) ( > Jdp()] )
J PET\TJ:Nj_lgqu,NjEUJPQ j:NjEUJTO

Therefore
(4.10)  N1L59CT\1, fll 1 ()

, ) r 1/r
< Cw(J)M" dens1ty(T)suIJ)(Z‘ Z (f.op )P ) .

BAS

J PeT\Tj: Nj_1¢wp, Nj€wp,

Note that for any P the frequency support of ¢ p, is contained inside Cywp, =
(1 —¢)Cawp, for ¢ =1— C3/Cy € (0,1), which is uniform over P’s. Recall
that T is a 2-overlapping tree and the relative positions of the tiles in each
bitile are uniform over P.

Now, by choosing the constant K in the separation assumption ( to
be sufficiently large, we can find a lacunary family of smooth Littlewood—
Paley projection operators II, such that: I, is a smooth Fourier multiplier
operator whose symbol is supported in {|{| = O(2")}, and furthermore
(thanks to separation) II,,IT, = II}, for any n < k and ¢p, = (II,—II,—1)dp,
for n = logy |Ip|.

It follows that for any x € J we can bound

(2] > (oomyon] )"

k PET\TJ:Nk,1¢wP,N}€€wp2

K

1/r

< sup Z |<Hn] - Hnj—l)gT|r> :
K,no<-<ng<O(1)—log, |J| j=1
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where gr := > pcp (f, &P )¢p,. The last display can be continued as

K
1/r
= sup <Z |]]log2 |J|(Hnj - Hnj—l)gT’T>

K, n0<---<nK<O(1)*10g2 |J]
1/r
< MJ( sup (Z ’Hn gr — TLJ 1gT’ > )’
K,ng<--<ng j=1

using Minkowski’s inequality and standard arguments. Here, M; denotes
the following local maximal operator:

Myf = sup m&lfl

For simplicity we denote by ||gr ||y the variational expression inside M; in
the above estimate. Recall that all the J such that 7'\ Ty are disjoint and
contained in 3I7. Thus, it follows from (4.10|) and the above estimate that

A L/
B < Cdensity(T)(ZM(J)MJ(HQTHVT)T )
JeJ

< C density ()| 51, M(llgrllve) | o
< C density (T)w(Ir)"/™ Y CO M(||gr | ve) | 20 (w)
since r’ < 2 < 2¢. Using w € Ay C Agq and Lemma |5.2) . below, we obtain
B < Cdensity(T)w ()" ®D||gr | p2a).
To show the desired bound for B it remains to show that

97 || 20 () < Cw(I7)Y 29 sige(T).

Take h to be any function in L2 (w) where (2q)’ denotes the dual exponent
of 2¢. Let 0 = w(29"/(29); gince w € Ay C Ay it is clear that o € Ay
We have

<gT7 wh) = Z <f7 ¢P1><hw7 ¢P1>

PeT
) (o)

< ISF L2 1S (h0) | say -
Then using the John—Nirenberg characterization of size in Lemma and
the estimate (3.1]), it is not hard to see that

(gr,wh) < Cw(Ir)" ) size(T) ko] oy )

= Cw(Ir)Y®D size(T) 1Al ey )

as desired.
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Proof of . Let g = glokt17,\967,- Note that it suffices to consider
k > 2. One proceeds as in the above proof of with g in place of g. It
suffices to observe that in the proof of we do not need to consider (4.6|)
for k > 2 since all the J that contribute to this term are contained in 317.
Furthermore, any J that contributes to satisfies

dist(J, I)
|7

therefore in the rest of the proof one could easily introduce a decaying
factor. m

> C2F,

LEMMA 4.2. Let T be a tree and suppose that any two bitiles of T are
disjoint. Then there exists some C' = C(w) < oo such that

(4.11) 19C f | 11wy < Cuw(I) size(T) density(T).

Proof. Clearly the elements of T' must be spatially disjoint using the
separation assumption on P and the fact that T is a tree. Thus, by the
triangle inequality it suffices to show for any single-element tree; but
the improved L! tree estimate is clear for these trees. m

5. Weighted variational inequalities for Littlewood—Paley fam-
ilies. In this section, we prove weighted extensions of a Lépingle inequal-
ity, namely a variational inequality for Littlewood—Paley families [LI, Bl
JSW|, [PX]. Note that the dyadic variant of Lemma below was proved
in [DLJ.

DEFINITION 5.1. Fix absolute constants C' € (1,00) and {Cy : N € N},
m > 1. A sequence (fj);ez of functions is a Littlewood—Paley family if each
f; has frequency support inside {C71277 < |¢| < C277}, and

N N .
‘d:ngI(x) < CON277V 1 A Jzf277]7™

LEMMA 5.2. Let1 <p < oo, w € A, and r # 2. Let s = min(r,2). Then
for any Littlewood—Paley family (f;) we have

(5.1)
Vs <l

K
[ (2] X 5
K, No<-<Nk “1 27" N, 1 Z5<n,
Proof. Let A; be the Littlewood-Paley projection of f into an enlarged
frequency range {(2C) 71277 < |¢| < 2C - 277} such that A, f; = f;. It then
suffices to show that for any w € A, and any family of Littlewood-Paley

Lp(w)
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projections (4;) and any vector-valued function f = (f;);ez we have

(5.2) )
). < (15 )

|, (2] X 4

K, No<-<Nk “1 21" N, 1 Z5<n,
Let Tt denote the variational operator inside || - ||zp() on the left hand
side of ([5.2). Then it suffices to show the following pomtw1se bound for the
dyadic Sharp maximal function of Tf: for any 1 < ¢ < oo,

(53) @) < M@, 1= (X 15r)"

J

LP

Indeed, since w € A, this will imply that
1T o) < CHTE | Low) < CIM(E) Lo w)

We now take 1 <t < p sufﬁmently small such that w € A/, and the desired
estimate ( . ) then follows:

1Tl Lo (w) < CIM(E)l Lo () < ClIEllLr(w)-
It remains to show ; we use an argument from [DMT]. Take any
dyadic interval I containing x. Let c; be a constant defined as follows:
O:{H\W@*ﬁ if 2/ < 1/]1],
! 0 otherwise,
where ¢; is the corresponding convolution function of A;. Further let

o= sup (}:) > o)

K, No<--<Ng Ni_1<j<N

Then it is not hard to see that

1/r
sup (Z‘ Z Ajf; ) —C[‘
K, No<---<Ng Ny 1 <j<N
r\ 1/7
< sup (Z’ Yo 4ifi-¢) ) :
K, No<--<Ng Ny i ZI<N,

We then decompose
Ajfj—cj=9j+b;
where
(4 bA)_{(O»Ajfj—Cj) if 27 < 1/|1],
7 (A;(fil3r), Aj(fil(sr)e)) otherwise.
It is not hard to see that for any y € I we have
16 (y)] < CMu () min[(27|1)), (27]1]) 7]
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The parameter € > 0 here depends on the decay of ¢; and its derivative.
Now, by Holder’s inequality and the known Lebesgue case @ of { ., we
(Z DI

have
7“) 1/r
Ni_1<j<Ng

i
1|
Smm“ w (2] X A

r>1/7‘
K, No<--<Nx N7V

<oprl(iar) < gl (32 1) ], < acore

On the other hand,

i (2% mi)" s

1 HNo< <Nk 20 Ny <<y,

K No< <NK

t

Z y)ldy
J

27|1]) = IM f5 ()

/\NM

< O min[(2/]1])",
J

< Csup My fj(z) < CMy(f)(z) < OM(f) (). =

6. The main argument and proof of Proposition Without
loss of generality assume that w(F) > 0 and w(G) > 0 and

max(w(F),w(Q)) = 1.

Recall that our aim is to find major subsets of F' and G respectively such
that at least one of them has full measure, and if |f| and |g| are supported
inside these sets and bounded above by 1 then

(6.1) Bp(f,g) < Cw(F)YPw(G)'—1/r

for all p € (g, 00) such that 1/r > 1/g—1/p. The major subsets will be chosen
using the weighted maximal function (see its definition in Section .

CASE 1: w(F) < w(G). We choose F = F and G = G\ 2 with
2 :={Milp > Cw(F)}

and C < oo sufficiently large such that w({2) < 1/2.
Fix qo € (g,00) very close to q. We use the following estimate whose
(rather standard) proof is included later:

(*) Note that in the Lebesgue case, (5.2) is equivalent to (5.1) thanks to boundedness
of the vector-valued maximal function; this was observed in [DMT].
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LEMMA 6.1. For any n € (2qo/r,1) there is a positive constant € =
e(n,qo,r) such that

(6.2) Bp(f,g) < Csize(P)' ™" density (P) w(F)" (D),

Furthermore, if the elements of P Msjoint in the phase plane then a stron-

ger variant of holds where density (P) is used in place of density(P).
Below we show how Lemma implies the desired estimate us-

ing an argument from [MTT2, MTT3]. We decompose the original P as
Ukzop[k] where

pl* :{PeP:ngHdlSt(I]D’Q)<2k+1}.
7P|
Observe that if P € P then 284215 N Q¢ # (). Therefore, using Lemma

we obtain

(6.3) size(PM) < 0200 ()11,

On the other hand, it is not hard to see that
density (P < 02-Dk/2,

Now, observe that if & > 1 then the collection P¥ can be decomposed into
O(1) bitile subcollections, such that for any two P # P’ in a subcollection
we have Ip X wp N Ip X wp: = (). To see this, note that for k > 1 the length
of any nested sequence in {Ip : P € P} must be O(1). It then follows
that we can decompose P into O(1) subcollections, in each collection the
spatial intervals Ip of two bitiles are either the same or disjoint, and via
another decomposition (to ensure that any two different bitiles sharing the
same spatial interval are far from each other in frequency) we can obtain
O(1) subcollections with the desired properties.

Thus, for the purpose of proving we may assume without loss of
generality that for k& > ko the elements of P are disjoint in the phase
plane. For those k we have

By (/.9) < C size(P) [ density (P w(F)?/ )
< 027D/ gige (P 1=y (F)1/(290)  (since supp(g) C £2°)
< 02 Dk/2[20(08) ()1 a1y ()7 (200).

Choosing D large in the definition of density (certainly D depends on
q,qo, 7, w) we obtain

Bpi (f,9) < Cgfekw(p)(lfn)/ﬁn/(?qo), k> ko.

On the other hand for 0 < k < kg disjointness may not be available, and
we only have density(P¥) = O(1), but since kg = O(1) we also have
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size(P) = O(w(F)Y9) from (6.3). Using a similar argument to that pre-
sented before, we obtain

Bpw(f,g9) < Cw(F)(lfn)/qw/(?qo)’ k< ko.
Thus, summing the above estimates over £ > 0 we obtain

Bp(f,g) < Cw(F)d—m/a+n/ (),

For any p such that
1 1 1

p q T
we can choose ¢ sufficiently close to ¢ and n sufficiently close to 2qy/r
(keeping 1 > 1 > 2qo/r and qp > ¢q) such that
(1 =mn)/a+n/(2q) > 1/p.
The desired estimate (6.1) now follows immediately, using w(F") < 1:

Be(f,9) < Cu(F)'/7.

Proof of Lemma We only show the general case when P is arbi-
trary. An analogous argument is used in the case when any two elements of
P are disjoint in the phase plane, and the estimate is in terms of the im-
proved density. The main difference is the use of the improved tree estimate
(Lemma in place of the standard tree estimate (Lemma [4.1)).

For convenience, we denote S = size(P), By = w(F)Y/(%) and D; =
density(P). Using Lemma and Lemma we can decompose P =
UnEZ P,, where each P,, is the union of trees from a tree collection T, such
that

Z w(Ir) < C2",  size(P,) < C2 ™COIE  density(P,) < 27"/
TeT,
The tree estimate (4.3)) (applied with L! norm) then shows
Bp(f,g) < CZ Z (I7) size(T') density(T)
n€ZTeT,
< CY 2" min(Sy, 27"/ @0 By) min(Dy,27").
neL
It follows that for «, 8 € [0, 1] we have
Bp(f.g) < CS1Dy Yy min(1,27"/ %) By §7H)* min(1,27"/" D )P
nez
< CS51Dy Z 2" min(l, 27nK(E1/Sl)aD1_B),
nez
where

T2
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Under the assumption r > 2¢ we can choose gg > ¢ such that r > 2¢gg. Then
we can find «, 8 € [0, 1] such that

o« B
6.4 — 4+ —=>1.
(6.4) 2

We thus obtain a two-sided geometric series which is bounded above by its
largest term. Thus

Let n = a/K; we have n € (2¢qp/r,1) and in fact varying o, € [0,1]
respecting the condition (6.4) we can obtain any value of 1 in (2¢p/7,1).
Furthermore

B / n r’ 2qo
=1—-—==1- 1—-— ) = — —— >0
¢ K " 2q0 2qo " r ’

giving the desired estimate (6.2]). This completes the proof of Lemma "

CASE 2: w(F) > w(G). We will choose G = G and F = F \ £2 where
Q2 :={Miulag > Cw(G)}

with C' < oo sufficiently large such that w(£2) < 1/2. We will use the
following estimate, whose proof is included later:

LEMMA 6.2. Suppose that density(P) < Mw(G)Y"™ for some M > 1.
Then for any p < oo there exists a constant 6 = §(p, q,w,r) > 0 such that

(6.5) Bp(f,g) < CM size(P)2w(G) /=1

Now we show how Lemma implies the desired estimate (6.1]). Decom-
pose P into [Jy,>q P where

P[h]:{pepz2h<1+dlSt(IP’Q)<2h+1}'
Ip|
We verify that
1/r ,
(6.6)  density(P") < C2°M| sup (M1 u10)(@)] T < C27Pw(G)",
xEef2°

here the implicit constant in O(h) depends on the doubling exponent  of w.
Indeed, let T be any nonempty tree in P/, Tt is clear that

dist (I, 2°)
17|
We then enlarge I by a factor of O(2") to obtain an interval .J such that

< 2h+1 .
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J N 0° # §; clearly w(J) < C2°Mw(Ir) and therefore
1/r! ,
(lu(lI)SXIHQV ) / < 200 Liclelg/\/ll,wlc:(l’)} 1/T,
from which the estimate follows immediately.
On the other hand, since supp(f) C £2¢, it follows from Lemma [3.7| that
size(PIM) < o2~ NP
for any N > 0. Take N very large in the above estimate; then (6.5)) and (6.6} .
imply that
Bpi(f.9) < C27"w(G)"w(G) P = €27 (G) Y
and now follows from summing these estimates over h > 0.

Proof of Lemma Fix qo € (¢,0). Using Lemmas and we

can decompose P = |J P,, where P,, is the union of trees from a tree
collection T, such that

> w(lr) <27, size(Pn) < C27"20, density(Py,) < C27" w(G)Y".
TeT,

We use Lemma again and decompose P, = Um20 P, where Py, ,, is
the union of trees from a tree collection T, ,, such that

size(Pym) < CQ—(”‘i'm)/(?qo)

Z w(Ir) <CZ (I7) < C2,

TE€Tn.m TeT,

| 3 e, <020W2mu(E) = 02002mm.
TET n.m

nez

In particular, it follows from the doubling property of w that

| 3 1

TETn,m

< o2k,
LY(w)

Consequently, by interpolation, for any 1 < p < oo and any € > 0 we have
6.7 | Ly, < ¢20Wgm/p'gn,
o0 Te%: 20 || o)

Here, the implicit constant in O(k) may depend on p, €, w. For convenience,
for any k£ > 0 let Nmn denote the counting function

N = > g,
TE€Tnm

Decomposing 1 = 17, + > 5¢(1ak+17, — lokp,) for each T and applying
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Hoélder’s inequality, we obtain

Bp,,.(f.9) <C Y Bi(n,m)
k>—1

where
0] \1/r P\
B_1(n,m) :S(Nn,m) ( Z ’1[TgCTf| ) wdz,
TETn,m
A 1/r
B(n,m) = [ (NI = NIV (N [y pparer, 9CrfI” ) wda
TET'IL,m

for k > 0.

Estimate for 3, ., B_1(n,m). Fix p < oo very large and € > 0 very
small, such that in particular p — € > r. Apply Holder’s inequality to ob-
tain

N /7
Boainm) < CNNE) e | 3 awgCrn 1)y
TE€Tn.m (w)
By (6.7)), the first factor can be rewritten as

H Z 1, 1/r

< CQn/T2(1/r—1/p)m
LP=e)/r(w) —
TETn.m

since p — € > r. The second factor is supported inside supp(g) C G, thus it
can be bounded above by

( > |11T90Tf\r/>1/r/‘

TE€Tnm

PR —— ! /Tl
:CW(G)@L)/ rl'( > ||IITQCTfHTLw(w))1 :

TeETn,m

1 1

Cu(G) &=~

L7 (w)

Using the tree estimate (4.1), we can bound the above expression by

1 1 1/r!
Cw(G) ="+ [ Z w(IT)] / size(Py, m ) density (P, m)
TETpm

1 1

< Cw(G) T 7 28] [27 "5 ) ige(P)]
x min(2~"" w(G)Y", Mw(G)Y™).

Here § € (0,1/(2qo)) is very small and will be specified later.
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Since M > 1, it follows that

Z B_i(m,n)

m>0
< CM’U)(G) (p,le)/ SiZG(P)6 Z 2%+(%_%)m+%—(n+m)(ﬁ—5) min(2—n/r/’ 1)
m>0

Since r > 2q we can always choose qg > ¢ such that r > 2qg, and then
choose § > 0 depending on qqg,r and such that

1 1
(L5
r <2q0 ><0’

which implies 1/r —1/p —1/(2¢o) + § < 0. Therefore the above summation
over m > 0 converges, and

l 1 n
Y ) B, ) < CMuw(G) o size(P)’ Y 2" 705 min(1, 2%).
n m>0 neZ

Since

we can refine our previous choice of § = §(qo,7) > 0 such that the above
estimate of > > _,B_1(m,n) remains a two-sided geometric series. It
follows that

1
Z Z B_, ) < CMw(G) @9 size(P)°.
n m>0
Since we can choose p < oo arbitrarily large and since w(G) < 1, it follows
that

> > B ) < CMw(G)Y? size(P)°

n m>0

for any p < oc.

Estimate for an Byg(n,m). The argument is similar to the above esti-
mate for the sum of B_;(n, m), with the following difference: we will collect
some power 2, and we will gain the decay factor 2=V* from the tree es-
timate (4.2)) where N could be chosen arbitrarily large. We obtain, via a
similar argument and by choosing N large enough, the estimate

> Bi(m,n) < C27FMw(G)'/?' size(P)°
n m>0

for any p < co.
Summing over k > —1, we obtain the desired estimate (6.5). This com-
pletes the proof of Lemma .
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