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Square functions associated to Schrodinger operators
by

I. ABU-FALAHAH, P. R. STINGA, and J. L. TORREA (Madrid)

Abstract. We characterize geometric properties of Banach spaces in terms of bound-
edness of square functions associated to general Schrédinger operators of the form £ =
—A+V, where the nonnegative potential V' satisfies a reverse Holder inequality. The main
idea is to sharpen the well known localization method introduced by Z. Shen. Our results
can be regarded as alternative proofs of the boundedness in H', L? and BMO of classical
L-square functions.

1. Introduction. Consider the time independent Schrédinger operator
in R%, d > 3,

(1.1) L:=—-A+V,

where the nonnegative potential V satisfies a reverse Holder inequality for

some s > d/2 (see (2.1)).

Let X be a Banach space and let {P;}=0 = {e"V£}~o be the (sub-
ordinated) Poisson semigroup associated to £ (see ([2.8)). For 2 < ¢ < o0
consider the generalized square function

o0 q dt 1/q
gt = (| )
0 X

0P f(x)
= [[t0:Pef (@) 1 ((0,00) at/)s  * € R

By using the method described below we prove the following theorem.

ot

THEOREM A. Let X be a Banach space and 2 < q < co. The following
statements are equivalent.

(i) X admits an equivalent norm for which it is q-uniformly conver.
(ii) The operator g~ maps BMO, x into BMO¢.
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(iii) The operator g~ maps L% (RY) into LP(R?) for any p in the range
1 <p<oo.
(iv) The operator g=4 maps L% (RY) into weak-L*(RY).
L.q 1 ; 1/md
(v) The operator g~ maps Hy x into L (R?).
(vi) For every f € LY (RY), g59f(x) < oo for almost every x € R%.

In 1995 Z. Shen proved LP-boundedness of the Riesz transforms associ-
ated to the operator £ (see [7]). The main idea in that paper is to break the
kernels of the operators into “local” and “global” parts (close to the diago-
nal and far from the diagonal according to a certain distance p(z) related
to L£). The paper, a nice and exhaustive piece of mathematics, has become
a classic and it has been a source of inspiration for a lot of manuscripts re-
garding harmonic analysis of operators associated to (|1.1)). However, when
these operators are defined by some formula involving the heat semigroup (as
in the case of the maximal operator sup,- |e 7%~ f| and the square function
(5o [tOpe £ £|2 dt /t)'/?) the word “local” usually refers to the parameter ¢ of
e~t£ being small and controlled in some sense by p(z) (see [1]).

Beyond the characterization of g-uniformly convex Banach spaces
through boundedness properties of L£-square functions, we have another pur-
pose: to enlighten the “localization” technique by sharpening the method in-
troduced in [7] in order to avoid manipulations with the parameter t. At the
same time, we get a unified approach to proving H', L and BMO bounded-
ness results for classical harmonic analysis operators associated to L. Observe
that, in particular, Theorem A gives an alternative proof of the boundedness
of g%? in the scalar case.

Let us briefly describe the procedure that is later developed in detail for
the case of the square function ¢“9 acting on vector-valued functions.

Description of the method. Let p(x) be an auxiliary critical radii func-
tion determined by the potential V' (see ), and N be the region con-
sisting of points (z,y) € R? x R? such that |z — y| < p(z). Given a linear
operator associated to £, that we denote by T4, let T be the parallel oper-
ator associated to the classical Laplacian —A. Define the localized operator
TE f(z) :== T*(xn(z, ) f(-))(z) and analogously T/ f(z). Then T4, inherits
the LP-boundedness properties from T4. Even more, if Tlfc is bounded in L?
then it is also bounded in BMO,. In other words, the operator Tlfc behaves
as a natural operator associated to £. Now the method finishes by observing
that the difference operators Tlfc — Tlf):c and Tlg’c — T* are bounded from LP
into LP for 1 < p < oo and from BMO, into L°.

In order to make the method uniform, we consider a “local” part, defined
through p, where the cutting acts on the heat kernel. This idea allows us
to handle any operator defined via a formula involving the heat kernel, like
Riesz transforms, square functions, etc.



Square functions for Schrodinger operators 173

Besides the uniformization, we believe that our main contribution is to
show that the local part (given in terms of p) of an operator associated
to the standard Laplacian —A shares the natural boundedness properties
with the corresponding operators associated to £. We emphasize that this
phenomenon is quite surprising in the case of boundedness in BMO. See
Theorems [3.7 and [3-9]in Section [3|for the case of the g-function. The general
ideas are summarized in Remarks B.8 and 3.10l Observe that the localized
operator always has a rough kernel (see Remark , and it is not clear a
priori how to prove the necessary smoothness properties in order to get the
desired boundedness in BMO.

In this paper L&(Rd) denotes the usual LP-space of Bochner—Lebesgue
p-integrable functions on R? with values in X . The spaces H [1: y and BMO, x
are defined in the same way as in the scalar case just by replac’ing the absolute
value of C by the norm of X (see and ) For the definition of ¢-
uniform convexity we refer to Section @] Throughout the paper the letter C
denotes a positive constant that may change in each appearance and does
not depend on the significant quantities.

The paper is organized as follows. We collect in Section [2] the preliminary
results already known in the context of Schrédinger operators. Section [3] con-
tains the technical results needed for the application of the method. Finally
Section [] is devoted to the proof of Theorem A.

2. Preliminaries. The nonnegative potential V' in ((1.1) satisfies a re-
verse Holder inequality for some s > d/2; that is, there exists a constant
C = C(s,V) such that

1/s
(2.1) (g;ngfwo sé%ivwn@

for all balls B C RY. Associated to this potential, Shen defines in |7] the
critical radii function as

1
(2.2)  plz) = Sup{r >0~ | viydy < 1}, z € RY.
B(z,r)

Some properties of this function p are well known. We are particularly in-
terested in the following.

LEMMA 2.1 (see Lemma 1.4 in [7]). There exist ¢ > 0 and ko > 1 such
that for all z,y € RY,

1 ‘CL‘ - y’ ko |‘T B y|
23) o) (14 E2) T < i) <ot (14 2

>ko/(k0+1)
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In particular, there exists a positive constant C1 < 1 such that

if |e—yl <p(x) then Cip(x) < ply) < Cr'pl).
LEMMA 2.2 (see Lemma 2.3 in [2]). There exists a sequence {xy}32, in
4 such that the balls {Qx}32, defined by Qy := B(xk, p(zy)) satisfy

d Uk Qr=R
e there exists N = N(p) such that, for every k > 1,
card{j : 2Q; N 2Qy # 0} < N,
where for a ball B and a positive number ¢ we denote by c¢B the ball with the
same center as B and radius ¢ times the radius of B.

Let {7;}+~0 be the heat-diffusion semigroup associated to £ acting on
X-valued functions:

(24) Tf(x)=e“f(z) = | k(z,9)f(y)dy, feLX[RY), xR ¢>0.
Rd
The following lemmas are known.

LEMMA 2.3 (see [3,4]). For every o > 0 there exists a constant Cy, such
that

2.5 0 < ky(z, <C’a‘|‘”y/5t< + >
(25) 0= hi@y) < Copgp PERE
for all z,y € R%, t > 0.

Let

1 e
ht(f]ﬁ) = W & |zl /(4t), T € Rd7 t> 0,

be the kernel of the classical heat semigroup {T}}s~0 = {€!?}i>0 in R%

LEMMA 2.4 (see Proposition 2.16 in [3]). There exists a nonnegative
Schwartz class function w in R such that

)
26)  [k(e,y) — hile — >r<(pg))wt<x—y>, ry R 150,

where wy(z — y) =t~ Y?w((z — y)/Vt) and
(2.7) §:=2-d/s>0.
Given the heat semigroup , the Poisson semigroup associated to £
is obtained through Bochner’s subordination formula (see [8]):
¢ 00 o—t2/(4u)
2\/> S ud/2

With this we define, for 2 < ¢ < oo, the square function related to £ as

n .

(2.8) Pif(z)=e VEf(a) = Tof(x)du, z€R% t>0.
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REMARK 2.5 (notational convention). The Poisson semigroup associ-
ated to the classical Laplace operator in R? will be denoted by {P}t>0 =

{e7V=4},20. Recall that P,f(z) = P, % f(z), where
t
Cd (2 + |z[2)(@d+D)/2’

The square function considered in (I.2) will be denoted by g?9f when we
replace P.f by P.f.

Pi(z) = zeRY ¢ >0.

A locally integrable function f : R? — X is in BMO £,x whenever there
exists a constant C' such that

(i) [BI7" {5 1f(x) = fallx dz < C for every ball B in R?,
(ii) |B|™* {5 11f(2)||x dz < C for every B = B(zg,ro), where zy € R?
and 79 > p(xo).

Asusual, fp := |B|™" {5 f (@) dx for every ball B in R%. The norm || f||Bumo, «
is defined as

(2.9) I fllBMO, x = 1inf{C > 0: (i) and (ii) hold}.

Let us note that if (ii) is true for some ball B then (i) holds true for the same
ball, so we might require (i) only for balls with radii smaller than p(x). By
using the classical John-Nirenberg inequality it can be seen that if in (i) and
(ii) the LY -norms are replaced by L% --norms, for 1 < p < oo, then the space
BMO¢,, x does not change and equivalent norms appear (see [I, Corollary 3|).
We define the vector-valued atomic Hardy space related to £ following
the scalar-valued definition in [2]. A function a : RY — X is an H} -atom
associated with a ball B(zg,r) when suppa C B(x,r) and 7

1
2.10 oo <
( ) ”aHLX(Rd) = ’B(l‘(),’f’)w
and, in addition,
(2.11) S a(x)dr =0 whenever 0 < r < p(zp).

Rd
An X-valued integrable function f in R¢ belongs to H[l: y if and only if it

can be written as f = 3, Aja;, where a; are Hix—atoms and ) [Aj] < oc.
The norm is given by

(212) Iy =inf {3011 £ =3 Aay
J J

In [1] it is shown that BMO¢ is the dual space of H}.
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3. Technical lemmas. As we said in the description of our method, the
following region N will play a fundamental role:

N = {(z,y) e R/ x R?: |z — y[ < p(x)}.
Given N we define the “global” and “local” parts of the square function
defined in as
(3.1) 958 (@) = g5 (e, ) 1)) (@),
Gioe d (&) = g5 (2) = ggif, /().
Note that

(32)  gEdf(@) < g% 0av(e, ) (O) (@) < g9 f(2) 4958 f(a), ac. zeRY,

or equivalently,

(33) g5 f (@) — g“ (xn (@, ) F(O))(@)] < g f(x),  ae w e R

LEMMA 3.1. Let X be any Banach space and o > 0. Then for any f €
Ui<p<oo L5 (RY) we have

gad f@) < C | Lz, y)xwe(@ ) f @) x dy, = eR,
Rd

where L(z,y) = p(x)®/|x — y|T™ for z,y € R%.

Proof. Using Bochner’s subordination formula (2.8]) it can be checked
that for any function h,

7t2/(8u

[0 Peh(z) | x < CS THT uh(@)] x du,
0

where we applied the inequality r7e™" < C’ne_r/Q, valid for n > 0, r > 0.
Hence, by Minkowski’s inequality,

e—t/(5u)
w32

17u(xve (2, ) f () (@) | x du

gglobf( ) S Ht
0 La((0,00),dt/t)

wxne(z, ) f()(x )||X*

=C ||
0
O] § bl ) 7)1 dy 2.
0 Rd

From (2.5) and the change of variables r = |z — y|?/(cu) we get
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T du Tl e (x)\“ du

du _ 0L ey ((P) ) du

(S)ku(x’y) U _C(S) ud/Qe (\/’lj u
@) T (arayz, AT

= |x_y‘d+a8r e’ ..

0
LEMMA 3.2. Let X be any Banach space. Then the global operator gglfb
maps
(a) L% (R?) into LP(RY) for any p, 1 <p < o0,
(b) BMO¢ x into L=(R9),
(c) HE,X into L'(R%).
Proof. Let L(x,y), z,y € R? be as in Lemma Observe that

o 1
S L(z,y)xne(z,y) dy = p(x) S W dy=0C
R< lz—y|>p(z)

for all € R% On the other hand, by Lemma there exists a positive
number € < 1 such that

M |.%‘ _ y‘ [t
(3.4) L(z,y) < C|;L~ — y|d+e <1 i P(y) )

§C< P ey >

|l‘ _ y|d+a |£C _ y|d+(176)a

Assume that |z — y| > p(x). Then we claim that |x — y| > Cp(y) for some
positive constant C' depending on the constants ¢ and kg that appear in
Lemma 2.1. Indeed, by Lemma 2.1 and the fact that |x — y|/p(x) > 1 and
ko/(ko + 1) <1, we have

o <ot (14 () ) <ot (14 )

< Clp(x) + |z —yl) < 20|z —y|.
This together with gives {pa L(z,y)xne(z,y) de < C. Hence the op-
erator given by the kernel L(z,y)xne(z,y) maps L5 (R?) into LP(R?) for
every p, 1 < p < oo. Using Lemmawe get (a).
To see (b) we observe that for f in BMO, x, by Lemma

[e.o]

1
Ggge () < Cp()* Y | 7 —yrall W) lx dy
=0 23 p(w)<|z—y| <27+ p(x)
= 1
< @ —_
< Cp(z) 2 @p)y | SH 1f ()l x dy
z—y|<29H p()



178 I. Abu-Falahah et al.

2212”1))d | 1f (W)l x dy
7=0

|z —y| <29+ p(x)
1
< ClfllBmo, x Z 2o = CllflBmo, x  forall z € R
j=0

For (c) just note that Hé’X C L% (R9) and then apply (a). =

LEMMA 3.3. Let X be any Banach space. Then, for any strongly mea-
surable X -valued function f,

gl (@) — gl fw)| < € | M
Rd
where M (x,y) = ,O(SU)_(S/W -y

(@ y)xn (@ YIf@)llxdy, xeRY,

1979 for z,y € R, and § > 0 is given in (2.7).
Proof. Proceeding as in the proof of Lemma [3.1]it is easy to check that

950 f(x) — g ()|

o
du
<O\ | ku(@,y) = hu(e — ) (@, )1 £ ()] x dy ——
0 Rd
Using (2.6)) and the fact that w is rapidly decreasing we get
T du
} [ku(2,y) = hu(z - y)| —
0

< Opla) ™ | el — ) V)
0

gcpm—a[l'x_gyF('Q‘Ey‘)d_W (= )V

— o ld—o+
[z —ylt=ote o
7 1 du
- S w(d=0)/2 4
lz—y|?

-5 |lz—yl? -4
o P) L o)
Tyl e =yl e |z —ylo=o

LEMMA 3.4. Let X be any Banach space. Then the difference operator
gloc _gloc maps

(a) L% (R) into LP(RY) for any p, 1 <p < oo,

(b) BMO, x into L°(R?),

(c) H} y into L*(RY).



Square functions for Schrodinger operators 179

Proof. Let M(z,y), =,y € R%, be as in Lemma First note that

_ 1
 M(z,y)xn(@,y)dy = p(@)° | = dy=C, weR”
R4 lz—y|<p(z)

On the other hand, by Lemma
C oy, e y|)’“°‘5
M(z,y) < ———p(y (1 +
(#:9) < gy elv) )
= —(1+4ko)d
< C< p(y) N p(y) >

|a:—y|d*5 |z 7y|d7(1+k0)6

where kg > 1. This, and the fact that |z —y| > p(x) implies |z —y| > Cp(y)
(see the proof of Lemma, give po M(z,y)xn(z,y) dx < Cforally € R<,
Applying Lemma we deduce (a) and as a consequence also (c).

We shall prove (b). Let f € BMO, x. Then

\ M2, y)xn (@, 9) 1 £ ()] x dy

Rd
© -5
plx
- S LD Wl dy
770 2-G+0 p(a)<lo—yl<2ipla) | ©
1 1
< CZ | Irwixdy

278 (27
@) |z —y|<277 p(x)

1 1

S . — B - dy
5 5{ 5= 7 | 1f(¥) = fB@2-ipa) llx

(27 p(@)) lz—y|<279 p(x)

A
Q
M8

<.
I
o

1

<.
|

(I B2 o)) = FB@2-t0 a1 x) + 1 FB@ @) Ix

M2 114

I
o

‘ =
Oq

<C = [l flIBvox + 1l fllBMoy + [ flIBMox ]

J

j+
< CHfHBMOMZ TN —CIIfIIBMog,X

for all z € R?. To finish use Lemma @ n

LEMMA 3.5. Let C be the constant that appears in Lemmalf2.1 and v > 0.
Take x,y € R? such that x| < v and |y| < (C?/2)p(0). Then there exists a
sufficiently large R = R, > 0 for which |x/R —y| < p(x/R).

Proof. Lemma ensures that C1p(0) < p(y) < C7'p(0). Let R > 0
be such that |x/R — y| < C?p(0) (it is enough to take R > 27v/(C%p(0))).
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Hence |z/R — y| < Cip(y) < p(y). Once more using Lemma we obtain
p(y) < C;p(x/R) and therefore |x/R —y| < C1C; *p(z/R) = p(z/R). =

LEMMA 3.6. Let f be a function with compact support. For a real number
r denote by f7 the dilation of f defined by f7(x) := f(rz), x € R%. Then for
any given v > 0 there exists R > 0, depending on v and the support of f,
such that

g f(x) = g™ (xn(z/R, ) FE(C))(@/R)  for all x| < 7.

Proof. The scaling of the classical Poisson semigroup P;f%(z/R) =
Pirf ( ), R >0 (see Remark [2.5)), implies that the square function satis-
fies g9f(z) = g™9fR(x/R) for all R > 0. In order to get the conclu-
sion it is enough to take a sufficiently large R such that the support of
f is contained in B(0,(C?/2)p(0)) and such that Lemma can be ap-
plied. »

The following result establishes that the boundedness in LP of the square
function g2+ related to the Laplacian —A implies the same type of bounded-
ness for the p-localized operator gﬁ éq. In fact this is a fairly general property:
see Remark [3.8 below.

THEOREM 3.7. Assume that g™ maps L5 (R?) into LP(R?) for some
p, 1 < p < oo (resp. LY%(RY) into weak-L'(R?)). Then the operator f —
tO Py (xn(z, ) f())(x), = € RY, t >0, maps I&(Rd) into leg(((o,oo),dt/t) (R9)

1 (mdy 1 d - A,

(resp. Ly (R®) into weak—LLg(((Ojoo%dt/t)(R ). In particular g)' maps
L5 (RY) into LP(R?) (resp. L (RY) into weak-L*(RY)).

Moreover, if for every f € LY (R?) we have g f(x) < oo for almost
all © € R?, then 120 P (X (@, ) f()) (@) L2 ((0,00).de/1) < 00 for almost all

xr € RY,

Proof. We shall prove only the boundedness in LP. We leave to the reader
the details of the rest of the proof.

Let {Qr}32, be the covering of R? by critical balls whose existence is
guaranteed by Lemma Consider the auxiliary operator given by

f=Sf(x ZXQk 1t Py (x20, f)(x), =€ R t>0.
k>1

Then S is a bounded operator from L% (R?) into leg((((),oo),dt/t) (RY). Indeed,
by using Minkowski’s inequality, the finite overlapping of the balls Qg, the
boundedness of g2 in L” and once more the finite overlapping of 2Q; we

get
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1S £l (RY)

L9 ((0,00),dt/t)

P, Pda) "
| D2 X @10 P xo0 ) @) (0.00) a0 | 1)

Rd k>1
A A
< Z IXQeg™ (X2 )l Lz (ray < CZ 1979 (x2@1. )l 2 (e
k>1 k>1
< C Y lxoqu fllzz ey < Cllf e @ey:
k>1

Recall that for a compactly supported function f in L%O(Rd) we have, as

n 33,
G £(x) < g™ (xnr(, ) F()) (@) = [0 P v (@, ) FON @) 1 (0,000 )

a.e. z € R Our idea is to compare the operators f — t9;Pi(xn(z,-) f(:))(x)
and S. In order to do that we need some geometrical considerations. Let C
be the constant that appears in Lemma [2.1] Consider the set

C
domd. | 1
N—{(:B,y)GR xRz —y| < . Clp(:c)}.

It is an exercise to prove that if (z,y) € N then, since {Qr}2, is a covering
of R?, there exists a positive integer k such that (z,y) € Qx x 2Qg. On
the other hand, if (z,y) € Qr X 2Qy, then by using Lemma we get
|z —y| < |z — x| + |zx — y| < 307 'p(x). Observe that it follows from the
finite overlapping property of the balls Q)i that

01 P (2, ) S @) ~ || D2 X @)tdr Pl () () (@)

k>1

X

for all z € R%, t > 0. The geometrical comments just made ensure that the
kernel of the difference operator

(33) =D xQ(@)t0iP(xn(x, ) f()(z) = Sf(x), zeR: >0,

k>1

is supported in the region

C
,_ d d . 1 < oyl < 1
A= {(x y) e R xR Tr e’ p(x) < |z —y|l <30 p(ar)}

Consequently, as

C
(3.6) [t0:Pe(x — Y)[ La((0,00),dt /1) = Ty Y eRY,
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we have
to, P, If( -5
| X xau@dr o ) FO)@) =S|, o
k>1
xa(z,y)
<C | To—yd 1 ()l x dy.
R4
Note that
AT, 3(14+C
Six ( yd)dy: S 7ddy:Clog7( 5 )
ey . eyl C7
oy P(@)<|z—y|<3CT p(x)
for all z € R%, and, by Lemma 2.1,
1
SL‘T’ygde S ﬁdx:Clog%, y € RY,
|z =yl lz -yl a1

a1p(y)<|z—y|<azp(y)
for some constants a1 and «g independent of y. Therefore the operator

xa(@,y)

fre o=yl 1f (W)l x dy
Rd

is bounded from L% into LP for every p, 1 < p < oco. Hence we get the

conclusion. m

REMARK 3.8. Consider two Banach spaces X7 and Xs. Let T be a lin-
ear operator that maps C®(R% X;) into Xo-valued strongly measurable
functions. Suppose T' has an associated kernel which satisfies the standard
Calderon—Zygmund estimates. Define the “p-localized” operator

ﬂocf( ) (XN( )f( ))(x)v S Rd’

where N is the region determined by |z — y| < p(z) as above. Then:

e Assume T has a bounded extension from L% (R?) into L% (R?) for
some p, 1 < p < co. Then T, has a bounded extension from Lg(l (R9)
into L%, (RY).

e Assume 7 has a bounded extension from Lkl (R9) into Weak—L}(2 (R9).
Then Tio has a bounded extension from L, (R) into weak- L, (R9).

e Assume that for every f e L, (RY) we have ||Tf(z)||x, < oo for
almost all z € R Then the same is true for Tio.

The reader can check the validity of this remark just by replacing X by X,
L% ((0,00),dt/t) by X9 and f +— tO,P,f(x) by f+— Tf(x) along the lines of
the proof of Theorem (3.7 above.

The next theorem permits us to pass, for p-localized operators related to
—A, from LP-boundedness to BMO, and HE—L1 boundedness.
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THEOREM 3.9. Let X be a Banach space such that the operator

f o Tf(x) =t P(xn (@, ) f()(x), = €RE >0,
is bounded from L% (R?) into Lig{((O,oo),dt/t)(Rd> for some p, 1 < p < 0.
Then T maps
- T 1 d
BMO¢,x into BMOg 13 ((0,00),at/t) 0nd  Hp x into LLg(((O,oo),dt/t) (R?).

Proof. Boundedness from BMOg x into BMOpg 1 ((0,00),at/t)- We first
analyze the behavior over “small” balls. Consider a ball B = B(xq, ) such
that 579 < Cip(zo), where C; < 1is the constant that appears in Lemmal[2.1]
Given a function f we decompose it as

= —re)xap+ (f = [B)xuB) + fB =i+ f2a+ f5.
Before entering the proof proper, we need a preparation. For z,z € B,
Tf(x) =Tf(z) =Tfi(z) = Tfi(z) + Tfao(x) — Tfa(z) + Tf3(x) = T fs(z).
We begin by observing that
T fo(x) = Tfa(z) + T fs(x) — Tf3(z)
= | toP(x = y) = t0Pi(2 — ¥))Xjo—yl <o) W) 2 (¥) dy

R
+ RSd t0 P (2 — ) (Xjz—y|<p(2) (Y) = X|z—y|<p(@) W) f2(y) dy
+ RSd 10 Pe(2 — ) (X |2yl <p@) (¥) = X|z—y1<p(z) ) f2(y) dy
+ /B S (tOrP(x —y) — t0:Pi(2 — Y)) X|a—y|<p(z) (¥) Ay
Rd
+ 18 | 0Pz — 4) (Xjo—yl<p(@) ¥) — Xjs—yi<p(e) () dy
Rd
+ 18 | 0Pz — 1) (X|s—y1<p(e) (¥) = X)o—yl<p(x) (V) dy.
By Lemma [2.1] :

X(@B)e (Y) (X|z—yl<p@) (Y) = X|z—y|<p(z)(¥) = X|z—yl<p(2) (¥) = X|z—y|<p(z) (V)-
Therefore,

S t0:Py(2 — ) (X |2—y|<p(x) (Y) = X|z—y|<p(z) (V) f2(y) dy

R4

= S tatPt(Z - y) (X|zfy\§p(:r) (y) — X|z—y|<p(2) (y))(f(y) - fB) dy.
Rd
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As a consequence,

Tfa(x) — Tfa(z) + Tf3(x) — T fs(z)
= S (tatpt(x - y) - tatpt(z ))X\x y|<p( x)( )fQ( )

Hi Sd t0Pi(2 — Y) (Xja—y|<p(z) (¥) = X|z—y|<p) (@) f2(y) dy
+ Rﬂd t01Pi(2 — ) (X|2—yl<p(a) (Y) = X|z—y|<p(z)(¥)) f (y) dy
+ I;B Sd(tatPt(w —y) = tOP(2 — Y)) Xja—y|<p(z) (¥) Ay

+ /B Ed 0P (2 = Y) (Xja—yl<p(e) (Y) = X|z—y/<p(@) (V) Ay

= Ai(x, z) + Aa(z, 2) + As(x, 2) + Aa(z, 2) + As(z, 2).

After these remarks, we can start the actual proof of the boundedness in
BMO. We have

|B\ VITf(z) - (T)Bl L1, (0,00),dt /1) d

2
? VIT A (2 )| L2 ((0,00) dt /1) A
B

+Z \BP | S [ 4i (@, 2)[| 22 ((0,00),dt /1) 4 dz-

. . d . d
By hypothesis, 7" is bounded from L% (R?) into Lig(((o,oo),dt/t) (R%), so
1/p

S HTfl HLE(( (0,00),dt/t) dw < C(B S HTfl Ooo),dt/t)dx>

B B
, 1/p
< (i1 § 1@ o)
Rd
1

—C<\B] S 1f (@) _fB“ggdx>1/p

< CHfHBMOX < Ol fllBmo x5

where in the penultimate inequality we applied an argument as in (3.7))
below. Let us now estimate all the A;(z,z), i = 1,...,5, for x,2 € B =
B(x,70). By the Mean Value Theorem and (3.6)),
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[ A1(2, 2) || L9, ((0,00).dt/1)

Again by (30),

[ A2(@, 2)|| L1 ((0,00).dt/0)

<C|

<c | AWl dy
R4
1
<Cro | an(y)—fBHXdy
|zo—y|>4r

1
2o — gt 17 W) = Fullxdy

= CTOZ S |

J=2 2irg<|zo—y|<29t1rg

—1 1
<O gmgn VW)~ Sslxdy
=

[zo—y|<29F1rg

< C|lfllBmox < CllflBymox -

1
|Z — y‘d|X|x—y\§p(I)( ) X|z—y|<p( x)( )| HfQ( )HX dy.
R4

Observe that As will be nonzero in the following cases:
(i) |z —y| < p(z) and |z —y| > p(x),
(ii) |z —y|l > p(z) and |z — y| < p(z).

In the first case p(z) < |z —y| < |z — x|+ |xr —y| < 2r9 + |x — y| and
then p(x) — 2rg < |z — y| < p(z). While in (ii) we have p(z) < |z —y| <

|z — z] + |z — y| < 2ro + p(x). On the other hand |z — y| ~
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|z — y|. Let

jo and j1 be nonnegative integers such that 270rg < p(z)/2 < 270FT1ry and
21rg < 2p(z) < 271F1ry. Observe that, since 5rg < p(x) for all x € B(zg,70),

we have jo > 1. The Mean Value Theorem gives (p(x)—27r0)%—
Cp(a)*™!

[ A2(z, 2)|| L2, ((0,00).dt/1)

<

IN

IN

C

C

C

(

S

p(z)/2<|z—

5 fwufz(ywxdy

pla)—2ro<|o—y|<p(x)+2r0

|z

(p(z)+2r0)" <
70, hence applying Holder’s inequality with some r € (1, 00) we get

1 . 1/T (d_l)/T/ 1/7"
S W’\f(y) — Islixdy ) plz) To

pla)—2ro<lo—y|<p(x)+2ro

1/r ,
. y,drufu fBu’“Xdy) pla) DI b
y|<2p(x)
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&z 1 1 1/r
<Y e o gV 100~ fallca)

= o —y|<27+2ro
( )d 1)/r!
o2 1/r
= C((QJOTO d—1)(r—1) Z 2jr 0)4 S 1f () — fBlx dy)
= lmo—y|<27+2ro
x pla) =D
> 1 1 . 1/r
=C ZWW | 1f () = fBllixdy | < CllfllB7mOx-
3=0 0 |zo—y|<27+2rg

Observe that in the penultimate inequality above we pass to the infinite
series since jo depends on p(z) and we want an estimate independent of it.
For the last inequality above we first note that, by the triangle inequality
and Minkowski’s integral inequality,

1/r
(3.7) ((ld | ||f(y)—fB||§cdy>

207
0) |zo—y|<29F2rg

1 J+1 . 1/r
<oy S (Hf(y)_f2j+QBHX+Z||f2k+1B_kaBHX> dy
(237’0) )
lzo—y|<27+2ro k=0
4d 1/r
< <(2j+27“0)d S | 1f(y) — fair2pll’x dy>
|zo—y|<2i+2rg
j+1
+ CZ [for+15 = forpllx
k=0
< CG+3)[fllBmoy-
Hence,
e 1 1 r
> 5o @rge ) M@ = felkdy
j7=0 |zo—y|<2i+2rg

] +3

Since z,z € B,

1
1A3(@, 2)|| L1, ((0,00).dt /1) < | m“f(y)’\x dy
C1p(z0)<|z—y|<Cy ' pz0)
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< p(fo)d I IF@lxdy
lz—y|<C1 " p(x0)
c
< )7 S ILfW)llx dy < Ol fllBMO, x -
|z—y|<Cp(z)

By dominated convergence,

S O P(x —y)dy = 0 S Pz —y)dy=091=0, xR
Rd R4

Therefore,

[ A4(@, 2)[| 29, ((0,00).dt/0)
= HfB (tP(x — y) — tOP(2 — Y)) Xjz—y|<p(a) ‘

L% ((0,00),dt/t)

Rd
= |[#2 § 0P = ) =10 Pz = )10 iot () dy
R4
_ Plr — ) — tO Pz —
fB S(t&t t(:B ) t&g t(Z Ooo) dt/t)
Rd
= ||fz | (#0.Pi(z — y) — tOL P2 — 1)) X|amy/>p(a) (
H o vl=p ‘ 9.((0,00),dt /t)
< Clifsllx | 1t0ePi(a — y) — t0Pi(z = y)| £a((0,00).dt/8) Xio—yl>p(a) (¥) Ay
R4
|z — 2|
< Cifsllx | [ — |1 Xle= y1>p()(Y) dy
Rd
<C < o
< HfBHXp(w) < HfBHXp(:cO)

As | fellx <C(1+ log(p(xo)/rg))Hf||BMoE7X (see [1, Lemma 2|) we get the
appropriate bound for A4. Finally, by using the arguments for As,

1
145 (2, 2) || 22, ((0,00),at/t) < CllfBlIx S wdy
p(x)—2ro<|z—y|<p(z)+2r0
p(x) + 2rg
p(z) —2ro’

x
< Clflvioe v (1+ 10 2 ) og

Since r9/p(z) < 1/5, we have log ﬁg;%g:g ~ro/p(x) ~ 19/p(x0), Which gives
the desired bound for As.
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Let us now analyze the behavior over “big” balls. Let By = B(xo, kp(x¢))
with & > C1/5. Given a function f we decompose it as f = f1 + f2, where
f1 = fx2p,.- By Holder’s inequality and the hypothesis,

1

\B| S [E0: P (XN (@, ) 1)) ()] L2 ((0,00) /1) A

1/p
<0QB,§Hﬂ>m¢Q < Clfloe x-

On the other hand, by Lemma n and (| ,
[60e P (X (@, ) f2 () (@) | L2 ((0,00).,dt/0)

1
< S WXQkp(JJO)<|J: yl<p@ WIf()llx dy
d

C
V  1f@lxdy < Cllfllevosxs = € Bi.

d
pe) lz—y|<p(z)
This finishes the proof of the BMO boundedness.

Boundedness from Hﬁx into LLq (0,00), dt/t)( 4). We begin with the

analysis over atoms supported on small” balls. Let a be an atom with sup-
port contained in a ball B = B(yo, o), with 79 < p(yo). Then

| 1T a(z)| 2 ((0,00).dt /1) 4T
R4

= V ITa(@) e (0oopayn 4+ | 1Ta(@) 1 ((0,00).a70) 4
4B (4B)e
=: A1 + As.

Since T is bounded in LP, by (2.10]) we have
1/p ~ ’
avc(§ ITa@)p, dz) B

4B

CQM@%Mf@EWsa

((0,00),dt/t)

Applymg the fact that the atom a has mean zero (see (2.11))), we get

H (tOPy(x — y) X oyl <p(z) (Y) — tOePi(Z — 40) X |a—yo|<p(x) (T))
(4B)e R4

xa y‘ 9((0,00),dt /)
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H | (toPi(x — y) — t0 Pz — 40))Xjo—yl <p(a) (V)
(4B)e R4

y‘ L4 ((0,00),dt/t)

+ H | 10 P (2 = y0) (Xjo—yl<p(e) (¥) — Xja—yol<p(a) (%))
(4B)c R4

y‘ L4 ((0,00),dt/t)

Yy—vy
<c | S' iw<wxwm
) |z — o
(4B)c R4

1
+C S S m|X|x—y\§p(I)(y) - X\w—yo\gp(x)($)| ”a(y)”X dy dx

(4B)c R4
=: C(Ag1 + Ag).

Fubini’s Theorem and ([2.10) give

1
Ay = S [y = wol lla(y)l|x S X|a:—y0|247"0(x)7d+1 dz| dy
|z — o
]Rd Rd
C
= S ly —vol lla(y)llxdy < C.
ly—yo|<ro

A geometric reasoning parallel to the one developed above for the BMO case
gives that in order to have Age # 0 we must have 3rg < p(z), p(x) —ro <
|z — y| < p(x) + ro and, in addition, |z — yo| ~ p(x) ~ p(yo). Therefore,
since the atom a is supported in B = B(yo, 79) and is controlled in L> norm
by Crad

Agy < | | la(y)llx dy dx
lz—y0|<Cp(yo) p(x)—ro<|z—y|<p(z)+r0

i) | lla)lx dydx
lz—=y0l<Cp(yo) ly—yol<ro

C)d | dx < C.
0

p(yo)?

IN
Q

(

)
<

IN

(

)
<

lz—y0|<Cp(yo)

We continue with the analysis over atoms supported on “big” balls. Let
a be an atom supported in a ball B(yo,vp(yo)) with v > 1. We begin by
proceeding as in the previous case for A;. For As, since we do not have the
cancelation property , we estimate its size as follows:
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A= 1T a(2)] L2 ((0,00),dt/t) A

(4B)e
1
=C S Sm ||a(y)||XX|x—y\§p(x)(y) dy dzx.
(4B)c B

The domain of integration above is contained in the set defined by the condi-
tions |z—yo| > 4vp(v0), |y—1o| < vp(yo) and |x—y| < p(x). These conditions
imply that 4vp(yo) < |z — yo| < = — y[ + [y — yo| < |z — y| +vp(v0), hence

3yp(yo) < |z — yl|. Note that, by Lemma 2.1} p(z) < Cp(y) < Cyp(yo).
Therefore 3vp(yo) < |z — y| < Cyp(yo) and we get

Ay < C | Ja(y)lx |

B 3vp(yo)<|z—y|<Cp(yo)
REMARK 3.10. Consider two Banach spaces X7 and X5. Let T" be a linear

operator that maps L (RY) into L%, (RY) for some p, 1 < p < oo, such that

T1 can be defined and T1 = 0. Assume T has an associated kernel which

satisfies the standard estimates of Calderon-Zygmund operators. Define the

operator
Tioef () = T(xn (2, )f())(2), @ €R™
Then:
o Tisc is bounded from BMO, x, into BMO¢ x,,
o Tj,c is bounded from HE,Xl into LY, (RY).
Parallel to Remark 3.8 the reader can check the validity of these claims

just by replacing, along the lines of the proof of Theorem [3.9) X by X,
1%,((0,00), dt/1) by Xp and f — 0, Pof(z) by f — Tf(x).

4. Proof of Theorem A. Given a Banach space X, define its modulus
of convexity by

5x () = inf{l - 2y € X, el = Jyll = 1, o -yl = }

for 0 < & < 2. The Banach space X is called g-uniformly convez, 2 < q < 0o,
if 0x(e) > ce? for some positive constant c. By Pisier’s Renorming Theorem
[6], X is g-uniformly convex if and only if X is of martingale cotype g. For
martingale cotype the following theorem holds (see [9] and [5]).

r+y

THEOREM 4.1. Let X be a Banach space and 2 < g < co. The following
statements are equivalent:
(1) X is of martingale cotype q.
(2) The operator g1 maps BMO, x into BMO.
(3) The operator g™ maps L5 (R?) into LP(R?) for any p in the range
1 <p<oo.
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(4) The operator g™ maps LY (R?) into weak-L'(R?).
5) The operator g9 maps HY into L*(RY).
X
(6) For every f € LY (R%), g™ f(x) < oo for almost every x € R%.

Here H)lc denotes the atomic Hardy space in R?, and BMO,, x is the set
of functions that belong to the classical BMO with values in X and have
compact support.

Proof of Theorem A. Observe that hypothesis (i) is equivalent to one of
the statements in Theorem (411

(i)=(ii). We can apply Theorems and to infer that the operator
[ toP(xn(@,-) f(-)) maps BMO, x into BMOg 14 ((0,00),dt/1)- By using

Lemma we obtain the boundedness of gf)’cq from BMO, x into BMOg.
Finally, by Lemma [3.2(b) we arrive at (ii).

(i)=(iii). By Theorem and Lemma (a) the local operator gf)’cq is
bounded in LP. Boundedness of the global part follows from Lemma (a).

(i)=(iv). Theorem [3.7]and Lemma [3.4f(a), together with Lemma [3.2)a),
give the conclusion.

(i)=(v). By using Theorems and C) we see that glﬁ’cq maps
HE,X into L'(R?). Then Lemma (c) gives the result.

(i)=-(vi). Apply Theorem [3.7and Lemmas [3.4(a) and [3.2)(a).

(ii)=>(i). Theorem[4.1]tells us that it is enough to prove the boundedness
of g™ from BMO, x into BMO. From the hypothesis, Lemma (b) and
we can deduce that the operator f(z) — g~%(xn(z, ) f(-))(z), z € RY,
is bounded from BMO, x into BMO,. On the other hand, the proof of
Lemmashows that the difference operator f(z) — ¢~ (xn(x,-)f(:))(x)—
g (xn(z,) f(-))(z) is bounded from BMO, x into L. Thus the operator
f(x) — g®9(xn(z,)f(-))(x) is bounded from BMO x into BMO, C BMO.
Let f be a function in BMO, x. Given a ball B(zo, s), by Lemma there
exists R > 0 depending on s and the support of f such that supp f% C
B(0,p(0)/2) (see the proof of Lemma and

# A,q ) dx
|B(x0, )] B(QCSO,S)Q f(z)d
— # Ayq x N: 13 . .
= Blao,s)] B(jw)g (/R )R () (/R) d
1

— Aygq 2 VRN (2) dz.
" B, )9O d

Since R can be arbitrarily large, we fix it so that (Rp(o))*dHfHL&(Rd)
< || fllBmOy - Therefore,
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1
[B(zo.5)| B(mgms) 1920 f () — (9™ (v (2, ) F () (2)) Baoros Ry | do

1 A R
g (xn (z, ) 1R () ()
~ |B(z0/R,s/R)| WLS/R)‘ N

— (g™ O (2, ) RO () Blao s ) | d
< CHfRHBMOz,X < CHfHBMOX?
where for the last inequality above the following argument is applied. Note
that to have such an inequality we only have to compare the integral means
of f% with the BMO y-norm of f. Let a > 1. If B(z, ap(z)) does not intersect
B(0,p(0)/2) then SB(w,ap(x)) 1 £%(y)|lx dy = 0 and there is nothing to prove.

In case B(x,ap(z)) N B(0,p(0)/2) # 0, by Lemma p(x) ~ p(0) and, by
the choice of R,

1 R
Bz aolz)| d
B IR w)lx dy
1Bz, 02D iy apiay
C,
< fGe)lxdz
d
(Rap(@)? , Do
C
< ooyl ek @) < Ollflleox;

here the constant C' is independent of f.

(iii)=(i). Lemmas a) and (a) show that g2 (xn f) is bounded
from L% (RY) into LP(RY). Let f € L5 (R?) with support in a ball By, =
B(0,M), M > 0. By Lemma we can find R > 0 such that ¢g9f(z) =
g™ (xn(x/R, ) fR())(x/R) for all |x| < M. Hence

IxXBa 9 I gy = | x4 ()92 v (/R ) f7(0)) @/ R)PP d

R4
< R g™ Con (2/ R, ) fR() @/ B de
Rd
< CR [ £ @)| do = CI 12, g
R4

As the constant C' does not depend on M we can let M — oo to conclude
that g2 fl|Loay < CIIFll Ly @ay-

(iv)=-(i). We leave this case to the reader.

(v)=(i). By Theorem it is enough to prove the boundedness of g2
from H} into L'(R?). Lemmas [3.2{(c) and (3.4 . ) imply that the localized
operator f — |[t0P(xn (@, ") f(: )( HLg(( (0,00),dt/¢) 13 bounded from Hp x

into L' (R?). Therefore we only have to prove the boundedness over H'-atoms
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with cancelation but supported in big balls. Let a be such an atom, namely
a function supported in a ball B(yo,vp(yo)) with v > 1 and {4 a(y) dy = 0.
Consider the function af(z) := Réaf}(z) = R%a(Rz), x € RY, R > 0. The
function a® is an atom with support contained in the ball B(yo/R,Yyo/R).
Given M > 0, Lemma[3.6]allows us to choose a sufficiently large R such that
g™a(z) = g™ (xn(x/R,)a’(-))(x/R) for |z| < M. Hence

| l92a@)de= | 1920w (@/R, )a())(x/R)| do

|z|<M |z|<M
= | 19w (=, )" ()(2)] dz
|z|[<M/R
< Clfly =l < C,
where C' does not depend on M. To conclude, let M — oc.
(vi)=(i). We will prove that ¢®9f(z) < oo for almost every z € R (see
Theorem . By Lemma (a) we have glﬁ’cq f(z) < oo for almost all 2 € RY,

Hence by Lemma (a) we have gﬁ(’:q f(z) < oo for almost all z € R?. In
fact, from the proof of Lemma [3.4] it can be deduced that

0, Py (x N (, ')f('))(x)HLg(((O,oo),dt/t) < 0,

for almost all # € RY. The arguments in the proof of Theorem can be
used to conclude that

H Z XQk (x)tatpt(XQQkf)(x)‘

k>1

L% ((0,00),dt/t)

is finite for almost all € R%. By the finite overlapping property of the balls
Q1. we get the finiteness for almost every = of each term

IxXQu ()10 Pr(x20,. ) (@)l L9, ((0,00) dt/1)-
On the other hand, observe that

||XQk (2)t0 P((1 — X2Qk)f)(x)||%g(((0,oo),dt/t)
T tfW)lx 7 dt

< =

<of( 1 ) g

lz—y[>p(zk)

dt
< CHf”Ll (Rd) S t +p d+1)q t I Ck”f”Ll Rd)

Putting together the last two observatlons we find that for every k£ and al-
most every € R? the norm ||xq, (2)t0; P.f(x )||Lq ((0,00),dt/¢) 18 finite. Hence

[E0:PLf ()] L2 ((0,00) /1) = 9 A4 f(z) is finite for almost all z. m
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