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On the weak amenability of B(X)
by

A. BLANCO (Belfast)

Abstract. We investigate the weak amenability of the Banach algebra B(X) of all
bounded linear operators on a Banach space X. Sufficient conditions are given for weak
amenability of this and other Banach operator algebras with bounded one-sided approxi-
mate identities.

1. Introduction. Let A be a Banach algebra and let X be a Banach
A-bimodule. A (bounded) derivation is a (bounded) linear map D : A — X
that satisfies the identity

D(ab) = D(a)-b+a-D(b) (a,be A).

Every map from A to X of the form a+— a-z —z-a (a € A), where x € X
is fixed, is a bounded derivation. Derivations of this form are called inner.
The first Hochschild—Johnson cohomology group of A with coefficients in an
A-bimodule X, denoted H'(A, X), is defined to be the quotient of the space
of bounded derivations from A to X by the corresponding (sub)space of
inner derivations. Thus, triviality of H'(A, X) amounts to every continuous
derivation from A into X being inner.

The topological dual X’ of a Banach A-bimodule X is also a Banach
A-bimodule under the actions

(a-f)(x) = f(xa) and (f-a)(z)= flax) (a€ A z€X, feX).

In particular, A’ becomes a Banach A-bimodule in this way. A Banach al-
gebra A is said to be weakly amenable if H'(A, A’) = {0}. The notion of
weak amenability was introduced in [BCD] for commutative Banach algebras
and extended to the general case in [J2|. For instance, group algebras of lo-
cally compact groups, C*-algebras and tensor algebras are all examples of
weakly amenable Banach algebras (see [J3|, [H| and [DGG], respectively).
For further examples see [Dal.
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In this paper, we shall be primarily concerned with the weak amenability
of the Banach algebra B(X) of all bounded linear operators on a Banach
space X. Some remarks on weak amenability of this algebra were made in
[DGGI, where it was noticed that if X is a reflexive Banach space so that
X ~ (,(X) for some 1 < p < oo, then an argument similar to the one
used in the proof of [Wl Proposition 5| shows that the homology groups of
B(X) with coefficients in itself vanish, which in turn, combined with [J1}
Corollary 1.3], implies that H"(B(X),B(X)") = {0} (n € N). We give below

an elementary version of this argument in the case n = 1.

In the opposite direction, one should mention that examples of Banach
spaces X for which B(X) is not weakly amenable have appeared in the
literature. For instance, if R is the Banach space constructed in [R] then
B(R) cannot be weakly amenable as one can easily define non-zero, continu-
ous point derivations on B(R) (see [DGG Proposition 1.3|). Another (more
tractable) example is the Banach space constructed in [BI2, Proposition 5.3].
The latter happens to be a reflexive Banach space with an unconditional ba-
sis. That the algebra of bounded operators on it is not weakly amenable
follows readily from [BI2 Proposition 5.3] and [DGG| Theorem 5.6].

The question of when B(X) is weakly amenable was formally raised in [G]
Question 22| and it is our view that little progress has been made in the study
of this problem since [DGG]. Here, we will give sufficient conditions for weak
amenability of B(X) and other Banach operator algebras with bounded one-
sided approximate identities. In the case of B(X), these conditions will be
seen to have an easy interpretation in terms of the geometry of X. Moreover,
they will be verified in a number of important examples.

To some extent, this work could be seen as a continuation of our earlier
research on weak amenability of Banach algebras of approximable opera-
tors. Indeed, some of the ideas of this paper will be found to be reminis-
cences of ideas from [Bl|. Essential to the results of the latter were the facts
that the tensor algebra is always weakly amenable and that the continuous
finite-rank operators are dense in the tensor algebra and in the algebra of
approximable operators on any Banach space. The absence, in general, of a
weakly amenable dense subalgebra in B(X) was one of the main obstacles
in extending results from [Bl| to Banach algebras of bounded operators. In
this paper, we will follow a slightly different approach which will allow us
to overcome this difficulty and, consequently, to make further progress in
the study of weak amenability of B(X). The present work will provide, in
addition, a new framework in which to accommodate known results on weak
amenability of algebras of approximable operators.

The organization of the paper is as follows. In the next section, we have
gathered some notation and terminology that we need. The main result of
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the note is proved in Section 3. It is then applied, in Section 4, to establish
the weak amenability of B(X) in cases where X admits a relatively nice
direct sum decomposition. In Section 5, we then look at cases where such a
nice direct sum decomposition is not possible. The main examples considered
in this section are of Tsirelson-like type. Finally, in Section 6, we turn our
attention to algebras of bounded operators acting on finite direct sums of
Banach spaces with £,-sum decompositions.

2. Some notations and terminology. Throughout, we write X’ for
the topological dual of a normed space X, and given a subset S of X, we
denote by [S] the closure of its linear span.

By a (topological) direct sum decomposition of a Banach space X we
mean a sequence (X;) of closed subspaces of X such that every z € X can
be represented in a unique way as the sum of a series ), x;, where z; € X
(i € N). We write this as X = @;°, X.

Given Banach spaces Xi,...,X,, we denote by X; & --- ® X,, (or by

" 1 X;) the linear space X; x - - - x X, endowed (unless otherwise specified)
with any norm with respect to which all canonical coordinate projections
and embeddings are continuous. Also, given a Banach space X, we write
l,(X), 1 < p < oo, (resp. cp(X)) for the £)-sum (resp. co-sum) of infinitely
many copies of X, i.e., the linear space of all sequences (z;) in X so that
(lzll) € £y (resp. ([lzi]]) € o), endowed with the norm [|(;)[| := [|([lzi])l,
(resp. [[(@a)]] == || ([} lloo)-

If X and Y are isomorphic (resp. isometric) normed spaces, we write this
as X ~ Y (resp. X 2Y), and denote by d(X,Y") the Banach-Mazur distance
between them, i.e., the infimum of numbers ||T|| ||T~!||, where T : X — Y is
a linear isomorphism. The identity operator on a normed space X is denoted
by id X-

Recall that a bounded left (resp. right) approzimate identity, b.l.a.i. (resp.
b.r.a.i.) for short, for a Banach algebra A is a bounded net (ey) in A with
the property that lim, eqa = a (resp. lim, ae, = a) for every a € A.

We call a Banach A-bimodule X left essential if X = [AX], where AX =
{ax:a € A, x € X}. If A has a b.la.i. (resp. b.r.a.di.) (eq) then, by Cohen’s
factorization theorem, X is left (resp. right) essential if and only if lim, eqx =
x (resp. lim, xe, = x) for every z € X.

We denote by A(X) the uniform closure in B(X) of the ideal F(X) of
continuous finite-rank operators on X, and by W(X), the ideal of weakly
compact operators on X.

Lastly (though this is not essential), we assume all our normed spaces to
be over the complex field.
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3. Derivations from B(X). In this section we present the main result
of the note. We start with a proof of the known fact that if F is a Banach
space so that E ~ ¢, (E) then every derivation from B(E) into B(E)’ is inner.
As indicated in the introduction, the proof is inspired by Wodzicki’s ideas
([W]) and it will serve as a motivation for our subsequent results.

We shall need the following.

LEMMA 3.1. Let A be a Banach algebra, let X be a Banach A-bimodule
and let D : A — X' be a deriwation. Let e € A be an idempotent and let
g,h € Abe such that gh = e. Define Dy, : A — X' by Dy p,(a) := g-D(hag)-h
(a € A). Then for every a € eAe and every y € eXe,

(y, D(a)) = {y, Dg,n(a)) = (ya —ay,g - D(h)).
Proof. Straightforward computations using the fact that e- D(e)-e = 0. =

PROPOSITION 3.2. If E is a Banach space so that either E ~ {,(E) for
some 1 <p < oo or E~cy(E) then B(E) is weakly amenable.

Proof. We give the proof only for the case where E ~ {,(E) for some
1 < p < o0, the case where E ~ ¢o(F) being completely analogous.

Let D : B(E) — B(E)' be a continuous derivation and let ¢ : E — £,(E)
be a Banach space isomorphism. Define D : B(E @ ¢,(E)) — B(E @ {,(E))’

by
<(U11 mz) 5(?}11 012>>
ust uga)  \va1 vz
= (u11, D(v11)) + (w126, D(¢™ ' va1))
+ (¢ 'ugr, D(v120)) + (¢ uzag, D(¢™ ' v220)).

One verifies that D is a derivation.
Next, for every w € B(E), define

Aw) = w € B(L,(E)).

Let L and R be left and right shifts, respectively, with respect to the direct
sum decomposition E @ ¢,(E), so that LR = idgge,(g) and

R(w A(w)>L - (0 A(ﬂ))) (w € B(E)).
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Then, by Lemma [3.1], for all u and v in B(E),

<u,D<v)>=<(“ A(u)>75 ' A(v)>>
_<(O A(u))’ﬁ<0 A(v)>>
_ <<uv—vu A(uv—vu)>,L.5(R)>‘

Letting T : B(E) — B(E ® £,(E)), v (" aw)), and & = T'(L - D(R)) one
readily deduces from the last identity that

(u, D(v)) = (uv —vu,§) = (w,v-£=&-v)  (u,v € B(E)),
or equivalently, that D(v) =v-& —&-v (v € B(E)), as needed. »

As mentioned earlier, some of the ideas behind this proof motivate most
of what follows.

Recall that a unital Banach algebra A with identity e is properly infinite
if there are sequences (7;) and (s;) in A so that r;s; = J; je (i,j € N). It is
not hard to see that the proof of Proposition can be adapted to Banach
algebras with this last property, provided the sequences (r;) and (s;) are
such that

(a) the “diagonal amplification” operator, A : A — A, a — >, s;ar,
is defined, i.e., Y 2, s;ar; converges (a € A);
(b) both series, Y .o ;i1 and Y .o, Siy175, converge.

Indeed, one can simply carry out the same argument as above, letting

0 0 0
R = ( > and L= < n )
1 D 8j+175 0 X8+

For the Banach algebra B(X), proper infiniteness has an easy interpre-
tation in terms of the geometry of the underlying Banach space. Indeed,
it is well known (see for instance [Lall Lemma 1.8]) that B(X) is properly
infinite if and only if X admits a cartesian decomposition, i.e., if and only
if X ¥~ X®Xa®Y for some Banach space Y. Unfortunately, in general,
the latter is not enough to ensure that the above conditions are satisfied.
An example of this situation is provided by Tsirelson’s space (see Section.
The same is probably true for other important examples. For instance, it
seems unlikely that one can choose (r;) and (s;) to satisfy (a) and (b) for
X =10,®l; (1 <p#q< o0)or for every Banach space with a symmetric
basis, but we do not have a proof of this. Note, though, that apart from ¢
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and ¢, (1 < p < 00) there are other Banach spaces with a symmetric basis
for which this is possible (|R1]).

To address the above limitations, we shall relax the hypotheses of Propo-
sition 3.2 (and in turn (a) and (b)) in two main ways. First we shall consider
Banach algebras with bounded one-sided approximate identities. Second, we
shall consider finite diagonal amplifications of the elements of the algebra
instead of infinite ones. This last idea was already present in |GI], though it
was not fully exploited there. Here, we look at it in more detail.

Let us start with the following.

LEMMA 3.3. Let A be a Banach algebra and let e € A be so that there
are sequences (ry) and (syp) in A satisfying

(1) TmSn = Omne  (n,m € N).

Let X be a Banach A-bimodule and let D : A — X' be a deriwation. Then,
for every a € A and every x € X,

(2) (ex,D(ea)) = (aex — xea, p,) + n*1<An(az), D(A,(a))) (ne€N),
with o ==Y D(ry)-si, Ap(x) = Y0 sizr; and Ap(a) = Y0 s;ar;.

Proof. Let e, (r;) and (s;) be as in the hypotheses of the lemma. Let
a € A and = € X be arbitrary. Then

(An(2), D(An(a)))

n

— Z(sixri,D(siari))
= n{exe, D(a +Z (aex,r; - D(s;)) + (wea, D(ry) - si))

= n(exve, D(a)) + n{aex, D(e)) + Z (rea — aex, D(r;) - si)
i=1
= n(ex, D(ea)) — n{aex — zea, py,).
The rest is clear. m

Now the main result of the note reads as follows.

THEOREM 3.4. Let A be a Banach algebra with a b.la.i. (eq), let X
be a left essential Banach A-bimodule, and let D : A — X' be a bounded
derivation. Suppose for each e, there are sequences (riqo) and (Siq), as in
Lemma and suppose there is an increasing sequence of positive integers,
(ng), so that

(i) suPpq | orall < 00, where pra =y 3205 D(ria) - sia;
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(ii) there are dense subsets X° of X and A° of A such that, for every
x € X° anda e A°,

1i£nﬁn,;1 (Anya(), D(Ap, ala))) =0,

P nE . —— nE
where Ay, o(x) 1= >0 S50k and Ap, o(a) =Y S; 0T q.
Then D 1is inner.

Proof. Condition (i) implies that, for each &, the net (¢ o) has a weak-*
convergent subnet, (9 q;)jes say (J depending on k), with weak-* limit &,
of norm < M := supy, ||¢rall- Let a € A° and x € X° be arbitrary. By
Lemma |3.3

(ea, D(€qa)) = (Aot — Tea, Pra) + np  (Any a(T), D(An, o(a))).

Replacing a by «; in this last identity and taking limits with respect to 7,
one obtains

(3)  (x,D(a)) = (ax — xa,Py) + n,;l lijm (Any,a; (), D(Any 0, (@),

where we have taken into account the fact that X is left essential. Next,
choose a weak-* convergent subnet (@y,)qep of (Pr). Then, replacing k by
kg in and taking limits once more, this time with respect to d, one arrives
at

(x,D(a)) = (ax — za,P) + thln li]m nlgd1<A"kdv°‘j (@), D(Any, 0 (a)))

= (ax — za,P),

where @ € X' denotes the weak-* limit of (Px,) and the second equality
follows from condition (ii). The desired result follows readily from this last
formula, since D is continuous and A° and X° are dense in A and X, respec-
tively. m

REMARK 3.5. The hypotheses of Theorem [3.4] can be relaxed as follows.
Let A be a Banach algebra and let X be a left essential Banach A-bimodule.
Suppose there exists a Banach algebra B that contains A as a closed sub-
algebra together with a net (e,) such that limyeqa = a (a € A). Let
D:A— %’ be a bounded derivation which can be lifted to a bounded
derivation D : B — 9)’, where ) is a Banach B-bimodule containing X as a
closed subspace. Lastly, suppose for each e, there are sequences (r;,) and
(si,a) in B satisfying , and suppose there is an increasing sequence of
positive integers so that conditions (i) and (ii) of Theorem hold with
D in place of D. In this situation, one can show, exactly as above, that
there exists @ € 2’ such that D(a) = a-® — @ -a (a € A). Then note
that the restriction map ¢ : )’ — X’ is an A-bimodule homomorphism, so

D(a) = a-7(®) — (@) -a (a € A), ie., D is inner. In this note, we will
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not make use of this degree of generality. For this reason, we have chosen to
present, as our main result, the simpler one given in Theorem

REMARK 3.6. There is a “right” analogue of Theorem which can
be easily obtained by replacing A by its opposite A°P and passing from
bimodules over A to bimodules over A°P; via the usual functor. We will not
use the “right” version in this note, so we leave the details to the reader.

Theorem should be compared with [BI, Proposition 2.2]. Indeed, the
main difference between these results lies in the way the averages are taken.
One should point out that it was precisely in connection with the averages
n~HAna(u), D(Ana(v))) (u,v € A) that the so-called trace unbounded
triples were needed in [Bl|, combined with the facts that the tensor algebra
is always weakly amenable and that the continuous finite-rank operators are
dense in both the tensor algebra and the algebra of approximable operators.

There is one other Banach space property which is defined in terms of
direct sum decompositions and which, together with the cartesian decom-
position property, has proved useful in the study of automatic continuity of
homomorphisms from B(X), namely, the continued bisection property. Re-
call from [J}, Definition 3.1] that a Banach space X is said to have a continued
bisection if there is a sequence (E,,) of closed subspaces of X so that £} = X
and E, ~ Ep11 @ Eny1 (n € N). In view of its similarity with a cartesian
decomposition, one might expect the existence of a continued bisection to
have some positive implications on the cohomological properties of B(X).
However, as the next example shows, the existence of a continued bisection
of X, even a “bounded” one, i.e., one for which the projection constants of the
E,’s are uniformly bounded, is not enough to ensure the weak amenability

of B(X).

EXAMPLE 3.7. It was shown in [BI| that if (p,) C ]1,2[ and (k,) C N
are strictly increasing sequences such that

(4) ]{;}L/Pn—l/2 > 67:1 and k}b/pn+1_1/2 <2

for some positive sequence (e,) such that 3, &, < oo, then A((®52, 5r)y)
is not weakly amenable. The sequences (p,) and (k,) are constructed in-
ductively and it is easy to see that one can always choose the k,’s to be
powers of 2. On the other hand, if the k,’s are chosen to be powers of 2
then f5 @ (©52, £F); has a continued bisection. Noting that (©52 £fn)y ~
O & (B, Elgz)g, one concludes that A(¢2 & (B2, f’;z)g) cannot be weakly
amenable, and in turn, by [DGG, Theorem 5.6], that B(fy & (52, fir)s)

cannot be weakly amenable either.

We should recall, though, that von Neumann algebras of type II; are
weakly amenable, and that any projection in a von Neumann algebra of type
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II; can be halved, in particular, the identity. This suggests that some positive
result should hold for Banach algebras of operators acting on Banach spaces
with a continued bisection and without a cartesian decomposition. However,
we shall not pursue this problem any further in this paper.

4. First applications. Our first applications of Theorem will be to
algebras of bounded operators acting on Banach spaces with relatively nice
direct sum decompositions. Let us start by fixing some terminology.

A direct sum decomposition ), X; of a Banach space X will be called
C-unconditional if ||, e;z;|| < C||Y°, z4|| for every sequence (x;) € [], X; so
that >, ; converges and for every sequence (g;) in T := {2 € C: |z| = 1}.

Given a Banach space X with direct sum decomposition @, X;, we shall
say that @, X; satisfies a lower (resp. upper) r-estimate (1 < r < 00)
if there exists a constant ¢ (resp. C) so that (33, [lzi|)Y" < |3, =]
(resp. |32 @] < C(; ||w]|")Y/™) for every eventually zero sequence in
[[; Xi. Furthermore, we shall say that @, X; satisfies a lower (resp. upper)
oo-estimate if there is a constant ¢ (resp. C) so that sup; ||z;]| < ¢||>; x|
(resp. ||>_; x|l < Csup; |la;||) for every eventually zero sequence in [], X.
Clearly, every direct sum decomposition satisfies a lower co-estimate and an
upper l-estimate.

ExamMpLE 4.1. Every uniformly convex Banach space X with a sub-
symmetric basis has an unconditional direct sum decomposition @, X; sat-
isfying an upper (resp. a lower) r-estimate, 1 < 7 < oo, and such that
sup; d(X;, X) < oo. Indeed, let (ey) be a subsymmetric basis for X, and
let {Ny, Na,...} be an infinite partition of N into infinite subsets. Then
@2, Xi, where X; = [ef, : k € N;] (¢ € N), is an unconditional direct sum
decomposition for X. If z1,...,x, € X are such that z; € X; (1 <1i < n)
then one can show, exactly as in the proof of Gurariis’ theorem, given in [D]
Chapter VIII|, that there exists r > 1, depending only on the basis constant,
and C' = C(r) > 0 so that ||, z;]| < O3, |i]|")"/". The existence of a
lower estimate is established similarly.

As a first consequence of the results from the previous section we have
the following.

COROLLARY 4.2. Let X be a Banach space with a direct sum decom-
position @?io X, satisfying a lower p-estimate for some p < oo (resp. an
upper q-estimate for some q > 1) and such that sup;~; d(X;, X) < oo. Let
7; € B(X) be the i-th coordinate projection corresponding to this decomposi-
tion, and let (r;) and (s;) be bounded sequences in B(X) such that ris; = idx
and s;r; = m; (i € N). Then B(X) is weakly amenable if and only if for ev-
ery pair u,v in a dense subset of B(X) and for every continuous derivation



74 A. Blanco

D :B(X) — B(X)'" one has
(5) 0 (A (), D(Aa(0))) — 0,
where Ap(u) == > siur; (u € B(X)).
In proving the corollary we will make use of the following.

LEMMA 4.3. Let X be a Banach space with a direct sum decomposition
D2, Xi satisfying a lower p-estimate and an upper g-estimate, and such
that X; ~ X (i € N). Let (r;) and (s;) be sequences in B(X) so that, for
every i € N, r;s; = idx and s;r; is the natural projection onto X; associated
with the decomposition @;°, X;. Then there exists M > 0 such that

n
H E S;ur;
=1

Proof. We give the proof in the case where p < oco. The cases where
p=o0and 1 < ¢ < oo, or p=o00 and g = o0, are treated in a similar way.
By hypothesis, there exist constants ¢ and C' such that

(X llr) < [ < (S )™

for every eventually zero sequence (z;) € [[72, X;. Let u € B(X) and z € X
be arbitrary, and let z; = s;mz (i € N). Then,

HZ SiuT;T ‘ = HZ siurizi|| < C’(Z HsiurinHxin)
i=1 i=1 i=1

- 1/q
. . |14
< O(max [l 1) (Y el )l
1=

< MM 0 (ma [l [sillull  (u € B(X), n € ).

_ - 1/p
< Cmax il i /a2 (3 flaal1?) " u
=1

1<i<n

n
< 1/q—1/p 1l HZ ,
< cCn (ggllnll l[sill) ‘ 1% [Jull,
1=

from which we conclude the desired inequality with M = c¢C. =

Proof of Corollary 4.3 Let B(X) be weakly amenable and let D : B(X)
— B(X)' be a continuous derivation, so there exists ¢ € B(X)' such that
(u, D(v)) = (u,v - ¢ — ¢ - v) for every pair u,v € B(X). Then

(Ap(1), D(Ap(v))) = <Z si(uv — vu)ry, ¢> (u,v € B(X)).

i=1
By the lemma, the right hand side of this last identity is o(n), whence the
desired result.
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The opposite implication is an immediate consequence of Theorem "

REMARK 4.4. In the last sentence of Corollary [4.2]one can replace B(X)
by any self-induced closed two-sided ideal Z of B(X). Indeed, the proof that
weak amenability of Z implies ([5) is the same. As for the opposite implication,
one just needs to note that since 7 is self-induced, every bounded derivation
D : 7 — T’ can be extended to a bounded derivation D : B(X) — Z’ (see
IBGL Lemma 2.1]). One can then apply Remark

REMARK 4.5. If A is a Banach algebra with a b.lLa.i. (e,), and (7;q)
and (s; ) are sequences as in Theorem so that sup; , [|75.all [[Siall < 0
and for each o the decomposition @;°, m; o(X) satisfies a lower p-estimate
(resp. an upper g-estimate) for some p < 0o (resp. ¢ > 1) fixed, then a con-
clusion similar to that of Corollary [£.2] holds. Namely, A is weakly amenable
if and only if for every pair u, v in a dense subset of A and for every bounded
derivation D : A — A’ one has lim,, lim, n™ 1 (A, o (1), D(Ay.6(v))) = 0. The
proof of this goes along the same lines as that of Corollary [£.2] so we leave
the details to the reader.

To what extent is the estimate provided by Lemma a sharp one? For
instance, if X = £, ® {4, with 1 < ¢ < p < oo, it is easy to produce a
direct sum decomposition of X satisfying a lower p-estimate and an upper
g-estimate. Indeed, simply take a partition {N; : i € N} of N in which each N;
is an infinite subset, and set X; = {z € £, : suppx C N;} and Y; = {y € ¢, :
suppy € N;} (¢ € N). Then ;2 (X; @ Y;) is a decomposition of ¢, & ¢,
with the required properties. One easily verifies that, with respect to this
decomposition, the order of growth of ||A,| is at most n'/9=1/P. However,
we do not know whether this estimate is best possible. An interesting fact
that one should notice is that, in this case, modulo the compact operators,
(4A,,) is a bounded sequence.

The following is an immediate consequence of Corollary

COROLLARY 4.6. Let X be a Banach space with a subsymmetric basis
(e;), and suppose N1, No, ... is an infinite partition of N into infinite subsets,
so that @, [ej : j € N;] satisfies a lower p-estimate and an upper g-estimate.
If 1/g—1/p < 1/2 then B(X) is weakly amenable.

Proof. Let (N;) be as in the hypotheses, so @, [e; : 7 € N;| satisfies
a lower p-estimate and an upper g-estimate. By Lemma |A, ()| <
Kn/a=YP||u|| (u € B(X)) for some constant K independent of n, and so
(An(u), D(A,(v))) = o(n) for every bounded derivation D : B(X) — B(X)'.
By Corollary [4.2] B(z) is weakly amenable. m

The hypotheses of Corollary [£.6] seem to be very restrictive. However, at
the moment, we have no evidence in support of this. It would help to know
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whether there are Banach spaces X with a symmetric basis for which B(X)
is not weakly amenable.

Regarding derivations into general dual Banach bimodules we have the
following.

COROLLARY 4.7. Let X be a Banach space with a direct sum decomposi-
tion as in Corollary[£.2], and let X be a super-reflezive left essential Banach
B(X)-bimodule. Furthermore, let (r;) and (s;) also be as in Corollary [4.2]
Then a continuous derivation D : B(X) — X' is inner if and only if for
every u in a dense subset of B(X) and every x in a dense subset of X one
has

n~HAn(z), D(An(w))) — 0.

Proof. Let ¢ € X' be arbitrary and let D : B(X) = X, ur—u-¢ — ¢ u.
We know that

n"HA(x), D(An(w))) = n HA (zu — uzx),d) (z € X, u € B(X)).

Suppose zu # uzx and set x; = s;(zu — ux)r; (i € N). Without loss of
generality, we can assume [joy[| < [[o [ly]| and [lyo]| < |ly[[lv]| (y € X, v €
B(X)). Then, for any scalar sequence («;) and every pair k,n € N,

3= i = (35 ) ()| = ] (S )

where C' is the constant of the decomposition, i.e., C' = sup, [|3>_7_; 7.
Moreover, if M = sup; ||r;]| ||s;|| then, for every i € N, we have

)

0< M_1||xu —uzxl = M_1||risi(xu —ux)risi|| < |zl < M||zu — ux]|.

Thus, (x;) is a seminormalized basic sequence in X, i.e., a basic sequence

so that 0 < inf||z;|| < sup ||x;|| < oo. If we let & = x;/||z;i]| (i € N) then,

by [Bel Part 4, Chapter II, Theorem 1|, |>°7 ;|| = |>°0 [|2il|&ll = o(n).

Clearly, this is also true if zu = uz, so n= (A, (ru —uz), ¢) — 0 as n — co.
The opposite implication follows immediately from Theorem [3.4] =

We notice that all is needed for the above argument to work is that the
basic sequence (x;) should satisfy ||>°7 ; x;|| = o(n). Bearing this in mind
one obtains the following variation of Corollary

COROLLARY 4.8. Let X be a Banach space with an unconditional direct
sum. decomposition @3 X; such that sup;>; d(X;, X) < oo. Let (r;) and
(s;) be as in Corollary and suppose Y, sirTiy1 and Y, sip1r; are well
defined and power bounded. Let X be a left essential Banach B(X)-bimodule
containing no isomorphic copies of £1. Then a continuous derivation D :
B(X) — X' is inner if and only if for every u in a dense subset of B(X) and
every x in a dense subset of X one has
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n~H(An(z), D(An(w))) — 0.

Thus, in particular, every continuous derivation from B({,) into a left es-
sential B(Lp)-bimodule with no subspaces isomorphic to £y is inner.

Proof. The proof is almost the same as that of Corollary [£.7 One just
needs to note that under the present hypotheses, the seminormalized basic
sequence (z;), defined as in the proof of Corollary is unconditional and
the left and right shifts with respect to it are power bounded. Indeed, for
every sequence («;) in C, every sequence (g;) in T and every n € N one has

n n n
[ e = || (Eesom) (B )| < K[ e
i=1 j i=1 i=1

where K is the unconditional constant of the decomposition, i.e., K =
sup, [|>_; €57 So, (z:) is an unconditional basis. As for the left and right
shifts with respect to (z;) being power bounded, note that if L : [z;] — [x],
Yoouwy — Y o and R[] — (@], Y0, auxy — ), o5xi4q then, for

every n € N|
(o) () (e (S )|
(S () (o ]

where N = sup, H(Z] 5j’“j+1)"H H(Zk Sk+17%)"||, and likewise,
n n
[ () [ <[ () (5 ) (s | <[
i J % k i

Next note that if there were a constant ¢ > 0 so that |31 | z;|| > cn for
infinitely many values of n, then for such n’s and for every scalar sequence
(c;) one would have, letting o be the cyclic permutation (12 ... n),

CZ la| < n_IHZ(Z ‘Oéo.k(i)|)33i
i=1 i=1 k=1
n n—k
< n—l Z <HZ ‘aak(i)|xi
k=1 N i=1
<03 (12104 O3 ik
k=1 i=1

n n
< M| Y awi]| < M(sup ail) 3o,
=1 =1

where C' denotes the basis constant of (z;) and M = (1 +2C)KN.

)

9

)

n
+ 1R R 3 ol
=1

n
+ H Z |Oégk(i)’$i
i=n—k+1

)
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To finish the proof, simply note that, as no subspace of X is isomorphic
to ¢, we must have [|>.7" | z;|| = o(n). =

REMARK 4.9. Note that ) . s;741 and ), si+17i, in the statement of
Corollary can be seen as left and right shifts operators, respectively,
with respect to the decomposition @;°; X; of X.

Of course, there are also analogues of Corollaries [1.7] and [4.§] for right
essential bimodules. In this respect, see Remark [3.6] above.

Our next example, the James space, comes to illustrate the fact that the
applications of Theorem [3.4] are not restricted to the setting of Banach spaces
with a cartesian decomposition. Though we will not need its definition, let
us recall that the James space, J, is defined to be the completion of the linear
space of all complex sequences with finite support in the norm

1/2 ) .
| (an) H\J—SUP{(ZWM s | ) ST, ey €N,

m22andi1<---<im}.

It is well known that J does not admit a cartesian decomposition; however,
as another consequence of Theorem [3.4] we have the following.

COROLLARY 4.10. The Banach algebras W(J) and B(J) are weakly
amenable.

Proof. Let (e,) be a bounded left approximate identity for W(J) (see
|[OT) Proposition 2.5]). We show next that for each element e, there are
sequences (7;,) and (s;~) in W(J) such that the conditions of Theorem
are satisfied.

Let (x;) be the unit vector basis of J, let J := (@, [x:]})e, and let G;
be the operator ideal of all bounded linear operators that factor through J,
with the usual operator-ideal norm. It is well known that J ~ J& ¢o(J) ([BI,
Lemma 3.9]) and that W(J) = G;(3J) (|Lal Theorem 4.3]). Thus, there is
k> 0 such that for every w € W(J) there are bounded operators, v : J — J
and u : J — J, satisfying wv = w and ||u]| ||v]] < k||lw||. In particular, for
every e, there are linear operators 7, : J — J and s, : J — J so that
rvSy = ey and |74 ||sy|| < klley||. Let m, : J @ la(J) — J (resp. 1, :
J — J @ la(J)) be the natural projection onto the nth summand of ¢(J)
(resp. the natural inclusion of the nth summand of ¢5(.J) into J®¥l2(J)), and
let ¢ : J — J®L2(J) be a Banach space isomorphism. Define s, , := gb_lznsﬁY
and ry, 5 1= 1ymp¢ (n € N). One easily verifies that the sequences (s, ) and
(rn~) satisfy the conditions of Theorem for every bounded derivation
D :W(J) — W(J)', so W(J) is weakly amenable.

That B(J) is also weakly amenable now follows easily from the result
of the previous paragraph, the well known fact that B(J) ~ W(J) @ C and
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the fact that the unitization of a weakly amenable Banach algebra is weakly
amenable ([DGG, Proposition 1.4(ii)]). =

Let us say that a Banach space X has the factorization-norm property
if for every pair (Y, Z) of Banach spaces, the function vx : F(Y,Z) — R
defined by

vx(T:Y — Z):=mf{||R||||S|| : RS=T,5:Y - X and R: X — Z}

is a norm on F(Y, Z), the space of all continuous finite-rank operators from
Y to Z (see [BGIL, Section 4]). Now the last corollary can be generalized as
follows.

COROLLARY 4.11. Let X be a Banach space with the factorization-norm
property and let Y be a Banach space containing a complemented subspace
isomorphic either to £p(X) for some 1 < p < oo or to co(X). If Gx(Y) has
a b.l.ai. (or ab.r.a.i.) then Gx(Y) is weakly amenable.

Proof. Except for some obvious modifications the proof is almost the
same as that of Corollary [£.10] =

Recall that a Banach space X is said to be an £,-space if it contains a net
(X4) of finite-dimensional subspaces, directed by inclusion, whose union is
dense in X, and such that sup,, d(X,, Kgimx"‘) < oo (|LP]). We do not know
whether or not B(X) is weakly amenable for every £,-space X. Of course, it
is weakly amenable whenever X admits a decomposition as in Corollary [£.2]
which happens to be the case for all isomorphism types of £,-spaces that we

have knowledge of.

5. On Tsirelson-like spaces. In many important examples of Banach
spaces, the existence of a cartesian decomposition leads to the existence
of a topological direct sum decomposition @;°, X; with the property that
sup,; d(X;, X) < oo. This, however, does not seem to be always the case. For
instance, if T  is the dual of Tsirelson’s space and K > 1 then there are no
bounded sequences (7;) and (s;) in B(T') such that r;s; = 6; jidr (4,7 € N)
and

(6) [siri(@)|| < K[(siri + s5r5) (@) | (5,5 €Ny i < j, 2 €T).

The proof of this is the same as that of |[CS, Prop. X.c.2]. Unfortunately,
the latter reference contains a few typos, so we have decided to include the
proof here. Let us start by recalling the definition of T

Given finite subsets F and F' of N, let us write £ < F' if max £/ < min F.
Let cgo denote, as customary, the space of all scalar sequences with finite
support, and let (t,) be the unit vector basis of ¢gp. Given £ C N and
T =, anty € coo, let Ex =3 panty. Set ||-|o:= |- |lc, and for every
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m > 0 define

k
lellms1 = max{ lallm, 2~ max [S |1 Ejelln] } (@ € co)
j=1

where the inner maximum is taken over all possible choices of finite subsets
Eq,...,E; of N so that {k} < E; < --- < Ej. It can be shown that ||z| :=
lim,,, ||z||m (z € coo) defines a norm on cpo. The dual T of Tsirelson’s space
is then defined to be the completion of c¢gy with respect to this last norm.

Now, to establish the claim, suppose towards a contradiction that there
are bounded sequences (r;) and (s;) in B(T) with the required properties.
Let § = 1/(4K), choose m so that |L|||[|[L™Y|| > &6 tsup, [|[7all ||sn|l for
every linear operator L : [t;]™, — [ti]i>m, and choose n big enough so
that whenever z1,...,z, belong to the unit ball of [t;]",, there exist 1 <
i,j < n such that ||z; — z;|| < §. Then, for some 1 < jo < n, we must
have [|(idy — Pp)z| > d|z|| (z € X}, := sj,Pm(T)), where P, denotes the
natural projection from 7" onto [¢;],. Indeed, if this were not true then for
each 1 < j < n there would be a norm-1 vector z; € X; (= sjPn(T)) so
that ||(idy — Pp)z;|| < 6. By our choice of n, for some 1 < i < j < n we
would have || P,z — Ppaj|| < 6, and in turn, from this last and (),

K™= K7 |(siri) (s — m5) || = [|(siri + s575) (i — 25) || = [Jes — 5]

< NV Pmwi = Pl + | (idr — Bp)i|| + [|(dr — P )| < 36,
which is clearly impossible. But then for L : [t;|!"; — (id7 — Pn)Xj, @ —
(idr — Pm)sj,z, we would have ||L||||[L7Y] < 67Ysj, | |75, contradicting
our choice of m.

We do not know whether there are bounded sequences (r;) and (s;) in
B(T) so that r;s; = 6; jidr (4,5 € N). In fact, we do not even know whether
the sequences (r;) and (s;) can be chosen so that the averages n™1 Y7 | r;s;
be uniformly bounded. For this reason, we will follow here a path similar to
that of [Bl, Section 5]. We start with the following technical result.

LEMMA 5.1. Let A be a Banach algebra, let e € A be an idempotent
and let (r;) and (s;) be sequences in A such that r;s; = 6; e (i,7 € N).
Suppose, in addition, that s;e = s; and er; =r; (i € N). Let X be a Banach
A-bimodule and let D : A — X' be a derivation. Then, for every £ € X and
every n € N, we have

n—1 2
<€§€7 802"> = <€§€, Ty D(31)> + Z 2_i_1< Z Sjérjv 77,>7
i=0 j=1

where v; 1= (351 8jr2i4) - D(3 51 s2i4575) (1 € NU{0}).
Proof. The proof is by induction on n. The case n = 1 is easily verified.
Suppose the identity has been established for some n. Then note that
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AL AL 2" 2m
<Z $5€7j5 %> = <Z $i€7j5 (Z 39'7"2"+j) D (Z 82n+j7“j) >
j=1 j=1 j=1 j=1
= <Z $i6rj, > (8jTan44) - D(82n+j7"j)>

=1 j=1

277,
=Y (sjée,rantj - D(sanijry)
j=1

2n 2n

= (ete,rani;j - D(sanyg)) + > _(ebe, D(ry) - 55)
j=1 Jj=1
2n+1 on
= Y (ee,rj - D(sj)) = > (ee,rj- D(s;)).
j=2rt1 =1

Combining this last with the induction hypothesis, we obtain

n 21
(efe,m1 - D(s1)) + Z 27i71<z sjﬁrj,fyi>
=0 j=1

277.
= (e€e, pon) + 2*”*1<Z sjgrj,’yn>
j=1
on on
=27 (efe,ri- D(s))) — 271> (ee, vy D(sy))
j=1 j=1
2n+1
+27"70 N (ete,ry - D(sy))
j=2n41
= (ege, pon+1),
and so the identity holds for n + 1 too. =

81

COROLLARY 5.2. Let X be a Banach space such that there exist sequences

(ri) and (s;) in B(X) satisfying ris; = 6; jidx (4,5 € N). Let

L= [ s [ suars| (e,
=1 i=1
if
)l =o(vE) and 3 A2 ooy e pry)
1=0

then B(X) is weakly amenable.
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Proof. Let D : B(X)— B(X)' be a continuous derivation. By Lemmal5.1]

[(w, p2n) [ <D el il wll + D11 Y 27 T Agi (w) ] (w € B(X)).
i=0
Thus, (¢2n) is a bounded sequence.
On the other hand,

(A9 (0), D(Agi (w))] <D || Agi ()| [|Ag: (w)[| = 0(2") (v, w € B(X)).
To finish the proof one just needs to apply Theorem [3.4] =
COROLLARY 5.3. The algebra B(T') is weakly amenable.

Before giving the proof, we need to recall a few basic facts about T
As above, let (t;) be the unit vector basis of T'. Then for every > . cyt; € T
and every strictly increasing sequence (n;) of positive integers,

(7) ’Z Oéiti < HZ Oéitnl-
i i
In the opposite direction, there exists a constant K > 0 such that

(8) HZ aitgi|| < KHZ ot (Z ot € T>.

If L and R are the left and right shift operators, respectively, with respect
to (t;) then |[L™|| = 1 and | R"|| = O(n®) (n € N) (|BL Lemma 5.3]).
We will also need the following.

LEMMA 5.4 (|CS, Proposition V.12|). For any n € N, let {I,, Int1, ...,
Inon} be a partition of NN[n,o00]. Set X; = [ty : k € I;] (n < j <n2"). Then
there exists a constant M, independent of n and the partition chosen, such
that |I|| |11~ < M, where I denotes the formal identity map from [tg]3,
to (n<j<nan Xj)e, -

Proof of C’orollary. For each n € N, define E,, C Nby E,, := {2F+n :
k > p(n)}, where p(n) = logyn, and let X,, := [t; : i € E,]. Note that
X, NX,, = {0} whenever n # m. Indeed, it suffices to see that E, N E,, = ()
whenever n # m. For this, suppose towards a contradiction that there are
i > p(n) and j > p(m) so that 2° +n = 2/ + m. As m # n, we must have
i # j. Without loss of generality, suppose i < j. Then p(n) <i = n < 2! =
2! +n < 21 < 27 4 m, a contradiction.

Next, for every n € N, define s,, € B(T) by s,(t:) := topty+i-14, (1 €N),
and let r, € B(T) be so that r,s, = idr and s,r, (=: m,) is the natural
projection onto X,,. From and one sees that, for every z=> ", a;t; €T,

(@)l < [ it | < K|S aitpmyi]| < KIRZ 2,
% %

50 [|sn|l = O(p(n)?).
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Let w € B(T), x € T and n € N be arbitrary. Then

2n A
Az (w) (@) | = || 32 swwnL Br|| < ax sl Irel) el > | R
k=1 k=1

< (max [[sg[| [lre ) [w ] MIE"] =],

where z, = mpz (k € N) and the second inequality follows from Lemma
Combining this last with our estimates for ||s,|| and |[|R"|| one readily gets

1A0n ()| = (maux [lsi | &) [wl| M| B} = O(n®).

Similarly, one verifies that, for n € N,
2n

HZ Skr2"+kH < Mm]?x |skronir|| = O(n3),

k=1

2n
|32 sovcas]| < MIB [ max sy siril) = O(n).
k=1

The desired result then follows as a consequence of Corollary 5.2 =

6. Direct sums. In this final section we present some results on weak
amenability of B(X) in the case where X is a finite direct sum of Banach
spaces with direct sum decompositions of the kind considered in Section [}
Strictly speaking, these results should not be seen as results on direct sums
but rather as further applications of Theorem [3:4 The main result of the
section is the following.

PROPOSITION 6.1. Let Xy and Xo be Banach spaces with decompositions
D2y X1, and @;2 Xo,i, respectively, such that sup; d(X1,X1;) < oo and
sup; d(X2, Xa;) < co. Moreover, suppose there are 1 < s < r < 0o so that
at least one of the following holds:

(1) B;2, X1, satisfies a lower r-estimate and an upper s-estimate, and
D2, X2 satisfies an upper r-estimate.

(2) @Z‘Oio X1, satisfies a lower r-estimate and an upper s-estimate, and
@fio Xo; satisfies a lower s-estimate.

If B(X1) and B(X2) are weakly amenable then so is B(X1 ® X3).

Proof. Let m; : X1 @ X2 — X; (resp. 1 : X; — X1 @ Xo), i = 1,2, stand
for the canonical ith coordinate projection (resp. embedding), and for every
w € B(X1 @ Xo), let wyj := mwe; (1 < 4,5 < 2). Also, let m;; : Xj — X5
(resp. 2 : Xi; — X;), 1 € {1,2}, j € N, denote the corresponding canonical
projection (resp. embedding) with respect to the decomposition @;io Xij.

Choose bounded sequences (75 ;) jen and (s; ) jen in B(X;) so that r; ;s; i
= 04 kT and SigTi,5 = i,jT4,5 (], ke N, 1= 1, 2), and define Tji=Ur;T +
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1979 j2 and s;j 1= 1151;m1 + 1252;m2 (j € N). Note that the sequences (r;)
and (s;), defined in this way, commute with 4 (i = 1,2).
Suppose (1) holds, and to fix ideas, suppose that

Cfl(z ||551,j|’T)1/T < HZ:UUH <C (Z |l z1,
j j j

|s)1/s
and

HZx?JH <0y (Z ’\902,jHr>l/T,
J j

whenever (z1;) and (x2;) are finite sequences in X; and X», respectively,
so that x1; € Xy ; and x2; € X5 ; for every j.

Then the decomposition @j(Xl,j @ X ;) of X; @ X, satisfies an upper
s-estimate. Indeed,

[ - [ (S S SIS ]
J J J J J
< Ol ( heast?) " + Calla (3 leai)
J J

s 1/s
< @l Im ] + Callea | Ima) (3 @1, 225)11)
J

Thus, to establish the desired result, it will be enough, by Corollary [£.2]
to show that for every pair u,v € B(X; @ X3) and for every continuous
derivation D : B(Xl D XQ) — B(Xl D XQ)/,

(9) n”HAn(u), D(Ay(v))) — 0,
where Ay (w) ==Y 1 spwry (w € B(X1 @ X3)). One easily sees that

(u, D(v)) = Z (viuigmj, D(2jv5im;)),

and in turn,

(An(u), D(An(v)) = > (spurg, D(sgvry))
k
= Z Z(ZiWiSkUTkZ]'Wj, D(Zﬂjskwkzﬂi»
= Z 'Lzuzjﬂ'j (An(ljvjiﬂ-i)»'

So, in order to establish @D, it suffices to show that
n_l<An(zZ-uij7rj), D(An(ljvjiﬂ'i)» — 0 (1 <i,7 < 2).
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Next note that

(An(riuiims), D(Ap(1v47m3))) = (160 (wis)mi, D (1A 5 (vis) )
(Ain (i), Dii(Qin(vii))),
where A; ,, : B(X;) — B(X;), w— > 5 si gwri g, and Dy : B(X;) — B(X;)
is defined by (u, Dy;(v)) = (u, m; - D(1;0m;) - 2;) (i = 1,2). One easily verifies
that Dy (i=1,2) is a derivation. That n =1 (A, (s;usm;), D(An(1v57;))) — 0
(¢ =1,2) now follows immediately from Corollary since @y Xk sat-
isfies an upper s-estimate and B(X;) is weakly amenable.

As for the other two cases, we argue as follows. Let (z1,z2) € X1 @ X»
and w € B(X; @ X2) be arbitrary. First note that

| An (11w1272) (21, 72) |

1/s
< HZ 2151,kw127"2,k902H < C1||11|| <Z ||S1,kw12T2,k902,k||5>
k k

< Clnl/s\lll\\(slép 51l iz I lwrall sup [z
<2010 |Ju Imall(sup 51k 2 DIl (21, 22)1l

where C' is the constant of the decomposition @), X2 k. So
|An(wiams) || < Kn'/lwns)|
for some constant K independent of w and n. Second,

| Ap (r2w2171) (21, 72) |

1/r
< HZ 2252,kw217“1,k$1H < Colfea| (Z ||52,kw217“1,k131,k||r)
k k

1/r
< Callasup s el sl oz | (3 el
k

< Coerfafl i (sup llsa slt lIrs s Dl [l G 22)1)

So,
| An (r2wa1m)|| < Lfjwar |,
where L is a constant independent of w and n.
Thus, if 7 # j then, combining the above estimates, one obtains
(i), D(Anegvyim)))| < KL D] s | ozl = o(m)

as needed. This concludes the proof in the case where (1) is satisfied.
If (2) is satisfied the proof is very similar, so we will not give it in
full detail. In this case, one can show that €;(X1; & Xo;) satisfies a
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lower r-estimate. Then, taking into account this last and the fact that
B(X;) is weakly amenable (i = 1,2), one can deduce, exactly as above,
that n= (A, (yuym;), D(An(yivim))) — 0 as n — oo (i = 1,2). Finally, one
can find constants K7 and L; so that, for every w € B(X; & X»),

| An (nwiams)|| < Kiflwial| and || A, (gwarm)]| < Lint /7 |wyy]].

That n_1<An(ziuij7rj),D(An(zjvjmi)» — 0asn — o (1 <i#j< 2)
follows readily from these last two inequalities. m

As a consequence of Proposition [6.1] we have the following.

COROLLARY 6.2. Let Ey,...,E, be Banach spaces so that at least one
of the following holds:

(1) For every 1 <1i <mn there exists 1 < p; < 0o so that E; ~ £y, (E;).
(2) For every 1 <i < n there exists 1 < p; < 0o so that E; ~ £, (Ej).

Then B(E1 & --- @ Ey,) is weakly amenable.

Proof. 1t will be enough to show that if either 1 < p, < pp_1 < -+ <
pr<ooorl<p <-<pp_1<pp<oothen B, (E1) @ - ® Ly, (En))
is weakly amenable. Note that if p; = p; for some 1 < ¢ # j < n then
Ui (Ei) @ by, (Ej) ~ Ly, (E; & Ej).

Let us start by considering the case where 1 < p, < pp_1 < -+ < p1
< 0o. We argue by induction on n. By Proposition [3.2] the result is true for
n = 1. Let us suppose the result has been established for n = k. We then
prove it for n = k + 1.

Set X1 = £, (E1) @ -+ © £y, (Ey) and Xo = £y, (Epy1). Moreover, let
{N; : i € N} be a partition of N into infinite subsets, and let X; ; = {(e;) €
(o (E1) : e = 0ifi ¢ Nj}, 1 <1 <n+1 Then X; = &, (Bj2, X;;) =
@;’il(@le X;;) and @, X;; 2 X; (j € N). This last decomposition of
X1 satisfies a lower pp-estimate and an upper pg-estimate. Indeed, let 7 :
X1 — £y, (E)) (resp. y = £y, (E;) — X1), 1 <1 <k, denote the canonical Ith
coordinate projection (resp. embedding). Then

(Z (1,5, ,xk’j)Hm)l/m
| k "y k 1/p1
) <Z(Z il Hxl’j”> ) <D llul (Z sz,ijl)

=1 - j

J

k
= > lll| Y| < ] Y @)
=1 J J
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and

HZ(]ILJ‘, . ,ka)H
<X D ms)| < 3 ful (3 i)™
J J =1 J

1/pk
<MY @i a)l)
J

where M = Ele lul [[m]l. Also, it is easy to see that €BjZ; Xj+1,; sat-
isfies a lower pg-estimate, so condition (2) of Proposition holds. As
B(lp,,,(Eky1)) is weakly amenable and, by the induction hypothesis, B(X1)
is weakly amenable too, we can apply Proposition [6.1] to conclude that
B(X1 @ £y, (Ery1)) is weakly amenable.

If1<p <+ <pp <00 then one can argue in almost the same way
as in the previous paragraph. We only need to note that, in the induction
argument, if one defines X7, Xy, @j X1, and @j Xy ; exactly as we did
before, then € ; X1, satisfies a lower py-estimate and an upper pj-estimate,
and @j Xy ; satisfies an upper py-estimate, i.e., (1) of Proposition is
satisfied instead of (2). The rest of the argument remains the same. =

COROLLARY 6.3. The algebra B({,, @ --- @ £p,), where 1 < p1,...,pp
< oo (resp. 1 < p1,...,pn < 00), is weakly amenable.

Proof. This is an immediate consequence of the previous corollary. m

REMARK 6.4. The strict inequality in the hypotheses of Corollary is
not an essential requirement. However, the extreme cases need to be handled
differently. Let us show, for instance, that B(co@® /1) is weakly amenable. For
this, let C(X') denote the quotient B(X)/A(X). By Pitt’s theorem, C(co@®¢1)
can be represented as a unital algebra of 2 x 2 upper triangular matrices, with
diagonal entries coming from the unital Banach algebras C(cg) and C(¢1). As
C(cop) and C(¢;) are weakly amenable, so is C(co @ ¢1), by |Ly, Proposi-
tion 2.11]. Then, as A(co @ ¢1) is weakly amenable (|[Bl2, Corollary 3.8]) and
C(co @ ¢1) is weakly amenable, B(cy @ ¢1) is weakly amenable too (see [LW]
Proposition 5.5]).

Unfortunately, the conditions of Corollary are not conditions that
one can verify separately for each summand (as in |[BI2, Theorem 3.6|, for
instance), and we have not been able to make much progress in this direction.
We thus finish this note with the following question.

Suppose B(X) and B(Y) are weakly amenable. Is B(X @ Y) weakly
amenable?
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