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Isomorphic classification of the tensor products
Ey(exp ai) ® Eso(exp 37)

by

PETER CHALOV (Rostov-na-Donu) and
VYACHESLAV ZAKHARYUTA (Istanbul)

Abstract. It is proved, using so-called multirectangular invariants, that the condition
af = af is sufficient for the isomorphism of the spaces Eo(exp ai) @ FEoo(exp 87) and
Eo(exp @i) ® Eoo(exp 37). This solves a problem posed in [14, 15, 1]. Notice that the
necessity has been proved earlier in [14].

1. Introduction. Let A = (a;p)icr,pen be a matrix of real numbers
such that 0 < a;, < a;p4+1, where I is a countable set. The Kothe space
defined by the matrix A is the locally convex space K(A) = K((aip)) of
all sequences & = (&;)icr such that |£|, := > ..;a;pl&| < oo for all p € N,
with the topology generated by the system of seminorms {|¢[, : p € N}. We
denote the canonical basis by e = {¢; }icr.

We say that X = K (A) is quasidiagonally isomorphic to X = K (A) with

A = (@jp)jer pen (and write X ES X) if there exists a bijection ¢ : I — J
and a scalar sequence ¢; such that the mapping T'e; := tie,(;), ¢ € I, can be
extended (by linearity and continuity) to an isomorphism 7" : X — X.

A. Grothendieck considered in [5] an important particular class of Kothe
spaces:

(1.1) Ey(a) :== K((exp(A —1/p)a;)), a=(a;), —00 < X < o0,

usually called power series spaces [4, 6] of finite type if A < oo (without loss
of generality we may consider only A = 0), and of infinite type if A = oo.
A complete isomorphic classification of the spaces is due to B. Mityagin
[7,9]. Spaces of different type possess very different properties: Ey(a) is not
isomorphic to Ex(b) if a or b is not bounded (see, e.g., [7]), moreover,
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every continuous linear operator T : Ep(a) — Foo(b) is bounded (compact
if bi — OO) [12].

In [I3], 14] the second author introduced so-called power Kdéthe spaces of
the first type:

(12)  B(\o) = K((exp(=1/p+Ap)es))s  e= (), A= (A):

Including (up to isomorphism) all the spaces , this class also contains
spaces of much more complicated, mixed “finite-infinite type” structure, in
particular, Cartesian and tensor products of power series spaces of different
type (for some results on isomorphic classification and linear topological
structure of such spaces see, e.g., [13 14, 3] 2]).

Our main goal is the following result solving a problem posed in [14} 15} [1].

THEOREM 1. Leta, 3, &, B be positive numbers. Then the following state-
ments are equivalent:

(i) X = Eo(expai) ® Eso(exp 37) is isomorphic to the space X =
Ep(exp a) ® Eco(exp 7)),
. qd o
(i) X ~ X,
(if}) a8 = aB.

This particular case is of a special interest because the sequences like a; =
exp «i are exactly on the border between so-called shift-stable sequences (for
which limsup a;4+1/a; < 00) and lacunary sequences (lima;11/a; = 00). In
fact, we need to prove only (iii)=-(ii), since (ii)=-(i) is obvious and (i)=>(iii)
has been proved in [14].

A crucial role in our proof is played by a system of multirectangular
characteristics for the space (see Section 2). It is worth mentioning that
estimating multirectangular invariants through a single rectangle invariant
(see Propositions |§| and [7) is similar, in a sense, to the transition from one
interval to a union of intervals in Mityagin’s investigation of the spaces (|1.1))
8, 9]

2. Multirectangular invariants. Dealing with spaces (1.2)) we always
assume that

c > 1, A < 1.

Given m € N, an m-rectangular characteristic of the space X = E(\,c) is
the function

m
(2.1) u%((s,é‘;T,t) 2:‘U{i:(5k</\i§€k, Tk<ci§tk}7
k=1
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where

(2 2) (5 = ((5k), E = (5k)7 T = (Tk), t= (tk),
) 0<0p<ep <1, 1< <t <@

and |S| is the number of elements in S if S is finite, and +oo otherwise. This
function counts those points (A;, ¢;) that lie in the union of the m rectangles
(2.3) Pk = (6k75k] X (Tk,tk], k= 1,...,m.

Let X = E(\¢) and X = E(S\,E); We say that the systems of m-
rectangular characteristics (X)) and (11X are equivalent (and write (%) ~
(1)) if there exist a strictly increasing bijection ¢ : [0,2] — [0,1] and a
positive constant A such that
(2:4) i (0,237, ) < i (0(0), 071 () T/A, Ab),

(2.5) pm (8,85 7,1) <t (9(0), 971 (e); /A, At)
for every m € N and all parameters 6, ¢, 7,t; here o(8) = (¢(01)), ¢ t(e) =
(07 (ew)), T/A = (/A), At = (Aty,).

We shall use the following characterization of the quasidiagonal isomor-
phism of power Kothe spaces of first type in terms of their systems of mul-
tirectangular characteristics ([3]).

PROPOSITION 2. The spaces X = E(A,c) and X = E(\ &) are quasi-
diagonally isomorphic if and only if (%) ~ (uX).

The following fact will be useful in further considerations.

PROPOSITION 3 ([13, 14]). Let a = (ai)ieN, b = (bj)ieN; c = (Cij),
Cij = max{ai, bj} and A = ()\Zj), /\ij = bj/cz-j; let {62‘ ® ej} and {eij}
be the canonical bases in Ep(a) ® Ex(b) and E(\,c). Then the mapping
ei ®@e; — e, (4,5) € N2, can be uniquely extended to an isomorphism

T : Eola) ® Exo(b) — E(\,¢).
3. Proof of Theorem 1. In what follows, X and X are the spaces from
Theorem (1] By Proposition [3| we may assume that
X=E\¢), X=ENWZd,

where ¢ = (¢;5), A = (\i;) with

¢ij = max{expai,exp G5}, Aij = min{l,exp(8j — i)},
and ¢ = (&), A = (\y), with

¢;j = max{exp di,expﬁj}, :\ij = min{l,exp(ﬁj —ai)}, (i,j) € N2.

First we obtain some estimates for a single rectangle characteristic with a
special choice of parameters.
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LEMMA 4. If af = &3 then there exists C > 1 such that
(3.1) p (e 17 t) < pfX (6,17, Ct)
foralld €[0,1) and 1 <7 <t < o0.

Proof. In our case

pX (e 1ymt) = Ly U Ly|, (8,157, C) > | L),

where
at—1 at InT Int
Ly =4(¢,7): <= — << —
1 {(Z’]) ﬁ <]_ ﬁa a <1< o }a
) 67 Inrt . lnt}
Lo = < (4, 1< = — <3< — o,
o= i BT <<
- 3j 1 Int+1
L_{m) i<, nf<]-gn+~nc}.
a g B

Setting M = ((Int)? — (In7)?)/2a0 and taking into account that af = &3
one can easily obtain the following estimates:

(1+0)Int
(3.2) |L41| < g

Int4+In7+ G)(Int —In7 + 28Int + (32
(33) |Lo| < - Doy 2T
(34)  |I|> (lnt+ln7—|—ln0—ﬂ~)(l~nt—lnT+lnC'—B)
- 2a0
Int+InC
B ~ ~
> M4+ (lnC)2+2(1nC’—ﬁ—d)lnt—Q(d%—ﬁ)lnC'

208

Now we choose a constant C' > 1 so that |L; U Ly| < |L|.
The desired estimates will be guaranteed if the sum of the right sides of

(3.2) and (3.3]) is smaller than the right side of (3.4)):

In?C+2(InC — (a@+B+26+1))Int > 2(a+ 3)InC + 2.
It is easy to see that this inequality is true for all ¢ > 7 > 1 if we choose C
sothat nC >2(B+a+3)+1+5% »

LEMMA 5. Ifaf = &3 then there exist constants C' and p such that
(3.5) pi (8.7, ) < i (87,75 1)
for

(3.6) 0<éd<e<ed 1<7, COr<t<+oo.
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Proof. Taking into account the expressions for Kéthe matrices of the
spaces X and X, we can obtain the following estimates:

pi (8,e;7,t) = [{(5,5) :Ind < Bj — i < Ine; InT < i < Int}|
< (Ine—Ind+B)(Int —In7 + )
— aﬁ )
SRRV S | P 37— qi < E. -
wi (0P, e ,T,t)—‘{(z,]).pln5<ﬁj ai < ) ,ln7'<az§lnt}‘

(1“6 plnd — ﬂ)(lnt —In7— a)
>
> %
It follows from these estimates that the inequality (3.5) will hold for the
parameters (3.6]) if we take the constants so that

InC > 2max{o, 3}, p>2B+a+0G+1). =

In the following two statements we obtain estimates (2.4) for arbitrary
m € N, but for special unions of rectangles that are located along some
horizontal or vertical strips.

PROPOSITION 6. Let a8 = a3 and let p > 1, C' > 1 be the constants of
LemmalBl Then

(3.7) uX (6,857, t) < pik (87,77 t),  meN,
for all 6 = (8k), € = (ex) € [0,e7 1™ with 6y < e, and t = (t,...,1),
T=(7,...,7) with1 <7 <t/C; here §? := (6})7, and e'/P .= (e 1/p)k_

Proof. Representing the set F := Uzlzl(éi,sk/ | as a disjoint union of
intervals, F = U (5§’ , ]/ P1. and applying Lemma 3 to each rectangle
(8;,5] x (7,1], we obtain

7
#i(& e, t) < Z :U{((Sjv gj; T, t)
j=1

7
<D @& t) = (7,77 ).

PROPOSITION 7. Let a8 = &f3. Then there exists C > 1 such that
p (e 1 t) < pX(0,1;7,Ct), meN,

for0<d <1 andallT= (1), t = (tx) € R™ with 1 < 7, < t}, < 400; here
Ct = (Cty)iLy-

Proof. Let C be the constant of Lemma [4| Take any m € N, 7 = (1%),
t = (tx) such that 1 < 7 < tg, k = 1,...,m, and represent the set E :=
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U1 (7%, Ctx] as a union of disjoint intervals, £ = U] (7, Ct;]. Then,
applying Lemma [4] to each rectangle (e~1, 1] x (T4, t~j], we obtain

1
p (e m ) < (e 1, )
7j=1

i
< Z,uf(&, 1;7,Ct;) = px(5,1;7,Ct). m
j=1
Now we are ready to prove Theorem 1. As noted above, we need only
show (iii)=-(ii).
By Proposition 2, it is sufficient to prove that the systems (uX) and

(u:X) are equivalent, that is, there exists a constant A and a function ¢ such
that for any m and for any collection we have and . Due to
symmetry, it is sufficient to prove only .

Let af = aﬂ Then we choose a constant C' and p satisfying the condi-
tions of Propositions |§| and m We are going to prove that ( . ) holds with
A = (C? and any strictly increasing function ¢ : [0,2] — [0, 1] such that
o(x) =27, 0 < z < e”!, namely

(3.8) {is e e UPkH {i: 0w e UQkH

for any m € N, any system of rectangles (2.3) and
Qk = ((dk), 0~ (e)] x (Tk/A,AtkL k=1,...,m

To this end we introduce two auxiliary collections of rectangles in the fol-
lowing way. Taking from the set {e~1, 6, ex : k = 1,...,m} only different
numbers < e~! in increasing order, we obtain a new set {&, : k= 1,...,n}
with &, = e . Setting &,41 = 1 and n, = C*7!, s € N, consider the
rectangles

Rr,s = (§T7§T+l] X (77s>77s+1]7

¢ _[@eh < ana) ifr<n,
. (e71/P 1] x (ns, Cnsy1] ifr=n,

with r=1,...,n and s € N. Let

s

M:{(r,s):Rr,sﬂ< Pk;) 75(2)}.

b
Il

1
It is easily seen that

(3.9) U Pc |J Res Srs € | Q.

(r,s)eM (r,s)eM k=1
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By Proposition [7, we have an estimate

(310)  |{i: ()€ U Rusfl<[{isGuare U susf|

s:(n,s)eM s: (n,s)€

On the other hand, by Proposition [6, we have

{i:0uere U B <[{izdoare U sl

r<n: (r,s)eM r<n: (n,s)eM

(3.11)

for any s such that there exists » < n with (r,s) € M. By the construction
of the rectangles, we observe that

(3.12) ( U S) N ( U s ,q) =0,

r<n: (r,s)eM q: (n,q)eM

and for all s1 # s we have

(3.13) (U Srst) 0 (U Srs) = 0.

r<n r<n

Combining (3.9)—(3.13]), we get (3.8]), which completes the proof.
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