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Abstract. In this note we establish a vector-valued version of Beurling’s theorem (the
Lax—Halmos theorem) for the polydisc. As an application of the main result, we provide
necessary and sufficient conditions for the “weak” completion problem in H*(D").

1. Introduction and statement of main results. In [B], Beurling
described all the invariant subspaces for the operator M, of “multiplication
by 2z’ on the Hilbert space H?(D) of the disc. In [[], Peter Lax extended
Beurling’s result to the (finite-dimensional) vector-valued case (while also
considering the Hardy space of the half-plane). Lax’s vectorial case proof was
further extended to infinite-dimensional vector spaces by Halmos (see [NE]).
The characterization of M,-invariant subspaces obtained is the following
famous result.

THEOREM 1.1 (Beurling-Lax-Halmos). Let S be a closed nonzero sub-
space of H]% (D). Then S is invariant under multiplication by z if and only
if there exists a Hilbert space E and an inner function © € Hg  p (D) such
that S = OH%(D).

For n € N and E, a Hilbert space, Hz (D") is the set of all E,-valued

holomorphic functions in the polydisc D", where D := {z € C : |z| < 1}
(with boundary T) such that

1/2
1z, 0y = sup ([ IF(ra)lEdz) " < oc.
* 0<r<1 T

On the other hand, if L(E, E,) denotes the set of all continuous linear trans-
formations from E to Ei, then Hg , (D") denotes the set of all L(E, E.)-
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valued holomorphic functions with

1fllege, . @) = sup 1 (@)l 2(E,E.) < oo

An operator-valued function © € HgY, p (D") is inner if its pointwise
boundary values are isometries a.e.:

(0(0)*O(¢) =1 for almost all ¢ € T".

A natural question is then to ask about an analogue of Theorem 1.1 in
the case of several variables, for example for the Hardy space H?E* (D™). It
is known that in general, a Beurling—Lax—Halmos type characterization of
subspaces of this Hardy space is not possible [R]. It is, however, easy to see
that H?E* (D™), when n > 1, has the doubly commuting property, that is, for
all 1 <i<j<n,

MM, = M, M;.

We impose this additional assumption on submodules of H% (D™) and call
that class of submodules doubly commuting submodules. More precisely:

DEFINITION 1.2. A commuting family of bounded linear operators
{T1,...,T,} on some Hilbert space H is said to be doubly commuting if

LT =TT, forall1<4,j<nandi#j.

A closed subspace S of H%(D") is said to be a doubly commuting sub-
module if S is a submodule, that is, M,,§ C S for all 4, and the family
{R.,,..., R, } of module multiplication operators, where

R, :=M,l|s foralll<i<n,
is doubly commuting, that is,
R, R, =R, R, foralli#jin{l,...,n}

In this note we completely characterize the doubly commuting submod-
ules of H%* (D™). This result is an analogue of the classical Beurling-Lax—
Halmos theorem.

THEOREM 1.3. Let S be a closed nonzero subspace of Hy, (D). Then S
1s a doubly commuting submodule if and only if there exists a Hilbert space E
with B C E,, where the inclusion is up to unitary equivalence, and an inner
function © € Hg? , p, (D) such that

S = Mg H%(D™).

In the special scalar case E, = C and when n = 2 (the bidisc), this
characterization was obtained by Mandrekar [M], and the proof given there
relies on the Wold decomposition for two variables [S]. Our proof is based on
the more natural language of Hilbert modules and a generalization of Wold
decomposition for doubly commuting isometries [Sal.
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As an application of this theorem, we can establish a version of the
“Weak” Completion Property for the algebra H>(D"). Suppose that E C E..
Recall that the Completion Problem for H*(D") is the problem of charac-
terizing the functions f € Hg’,p (D) such that there exists an invertible
function F' € Hg ,p (D") with F|g = f.

In the case of H>*°(D), the Completion Problem was settled by Tolokon-
nikov in [To|. In that paper, it was pointed out that there is a close connection
between the Completion Problem and the characterization of invariant sub-
spaces of H?(D). Using Theorem |1.3[ we then have the following analogue of
the results in [Tol.

THEOREM 1.4 (Tolokonnikov’s lemma for the polydisc). Let f €
Hg  p (D") with E C E. and dim E,dim E. < co. Then the following state-
ments are equivalent:

(i) There exists g € Hg ,p(D") such that gf =1 in D" and the opera-
tors M, ..., M, doubly commute on ker M,.

(ii) There exists F € Hg ,p (D) such that F|g = f, F|g.ck is inner,
and F~1 € HY (D).

REMARK 1.5. Theorem [I.4] for the polydisc is different from Tolokon-
nikov’s lemma in the disc in which one does not demand that the com-
pletion F' has the property that F|g.cg is inner. But, from the proof of
Tolokonnikov’s lemma in the case of the disc (see [N]), one can see that the
following statements are equivalent for f € Hg,p (D) with £ C E, and
dim F < oo:

(i) There exists a function g € Hg , (D) such that gf = I in D.
(ii) There exists a function F' € Hg ,p (D) such that F|p = f and
FleHy (D).
(ii') There exists a function F' € Hg® ;. (D) such that F|g = f, F|g,cr
is inner, and F~! € HyY _, (D).

—E.

In the polydisc case it is unclear how the conditions (IT) and (IT') below are
related:

(IT) There exists a function F' € Hg® , p (D") such that F|g = f and
Fle HY . (D").

(II') There exists a function F' € Hg _, , (D") such that Flp = f,
Fl|p.ep is inner, and F~ € Hp (D).

We refer to the Completion Problem in (II) as the Strong Completion Prob-
lem, while the one in (IT') is the Weak Completion Problem. Whether the
two are equivalent is an open problem.
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We also remark that in the disc case, Tolokonnikov’s lemma was proved
by Sergei Treil [T] without any assumptions about the finite dimensionality
of E,E.. However, our proof of Theorem relies on Lemma [3.1} whose
validity we do not know without assuming the finite dimensionality of E
and E..

EXAMPLE 1.6. As a simple illustration of Theorem [I.4] take n = 3,
dimFE =1, dim E, = 3 and
Z1
f = |e*2| € (HOO(ID)3))3><1.

e

With g :=[e= 0 0] € (H*®(D?))'*3, we see that gf = 1. We have

1
ker My = § | o | € (H*(D?)>*! i e o1 =0

L¥3]

¥1
=9 |p2| € (H*D*)>*' 1 o1 =0p = O(H*(D?)*,

¥3

where © is the inner function

As O is inner, it follows from Theorem [I.3|that M., , M.,, M., doubly com-
mute on the submodule ©(H?(D?))?*! = ker M,. Hence f can be completed
to an invertible matrix. In fact, with

et 0 0
F:=[f 6]=|e2 1 0],
e 0 1

one can easily see that F' is invertible as an element of (H°°(D3))3*3.

In Section [2] we give a proof of Theorem and subsequently, in Sec-
tion [3| we use this theorem to study the Weak Completion Problem for
H>(D"™), providing a proof of Theorem

2. Beurling—Lax—Halmos theorem for the polydisc. In this section
we present a complete characterization of “reducing submodules” and a proof

of the Beurling-Lax—Halmos theorem for doubly commuting submodules of
HZ,(D").
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Recall that a closed subspace & C H%(D") is said to be a reducing
submodule of HE(D") if M, S, M;S C Sforalli=1,...,n.

We start by reviewing some definitions and well-known facts about the
vector-valued Hardy space over polydisc. For more details about reproducing
kernel Hilbert spaces over domains in C", we refer the reader to [DMS]. Let

S(z,w) = [[(1 - m;z)™"  ((z,w) € D" x D")
j=1

be the Cauchy kernel on D™. Then for some Hilbert space E, the kernel
function Sg of H%(D") is given by

Se(z,w) =S(z,w)lp ((z,w) € D" xD").

In particular, {S(-,w)n : w € D", n € E} is a total subset for Hz(D"),
that is,

span{S(-,w)n : w € D", n € E} = Hx(D"),
where S(-, w) € H*(D") and
S(-,w)(z) =S(z,w) forall z,w e D".
Moreover, for all f € Hz(D"), w € D" and n € E
(f;S(w)n) g2 ny = (f(w),n)e.

Note also that for the multiplication operator M,, on Hz(D"),

M (S(-,w)n) = wi(S(-,w)n) forallweD", ne Fand1<i<n.

We also have

Sz, w) = Z (=12, - 2w, - -y,  for all z,w € D"

0<iy << <n

For H%(D") we set

SEl(szMz) = Z (—1)1]\421.1 "'MZiZM* e M*

zil Zil °
0<iy <--<i;<n

The following lemma is well-known in the study of reproducing kernel
Hilbert spaces.

LEMMA 2.1. Let E be a Hilbert space. Then
SE‘I(Mza Mz) = PE7

where Pg is the orthogonal projection of H%(]D)") onto the space of all con-
stant functions.
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Proof. For all z,w € D" and n,{ € E we have
(Sg' (M, M2)(S(-, 2)n), S(-, w)<) g3, o)
= UM M M M (S, 2, S(w))

Zil
0<iy <-<i;<n

= > (DNMI M (S(iz)m), MY M2 (8¢, w)0)) g2y

0<i1 <<y <n

= Z <_1)l2i1 " 2y Wiy "'wiz<S('7z)78<'7w)>H2(D")<n7C>E

0<iy <--<i;<n
=S7Hw, 2)S(w, 2)(n,O)p = (1. Q)5 = (PES(, 2)1,S(, w)C) 3, (-

Since {S(-,z)n : z € D", n € E} is a total subset of H%(D"), we conclude
that, S;' (M, M) = Pg. =

H% (]D)”)

We now characterize the reducing submodules of H%(D").

PROPOSITION 2.2. Let S be a closed subspace of He(D"). Then S is a
reducing submodule of H%(D") if and only if

S =Hz (D)  for some closed subspace E, of E.
Proof. Let S be a reducing submodule of H%(D"), that is,
M, Ps = PsM,, foralll<i<n.
By Lemma [2.7]
PpPs =S;' (M, M,)Ps = PsS;' (M, M) = PsPg.
In particular, PsPg is an orthogonal projection and
PsPgp = PpPs = Pg,,

where E, := ENS. Hence, for any f =3, arz® € S, where ai, € E for
all k € N, we have

f=Psf = Pg( 3 Mfak> = Y MEPsas.
keNn keN»
But Psar = PsPpay € E.. Consequently, M*Psay € H]% (D™) for all
k € N" and hence f € Hz (D"). That is, S C Hj, (D"). For the reverse
inclusion, it is enough to observe that F, C S and that S is a reducing
submodule.
The converse part is immediate.

Let S be a doubly commuting submodule of H%(D"). Then
R.,R:, = M, PsM} Ps = M, Ps M,
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implies that R, R; is the orthogonal projection of § onto 2;S and hence
Is — R, R}, is the orthogonal projection of S onto § © 2;S, that is,

Is — RziR; = Psgys foralli=1,...,n.
Define
Wi =ran(ls — R, R;) =S %S foralli=1,...,n,
W= [\Wi
i=1
By double commutativity of S (also see [Sal),
(Is — R, R;)(Is — Ry R; ) = (Is = Ry, R; )(Is — R, R?)

for all i # j. Therefore {(Is — R, R},)}i_; is a family of commuting orthog-
onal projections and hence

(2.1) W=Wi=[\(SeaxS)=)ran(ls — R.,R})
=1 i=1

=1
= ran(il;[(lg - RZiR;)).

Now we present a wandering subspace theorem concerning doubly com-
muting submodules of H%(D"). It is a consequence of a several variables
analogue of the classical Wold decomposition theorem, obtained by Gasgpar
and Suciu |GS]. We provide a direct proof (see also Corollary 3.2 in [Sa]).

THEOREM 2.3. Let S be a doubly commuting submodule of H%(D").
Then

S = ZEB 2w,
keNn

Proof. First, note that if M is a submodule of H%(D") then
ﬂ RFM C ﬂ M:*HE(D") = {0} foreachi=1,...,n.
keN keN

Therefore R, is a shift, that is, the unitary part [, oy ij“/\/l in the Wold
decomposition (cf. [NF], [Sa]) of R,, on M is trivial for all i« = 1,...,n.
Moreover, if § is doubly commuting then

R (Is — RoyRS,) = (Is — Ro, RS R., for all i # J.

Therefore W; is an R;,-reducing subspace for all i # j. Note also that for
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all 1 <m < n,
m+1 m+1

ﬂ Wi —ran(H - R, R, )

= ran( (Is — R, R;) — Rzm+1Rzm+1 H(IS - RZiR;))
(
1

=1 i=1

= ran (H Is

1=

— ReRL) = Re,o, [[Us = R BLES, )
=1

=Win---NWp) © 2zt Wi N - NWy,).
We use induction to prove that for all 2 < m < n,
S=Y @FWin- nWy).
keN™
First, by the Wold decomposition theorem for the shift R,, on & we have

S=Y oRhwi =) oW,
k1€N k1N
Again by applying Wold decomposition for R,,|w, € L(W)) we obtain

ZEB RE2(Wy © 20W1) ZEB zyt (W1 N W),

ko €N ko €N
and hence
S = Z@ z (ZEB mz2 W1 N WQ ) Z@ 21 22 W1 N WQ)
ki1€N koEN k1,ko€N

Finally, suppose
S=Y @FMWin-nWy)
keN™
for some m < n. Then we again apply the Wold decomposition of the isom-

etry
Rzm+1 |Wlﬂ---ﬁWm S ‘C(Wl N---N Wm)

to obtain
WIN O Wa =Y @ 2pri (W00 Win) © 2 Wi 0+ N W)
km+1€EN
=Y @t WL N0 Wiy 0 W),
km+1€N

which yields
S= Z@ Zk(Wl n---N Wm+1).

This completes the proof. m
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Proof of Theorem[I.3. By Theorem [2.3] we have

(2.2) s=Yo zk(ﬂwi).

keN"™
Now define the Hilbert space E by
n
E=W,
i=1

and the linear operator V : H(D") — H, (D") by
V< Z akzk) = Z Mfak,
keNn keNT

where Y, cyn ak2® € HZ(D") and ag, € E for all k € N. Observe that
2

HZM’“ - (Dn—HZ HHQ D S A

keNn

where the last equality follows from the orthogonal decomposition of &

in (2.2]). Therefore,
2
|3 sty gy = 3 losliy o = 3 laul

keNr kenn
N H Z HH2 (D)’

and hence V is an isometry. Moreover, for all k € N and n € E we have

VM, (%) = V(2*Hein) = MEYein = M, (MEn) = M.,V ("),

1

that is, VM,, = M.,V for alli =1,...,n. Hence V is a module map. There-
fore, V' = Mg for some bounded holomorphic function © € Hg®, ,, (D") (cf.
[BLTT! p. 655]). Moreover, since V' is an isometry, we have

MéM@ == IH%(DTL)’

that is, @ is an inner function. Also since M, E C S for alli=1,...,n we
have ran V' C S and by (2.2)) also S C ran V. Hence

ranV =ran Mg = S,

that is,
S= QH%(]D)”).

Finally, for all : = 1,...,n, we have

5628 = OHY(D") & zOHR(D") = {O6f : | € HA(D"), MZOF = 0},
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and hence by ,
E=(Wi=[((S0uS)={0f : M;0f=0,f € HR(D"),Vi=1,...,n}
=1 =1

C{geHp (D"): Mig=0,Vi=1,...,n} = E,,

that is, £ C F,.
To prove the converse, let S = Mg H%(D™) be a submodule of HZ, (D")
for some inner function © € Hg®, ,, (D"). Then

Ps = MoMyg,
and hence for all ¢ # j,
MZiPSM;:, = MZZ.M@MgM:j = M@MZiM;ng = M@M:jMzng
= M@M:ngM@Mzng = MQM(BMZ*J,MZZ.M@Mg
= PsM_ M., Ps.
This implies
R;Rzi = PSMZ*J,PSMZJS = PSM:jMZiLg = MzinMz*j = RZZ.RZ.,

that is, S is a doubly commuting submodule. u

3. Tolokonnikov’s lemma for the polydisc. We will need the follow-
ing lemma, which is a polydisc version of a similar result proved in the case
of the disc in Nikolski’s book [N, pp. 44-45|. Here we use the notation M,
for the multiplication operator on H?E induced by g € Hg , o -

LEMMA 3.1 (Lemma on local rank). Let E, E. be Hilbert spaces with
dim £, dim E. < co. Let g € Hg? |, 5(D") be such that

ker My, = {h € H, (D") : g(2)h(z) =0} = OHf (D),

where E4 is a Hilbert space and © is an L(E,, E.)-valued inner function.
Then

dim £, = dim E, + rank g,
where rank g := maxcepn rank g(¢).
Proof. We have ker My = {h € Hf (D") : gh = 0}. If ¢ € D", then let
ker M,)(¢) = {(¢) : b € ker My},

We claim that [ker M,](() = O(()E,. Indeed, let v € [ker My|(¢). Then
v = h(() for some element h € ker M, = @H?Ea (D™). So h = Oy for some
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pE H%a (D™). In particular, v = h(¢) = O({)¢((), where ¢({) € E,. So
(3.1) [ker Mg|(¢) C O(C) Eq.

On the other hand, if w € ©(()E,, then w = ©({)x, where x € E,. Consider
the constant function x mapping D > z +— x € E,. Clearly x € H%a (D™). So
h:=6x ¢ @H%G(ID)”) = ker My. Hence w = O(()x = (0x)(¢) = h((), and
so w € [ker My](¢). So we also have

(3.2) O(C)E, C [ker M,](C).

Our claim that [ker My](¢) = O(()E, follows from and (3.2).

Suppose that v € [ker My](¢) for some ¢ € D™. Then v = h(({) for some
h € ker My. Thus gh = 0 in D", and in particular g({)v = g(¢)h(¢) = 0.
Thus v € kerg((). So [ker My|(¢) C kerg(¢). Hence dim [ker My](¢) <
dimker g(¢), and consequently

dim O(¢) E, = dim [ker M](¢) < dimker g(¢) = dim E, — rank g((),

where the last equality follows from the Rank-Nullity Theorem. Since © is
inner, its boundary values satisfy @(¢)*©({) = Ig, for almost all ¢ € T™. So
there is an open set U C D™ such that for all { € U,

dim E, = dim O(() E,.

But from the definition of the rank of g, we know that there is a (, € D" such
that k := rank g = rank g({,). So there is a k x k submatrix of ¢g((,) which
is invertible. Now look at the determinant of this k£ x k submatrix of g. This
is a holomorphic function, and so it cannot be identically zero in the open
set U. So there must exist a point (; € U C D™ such that rank g = rank g(¢1)
and dim E, = dim ©((;)E,. Hence dim E, < dim F, — rank g.

For the proof of the opposite inequality, consider a principal minor g1 ({)
of the matrix of the operator g(¢1) (with respect to any two fixed bases in
E. and FE respectively). Then det g1 € H>, det g1 # 0. Let E. = E.1 ® E. 2,
E = E, & Ey (dimE.; = dimE; = rankg(¢;)) be the decompositions
corresponding to this minor, and let

q1(¢) gQ(C)]’ ceD”
71(¢)  72(¢)

be the matrix representation of g(¢) with respect to this decomposition.
Owing to our assumption on the rank, it follows that there is a matrix
function ¢ — W (() such that

11(¢) ()] =W(Dlg1(¢) g2(¢)]-
S0 72(¢) =W ({)g2(¢) = (m(¢)(91(¢)) 1) g2(¢)- Thus with g§° := (det g1)g; ",

9(¢) = [
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we have
72 det g1 = 1191°92,
and using this we get the inclusion MQH%CQ(]D)") C ker M, where 2 €

Hg g (D") is given by
CO
o= | 9192 |
—det g1

We have rank 2 = dim E.» = dim E, — rankg = dimker(g(¢;)). Conse-
quently, dim [ker My|(¢1) > dimker(g(¢y1)). w

We now turn to the extension of Tolokonnikov’s Lemma to the polydisc.

Proof of Theorem . (ii)=(@): If g :== PgF~!, then gf = I. It only
remains to show that the operators M,,,..., M, are doubly commuting on
ker M. Let ©, I' be such that

_ 1_ |9
F=[f 6] and Fl_H.

Since FF~! = Ig,, it follows that fg 4+ ©I' = Ig,. Thus if h € H, (D")
is such that gh = 0, then ©(I'h) = h, and so h € @H%CGE)(ID)"). Hence
ker M, C ran Meg. Also, since F~'F =1, it follows that ¢© = 0, and so
ran Mg C ker M. So ker My = ran Mg = @HszceE(Dz)' By Theorem

the operators M., ..., M., doubly commute on ker M.
(i)=(ii): Let
S:={h € Hf, (D") : g(2)h(2) = 0} = ker g.
S is a closed nonzero invariant subspace of H%C (D™). Also, by assumption,
M,,,..., M, are doubly commuting operators on S. Then by Theorgvm

there exists an auxiliary Hilbert space E, and an inner function @ with
values in L(E,, E.) with dim E, < dim E, such that

S = OH%, (D).

By the lemma on local rank, dim £, = dim E. —rank g = dim . —dim F =
dim(E.S E). Let U be a (constant) unitary operator from E.& FE to E, and
define © := OU. Then O is inner, and we have ker g = QH%CGE(]D)"). To get
F e Hg _,p (D") define the function F for z € D" by

f(z)e ifecE,
F(z)e:= ,
O(z)e ifec E.oFE.
We note that F' € H*(D") and F|g = f. We now show that F is invertible.
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With this in mind, we first observe that
(- fg)HJ%JC(Dn) - @H%‘CQE(]D)”) = ker M.

This follows since g(I — fg)h = gh — gh = 0 for all h € HI%;C(]D”). Thus we
see that ©*(I — fg) € Hy ,p ~p(D"). Now, define 2 = g ® O*(I — fg).
Clearly 2 € Hg® ,p (D"). Next, note that

FQ=fg+6060*(1 - fg) =1.
Similarly,
QF = gfPp+ 01 - fg)(fPr + OPr.ck)

=P+ O"(fPr — f9fPE + OPE,oF)

=P+ O*OPg.cp = 1.
Thus F~! € H®(D"Y, E. — E.). =
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