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Compact and continuous embeddings of
logarithmic Bessel potential spaces

by

Davip E. EDMUNDS (Brighton), PETR GURKA (Praha)
and BoHUMIR OPIC (Praha)

Abstract. We establish compact and continuous embeddings for Bessel potential
spaces modelled upon generalized Lorentz—Zygmund spaces. The target spaces are either
of Lorentz—Zygmund or Holder type.

1. Introduction. In a series of recent papers [EGO1-6] a systematic
investigation of embeddings of Bessel potential spaces modelled upon gen-
eralized Lorentz—Zygmund (GLZ) spaces was carried out. (Bessel potential
spaces of this kind are often called logarithmic Bessel potential spaces.) For
a survey of our results we refer to [O]. In [N] some of these results were
extended to the case when GLZ spaces are replaced by Lorentz—Karamata
spaces.

Let p,q € (0,00], myn € N, ay,...,a,, € Rand let 2 be a domain in R™.
Then Ly g.a,.....a., (£2) is the GLZ space defined to be the set of all functions
f on {2 such that

Ht“””q(ﬁf?j (1) 7 (1)

Here f* stands for the non-increasing rearrangement of f and
(1.1)  £y(t) ;=14 |logt|, £;(t) :=4(€;—1)(t) (5>1), te(0,00),

are the logarithmic functions. These spaces contain many familiar objects
including Lebesgue, Lorentz, Zygmund and Lorentz—Zygmund spaces. Cor-
responding to each space X = X(R") = Ly, g.04.....a,, (R™) with p € (1, 00),

< Q.
L2(0,00)
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g € [l,00] and to each o > 0, the logarithmic Bessel potential space
H? X is defined to be the set of all convolutions g, * f, where g, is the
usual Bessel potential kernel and f € X; this space is (quasi-)normed by
means of the (quasi-)norm of X. When ¢ € N and p,q € (1,00), H°X
turns out to coincide with W2 X, the Sobolev space of order ¢ modelled
upon X.

Embedding theorems for H? X obtained in [EGO1-6] extend the classi-
cal Sobolev theorems and give embeddings into GLZ spaces, Orlicz spaces
of multiple exponential type or Holder-like spaces, depending on the pa-
rameter values. Although many results were obtained, the research is not
yet complete. For example, in the sublimiting situation (when 0 < 0 < n
and 1 < p < n/o) we established sharp continuous embeddings into GLZ
spaces and proved that such embeddings are not compact. On the other
hand, with the classical Sobolev embeddings in mind, we might expect that
these embeddings become compact if the parameters involved in the target
spaces are restricted in a proper way. One of our aims is to show that this is
really the case. While in the classical situation compactness is achieved by
restricting the parameter on the power-type level, in our general situation
we show (cf. Theorem 3.1 and Corollaries 3.2) that the same effect is caused
by each shift (in an appropriate way) of any parameter of the logarithmic
levels. Similar results are obtained in the limiting situation (when 0 < o < n
and p = n/o)—cf. Theorem 3.4 and Corollaries 3.5.

Another question which we answer concerns embeddings into classes of
A(+)-Holder continuous functions. Such embeddings for spaces H? X (R"™), X
still being a GLZ space, were established in [EGO4] and their sharpness
was proved in [EGO6], both provided that ¢ > 1. The second aim of this
paper is to analyse the situation when o € (0, 1]. In such a case one cannot
use the method in which a lifting argument (based on [EGO4; Lemma 4.1]
which extends the Calderdén result [Ca; Thm. 7]) is applied to reduce the
superlimiting case to the sublimiting one. Nevertheless, we have succeeded in
establishing embeddings of H? X into A(-)-Hoélder classes in the superlimiting
case even when o € (0, 1]—cf. Section 4.

The third goal of this paper concerns the embedding of H? X(R"), X
being the GLZ space Ly g.a4,....a,,, into spaces of A(-)-Holder continuous
functions in the limiting situation when o = n/p, the logarithmic exponents
aj, j =1,...,m — 1, have limiting values 1/¢’, and a,, > 1/¢’. Such em-
beddings are established in Theorem 4.3. As a corollary, we obtain an inter-
esting result which has no analogue in the classical theory of embeddings of
Sobolev—Orlicz spaces. Namely, Theorem 4.3 implies that the Sobolev—Orlicz
space WFL"/*(log L)*(R™), k € N and k < n (the Sobolev space modelled
upon the Orlicz space L™/*(log L)*(R") = Lg(R™), where the Young func-
tion satisfies @(t) = [t (1 + [logt|)*]*/*, t > 0), is continuously embedded
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into the A(-)-Holder class C%*()(R") with
(1.2) At) = (14 [logt|)~oFt=Fm  t>0,

provided that & > 1—k/n (the function A(¢) tends to 0 as ¢ — 04 more slowly
than any function ¢© with £ > 0). This complements Corollary 4.6 in [EGO4]
and illustrates the important role of the logarithmic term (log L)® involved
in the Sobolev-Orlicz space W¥ L™/ *(log L)*(R™). (By the classical results,
the Sobolev space W*n/F(R™) = WFL"*R"™), k € Nand k < n, is not even
continuously embedded into the space L*°({2) for any domain 2 C R™.) If
k =1 and R” is replaced by a bounded strongly Lipschitz domain {2 C R",
then such a result also follows from [Ci; Thm. 3.15]. (Recall that Theo-
rem 3.15 of [Ci] is stronger than Theorem 8.36 of [A].) The embedding men-
tioned above (with A from (1.2)) should also be compared with the following
corollary of [EGO4; Thm. 4.11] (which extends the result of [BW] about “al-
most Lipschitz continuity”): W+ L*/k(log L)*(R") — COA)(Rn), k € N
and k < n, with

At) =t (14 [logt))~ o=k >0,

provided that « < 1 — k/n.

The paper is organized as follows. Section 2 contains the notation and
auxiliary results. Compactness of sublimiting and limiting embeddings is
treated in Section 3, while Section 4 is devoted to embeddings into classes
of A\(-)-Hélder continuous functions. Some auxiliary results of Section 2 are
proved in the Appendix.

2. Notation and preliminaries. By ¢, C, C;, C5 etc. we denote pos-
itive constants independent of appropriate quantities. We write A < B (or
A2 B)if A <cB (resp. cA > B),and A~ B if both A < B and A 2 B.
For p € [1, 0], the conjugate number p’ is defined by 1/p + 1/p’ = 1 with
the convention that 1/o0o0 = 0. Throughout the paper we also adopt the
convention that 1/0 = +oo0.

Let {2 be a measurable subset of R" (with respect to n-dimensional
Lebesgue measure); by |{2|,, we mean its (n-)volume while y , stands for the
characteristic function of §2. The volume and the surface area of the unit
ball B,,(0,1) in R™ are denoted by w,, and by s, respectively. The symbol
M((2) is used to denote the family of all scalar-valued (real or complex)
measurable functions on the set 2; 9™ (§2) stands for the subset of M(£2)
consisting of those f which are non-negative a.e. in 2. If 2 = (a,b) C R,
we write simply 91(a,b) and M (a,d) instead of M((a, b)) and M™((a,b)).
The symbol M™ (a,b; |) stands for the collection of all f € 9M™ (a,b) which
are non-increasing on (a, b). Finally, by W({2) (or by W(a, b)) we mean the
class of weight functions on {2 (resp. on (a,b)) consisting of all measurable
functions which are positive a.e. on {2 (resp. on (a,b)).
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Embeddings. Given two quasi-Banach spaces X and Y, we write X =Y
(and say that X and Y coincide) if X and Y are equal in the algebraic
and the topological sense (their quasi-norms are equivalent). The symbol
X — Y or X —<— Y means that X C Y and the natural embedding of X
in Y is continuous or compact, respectively.

Spaces of continuous functions. By the symbol Cp(f2) we denote the
space of bounded continuous functions on a domain 2 C R™, that is,

Cp($2) = C(2) N L=($2),

equipped with the L (f2) norm.

Let £ be the class of all continuous functions A: (0,00) — (0, c0) which
are increasing on some interval (0,0), with § = 6(\) > 0, and satisfy
limy_o, A(t) = 0. Let A € £ and let {2 be a domain in R". The space

COA)(02) of A(-)-Hélder continuous functions consists of those functions

u € C(£2) for which the norm

lu(z) — u(y)|

U||ox() (g c= Sup |u(x)| + sup —F——

lulloo s g = sup Ju(a)| gn e =)
TFY

is finite; here C'({2) stands for the family of all functions which are bounded
and uniformly continuous on {2. As usual, by the space of Hélder continuous
functions with exponent a € (0, 1] we mean the space C%(2) := CO*() (),
where A(t) = t*, t > 0; when o = 1 this space is usually called the space of
Lipschitz continuous functions. For more information about such spaces see
[A] or [KJF].

Lorentz-type spaces. Let p,q € (0,00], let £2 be a domain in R™ and let
b€ W(0,|£2|,) be such that

(2.1) Bpgp(t) = HTl/pil/q b(T)llgs0,) < o0 forall t € (0, |£2]n),

where || - ||¢;g is the usual L?-(quasi-)norm on the measurable set £. The
Lorentz-type space Ly q.(£2) consists of all functions f € M(§2) for which
the quantity

(2.2) £ lpgsts2 == /27 9b(E) £ (1) lgs 0,121,

is finite; here f* denotes the non-increasing rearrangement of f given by
(2.3) () =inf{A > 0; {x € 2; |f(x)| > A}, <t}, t>0.

We shall also need the inequality (cf. [BS; p. 41])

(2.4) (f+9)" () < f7t/2) +g7(¢/2), =0,
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and the maximal function f** of f* defined by

1 t

=21 s)ds, t>o0.
0

(Clearly, f* < f**; we refer to [BS; Chapt. 2] for more properties of f*
and f**.)

One can show that the functional (2.2) is a quasi-norm on Ly 4.,(£2) if
and only if the function B, 4. given by (2.1) satisfies

(25) Bp’q;b S Ag,

that is, By q:0(2t) S Bp,g(t) for all t € (0, |£2|,/2). (This follows, e.g., from
[CS; Cor. 2] if ¢ € (0,00). When g = oo, then arguments similar to those
used in the proof of [CS; Cor. 2] together with inequality (2.4) and the fact
that

(2.6) ”f”p,OO;b;Q = HBP,OO;b(t) f*(t)Hoo,(O,W\n) for all f € LIM)O;b(‘Q)

yield the result. Note also that equality (2.6) follows on interchanging the
essential suprema involved on its right-hand side.)
In particular, one can easily verify that (2.5) is satisfied provided that

(2.7) b(2t) S b(t) for ae. t €(0,]2],/2).

Moreover, since the relation b € W(0,|{2|,,) yields By, 4.4(t) > 0 for all ¢ €
(0,]42],,), one can prove that the space L, 4.5({2) is complete (cf. the proof
of Proposition 2.2.9 in [CRS]; if ¢ = co one makes use of (2.6) again).

If ¢ € [1,00), the spaces Ly 4.,(f2) are particular cases of the classical
Lorentz spaces A?(w) introduced by Lorentz [L] (see also [DL]). On the
other hand, if b is a slowly varying function (cf. [GOT]), then L, ;.,(f2) is
the Lorentz—Karamata space. In particular, if

o(t) =] 67 @), t>o0,
j=1

where m € N, ay,...,a,, € R and the logarithmic functions are defined
on (0,00) by (1.1), then the space L, 4.»({2) coincides with the generalized
Lorentz-Zygmund (GLZ) space Ly .1 .....a., (£2) from [EGOA4]. Let us note
that when each a; = 0, the space Ly g.a,.....a,, (£2) is the Lorentz space
LP4((2), which is just the Lebesgue space LP({2) when p = ¢. If m =1,
then Ly 4.q, (§2) is the Lorentz—Zygmund space LP-?(log L)** ({2) introduced
in [BR] which, when p = ¢, is the Zygmund class LP(log L)**(§2). For more
information about GLZ spaces Ly, 4.a4.....a,, (£2) see [EGO1-6] and [OP].

If 2 = R"”, we sometimes omit this symbol in the notation and, for ex-
ample, write || - ||p.ga1,....0m OF Lp.giar.....am i0stead of || - || qia1,....am:Rm OF
Ly gion,....an (R™), respectively.

-----
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Convergence in measure. Let {2 be a measurable subset of R". We say
that the sequence {u;}$2, of functions converges in measure to a measurable
function u on £2 (notation u; —= u on £2) if, for every & > 0,

lim |{z € 2; |u;(x) —u(z)| > e}, = 0.

Uniform absolute continuity. Let Y = Y ({2) be a Lorentz-type space.
We say that a subset K of Y has uniformly absolutely continuous norm in
the space Y, written K C UAC(Y), if for every € > 0 there exists § > 0
such that

(2.8)  luxml|ly <e forallu e K and every M C 2 with |M|, < 4.
We shall need the following two assertions.

LEMMA 2.1. Let 2 be a domain in R™. Suppose that a sequence {u;}; C
LY(£2) converges to u in L'(£2). Then u; —= u on £2.

For the proof see [A; proof of Theorem 8.23].

LEMMA 2.2. Let K C UAC(Y), where Y = Ly, 4.(£2) is a Lorentz-type
space such that By 4, € Ay and ||[xolly = Bpgp(|£2]n) < co. Then every
sequence {u;}; C K which converges in measure on {2 converges also in the
quasi-norm of Y.

Proof. Take € > 0 and {u;}; C K. Since K C UAC(Y'), there is § > 0
such that (2.8) holds with u replaced by u; (for all 7). Assume that u; — u
on {2 and put

$2ij(e) ={z € 0 Jui(z) —u;(x)] = e}, i, jeEN.
Since £2;;(¢) C £2;(¢/2) U £2;(/2), where

Q(e/2) ={z € 2; lup(z) —u(x)| > ¢/2}, keN,
the assumption u; —= u on {2 implies that there is N € N such that
|£2;;(€)|n < 0 for every i,j5 € N, 4,5 > N. Thus, using also the lattice
property of Y and the inequality ||x |y < oo, we obtain

i = wslly S 11(us = wj)xa, ) ly + 1w —ui)xave;@lly

S lwi X0 lly + 1w X, ) lly + 1w = ui)xave; @ lly
Sete+elxaly Se
Consequently, {u;}; is a Cauchy sequence in Y and the result follows since

Y is complete. m

Logarithmic Bessel potential spaces. The Bessel kernel g,, o > 0, is
defined to be the function on R™ whose Fourier transform g, is

9o(&) = 2m) AL+ 1€, £eRn,
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where by the Fourier transform fof a function f we mean
f(m) = (2m)""/? S e Y f(y)dy, x€R™
Rn
Let 0 > 0,p € (1,0), g € [1,00], a1, ..., € R. The logarithmic Bessel
potential space H? Ly g.q,.....a., (R™) is defined by

(2.9) HULp,q;au.--,am(Rn) ={u=g,xf; f € Ly gan,....am (R™)},

and is equipped with the (quasi-)norm

(2.10) ||U||a;p,q;a1 ----- Qm = Hf”p,q;al,-..7am-

(By f * g we mean the convolution of functions f and g.) If 2 C R" is a
domain, then

H Ly gias...oan (2) ==l @; U € H7 Ly gas....00 (R™) }
and this space is endowed with the (quasi-)norm
ulloip,giassam2 = E{[[Ulloip,gi01,. . ami = Ulo}

Properties of the Bessel kernel. Let us summarize the basic properties
of the Bessel kernel g,:

(2.11) g, is a positive, integrable function which is analytic except at the
origin;

(2.12) g, (x) < Cy|z|7 e 217l for 0 < 0 < n and all 2 € R";

(2.13)  go(z) = |z ™as|z| = 0if 0 < o < n;

(2.14) ‘%gg(az)‘ <Clz|]o"tfor0<o<n+1,je€{l,....,n} z €
R™\ {0};

(2.15)  gx(t) S te=m)/me=Ct""" f0r 0 < ¢ < n and all £ > 0

(216)  g5(t) < {t("")/" for all ¢ € (0,1)

t=1 forallt > 1
For the proof of (2.11)—(2.14) see [AMS], for (2.15) and (2.16) see [EGOZ2].

and 0 < 0 < n.

O’Neil’s inequality. Let f,g € 9M(R™). Then

(f*9)" (1) < (fx9)™ () < tf=)g™ () + | f*()g"(r)dr, t>0.

t

For the proof we refer to [O’N] or [Z].

Together with (2.15) and (2.16), this immediately yields the following
result.
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COROLLARY 2.3. Let 0 < o < n. Then there is a positive constant c
such that, for all f € M(R™),

t o
(97 % D' (8) S (87 [ (7 dr 4 § 1 (m)yrle e ar)
0 t

for all t € (0,1],
and

(go * [)*(t) < c(f**(t) + Osof*(T)T(”_")/”e_CTl/n dT) for allt € (1,00).
t

Hardy inequalities. Let 1 < g < 00, —00o < a < b < ooandlet wy,ws,v €
W(a,b).

(i) The inequality

t
@17) o) Juamer)dr| S B Dol
holds for all ¢ € M (a,b) if and only if
Bi(a,b) :== sup |]w1Hq;(R7b)||wgv_1||q/;(a7R) < 0.
a<R<b

(ii) The inequality
b
218) o) fuaredr| < Balab)oplaen
t e
holds for all ¢ € M (a,bd) if and only if

Ba(a,b) :== sup leuq;(aﬁ)Hw2”71Hq’;(R7b) < 0.
a<R<b

For the proof we refer to [OK; pp. 13, 55 and 63]. =

We shall make use of the following lemma whose proof can be found in
the Appendix.

LEMMA 2.4. Let 0 < 0 < n, 1 < p < oo, q € [1l,00], m € N and
i, ...,y € R. Let £2 be a bounded domain in R™. Then

H Ly gon .. a0, (R") = Ll(Q)- (1)

Difference operator. For each h € R", the first difference operator Ay, is
defined on functions on R™ by

Apf(x) = f(x+h) — f(x), xeR"

(1) This means that the mapping u — u|o from H? Ly g:as.....a, (R™) into L(£2) is
compact.
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We shall need the following two estimates involving the first difference of g,.
For their proofs see the Appendix.

LEMMA 2.5. Let 0 < 0 < n, max{l,n/o} < p, and p < n/(c — 1) if
o> 1. Assume that 1 < ¢ < oo, m € N and aq,...,a, € R. Then, for all
h € R™ with |h| > 0,

j=1

LEMMA 2.6. Let 0 < 0 < n and p = n/o. Assume that 1 < q < oo,
m e N,

(2.19) @y, >1/¢ and, if m>1,let oj =1/q forj=1,...,m—1.
Then, for all h € R™ with |h| > 0,

1ARgollp g i—as e S AT (IR

3. Compact embeddings into Lorentz-type spaces

THEOREM 3.1. Let 0 < 0 < n, 1 < p < nfo, 1/p, = 1/p — c/n,
g€ ll,o0], meN and ay,...,a, € R. Let 2 be a bounded domain in R™.
Assume that b € W(0, |£2|,) is such that By, 4 € Az, By, 4(|2|n) < 00
and

. b(t)
t—04 Hj:l 07 (t)
Then
H Ly gian,..im (R™) = Ly 45(82).
Proof. By [EGO4; Thm. 4.8],
(3.2) H Ly gion,oom (R™) = L, gian .o (§2)-

Put

K={ue H Ly gan,...0m [ TG ey Uy, 1}.

If {u}}; C K, then Lemma 2.4 implies that there is a subsequence {u;}; C
{ul}; such that u; — w in L'(£2). Thus, by Lemma 2.1, {u;}; converges
to u in measure on 2. In view of Lemma 2.2, it is sufficient to show that
K C UAC(L,, 4(92)).

Let € > 0. By (3.1), there is § € (0, [{2],) such that

(3.3) b(t) <e ﬁ €57 (t)  forall t € (0,6).
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Assume that v € K and let M C (2 satisfy |M]|, < J. Since u = g, * f,
where || fllp.giar,...0m < 1 (cf. (2.9), (2.10)) and

(3.4) (uxar)™ < u*Xx(0,5)5

we deduce from (3.3) and (3.2) that

[uxasllp gz < 1777~ 9b(E) 0™ (£)]|gy(0.6)
< sHtl/”"’l/q (H (9 (t))u*(t)
j=1

N 5Hpr,q;a17...,am <e

4;(0,9)

and the result follows. m

COROLLARIES 3.2. Let 0 < o0 <n, 1 < p<n/o, 1/p, =1/p—0c/n,
g€ [l,0], meN and ay,...,a, € R. Let 2 be a bounded domain in R™.

(i) Assume that B; € R™, j € {1,...,m}, satisfy
either (1 < aq

or [i=a1, B <ay

or fi=a1, Bo=ag, ..., Bm-1= Cm_1, OBm < Q.
Then
HLp giar,.o0m (R") == Ly, 4:8,,....6,, (£2)-
(i) Assume that 0 <P < p, and B; € R, j € {1,...,m}. Then
H Ly giar,ram (R") == Lp g:6,,...5,, (£2).

Proof. For t > 0, put

H gfj (1) in case (i),

b(t) == =t m
+1/P=1/ps Héfj (t) in case (ii).

j=1

Then the result follows from Theorem 3.1. =

REMARK 3.3. The results of Theorem 3.1 and Corollary 3.2(i) are opti-
mal. This follows from the fact that the embedding

H? Ly gias,....am (R") = Lp, gian,.ca (£2)-
is continuous (and sharp) but not compact (cf. [EGO6; Thm. 3.1]).

THEOREM 3.4. Let 0 < 0 < n, p = njo, q € [1,00], m € N, a,, <
1/¢, Bm = am — 1 and, if m > 1, let oy = -+ = am-1 = 1/¢" and
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B1 ="+ = PBm-1=—1/q. Let £2 be a bounded domain in R™. Assume that
be W(0,|£2|,) is such that Boo g € Az, Boo g:6(|2]n) < 00 and
b(t
t—04 Hj:l KJJ (t)
Then

H Ly gian,..;m (R™) == Log ¢:(£2).

Proof. Put X = L, 4:a,.,....a., (R™). As in the proof of Theorem 3.1, it is
sufficient to verify that

K :={ue H°X,; ||ul|gox <1} C UAC(Lso,q¢:5(£2)).
Let € > 0. By (3.5), there is § € (0, min{1, |{2|,}) such that

(3.6) b(t) < e ﬁ (7 () forall t € (0,0).

Assume that v € K and let M C {2 satisfy |M|,, < J. From (3.4) and (3.6)
we obtain

m

| wa << (IIg )],
(3.7) [[ux s loo,q50502 —5Ht jl;[1€] (t))u ®) 4;(0,6)

Consequently, since u = g, * f with || f||x < 1, it is enough to prove that
_1/q< s Bi * H <
(3.8) Ht j];[lej (1) )u (1) oy Sl forall fe X,

Such an estimate is a consequence of [N; Cor. 5.2], where a more general
result is proved in the context of Bessel potential spaces modelled upon
Lorentz—Karamata spaces.

For the convenience of the reader, we give a proof of (3.8) here. By
Corollary 2.3,

m

(3.9) Ht—l/q @1 e (t))u*(t) s ST R+ Ts
where
m t
J1 = Ht_l/q (jl;[lﬁfj (t))t(g_n)/n(s)f*(T) dTHq;(oﬁ)’

M
¢;(0,96)

Jo = Ht—l/q(ﬁsz(t)) §f*(7)7<ff—n>/n dr|
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_ Ht_l/q<H€ﬁ] ) S (T)7 (e—n)/n, —cri/n dTHq;(Oﬁ)‘

To estimate [J1, we use the Hardy inequality (2.17):

I, = Ht—l/p'—l/q(ﬁgfj (t)) §f*(7') dTHq-(O )
, o AN

m

s (T167 ) 50

4:(0,5)

where

— ap [ l/pwqm

e -1
/p—1/ &
q;(R,é)H(tl ! qjl_Ilgj (t)>

0<R<S ¢';(0,R)
Since, for all R € (0,9),
S | Gl RS el | Clt
H H J ®) a;(R,5) H
Jj=1 j=1
and
m _1 m
751/10—1/q Zag t ) ) _ Htl/p’_l/q/ -
H< 1:[1 J ®) q’;(0,R) 1:[1 J q’;(0,R)
]_ j_
LS | )]
j=1
we obtain

D1(6) < sup Hfﬁj*a? = sup HE

O<R<6 0<R<6

which implies that

(3.10) T S flxe
To estimate o, we apply the Hardy inequality (2.18):

- Ht l/q(Hgﬁj )Sf* P dr 4;(0,9)

< Do() |27 ( ﬁ G0)ro| o,

J=1
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where
Dy(6) :== sup Ht 1/q ﬂj H
0<R<$ H ¢;(0,R)

-1

¢;(R,8)

w |[g= 1P (¢1/p=1/a T g (t)
i (e T )
Since, for all R € (0, 4],

(3.11) Ht—l/q Heﬁj )

m—1

= ||t 1/q g_l/q Eam—l ¢
¢;(0,R) H ( ] J ) *)

(R

¢;(0,R)
/

~ gamfl/q

and

Htfl//p/ (tl/pfl/q ﬁ g;vj (t)) .
i a';(R,

_ Ht 1/ ( H Y )g— m(t)

-1

S 60 (R,

~ 'm

)q’;(Rﬁ)

we arrive at

(3.12) T2 S I llx-

Now, we are going to derive an upper estimate of J3. Since

V(d) = T*l/q’ ( ﬁ gj_aj (7_))67071/71
j=1
r H GO oy T

— *1/q ( H g—l/q )E am( )

q’;(8,00)

A

+ 1 r ,0mtVd(5),

’q’;(&l)

the Holder inequality ylelds
OSOJC*(T)T*H””@*CT1 dr < V)| fllx S L7 (6)]fllx-
5
Together with (3.11), this implies that
(3.13) ‘%ﬂﬁmwmeVWﬁ@@Mw~Wh
j=1 o

241

Combining estimates (3.9), (3.10), (3.12) and (3.13), we arrive at (3.8). m
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COROLLARIES 3.5. Let 0 < 0 < m, q € [l,0], m € N, oy, < 1/¢,
Bm = am—1and, if m > 1, letay = =ampm_1 =1/¢ and py = --- =
Bm—1 = —1/q. Let £2 be a bounded domain in R™.

(i) Assume that v; € R, j € {1,...,m}, satisfy

either v < (1,
or m =1, 1< B,

or =01 72=0, - Ym-1=Bm-1, Ym < Bm.
Then
HULn/07Q§a17--~7am (R™) == Loo,givi,....ym (£2)-

(ii) Assume that o < ey, — 1/q’. Then

(3.14) H Ly jo.gin.....om (R") e EXP,, L7V/(12),

where EXP,, L~Y/*(0) := Lg(2) and Lg is the Orlicz space with the Young
function © given by
&(t) = (expo---oexp)(t™*)  for all large t > 0.
(iii) Assume that 0 <P < oo and v; € R for j € {1,...,m}. Then
H L jo,giar,...oam (R") == Lp g,y (£2).

Proof. Fort > 0, put

H E}" (t) in case (i),
=17 .
/P H Z?j(t) in case (iii).
j=1

Then the assertions of parts (i) and (iii) follow from Theorem 3.4.

The result of part (ii) is a consequence of that given in part (i). Indeed,
since EXP,,, L™ %(£2) = Log 00 (£2) (cf. [OP; Lemma 8.1]), it is sufficient
to show that, for any ¢ € [1, 00},

(3.15) Loo,qm,--ﬂm(g) — Loo,OO;Zs‘n(Q)a
where 73 = -+ = yp_1 = —1/q and v, = a — 1/q. As f* € MT(0,00; |)
and

Eat%H ~1/a T o7 H for all £ € (0, [2],,),
w0 = [ 160, rate oo
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we obtain
| flloo,0050, ;2 = esssup €7, () f*(t)
0<t<|2|n
m
< esssup HT‘I/‘]< E’Yj(T))f*(T)H
0<t<|2n JI;II J 4;(0,t)

= ||f||oo,q;717--wm;9v

which yields (3.15). m

REMARKS 3.6. Let 0 < 0 < n, q € [1,00], m € N, o, < 1/¢’ and, if

m>1,let ay =+ =am—1 =1/q¢. Let 2 be a bounded domain in R™.
(i) Since the embedding
(316) HULn/o‘,q;Ocl,...,am (Rn) — EXP,, L_l/(am_l/q/)(ﬁ)

fails to be compact (cf. [EGO3]), we cannot replace « in (3.14) with its
limiting value o, — 1/4’.
(ii) The same method as that used to derive (3.8) yields the embedding

(317> HUL”/Uvq§ala-~~7am (Rn) — Loqubglvnvﬁm ('Q)

with f1,...,0mn from Theorem 3.4. One can again see that (3.17) is not
compact. (Indeed, assuming compactness of (3.17) and combining this em-
bedding with the continuous embedding (cf. (3.15))

Loo,q;Bl,...,ﬂm(Q) — Loo sorpom =1/’ (Q) = EXP,, Lfl/(oémfl/(;{/)(_Q)7
we obtain compactness of (3.16), which is a contradiction.)
4. Embeddings into A(-)-Hélder continuous functions. The fol-

lowing assertion is an extension of [EGO4; Thm. 4.9], where the case 1 <
o < n+ 1 was treated by a quite different method.

THEOREM 4.1. Let 0 < 0 < m, nfo < p < oo, and p < n/(oc — 1) if
o >1. Assume that 1 < g < oo, meN, ay,...,a, € R and put

A =t7 P T[6%(@), t>0.
j=1

Then
H Ly gior ..o (R™) = CO’A(')(W)-

Proof. Let p,q,aq,...,q,, satisfy the assumptions of Theorem 4.1. If
N a,, (R™), then its associate space X' is given by X' =
Ly oi—on,...—an (R") (cf. [EGO4; Lemma 3.4]).
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Let w € H° X with |Ju||gex < 1. Then there is a function f € X such
that u = g, * f and ||f||x = ||u||gex < 1. Therefore

fu(e +h) = (@) = | § F)lgo(@+ b= y) — go(x — y)] dy
2

< [flx1Argollxr < 11 Angollx-
Together with Lemma 2.5, this yields
lu(z +h) —u(z)| S A(|h|) for all z € R™ and h € R™ with |h| > 0.
Since also H? X — Cg(R"™) by [EGO4; Cor. 4.6], the result follows. m

Combining Theorem 4.1 with [EGO4; Thm. 4.9], we arrive at the follow-
ing result.

THEOREM 4.2. Let 0 < 0 < n+ 1, max{l,n/oc} < p < o0, and p <
n/(c—1) if o >1. Assume that 1<g<oo, meN, aq,...,a, € R and put

At =t7 P[4 (@), t>0.
j=1
Then _
H Ly gior ..o (R") = CO’A(')(RH)-

The next assertion is a complement of [EGO4; Cor. 4.6] and gives the
embedding mentioned in the Introduction (cf. (1.2)).

THEOREM 4.3. Let 0 <o <n,p=n/o,1<qg<oo,meN, a,, >1/¢
and, if m>1, let oy =1/q forj=1,...,m—1. Put
At) = L9 (1), t>0.
Then
(4.1) HLp gian,... a0 (R") = COAO(RP).

The proof is analogous to that of Theorem 4.1 (instead of Lemma 2.5
one makes use of Lemma 2.6).

COROLLARY 4.4. Let the assumptions of Theorem 4.2 or Theorem 4.3,

respectively, be satisfied. Assume that {2 C R™ is a bounded domain and that
A1 € L is such that A\J\y € L. Then

H Ly, gion,....m (R™) —— CcoM0) (W)

Proof. Corollary 4.4 is a consequence of Theorem 4.2 or Theorem 4.3,
respectively, and [EGO4; Lemma 4.15(iv)]. m

REMARK 4.5. Note that if the condition a,, > 1/¢’ in Theorem 4.3 is
replaced by a,,, < 1/¢, then (instead of (4.1))

HY Lp gias,...am (R") < EXPp, L_l/(am_l/q/)(g)
for any bounded domain (2 in R™ (cf. Remarks 3.6).
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5. Appendix

Proof of Lemma 2.4. Put X = X(R") = Ly 44(R™), where b(t) =
[T/, 457 (t), t > 0. Let B be an open ball in R containing 2. Take
0 € (0,min{o,n/p}) and p € (p,ps), where 1/ps = 1/p — d/n. Then the
desired embedding is a consequence of the following chain of embeddings:

(5.1) H° X (R") — H°°LP(R") < LP(B) — L'(0).

The last embedding in (5.1) is obvious. For the second one observe
that if 0 —9 = k € N, then the fact that (see [S; Thm. 3 of Chapt. V])
HFLP(R™) = WFP(R™), where W*P(R") is a Sobolev space, the obvious em-
bedding W*P(R") < W*P(B) and the compact embedding W*P(B) <<
LP(B) (see [EE; Thm. V.4.17]) imply that

(5.2) H*LP(R") << LP(B),

which is the second embedding in (5.1). If o — ¢ ¢ N take k¥ € N such that
k > o —¢. Then (5.2) holds. Moreover,

(5.3) LP(R") — LP(B).

The space H° 9LP(R") can be obtained by complex interpolation from
HFLP(R™) and LP(R") (see [T; (11) of Sect. 2.4.2]). Thus, the second em-
bedding in (5.1) is now a consequence of (5.2), (5.3) and the preservation of
compactness under complex interpolation ([T; Thm. 1 of Sect. 1.16.4]). The

first embedding in (5.1) follows from the fact that g, = g,—s * g5 (cf., e.g.,
[Z; p. 65]) and

(5.4) HYX(R™) — LP(R").
We prove (5.4), which is equivalent to the validity of the inequality
(5.5) lu*|5:00,00) S I fllx  forall f € X, where u = gs * f.

We can easily see that
(5.6)  llullp0.) < NEP2b(E)U" () ooz, 1t~ HP2 ()]~ Ipi0,1)
~ [P b(E)u* (1) || oos0,1y  for all u € M(R™).
Let P € (0,00) and @ € (0, 00]. Then, for all u € M(R™) and every ¢t > 0,
bt (8) ~ [P Cb(r) gyo.nu” () < 7P Ro(r)ut (1)l i0,0)5
which implies that

(5.7) TP (7) | sos0,1) S 11T T 90(r)u* (7) | @sc0,1)
and
(5.8) w*(t) S [Pl p,gibi0,00) -

Using (5.6) and (5.7) (with P = ps and @ = q), we arrive at
(5.9) [ 10,0 S 1w llps.aian..a,  for all we M(R™).
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Since, by [EGO4; Thm. 4.8],
HOX(R™) = Ly gsar,..am (R™),
we deduce from (5.9) that
(5.10) [u*llp.01) S Ifllx forall f € X and u = gs = f.

Applying Corollary 2.3 and the triangle inequality, we deduce, for all f € X
and u = g5 * f, that

* *k T * —n)/n_—Cr'/"™
(5.11) g0 S 1 g + || § £ @00 dr|
t

=: N1 + NQ.
By the definition of f** and by (5.8) (with P =p, Q@ = ¢, u= f and t = 1),

P;(1,00)

t
(5.12) S e i G ) e N B
o p3(1,00)
~ 7)) 1,000 116
~|fllx forall feX.

Finally, using (5.8) (again with P =p, Q = ¢, u = f and t = 7), we arrive
at

T * —n)/n_—CrY/" T — — —n)/n_ —C7/m
\ £ (r)rO=m/me=Cm " dr < fllx | w7 P T O e
t t

< | fllxe @€

which implies that

_ct/n
(5:13) N2 SIflxlle™ " Pl ~ Iflx forall fe X.
Combining estimates (5.11)—(5.13), we obtain
(5.14) [ Iy S Il for all f € X.

Estimate (5.5) follows from (5.10) and (5.14). m
Proof of Lemma 2.5. Put
B(r)={z e R"; |z|<r}, B(r)=R"\B(r) forr>0.
Let h € R™ with |h| > 0. Since

”(AhQU)XB(QIhl)Hp’,q’;fal ----- —am S QHQUXB(B\hDHp’vq’;*m ----- —am>
using (2.15) and the fact that o/n — 1/p > 0, we obtain
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(5.15)  [[(Ango)XxB2in) llpa'i—ar,—am

S Htl/p'—l/q’ ( ﬁ f;aj (t))ta-/n—l
j=1

m
to/n=1/p=1/q H g;aj (t)
=1

a';(0,wn (3[R)™)

=~ g— n/p g a] h
q’;(0,wn (3|R[)™) A H (|h]).

=1
Obviously

n 1
(5.16) |Ango ()] < WZS 88 go(x +7h)|dr for all z € R™.

j=10
Moreover, if 7 € [0, 1] and x € B°(2|h]), then
o) < |z +7h| < 2|zl
Consequently, (2.14) and (5.16) imply that
(5.17)  |Ango (@)xBe(ain) (@)] S 1Rl 277" X peny(x)  for all z € R™.

Putting F(z) = 27" !X ge(n))(2), € R™, and taking into account that
o —n—1 <0, we can easily see that

(5.18) F*(t) = (|h|™ 4 t/w,) @™ D/™ for all t > 0.
This and (5.17) yield

(5.19)  [[(Ango)xBein) lp a7 —ar s —am

< = (TL 6 )P o
j=1

= |h|(N1 + N2),
q’;(0,00)

where

om o ([0} |
q';(0,wn (27 =1)[h|™)

")

j=
Since 0 —n — 1 < 0, (5.18) shows that F*(t) < |h|°"! for all t > 0.
Consequently,

',:]3 H,’:]s

Ny := Htl/plfl/q (

Q’;(wn(2”—1)|hl",<><>)

m
£ 20 N, < hafnletl/p,*l/q/ 0%t
(5.20) 1 < |A] ]Hl 5 O 0w e

~ 7 R T 6 (Rl = (R P T 6 (IRD-
j=1 j=1



248 D. E. Edmunds, P. Gurka and B. Opic

Using (5.18) and the change of variables ¢ = w,, (2™ — |h|™), we obtain
Na = ||(wn (=" = )7 104

(L1 nter = 1)) 2oz
j=1

Since wy, (1—27")2" < w, (2" —|h|") < wpz™if z > 2|h|,and c—1—n/p < 0,
we arrive at

q';(2|h],00)

5.21 Ny = ’ zn(l/p’fl/q’)< 7% (4 >zo'7nflz(n71)/q’
G2 M ]Hl i) ¢3(2Ih]00)

_ ZJ—I—n/p—l/q' 8_*0‘.7' P

‘ ]1;[1 i 7'3(2|h|,00)
~ [nj7= 1=/ T 6 ().
j=1

Estimates (5.19)—(5.21) imply that
(5.22) 1(Ango)xBenp lpari-on,.mam S [P "”’Hf “(Ih])-

Jj=1
Together with (5.15), this yields the result. m

Proof of Lemma 2.6. We proceed as in the proof of Lemma 2.5. Thus,
using the identity o/n — 1/p = 0 and assumption (2.19), we obtain, instead
of (5.15),

(5:23)  [[(Ango)xB@n) lp' g/~ —am
= Ht*l/‘f 16 ®
j=1

Since the estimates of the quantities N1 and Ny remain true, we again have
(5.22), that is,

~ (L4 —am (|p)).

m

q';(0,wn (3R])™)

m

(5.24) 1(Ango)X Be21n) I .01 —am S H ;7 (1))

Moreover, assumption (2.19) implies that ]}, ¢; “(ln) < ¢ o “m(|h)).
Consequently, the assertion follows from (5.23) and (5.24). =

References

[A] R. A. Adams, Sobolev Spaces, Academic Press, New York, 1975.



[AMS]
[BR]
(BS]

[(BW]

[Cal

[CRS]
[CS]

[Ci]

[DL]
[EE]

[EGO1]

[EGO2]
[EGO3]
[EGO4]
[EGOS5]
[ECO6]
[GOT)
[KJF]
N
O'N]

0]

[OK]

Compact and continuous embeddings 249

N. Aronszajn, F. Mulla and P. Szeptycki, On spaces of potentials connected with
L? classes, Ann. Inst. Fourier (Grenoble) 13 (1963), no. 2, 211-306.

C. Bennett and K. Rudnick, On Lorentz—Zygmund spaces, Dissertationes Math.
175 (1980).

C. Bennett and R. Sharpley, Interpolation of Operators, Academic Press, Boston,
1988.

H. Brézis and S. Wainger, A note on limiting cases of Sobolev embeddings and
convolution inequalities, Comm. Partial Differential Equations 5 (1980), 773—
789.

A. P. Calderén, Lebesgue spaces of differentiable functions and distributions, in:
Partial Differential Equations, Proc. Sympos. Pure Math. 4, Amer. Math. Soc.,
Providence, RI, 1961, 33-49.

M. J. Carro, J. A. Raposo and J. Soria, Recent developments in the theory of
Lorentz spaces and weighted inequalities, Mem. Amer. Math. Soc., to appear.
M. J. Carro and J. Soria, Weighted Lorentz spaces and the Hardy operator,
J. Funct. Anal. 112 (1993), 480-494.

A. Cianchi, Some results in the theory of Orlicz spaces and applications to vari-
ational problems, in: Nonlinear Analysis, Function Spaces and Applications,
Vol. 6 (Prague, 1998), M. Krbec and A. Kufner (eds.), Math. Inst. Acad. Sci.
Czech Republic, Prague, 1999, 50-92.

R. A. DeVore and G. G. Lorentz, Constructive Approzimation, Springer, Berlin,
1993.

D. E. Edmunds and W. D. Evans, Spectral Theory and Differential Operators,
Oxford Univ. Press, Oxford, 1987.

D. E. Edmunds, P. Gurka and B. Opic, Double exponential integrability of con-
volution operators in generalized Lorentz—Zygmund spaces, Indiana Univ. Math.
J. 44 (1995), 19-43.

—, —, —, Double exponential integrability, Bessel potentials and embedding
theorems, Studia Math. 115 (1995), 151-181.

—, —, —, Sharpness of embeddings in logarithmic Bessel-potential spaces, Proc.
Roy. Soc. Edinburgh Sect. A 126 (1996), 995-1009.

—, —, —, On embeddings of logarithmic Bessel potential spaces, J. Funct. Anal.
146 (1997), 116-150.

—, —, —, Norms of embeddings of logarithmic Bessel potential spaces, Proc.
Amer. Math. Soc. 126 (1998), 2417-2425.

—, —, —, Optimality of embeddings of logarithmic Bessel potential spaces,
Quart. J. Math. Oxford Ser. (2) 51 (2000), 185-209.

A. Gogatishvili, B. Opic and W. Trebels, Limiting reiteration for real interpo-
lation with slowly varying functions, Math. Nachr. 278 (2005), 1-22.

A. Kufner, O. John and S. Fué¢ik, Function Spaces, Academia, Prague, 1977.
G. G. Lorentz, On the theory of spaces A, Pacific J. Math. 1 (1951), 411-429.
J. S. Neves, Lorentz—Karamata spaces, Bessel and Riesz potentials and embed-
dings, Dissertationes Math. 405 (2002).

R. O’Neil, Convolution operators and L(p,q) spaces, Duke Math. J. 30 (1963),
129-142.

B. Opic, Embeddings of Bessel potential and Sobolev type spaces, in: Colloquium
del Departamento de Anélisis Matematico, Seccién 1, Numero 48, Universidad
Complutense de Madrid, CURSO 1999-2000, 100-118.

B. Opic and A. Kufner, Hardy- Type Inequalities, Pitman Res. Notes in Math.
Ser. 219, Longman Sci. & Tech., Harlow, 1990.



250 D. E. Edmunds, P. Gurka and B. Opic

[OP] B. Opic and L. Pick, On generalized Lorentz—Zygmund spaces, Math. Inequal.
Appl. 2 (1999), 391-467.

[S] E. M. Stein, Singular Integrals and Differentiability Properties of Functions,
Princeton Univ. Press, Princeton, 1970.

[T] H. Triebel, Interpolation Theory, Function Spaces, Differential Operators,
North-Holland, Amsterdam, 1978.

[Z] W. Ziemer, Weakly Differentiable Functions, Grad. Texts in Math. 120, Sprin-

ger, New York, 1989.

Department of Mathematics Department of Mathematics
Mantell building Czech University of Agriculture
University of Sussex 165 21 Praha 6, Czech Republic
Falmer, Brighton BN1 9RF, England E-mail: gurka@tf.czu.cz

E-mail: d.e.edmunds@sussex.ac.uk
Mathematical Institute

Academy of Sciences of the Czech Republic
Zitnd 25

115 67 Praha 1, Czech Republic

E-mail: opic@math.cas.cz

Received November 12, 20038 (5307)



