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Approximation theorem for evolution operators
by

RINKA AzuMA (Osaka)

Abstract. This paper is devoted to the study of the approximation problem for the
abstract hyperbolic differential equation u'(t) = A(t)u(t) for t € [0,T], where {A(t) :
t € [0,T]} is a family of closed linear operators, without assuming the density of their
domains.

1. Introduction and the statement of the main theorem. In this
paper we discuss approximation of evolution operators associated with the
initial value problem

(1.1) {“'(t) = A(tyu(t), tel0,T],

u(0) = o,
in a general Banach space X with norm || - ||. Here {A(t) : t € [0,T]} is
a family of closed linear operators in X with D(A(t)) =Y for t € [0,T],
where Y is another Banach space with norm || - ||y, which is continuously

imbedded in X.

Let D be a subspace of X. By an evolution operator on D generated by
{A(t) : t € [0,T]} we mean the two-parameter family {U(¢,s) : (¢,s) € A},
where A = {(t,s) : 0 < s <t <T}, given by

U(tsz—hm H (I —MA(iN) "'z for z € D and (t,5) € A,
i=[s/A]+1

which satisfies the following three conditions:

(i) U(t,s) : D — D for (t,s) € A.

(ii) U(t,t)z = =z and U(t,r)U(r,s)z = U(t,s)z for z € D and for
(r,s),(t,r) € A.

(iii) The mapping (¢, s) — U(t, s)z is continuous on A, for any z € D.

The class of evolution operators mentioned above provides us with mild
solutions of (1.1). It should be noted that Y is not assumed to be dense
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in X. The study of (1.1) in such situations was initiated by Da Prato and
Sinestrari [1], and continued intensively by Tanaka [7].

We are interested in studying approximation of an evolution operator

[t/ 7]

by a sequence {]] F, (k7,)} of discrete parameter evolution oper-

k=[s/Tn]+1
ators. Here {7,} is a positive sequence with lim, .. 7, = 0 and F,(t) is
a bounded linear operator on a Banach space X,, with norm || - ||,,, where

{X,,} approximates X in the following sense: For each n > 1 there exists a
bounded linear operator P, from X to X, such that

(1.2) lim ||Pyull, = ||u|| for every u € X.

The notion of approximation sequences {X,,, P, } is due to Trotter [8]. Such
approximation problems arise when the solution of a differential equation
whose coefficients depend on time is computed numerically by a finite differ-
ence method. In the case where A(t) is independent of ¢ and Y is dense in X,
some interesting results for the approximation stated above were obtained
by Kurtz [4]. (See also [2] and [6].) We note that property (1.2) implies the
existence of a constant K such that

(1.3) | Poulln < K|lul| forwe X and n > 1.

We also use the notation lim,, .. u, = u, u, € X,, u € X, which means
lim,, o0 ||tn, — Prull, = 0.

To state the main result of this paper we need the notions of stability
of {F,(t) : t € [0,7]} and of convergence of a sequence of operators. The
family {F,(t) : t € [0,T]} is said to be stable for time scale T, — 0 if there
exist M > 1 and w > 0, independent of n, such that

| TT o0
k=1

for every finite sequence {t;}7*, with 0 < ¢; < ... <t, < T and m =

: +1 ;
1,2,... Here and below we use the conventions IL.2, T = Tisa(ITh—, Tk)
if i > pand [[,_, T = I if i <p. We call {M,w} the stability constant. We
set

< Meanm

n

-1
A, (t)= ———— forte[0,T] and n > 1.

We write A(t) C liminf, . A,(t) for t € [0,T] if for each y € Y there
exist y, € X, such that lim,, o y, = y and lim,,_,oc A, (t)y, = A(t)y for
all t € [0,T7.

We are now in a position to state the main result in this paper.

MAIN THEOREM. Assume that {F,(t):t € [0,T]} is stable, with stabil-
ity constant {M,w}, for time scale 7,, — 0, and satisfies the condition
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(a)  there is a continuous function f : [0,T] — X which is of bounded
variation on [0,T] such that fort,s € [0,T], z € X,, andn > 1,

(1.4) [An @)z — An(s)lln <[ f(8) = F()(I2]ln + [ An(s)2]ln)-
Assume that for all t € [0,T],
(b) (Mol — A(t))Y is dense in X for some \g > w.

Then, if A(t) C liminf, A, (t) for t € [0,T] then the family {A(t) : t €
[0, T]} generates an evolution operator {U(t,s) : (t,s) € A} on'Y such that
foreachyeY and 0 <s<t<T,

[t/7n]
(1.5) lim [ Fulkra)Pay=Ult,s)y,
k=[s/Tn]+1

where the convergence is uniform on the triangle A.

COROLLARY. Let {h,} be a null sequence and let {T,} be a family with
T, € B(X,,) satisfying the condition that there exist M > 1 and w > 0 such
that

|TE||,, < Me“khn for k> 1 and n > 1.
Let A, = (T,,—I)/hy, forn > 1, and let A be a closed linear operator in X
such that the range R(AoI — A) of Aol — A is dense in X for some \g > w.

If A C liminf,, o A, then the part of A into D(A) is the infinitesimal
generator of a (Cy)-semigroup {T'(t) : t > 0} on D(A) such that

Ttz = lim TWIp o for & € D(A) and t >0,

where the limit is uniform on every compact subinterval of [0, 00).

Proof. By the Main Theorem, there exists a (Cy)-semigroup {7(t) :
t >0} on D(A) given by the formula
x

(1.6) T(t) :lgﬁ)l(l—)\A)_[t/’\]x for z € D(A) and t > 0,

where the limit is uniform on every compact subinterval of [0, c0). We only
have to show that the part of A into D(A) is the infinitesimal generator of
a (Cp)-semigroup {T'(t) : t > 0} on D(A). For this purpose, we denote the
part of A into D(A) by A. By (1.6), we have

t
(1.7) T(t)x—x:AST(r)xdr for x € D(A) and t > 0,
0

t
(1.8) T(t)xr —xz = ST(’I“)AVZE dr for z € D(A) and t > 0.
0



198 R. Azuma

Let A be the infinitesimal generator of {T'(t) : t > 0} on D(A). If # € D(A)
then it follows from the closedness of A that z € D(A) and Az = Az €
D(A), by dividing (1.7) by ¢ and letting ¢ | 0; hence AcC A Conversely,
let 2 € D(A). By the strong continuity of T'(t) the limit limyo(T(t)z — )/t
exists and equals Az, by (1.8). This means that x € D(ﬁ) It is thus proved
that A= A. m

REMARK. If B := liminf, . A, has the property that D(B) is dense
in X and R(\o/ — B) is dense in X for some \g > w, then we can apply
the Corollary with A = B to prove the sufficiency of Kurtz’s theorem [4,
Theorem 2.13]. Kurtz’s theorem improved Trotter’s theorem [8, Theorem
5.3] by extending the notion of the limit of a sequence of operator used by
Trotter to the notion of extended limit. Our main results give an extension
of their results in this sense.

In Section 2 we prove that the family {A(t) : ¢t € [0,T]} generates an
evolution operator on Y. Section 3 contains the proof of the convergence
(1.5). For simplicity, we use the notation Ny = [T'//)\] and t}* = i\ for A > 0,
and J)Nt) = (I — MA,(t))"! for t € [0,T] and A > 0 with \w,, < 1, and
JMt) = (I — MA(t))"! for t € [0,T] and A > 0 with dw < 1.

The author wishes to express her thanks to Professors Sato and Tanaka
for suggesting the problem and for many stimulating conversations.

2. Existence of evolution operators. We begin by introducing the
notion of stability of the family {A(¢t) : ¢ € [0,7]} in order to state the
generation theorem for evolution operators. The family {A(t) : t € [0,T]}
is said to be stable with stability constant {M,w} if (w,00) C o(A(t)) for
t €[0,7] and

| TTO7 - A0 < MO -y for A
k=1

and every finite sequence {t;}7*, such that 0 < t; < ... <, < T and
m > 1. For brevity, we then write {A(t) : t € [0,T]} € S3(X, M,w).

PROPOSITION 2.1. Assume that the family {A(t) : t € [0,T]} satisfies
the following two conditions:

(a1)  {A(t):t€[0,T]} € Sy(X, M, w);
(a2) HA(t})f—A(S)wH < £ @) = F Il + [ Als)z[]) for t,s € [0,T] and
Trey.

Then {A(t) : t€[0,T]} generates an evolution operator {U(t,s) : (t,s)€ A}
onY.
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Once the following lemma is proved, Proposition 2.1 can be obtained
just as in the proof of Tanaka [7, Theorem 1.5].

LEMMA 2.2. Assume that all assumptions of Proposition 2.1 are satis-
fied. Then

J
@y |ae TT 7@s|| < M swp jlA@®a] + [al)
k=q+1 t€[0,T
forq >0, p >0 with pw < 1/2,0 < g < j < N, and v € Y, where
M = M?*(V; + 1) exp(2wT + MVy), V; being the total variation of f over
[0,7].

Proof. Let x € Y and p > 0 be such that pw < 1/2. Fix ¢ and j
arbitrarily so that 0 < ¢ < j < N,,, and set af = [A(t}") [Tj_,. 1 J*(t})2]
for ¢ <1 < j. Similarly to the proof of Tanaka [7, Lemma 1.2}, we find that

(1= pw)'~%aj" < M| A(t))z|

I-1
+ ZMHf(tffH) — FENM]|z]| + (1 — pw) " %al")
i=q
for ¢ <1 < j. Denoting the right-hand side of this inequality by b)’, we see
that
(1 — pw)'™9alt <b' forq<i<j

and

Oy < M2 (tsy) = FE)I 1]

+exp(M|f(85) = &Ny forg<l<j—1.
Solving this inequality with the first term b} = M| A(t})z||, we find
b < MP(Vy + 1) exp(MVy)( sup [ A(t)z]| + ||z])
te[0,T]
for ¢ < j < N,. Here we have used the following fact: If a; < b; + c;a;—1 for
p+1<i<r then
(2.2) a; < Z (bk H cj)+( H ck>ap forp<i<r.
k=p+1 j=k+1 k=p+1
Since a? < 62“’Tb?, by using the fact that (1 —¢)~! < e? for 0 <t < 1/2,
we obtain the desired estimate (2.1). m
In the rest of this section we prove that the family {A(t) : ¢ € [0,T]}
generates an evolution operator {U(t,s) : (t,s) € A} on Y. We first intro-
duce a family of equivalent norms in X,,, depending on ¢, with respect to

which each e™“™ F},(t) is a contraction on X,,, so that the idea of Miyadera
and Kobayashi [5] can be used in our argument.
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LEMMA 2.3. Assume that {F,(t) : t € [0,T]} is stable, with stability
constant {M,w}, for time scale 7, — 0. For each n > 1, define a family

{]-|#:t€]0,T)} of norms in X,, by

:mzo,tgtlg...gtmgT}.

n

23) lafy =sup {em | T Fultie
k=1

Then

(2.4) x|, < |2} < M||z||, for z € X,, and t € [0,T],

(2.5)  |zlp <|z|y¥ forze X, and 0<s<t<T,

(2.6) |F,(t)z|} <e*™|z|}  for x € X, and t € [0,T],

(2.7) | — A, () 2P < (N —wp) Hzl? for x € X, t€[0,T],

and X\ > wy, where w, = (™ — 1)/,
(2.8) {A,(t):t€[0,T]} € Sy(Xpn, M,wy,).

Proof. 1t is obvious by the definition (2.3) that (2.4) and (2.5) hold. To
prove (2.6),let x € X,, and t € [0,T]. Fort <t; <...<t,, <Tand m>1
we have

e | T] Fult) Fult)e
k=1

n

— oWTn —an(m—i-l)H F (t)F. (1
. ¢ € kl_Il n(te) Fn(t)®

< ezl
which implies (2.6). Since
AT, + 1 1
M —A,(t) == I—- E,(t) ),
®) Tn ( ATy +1 ( )>

(2.7) is a direct consequence of the Neumann series theorem, by using (2.6).
To prove (2.8),let 0<t; <...<t, <T,m>0,z € X,, and A\ > w,, and
set

forl1 <i<m.

t;

o = ( [T = An(t) |
k=1

By (2.5) and (2.7) we have
i—1

ai < (A= wa) | TTOT = Au(t) 2

k=1

n

<\ —wp) tai

for 1 < i < m. Solving this we find
< (A= )"l

which implies (2.8), by (2.4). =
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PROPOSITION 2.4. Assume that the conditions of the Main Theorem are
satisfied. Then {A(t) : t € [0,T]} generates an evolution operator {U(t,s) :
(t,s) € A} onY.

Proof. Let w,, be as in Lemma 2.3. Since w,, — w as n — oo, we have
Ao > wy, for sufficiently large n, and hence Ao € o(A4,(t)) for t € [0,T], by
(2.7). As in the proof of Fattorini [2, Theorem 5.7.11] we deduce from (2.8)
that (w,00) C 0(A(t)) for t € [0,T], and

(2.9) lim ||[(M — A, (t)) "' Pyz — Po(M — A(t) 'z, =0

for A\ > w, t € [0,7] and z € X. Using (2.8) again we find {A(t) : t €
[0,T]} € S4(X, M,w) by (2.9). Since A(t) C liminf, . A,(t) for t € [0,T],
it follows from (1.4) that

(2.10) [A@)z — A(s)x|| < [|f(2) = f()II (U]l + [|As)]])

for t,s € [0,7] and € Y. Now the assertion is a direct consequence of
Proposition 2.1. =

3. Appoximation of evolution operators. In this section we assume
that the conditions of the Main Theorem are satisfied.

LEMMA 3.1. Let n > 1. Then
(3.1)  [Fu(t)x — JR(s)yliys
< g, 1€z = TR ()Yl s + Broul Fn ()2 — yli,
+ Moz, wor (It = sD{UITE ($)ylln + [[An(s)J5 (5)ylln)
V ([[#]ln + [|An()z]ln) }
forz,y € X, t,s €[0,T] and p > 0 with pw, < 1 where we set
of(r) =sup{[[f(t) = f(s)[| : [t = s| <7 for t,s €[0,T]},
Qrpn = B/ (Tn + 1)y Bruu =T/ (Ta + 1) Ve = Talt/ (Tn + 1)
Proof. Let x,y € X, t,s € [0,T], and p > 0 be such that pw, < 1. By
the definition of J¥(t) we find
JR(8)y = Br uY + ry uFn(8) 5 (8)y,
which we use to obtain
Fo(t)x — J(8)y = Br, w(Fn(O)x — y) + ar, nFn () (@ — J)(8)y)
+ o, w(Fn(t) — Fu(s))Jh (s)y.
The estimate (3.1) will be proved only in the case where ¢ > s, because the

other case is similar. Let ¢ > s. We estimate the above quantity by using
(2.4), (2.6) and (1.4). This yields
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|Fn ()2 — JE(8)ylivs < Br wlFn(t)r — yliys + ar, e ™ [x — JL(8)yliy s
+ Ve M) = FIUITE(S)ylln + [ An(s) T (8)ylln),

which proves (3.1) in the case where t > s, since || f(t)— f(s)]| < of([t—s]). =

LEMMA 3.2. Let x € X,, and p > 0. Then, fori with p+1<i< N, |

< M( sup ] [An (@) [ln + l|2[ln),

n telo,

where M = M?(Vi + 1) exp(20T + MVy) and & = sup{wy, : n > 1} V w.

Proof. Let x € X,, and p > 0 and set
= n
af = A7) T Pultie| | forp+1<i<N,
t;’n

By the triangle inequality, (2.4) and (2.5) we have

’ T'n, H F t;n
tin

k:p—‘rl i—1

M (An(t) = At H Fu(t])z

n

We apply (1.4) to the second term on the right-hand side, and then use the
stability of {F,,(t) : t € [0,T]} and (2.4). This yields

a < M2e“T| f(¢7) = @Dl lzlln

+ (L4+ M| fE) — fE D) ‘A ) H Fu(ti)z
k=p+1

7'7L1

for p+1<i <N, . Since F,(t) and A, (t) commute, we have, by (2.6) and
the inequality 1 4+ a < e® for a > 0,

ap < M2 | f(t7) = FET ) |2lln + exp(M f(E7") = f(ET2)IDe ™ aty

for p+2 < i < N, . Solving the inequality above by using (2.2) and then
noting (2.4) we obtain the desired estimate. m

LEMMA 3.3. Let n > 1, x € X,, and p,q > 0. If 0 <np < § < T,
Ta Vi <d—nand p > 0 with pw, < 1/2, then for p < i < N, and
q<j <N, we have
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(3.2) e @™OTPN(1 — pw, Y0l < dTH M sup || An ()
te[0,T]

+ (7 =t ) o (DA™ + 185 — ty]) + 04(0)}

X 2MM( sup ||An(@)z|[n + [|l2]n),

te[0,T]
where
Tnnu' ‘ H F, tTn H J;L t”
7'7Lth
k=p+1 k=q+1

T3 = {7 =) = (& = ) + 7l = £57) + ) = )}
forpgngTn, q<j<N,and r € X,.
Proof. We use the idea of Miyadera and Kobayashi [5], applying Lem-

ma 2.3. Let x € X,,, p,¢ > 0 and p > 0 with pw, <1/2. For ¢ < j < N,
we have

L = Y (TI 7))@= amatyo)
k=q+1 l=q+1 k=I+1

s (f[J#(t@)An(tmx;

l=q+1 k=

—

hence (2.4), (2.5) and (2.7) give
api < (i — )M sup || An(t)alln(1 = pwn) =07,

te[0,T)

which proves that a,"" satisfies (3.2) if ¢ < j < N,. Since

H F.(t;")r—x =1, Z ( H F,( tT"> (t[")x,

k=p+1 l=p+1 k=I+1
we find, by (2.4), (2.5) and (2.6), that

CLZ—Z’# < Tn(z — )Mt 8[1(1)%} HAn(t)x”newfrn(i_p)
€10,

for p <+i < N, , which proves that a;’;’” satisfies (3.2) if p <i < N,,
Since all assumptions of Lemma 2.2 are satisfied with A(¢) and w replaced
by A,(t) and w,, we have

J

|aneery TI snete]| <M sup [ An(®ala + 2ln).

- n te[0,T
k=q+1
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Using this estimate and Lemma 3.2 we find by (3.1) that

Tn s b Tn M WTn Tn 1
aq,] <5Tn Ma’z] 1+aTn7Me az 1,5

+2MMyr, op (67 — t5))( sup [An(@)z|ln + ll2ln)
telo,
for p+1 < i < N, and ¢ +1 < j < N,. Multiplying by w;%" (:=
e~«™=P)(1 — pw, )7 ~9) we obtain

T Tnnuf T, Tn, [ T Tn, b
wz] az] ﬁT’n Nwz] lalj 1+a7'mllwz lja’z 1,5

+2M Mz, uor (187 = ) ( sup [|An(t)zlln + [2]n)
t€[0,7]

forp+1<i< N, and ¢g+1 < j < N, Thus we can easily modify the
argument of Tanaka [7, Lemma 1.4] to obtain the desired estimate. (See also
Kobayasi, Kobayashi and Oharu [3].) =

LEMMA 3.4. For y € Y we have
(3.3) lim sup sup [An (O)ynlln < K sup [A®)yl|
t

n—oo tel0,T :

if yn € Xy satisfy im, ooy = y and lim, o Ay, (t)y, = A(t)y for all
t € 0,7, where K is the constant satisfying (1.3).

Proof. Using (1.4) and the strong continuity of A(-) on Y we can show,
by an indirect proof, that
lim sup ||[A.(t)yn — PoA{)ylln =0
n—00 ¢e(0,T)
ify €Y and y,, € X, satisfy lim, o0 yp = y and lim,, oo A, (t)y, = A(t)y
for all ¢ € [0, T]. The desired claim (3.3) follows from the fact above and the
inequality

sup |4 (Owalla < sup [ Au (O~ PuAWDyll + K sup A2}y m
te[0,T) te[0,T] te[0,T]
Proof of the Main Theorem. Let + € Y, 0 <n < § < T and p > 0
be such that pw < 1/2, and consider sufficiently large integers n so that
Tn Vi < 8§ —n and pw, < 1/2. Then by (1.3) we have

[t/Tn]
(3.4) H [[ Fulbr)Puz - PU5)2
k=[s/Tn]+1

n

/7] /]
< H [I Futr)Pir— J[ JEkw)Pur
k=[s/7n]+1 k=[s/ul+1 "
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[t/p] [t/ 1]
n H [[ sikwPa—pr T[]
k=[s/u]+1 k=[s/u]+1
[t/u]
—i—KH H J“(k‘p)x—U(t,s)xH.
k=[s/u]+1

Let y € Y. Since A(t) C liminf, A, (t) for t € [0,T], there exist y,, € X,
such that lim, o ¥ = y and lim, o A, (t)y, = A(t)y for all ¢t € [0,T).
Using (3.2) with i = [t/7.], j = [t/u], p = [s/m] and ¢ = [s/u] we see that
the first term on the right-hand side of (3.4) is less than or equal to
2Me* T (K|z =yl + | Puy = yalln)
+ e T ((r + p)? + T + ) 2M sup || An(t)ynlln
t€[0,T]
+ T o (T) (7 + 1) + T+ )2 + 7+ 1) + 04 (0)}
x 2MM(t sup [An )y lln + l[ynlln)-
€lo

The second term on the rlght—hand side of (3.4) is dominated by

max

H JH(kp) P — P, H JH (k)
k=p+1 k=p+1

and we deduce from (2.9) that it converges to zero as n — oo. Taking the
limit in (3.4) as n — oo, and then letting p | 0, we have, by Lemma 3.4,

[t/7n]
limsup sup ‘ H E,(ktp)P,x — P, U(t, s)x
n—oo (t,s)€EA k=[s/7n]+1 n
< 2Me* T Ko —yl| + T Top(6)2MM (K sup [|[A®)y]l + lly)

te[0,T

for any y € Y and § > 0. Since x € Y and 94(8) | 0 as 6 | 0, we conclude
that (1.5) holds and the convergence is uniform on A.
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