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Ergodicity of Z? extensions of irrational rotations
by

YUQING ZHANG (Wien)

Abstract. Let T = [0,1) be the additive group of real numbers modulo 1, € T
be an irrational number and t € T. We study ergodicity of skew product extensions
T:TxZ — TxZ T(x,s1,82) = (x+ 0, 514 2X[0,1/2) (%) — 1, 524+ 2X[0,1/2) (x + t) — 1).

1. Introduction. The study of irrational rotations of the unit circle has
led to various questions in number theory and ergodic theory. Let T = [0, 1)
be the additive group of real numbers modulo 1. Fix an irrational o € T
and let ¢ € T satisfy the condition that neither ¢ nor ¢t + 1/2 is a multiple
of @ mod 1. Define a map f: T — Z by

1 for 0 <x < 1/2,
(L.1) f@) = { -1 for 1/5 <z </1
and an irrational rotation Ty of T by
Toxr = x + o mod 1.
Set X = T x Z? and define T: X — X by
(1.2) T(xz,s1,82) = (x + «a,81 + f(x),s2+ f(x +1)).

It is a skew product extension of irrational rotations on the circle by Z?
determined by f and t. We study ergodicity of T" on X relative to Haar
measure, continuing a theme started by Schmidt [S1], [S2] and Veech [V]. It
is known that ergodicity of skew product extensions of an irrational rotation
arises from irregularity of distribution of Z«. For the case of cylinder flows,
Oren [O] gave a complete solution to the problem of ergodicity of the map
F: T x E— T x FE defined by

(1.3) F(z,s) = (z + a,5+ xp,0(z) — B),

where 8 € T and E is the closed subgroup of R generated by 1 and S.
Earlier, special cases were settled by Schmidt for 3 = 1/2, a = (v/5 — 1) /4
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in [S2] and for § = 1/2, « irrational in [A], [C2], [S1]. Although ergodicity of
cylinder flows (that is, ) is thoroughly understood, the situation of Z?
extensions of irrational rotations appears to be more complicated. [L] treated
ergodicity of for a proper subset of the set of a’s with bounded partial
quotients and pointed out its numerous applications, e.g. to the study of
joinings of some Rokhlin cocycles. This paper extends the results of [L].

Note that by (1.2, we have
(1.4) T"(x,s1,52) = (z + na, s1 + an(z), s2 + an(x + 1)), Vn€Z,
where
Z?gol ($ + ’iOé) =2 Z?;Ol X[O,l/Z)(x + ia) —n, nz= 1’
(1.5) an(z) =4 0, n =0,
—a_n(Ty "x), n<-—1.
an () satisfies the additive cocycle equation
(1.6) an (15" x) — anem(z) + am(x) =0, Vm,n € Z, Ve € T.

Also note that a,(x + t) = a,(z) mod 2. The parity of a,(x) is always the
same as that of n from ((1.5)). Hence T' cannot be ergodic on the entire
space X. We set G = {(s1,52) € Z? | 51 = 53 mod 2}. Then G is cocompact
in Z2.

Following [S1l, Definition 2.1] we give

v.

DEFINITION 1.1. (a,t): Z x T — Z? defined by
(1.7) (a,t)(n, 2) = (an(z), an(z + 1))
is called a cocycle for T.

[S1] showed that ergodicity of T', or equivalently, ergodicity of the cocycle
(a,t), is determined by the set E2(a,t) of essential values of (a,t). Put Z? =
72 U {oc}, the one-point compactification of Z2. We recall the definition of
essential values.

~_ DEeFINITION 1.2, Let y1 be Lebesgue measure on T. An element (K1, k2) €
72 is called an_essential value of (a, 1) if, for every neighbourhood N (k1, k2)
of (k1,ko) in Z2, and for every measurable set A C T with u(A) > 0, we
have

M( UAnTymAn e | (a,1)(n,2) € N(k, k‘g)})) > 0.

ne”L

We denote the set of essential values of (a,t) by E2(a,t). Set E(a,t) =

E2(a,t) N Z2.
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From [S1] we derive the following properties:

e E2(a,t) is a closed subgroup of Z? under addition. (k1, ko) € E?(a,t)
only if k1 = ko mod 2.

e (a,t) is a coboundary (that is, (a,t)(n,x) = c¢(T§z) — c(x) for a mea-
surable map c: T — Z?) if and only if E2(a,t) = {(0,0)}.

We say that two cocycles (a,t), (b, t): Z x T — 7Z? are cohomologous if
(a,t)—(b,t) is a coboundary. In this case, E?(a,t) = E2(b, t). Given a cocycle
(a,t): Z x T — 72, let (a,t)*: Z x T — Z?/E?(a,t) be the corresponding
quotient cocycle. We have the following important result from [S1l, Lem-
ma 3.10):

LeEMMA 1.3. E2(a,t)* = {(0,0)}.

We say that the cocycle (a,t) is regular if E2(a,t)* = {(0,0)}. Otherwise
(a,t) is called nonregular and in this case E2(a,t)* = {(0,0),00}. According
to [L], if (a,t) is regular, then (a,t) is cohomologous to a cocycle (b,t):
7Z x T — [E2(a,t) and the latter is ergodic as a cocycle with values in the
closed subgroup E?(a, t) (see also [S1]). In particular, if E2(a, t) is cocompact
in Z? then (a,t) is regular.

The main results of this paper are the following theorems:

MAIN THEOREM 1.4. For arbitrary irrational o € T, E?(a,t) of the
cocycle (a,t) defined in (1.7) is G = {(s1,82) € Z? | 51 = sy mod 2} for
almost all t € T. In particular, (a,t) is reqular for almost all t € T.

MAIN THEOREM 1.5. If o is badly approzimable, then the group E?(a,t)
is G if and only if t ¢ Za and t ¢ Zo+ 1/2.

Theorem extends some of the results of [L]. Our methods, however,
are based on those developed in [S1] and [O].

It is not hard to see that in Theorems and in order for the group
of essential values to be equal to G, we must exclude t € Za and t € Za+1/2.
Note that for each nonnegative integer m, |a,(x + ma) — a,(x)| is bounded
by 2m because for all n > m,

m—1 m—1
lan(z + ma) — an(z)| = ‘ 3 f@tnatic) -y f(:c+z'a)(
i=0 i=0
m—1 m—1
SZ\f(x—i—na—i—iaﬂ—i— |f(z +ia)| < 2m.
i=0 i=0

From (1.1]) we also have f(z + 1/2) = — f(x) and therefore
an(x+1/2) = —ap(x), VzeT,Vn.
Hence |ap(x 4+ 1/2 + ma) + a,(x)| is bounded from above by 2m.
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2. Period approximating sequences, partial convergents and
other preliminaries. For € R we denote the closest integer to x by [z],
and set () =z — [z] and ||z|| = |z — [z]|. Throughout, n is assumed to be
a nonnegative integer.

According to , an(x) is locally constant except for jumps of +2 at

0, -, —2aq,...,—(n — 1)a and jumps of —2 at 1/2,1/2 — ,1/2 — 2aq, ...,
1/2 = (n — 1)a. Also, an(z + t) is locally constant except for jumps of +2
at —t,—t — a,—t — 2a,...,—t — (n — 1)a and jumps of —2 at 1/2 — ¢,
1/2—t—a,...,1/2—t—(n—1)a.
If we set
n—1
S(@) = Xpay2)(@+ie) =#{0<i<n—1|z+iac(0,1/2)},
i=0
then from ,

an(z) = 25, (x) — n.

The concept of essential values corresponds to that of periods in [O]. We
have the following definition:

DEFINITION 2.1. For fixed (ki,ks) € Z2, a period approzimating se-
quence is a sequence {(ng, A;)};°, where

(1) A; C T, each A; is measurable;

(2) ap, is constant on both A; and A; + ¢, that is, ap,(4;) = ki and
an, (A; +t) = ko for all [;

(3) inf; pu(Ar) > 0;

4) [[mel — 0.

The next lemma shows that a period approximating sequence defines an
element in E?(a, t).

LEMMA 2.2. For fized (ki,ke) € Z2, if there exists a period approximat-
ing sequence {(ng, A;)}72, such that an,(A;) = k1 and an,(A; +t) = ky for
all 1, then (k1, ko) € E?(a,t).

Proof. Given the period approximating sequence {(n;, 4;)}7°,, for arbi-
trary A C T with p(A) > 0, because u(ANT, ™A) — p(A), there exists a
subsequence {p;}7°; C {n;};°; such that the set

oo
(2.1) A= [ANT ™ A)

=1
has positive measure. Without loss of generality, we assume that {p;};°, is
the same as {n;}°,.

Set B = limsup;_,, 4; = (2, U2, 4i; w(B) > 0 because inf; p(A;) > 0.
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There exist m € Z and A’ C Ay such that pu(A’) > 0 and Tj"A’ C B
because the action Tj is ergodic. Hence

W(BATA) = p(TA') = (ﬂUA mT(;”A’)
I=11=l

(ﬂU ™A, mA’)>0.

I=14=l
Hence there exists some fixed positive number e¢ such that for each [, we

have p(U;2,; (T, ™A; N A’)) > €. In other words, for each [, there exists a
measurable set A, C A" with u(A},) > € and for all x € A}, we have
ap, (T5"x) = k1, ap, (Tg"x +t) = kg,  for some I' > 1.
From the cocycle identity
ap, (@) + am (15" 2) = tmp, () = am(2) + ap, (15"2),
we derive

(2.2)  lap, (T5"x) = ap, ()] = |am(T5" x) — am(z)|
m—1 m—1
:‘Zf(x—f—ia—kpl/a fo+za‘
i=0 1=0

From T (x +t) = 1" (x) + t, we further derive
m—1 m—1
\apl,(TOm:U +1) —apl,(w +1)| = ’ Z flz+ia+pra+t)— Z f(:v+ia+t)’.
=0 1=0
Noting limy o |[pra|| = 0 as well as the fact that m is fixed and depends on
Ay only, we derive from that ap, (T3"z) — ap, () — 0 for almost all x.
The set A’ is also fixed and depends on Ay only. Therefore there exist some
pr and A” C A’ C Ag with u(A”) > 0 such that

ap, (@) = ap, (Tg"x) = k1, ap, (x +1t) = ap, (Tg"x +1) =k, Vz e A"
We have Ty " A’ C A by (2-1)). Hence
p(ANTy AN {z | ap, (r) =ki} N {z | ap, (x +1t) = ka}) >0
and so (k1, ko) € E%(a,t). =

We recall the Denjoy—Koksma inequality [Ol Lemma 2], which plays a
fundamental role in the proof.

LEMMA 2.3 (Denjoy-Koksma). If p,q € N satisfy

P 1
a—=|<—= and (pq) =1,
Q‘ q° #:9)

then |aq(x)| < 4 for all x € T, where aq(x) is defined in (1.5)).
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It follows from the proof of the above lemma that every interval of the
form [i/q, (i + 1)/q) contains exactly one of the points ja for 0 < i,j < g—1.
In other words, the points ja (0 < j < g — 1) are uniformly distributed on
the unit circle.

We denote by [ag; a1, a2, ...,]| the continued fraction of a and call the
a; the partial quotients of a. Denote by g—: the kth partial convergent of «
where k£ > 0. It is known from [K] that

Pk
- = [ao;al7a25 .. 'aak‘]a
a
1 1
(2.3) laral| < — < —,
dk+1 qk
(2.4) i flgall = layall > ——— > —
. min ol = «
G 2a<gii1 o QG+ Qe 2qk41)
(2.5) GPr—1 — Prdr—1 = (—1)*.

D(a) = {qx | px/qx is a partial convergent of a},
¢ =min{¢' € D(a) | ¢ >q}, Vg€ D().

Adapting arguments of [SI pp. 229-230] we are able to prove the following
lemma which constitutes the first step in the entire proof:

LEMMA 2.4.
E2(a,t) N {(1,3),(1,-3),(1,1),(1,-1),(3,1),(3,-1),(3,3), (3, =3)} # 0.

Proof. From ({2.5]) we derive that there are infinitely many odd ¢ € D(«).
For such ¢, from the Denjoy—Koksma inequality and (1.5) we derive that
aq(x) can only be £3 or +1. Consequently, there exists a period approxi-
mating sequence {(q, A;)}72, which defines (k1, k2) € E*(a,t) and

i(kla k2) € {(17 3)7 (17 _3)7 (17 1)1 (17 _1)7 (37 1)7 (37 _1)’ (37 3)7 (37 _3)}
The proof is completed by noting that E?(a,t) is a subgroup of Z2. m

A major difficulty in proving Theorem [1.4] is therefore to show that
E2(a,t) is not isomorphic to Z because we aim to show that E?(a,t) is

G for almost all t. We will use period approximating sequences. From the
properties of continued fractions we derive the following lemma:

LEMMA 2.5. For any nonzero q € D(a), we have

1
i 1/2 -3 | <q} > —.
min{[1/2 - jol| | ] < a} > 5 -
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Proof. We always have
12(1/2 = ja)|| _ [I12je
2 2
We consider five cases separately under the assumption that 0 < |j| < g¢.

11/2 = jel =

CASE 1: ¢© > 3¢. Then since H2j\ - q‘ < q for 0 < |j| < ¢, we have
1(12j] = ¢)er]| > 1/2q from (2.4) and
1 1 1 1

. . . 1
12jell = (1271 =g)a+aal = (12 —gal=lgal > 5= > 5. =3 = 5

Here we also used the inequality |qal < 1/¢™ from (2.3)).

CASE 2: ¢7 < 3q and ¢7F < 3¢g. Then since |2j] < 2¢ < ¢, from (2.4)
we have

1
> —.
2q++ 6q
CASE 3: ¢7 < 3¢, ¢"" > 3gand |¢"—|2j|| < ¢. Then ||(|2j|—¢")a| > i
from ([2.4]) and
125l = [[(125] — a")a + gTall > [|(12j] — ¢")all = llg" el
1 1 1 1 1

>———> =—.
2¢ gt 2¢ 3q 6q

CASE 4: ¢" < 3¢, ¢"" > 3¢, |¢" — [2j|| > ¢ and |2j| < ¢. Then from
(12.4) we get

12jerll = lgTal >

I27all > llgall > 5z > o
2¢qT ~ 6q
CASE 5: ¢ < 3¢, ¢ > 3q, |q+ - ]2j|‘ > q and |2j| > q. Then
" —14jl <3¢—-2¢=4q, 2¢—q" >2¢-3q=—q;
2j|<q"—q = ¢ =4l >q" —2(¢" —9) =20 —¢" > —¢;
hence |¢* — |4j|| < ¢ and from (2.4),
1 1

1
; — + _ |45 _ 4t + _ |45 st - = .
[470ll = Il{a™ = 147 D)a =g all 2 l(a” = [4jDall —llg"all > 5 — 5 > s

and ||2jal| > [|4j||/2. The inequality is established. m

3. Proof of main theorems. Following [O] we set, for each ¢ € D(«),
€(q) = gmin||—t — jal| | ] < g},
0(q) = qmin{[|1/2 =t — jal| [ [j] < ¢}.

We immediately derive that €(¢) < 1 and 6(q) < 1 from the proof of the
Denjoy-Koksma inequality.

(3.1)
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ProposiTiON 3.1. If

(3.2) lim sup min{e(q),0(q)} > 0,

q€D(a)
q—00

then E2(a,t) = {(k1,ko) € Z* | k1 = ko mod 2} = G.
Proof. Let {gn}52; C D(«) be such that min{e(g,),6(¢n)} > d > 0 for

all n.
Recall ag4,(x) as set in ((1.5)) is locally constant except for jumps of

+2 at 0,—a, —2a,...,— (¢ — 1) and jumps of —2 at 1/2,1/2 — a,1/2 —
2a,...,1/2 — (¢n — 1)a; and ag, (x + t) is locally constant except for jumps
of +2 at —t,—t — a,—t — 2a,...,—t — (¢ — 1)av and jumps of —2 at
1/2-t,1/2—t—a,...,1/2 =t — (g, — 1)a.

For fixed n, let Iy,...,I4,, denote the intervals of constancy of both

aq, (x) and agq,(x + t) in cyclic order. Since a4, () takes on at most four
values by Lemma there exists a union of intervals, A,, such that a,, (x)
and ag, (z + t) are constant on A, and p(A,) > 1/16. Let A/, be the
union of intervals contiguous on the right to those of A,. Note that the
distance between any discontinuity points of ag, () and ag, (x + t) is given
by [|(i = j)el or [|1/2+ (i = j)e or [|=t+ (i = j)al or [[1/2 —t+ (i —j)a]l
for 0 < 4,57 < g, — 1. From , Lemma and , we see that
min{1/24q,, €(¢n)/qn,0(qn)/qn} is a lower bound for the lengths |I;|, i =
1,...,4qy,. Since every interval of length 2/¢, must contain a +2 jump point
by the discussion following Lemma we have |I;| < 2/¢,. Therefore

7> gmin{ g e ). 1< < dan
By setting e = min{1/24, 0}, we thus have u(A),) > M(A ) > 326 for all n.
Next, (a,t)(gn,x) = (aq,(x),aq,(z + t)) can take on Al only the values
(aqn(An) +2,a4,(An + 1)) or (aq,(An), ag, (A, +t) £ 2) since each interval
of Al is contiguous on the right to one of A,,. Thus, we can find A” c Al
such that ag, () and aq, (z +t) are both constant on A, u(A})) > 13z€ and
(3-3) (ag, (A7), aq, (A, +1)) = (aq, (An) £ 2,aq,(An +1))

or (ag, (An), aq, (An +1) £2).

First we assume that ay,(A4,) = 1 and a4, (A, +t) = 3 and consequently
(1,3) lies in E2(a,t). We need to prove both (2,0) and (0,2) lie in E?(a, t).
From and the Denjoy-Koksma inequality, we derive that there ex-
ists a per10d approximating sequence {(q,, A7)}, which defines either
(142,3)=(3,3) or (1 -2,3) = (—1,3) or (1, 3—2) (1,1). We treat
the three cases separately.

CASE 1: Suppose that apart from (1,3) € E2(a,t), we also have (3,3) €
E2(a,t). Then (£2,0) lies in E?(a,t) because E?(a,t) is a subgroup of Z2.
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Moreover, from our assumption, there exists a period approximating se-
quence {(qn, An)}22; which defines (1,3) € E?(a,t). That is, we have

n=1
(1) A, C T}
(2) ag, is constant on both A, and A, +1,
and aq, (An) =1, a4, (Ap+1t) =3, for all n;
(3) inf, u(A,) > 0;
(4) llgnall — 0.

Therefore there exists a period approximating sequence {(q,, B},)}5°; which
defines (k,1) € E?(a,t) for some k € {#1,43}. That is, we have

(a) {q,} is a subsequence of {q,}, B}, +t C AL, u(By,) > T1(A,);
(b) aq is constant on both By, and B, +1,
and ay (By,) =k, ag (B, +1) = ag (A},) = 1, for all n;
() infp(B)) > 0
(d) llgned — 0.
Because E?(a, t) is a subgroup of Z? under addition, we have
(1,3) € E*(a,t) and (2,0) € E*(a,t) = (k,3) € E*(a,t);
(k,1) € E*(a,t) and (k,3) € E*(a,t) = (0,2) € E*(a,t).
Consequently, both (2,0) and (0,2) lie in E2(a,t).
CASE 2: Suppose (—1,3) and (1,3) both lie in E?(a,t). Then so does
(£2,0) because E?(a,t) is a subgroup of Z2.
Moreover, there exists a period approximating sequence {(gn, A4;)
which defines (1,3) € E2(a,t), so (1)—(4) hold again.
Therefore there exists a period approximating sequence {(q,, B},)
which defines (k,1) € E?(a,t) for some k € {£1,43}, so (a)—(d) hold.
From the above arguments we derive that
(1,3) € E*(a,t) and (2,0) € EX(a,t) = (k,3) € E(a,t);
(k,1) € E*(a,t) and (k,3) € E*(a,t) = (0,2) € E*(a,t).
Consequently, both (2,0) and (0,2) lie in E2(a, t).
CASE 3: Suppose (1,1) and (1,3) both lie in E2(a,t). Then (0,2) lies
in E%(a,t). Moreover, (2,2) also lies in E?(a,t) and therefore (2,0) lies
in E2(a,t).

In all three cases we have shown both (2, 0) and (0, 2) lie in E2(a, t). Along
with the assumption that (1,3) lies in E2(a,t), we derive that E?(a,t) = G
as desired. Other possibilities when infinitely many ¢’s appearing in ([3.2)
are odd can be proved analogously.

)
n=1

)
n=1

Next, we assume that only finitely many ¢’s appearing in (3.2)) are odd.
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We first assume that there exists a period approximating sequence
{(qn, An)}22; which defines (2,0) € E?(a,t), so (1)-(4) hold with (2) re-
placed by

(2') ag, is constant on both A, and A, + ¢,
and agq, (Ap) = 2, a4, (A, +1t) =0, for all n.

Therefore from the Denjoy—Koksma inequality, there exists a period ap-
proximating sequence {(q/,, B},)}°%; which defines (k,2) € E?(a,t) for some
k € {£2,0}, so (a)—(d) hold with (b) replaced by

(b') ag is constant on both B, and B;, +t,

and ag (B;,) =k, ag (B}, +t) = aq (A},) = 2, for all n.
From the above argument we derive that
(k,2) € E*(a,t) and (2,0) € E*(a,t) = (0,2) € E*(a,1).

Consequently, both (2,0) and (0,2) lie in E?(a,t). Along with Lemma
we have E2(a,t) = G.

If there exists a period approximating sequence {(gn, Ay)}22, which de-
fines (0,0) € E?(a,t), then from the Denjoy—Koksma inequality and ([3.3]) we

can assume that there exists a period approximating sequence {(q,, A.,)}>2

which defines (£2,0) or (0,42) € E?(a,t). The rest of the argument is sim-
ilar to what appeared above.

Other possibilities when only finitely many ¢’s appearing in are odd
can be handled analogously. »

PROPOSITION 3.2. For every « the set of t satisfying (3.2) has full
Lebesgue measure.

Proof. For any positive § and any g € D(«), the size of the set of ¢ with

min{|[—t —jal|, [1/2 =t — jall | [7] < ¢} <d/q
is bounded from above by const - §. And the set of ¢ not satisfying (3.2)) has
zero measure because § can be arbitrarily small. =

Therefore for almost all t € T, we have E?(a,t) = G and Theorem [1.4]is
established. Next we prove Theorem [1.5] Note that « is badly approximable
if and only if its partial quotients are bounded.

PRroOPOSITION 3.3. If « is badly approximable and
(3.4) lim min{e(q), 0(q)} = 0,

geD(ar)
q—00

thent € Za ort € Za+1/2.
Proof. For each ¢ € D(«), let |ig], |jq| < ¢ be such that

€(q) = ql|—t —iqall, 0(q) = ql[1/2 —t — jyf].
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Then by assumption we have

lim min{q||—t — 15, q||1/2 — t — j,||} = 0.
i min{al—t ~ fgal a]1/2 ¢ ~ el
g—00
Because « is badly approximable, ¢*/q and ¢7t/q have a uniform upper
bound and
lim min{g™* ||t —igall,¢"1/2 — t — jgall} = 0.
g€D(a)

g—00

Also for arbitrary n; and ny we have the following inequalities:

(3.5) [n1oc — noa| < [[—t — mial| + [|—t — naar]],

(3.6) I1/2 +nia — noer|| < ||1/2 — t — nya|| + [|—t — nac|.

If g7 || —t — i+l < 1/100 and ¢*F||1/2 —t — j,a|| < 1/100, then by (3.6)),
1

g |I/2 +igra —jeaf < =0

Because
ligr — Jql < lig+] + |74l < ¢ +q<qt,

this contradicts Lemma which asserts that ¢™1[|1/2 4 i+ — jeo]
> 1/24. Hence

3.7 lim —t—iq|| =0 or lim 1/2 -t —j,a|| = 0.
BT lm al—t—igal Jim ql1/2— ol
q—00 q—00
Suppose the first limit is zero. Then by (3.5),
li THigra — igal| = 0.
Jim g ool
q—00

From (2.4) we derive that for ¢ large enough i + = i4, that is, i, is constant.
Hence t € Za.
Suppose the second limit in (3.7)) is zero. Then
lim ¢""|[j+a — joal = 0.
Jim g igra = ol

q—00

From (2.4) we derive that for ¢ large enough j,+ = j,, that is, j, is constant.
Hence t € Za+1/2. =

When « is not badly approximable, Merrill [M] showed that if ¢ belongs
to an uncountable set of zero measure containing numbers well approximable
by multiples of «, the cocycle v = Xxjo4) — X[1/2,1/2+¢) 1S & coboundary. This
implies E2(a,t) cannot be cocompact in Z? for such ¢. More importantly,
when « is not badly approximable, [C1] showed that under certain circum-
stances, there exist cocycles similar to that are not regular.
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