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General Dirichlet series, arithmetic
convolution equations and Laplace transforms

by

HELGE GLOCKNER (Paderborn), Lutz G. LucHT (Goslar) and
STEFAN PORUBSKY (Praha)

Abstract. In the earlier paper [Proc. Amer. Math. Soc. 135 (2007)], we studied
solutions g: N — C to convolution equations of the form

*(d—1)

aa* g™ +as_1%g +--4a1*xg+a =0,

where ag,...,aq: N — C are given arithmetic functions associated with Dirichlet series
which converge on some right half plane, and also g is required to be such a function. In
this article, we extend our previous results to multidimensional general Dirichlet series of
the form >, f(z)e™** (s € C*), where X C [0,00)" is an additive subsemigroup. If
X is discrete and a certain solvability criterion is satisfied, we determine solutions by an
elementary recursive approach, adapting an idea of Feckan [Proc. Amer. Math. Soc. 136
(2008)]. The solution of the general case leads us to a more comprehensive question: Let
X be an additive subsemigroup of a pointed, closed convex cone C C R*. Can we find
a complex Radon measure on X whose Laplace transform satisfies a given polynomial
equation whose coefficients are Laplace transforms of such measures?

1. Results on general Dirichlet series and Laplace transforms.
Let ¥ € N and X C [0,00)* be an infinite additive semigroup of k-tuples
x = (x1,...,2,) with 0 = (0,...,0) € X. Assume until further notice that
X is discrete (i.e., without a cluster point in R¥) and hence countable.
In this situation, the set A = A(X) := CX of all arithmetic functions
g: X — C is a commutative complex algebra, called the Dirichlet algebra
of X, under the usual linear operations and the convolution *: A?> — A as
the algebra multiplication which for arbitrary functions g, h € A is defined
by

(gxh)(z)= > g@)hE") (zeX).
zx"eX

/o' =z
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The unit element u € A under * is given by u(0) = 1 and u(z) = 0 for
non-zero x € X, and the multiplicative group A* of A with respect to the
convolution consists of all functions g € A satisfying g(0) # 0. For brevity,
we write ¢*7 for the convolution g * - -- * g with j factors ¢ € A, ¢*0 := u,
and g~! for the inverse of g, i.e., g *x g~ = w.

Given g € A, consider the k-dimensional Dirichlet series

(1.1) g(s) = gl@)e ™ (seCh)

zeX
with the inner (1) product s = 181+ - - + s for z = (21,...,2) € X
and s = (s1,...,8k) € C*. For fixed X, these multidimensional series form an

algebra which is isomorphic to A under ~: g — g for g(s) E(s) = (g*xh)"(s).

The aim of this paper is to investigate existence and analytic behavior
of the solutions g € A to the equation T'g = 0 for convolution polynomials
T: A — A of degree d € N defined by

(1.2) Tg=ag* g +ag_1%g" D+ 4a1xg+ag

with given arithmetic functions agq,aq_1,...,a1,a0 € A, ag # 0.
Our first theorem concerns the existence of solutions g € A to Tg = 0.

THEOREM 1. ForT as in (1.2), let the polynomial f(z) € Clz] be defined
by
(1.3) f(z) = aq(0)z + ag_1(0)2""" + -+ + a1(0)z + ao(0).
If zo is a simple zero of f(z), then there exists a uniquely determined solution
g € A to Tg = 0 satisfying g(0) = zo. If f(z) has no simple zeros, then

Tg = 0 need not possess any solution. In any case Tg = 0 has at most d
solutions g € A.

Section 2 contains an elementary proof extending that of [9] from A =
A(logN) to A(X) with X C [0,00)* a general discrete additive semigroup.
Given x = (z1,...,x;) € R¥, define its size as |z| := |z1|+ - - -+ |2x|. For
the study of absolute convergence of Dirichlet series g(s) it is convenient to
consider the Banach algebras A, of arithmetic functions g € A with bounded

r-norm
gl == > lg(z)le "
reX

for r € R, and also the algebra
Aso = J{Ar: 7 €R}.

(1) Because x is real, we omit complex conjugation.
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Let H, := {s € C:Res > r} and H, be its closure. Given g € A, the series
g(s) converges absolutely for s € Hy. i We shall use the same symbol, g(s),
also for the value of the sum.

The next theorem guarantees that under suitable conditions solutions
g € AtoTg=0 belong to A, if ag,...,ap € Ao

THEOREM 2. Suppose that ag,aq_1,...,a1,a0 € Ax in (1.2), with ag#0.
If 2y is a simple zero of f(z) in (1.3), then there exists a solution g € A
to Tg = 0 satisfying g(0) = zo.

In Section 3 we give an elementary proof of Theorem 2 extending that
of Feckan [5] in the case A = A(logN) to the multidimensional case A(X).
As in [9], Theorem 2 is the special case

m=1 F:CH xC—C, F(wo,...,wd,z):ijzj

of a multidimensional version:

THEOREM 3. For open subsets V C C™ and Z C C™, let
F:VxZ—-C" (v,2)~— F(v,2),
be a holomorphic function and (vo,z9) € V X Z be such that F(vg, z9) = 0.
Let ay,...,an, € A = A(X) satisfy the condition (a1(0),...,a,(0)) = vo.
If the differential 0, F(vo,z) at z = 2y is in GLy,(C), then there exists a
unique m-tuple (g1, ...,gm) € A™ such that

(1.4) (91(0), - gm(0)) = 20,
(1.5) Flai,...,an,91,--.,9m] = 0.

If , in addition, a1, ...,a, € Ax, then also g1,...,gm € Ao and both
(1.6) (@1(8)y. ..y an(8),91(8)y...,gm(s) €V x Z

and

(1.7) F(ai(s),...,an(s),g1(8),...,gm(s)) =0

hold for all s € HE, with r sufficiently large. In this case, also (1.4), (1.6)
and (1.7) umquely determine (g1,...,9m) € AL.

Here the left hand side of (1.5) is obtained via multivariable holomorphic
functional calculus (see [2] for a recent exposition in the required generality).

In Section 4 a proof of Theorem 3 is given based on a version of the
implicit function theorem proved by Biller 2] and techniques taken from
the theory of commutative topological algebras.

The results concerning generalized Dirichlet series are special cases of
results concerning Laplace transforms (proved in Section 6), which we out-
line now. The necessary background material concerning convex cones and
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Laplace transforms (of positive measures) needed here can be found, e.g., in
[10] or [8].

In the following, let C' C R* be a non-empty closed conver cone (2).

Assume that C is pointed (®) and generating (*). Since C is pointed, the
dual cone C* := {y € R¥ : 2y > 0 for all x € C} has non-empty interior
(see [10, Proposition V.1.5(ii)]). We pick a yp € (C*)°. Then zyo > 0 for
each z € C'\ {0} (cf. [10, Proposition V.1.4(v)]).

Let X C C be an arbitrary (not necessarily discrete or countable) addi-
tive subsemigroup with 0 € X, equipped with a Hausdorff topology which
makes the inclusion map X — RF continuous and turns X into an additive
topological semigroup (i.e., addition X x X — X is continuous).

Consider the complex vector space M (X)) of all complex (not necessarily
bounded) Radon measures 1 on X, defined on the d-ring §(X) generated by
the set of compact subsets of X (see Section 5 for our measure-theoretic set-
ting). For p € M (X), let |u| € M4 (X) denote the associated total variation
measure. Given r € R, let M, (X) be the set of all ;4 € M(X) such that

lially 2= § 7% d|p|(z) < oo.
X

To emphasize the dependence on yg, we occasionally write Mﬁyo) (X) instead

of M,(X) and ||m|q(ny0) instead of ||u||. Then M, (X) is a vector subspace of
M (X) and the convolution of measures turns M, (X) into a complex algebra.
In fact, (M, (X),] - ||») is a commutative Banach algebra with unit element
dp (point mass at 0 € X). It is isomorphic to the Banach algebra My(X)
of bounded complex Radon measures on X via pu — e "¥du(x), where we
write f(z)du(z) or f ® p for the measure of density f with respect to p.

From M, (X) € M;(X) for r <t we conclude that My (X):=J,cp M-(X)
is an algebra under convolution and is independent of the choice of yy. Given
p € M (X), the set

D, = {s eCk. S e "Res g (x) < oo}
X

is convex (cf. [10, Proposition V.4.3]), where Re s stands for the real part
of s. We define the Fourier—Laplace transform p: D, — C of p by

w(s) = S e " du(x).
X

(?) That is, C is convex and [0,00) - C C C.

(3) That is, CN(—C) = {0} or, equivalently, C' contains no lines [10, Corollary V.1.11].

(*) That is, C — C = R or, equivalently, C' has non-empty interior C° (cf. [10,
Proposition 5.1.4(ii)]).
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Then ryg + C* + iRF C D,,, entailing that the convex set D, C C* has
non-empty interior. Given p € M, (X), we write

fi(oo0) := pu({0}).
For » € R and a closed unital subalgebra A C My(X), we set A, =
{erodu(z): p € A} and define Ay := |J,cg Ar. Typically, A = My(X).
THEOREM 4. Let V C C" and Z C C™ be open subsets, the function
F:VxZ—-C" (v,2)— F(v,2),
be holomorphic, and (v, z9) €V x Z with F(vo,2z0) = 0. Let A1,..., \p €
Aso be measures such that (A (00),...,A\n(00)) = wo. If the differential

0, F(vo,2) at z = zp is in GLy,(C), then there exists a unique m-tuple
p=(p1,...,1m) € AL such that

(1.8) (71(50), - () = 70
and, for somer € R,

(1.9) (()s o An(), T (), s Fim(5)) €V % Z
holds for all s € ryo + C* + iR* as well as

(1.10) FO1(s), s An(8), 711(8), - - . Fim(s)) = 0.
Here 1 is also determined by (1.8) and the condition that
(111) F[)\l,...,)\n,,ul,...,,um]:()

holds in the commutative Banach algebra A, for some r € R such that
Al)"'v)‘n) H1yeees bm € AT'

The preceding theorem subsumes the following special cases.

EXAMPLE 1. As before, let C' C R¥ be a pointed and generating closed
convex cone. Let X C C be an arbitrary subsemigroup such that 0 € X,
and endow X with the discrete topology. For fixed yg € (C*)° and r € R,
define the weight w: X — R4 by w(x) = e "% and the r-norm || f||, of
f: X —=Chby

1l = 3 w@)lf @),
zeX
where the right hand side denotes the supremum in [0, co] of the finite partial
sums. Then ¢L(X) := {f € CX : ||f|l» < oo} is the complex vector space of
functions of finite norm, and Theorem 4 applies to X. Note that the map

M(X) = €%, p fy,
with f,(x) := p({z}) is an isomorphism of vector spaces which induces an

isomorphism M, (X) = ¢} (X). Given p and f = f, as before, we have

il = D 1f @)™ = [|f]]:.

zeX
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If w € M,(X), then |||, < oo and hence f(x) = 0 for all but countably
many z (cf. [11, 4.15]). Then

(1.12) fi(s) = f(s) == 3 fla)e™

zeX

for all s € D), where the right hand side is interpreted as the limit of an
absolutely summable family of vectors (cf. [4, Chapter V, §3]).

EXAMPLE 2. If C = [0,00)* in Example 1, then C* = [0,00)* with
yo := (1,1,...,1) in its interior and ryo+C*+iR* = HF for each r € R. If we
equip an arbitrary subsemigroup X C [0, 0c0)* containing 0 with the discrete
topology, and take A := My(X), Theorem 4 provides a generalization of the
second half of Theorem 3, which does not require discreteness of X (nor
countability).

ExaMPLE 3. Theorem 4 also applies to an arbitrary additive semigroup
X C C endowed with the topology induced by R*. For example, we can let
X := C be a pointed and generating closed convex cone in R¥, with the
induced topology.

EXAMPLE 4. If the semigroup X C C is a Borel measurable subset of
R* (e.g., if X = C), we can equip X with the topology induced by R¥
and choose A := Cdp + L'(X,\) ® )\, where \ denotes the restriction of
Lebesgue-Borel measure on R to §(X).

2. Proof of Theorem 1. For the proof of Theorem 1, we arrange the
elements = of X according to their size |z| and, in case of equal size, in
lexicographic order of the components. In this way, we obtain a total order
< on X. Since X is discrete, the number of elements of X having the same
size is finite. Furthermore, it easily follows that (X, <) is order isomorphic
to (N, <), enabling us to argue by induction on = € X.

Rewrite T'g = 0 as an infinite system of equations

21 Y (aa@)g™ (@) + a1 (g V@) + - + ao(y)ula)) =0
y,x'eX
y+z'=x
for x € X. It follows from (2.1) at x = 0 that necessarily f(g(0)) = 0. Each
simple zero zp of f(z) serves for starting the following recurrence relation
with ¢(0) = zp.
Now let 0 # = € X. By separating all terms containing g(x) in (2.1),
we see that the coefficient of g(x) equals the value of the derivative f/(z) at
z = z9. Therefore (2.1) takes the form
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(2:2) F1(9(0) - gla) == > > aiyg(a) - g(z))

0<j<d y,x1,..,2;€X

ytoi+-trj=x
T1 e, T FL

for 0 # z € X. Due to the choice of g(0) = zp we have f/'(g(0)) # 0. Note
that |z1],...,|z;| < |z| in all summands on the right hand side in (2.2)
so that (2.2) represents a recursion formula, which uniquely determines an
arithmetic function g € A.

To prove the second part of Theorem 1, let ¢ # 0 be an element of X
of minimal size |¢| > 0. Then there are only two additive decompositions
of ¢ = z + 2/ into two summands, namely ¢ + 0 and 0 + ¢. Let a € A
satisfy a(0) = 0 # a(q) and suppose that T'g = g x g — a has a zero g € A.
Then f(z) = 2% vanishes at the double zero z = 0 only. It follows from
T'g(0) = 0 that g(0) = 0 and hence T'g(q) = 29(0)g(q) — alq) = —a(q) # 0,
a contradiction. Therefore Tg = 0 is unsolvable.

Since A is an integral domain, the polynomial T'g of degree d has at most
dzerosg€e A. u

As an immediate consequence we note

COROLLARY 1. If f(z) satisfies deg f = d and all zeros of f(z) are
simple, then, with the d distinct solutions g1,...,gq € A toTg =0, we have

Tg=aq*(g—g1)*-*(9— ga)

3. Elementary proof of Theorem 2. The Banach algebras A, and
A = Ag are isomorphic under the map a(z) — e 9*la(z) for z € X,
a € A,. For the proof of Theorem 2 we may therefore assume that ||a;|| =
llajllo < oo. It suffices to show that the solution g € A to T'g = 0 with
f(z0) = 0 and f'(20) # 0 at zg = ¢g(0) belongs to A, for some r > 0. With
gr(z) := e "1l g(2) we rewrite (2.2) as

feam=- Y W)

er|y\
0<j<d y,z1,...,x;€X
y+a1t+-tr;=c

T1 e, TjAT
== a(0) > gelwr)-ge(ay)
0<j<d Z1,-.,T;€EX
1+ txi=x
T1 e, TjAT

-y o e Waiy)ge(zr) - ge(a))

0<j<d y,x1,...,.x;€X
Y+t tri=x
y#0,21,....2; 7T

for 0 #£ 2 € X.
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We have to prove that there is an » > 0 such that the partial sums
Se(m) = > ()|
0<|z|<m

are uniformly bounded for numbers m belonging to the discrete image set
M = {mg,mq,...} of X under | | with mg =0 < m; < ---, say. Clearly
Sr(mg) =0, and for n € N the above representation of f'(z) - g-(z) yields

f'(z0)] - Sp(mn) < Y Jag(O)] Yo (@)l lge(a;)]

0<j<d 0<lz|<mp 1,...,2;€X
1+ txj=x
T1 ey TjFL

TS DD DI SR () [ PRC R PRES]

0<j<do<|z|<mp Y21, T €X
y+x1t-tri=r
y#o,"ﬂl,..,,ﬂf]ﬁéx

Let Xy and Y5 denote the multiple sums on the right hand side of this
inequality. By extracting all powers of |g,(0)| = |g(0)| = |20| from the inner
j-fold sum of X', we first obtain

21<Z|aj |Z<'>|z\“ S g el

j=2 =2 0<|z|<my, 2f,...,2ieX
x’1+---+x’i:x
x) ...,z A0,z

d 7 .
<3l 3 (1) ol i ma)
Next note that e~ "% < e~ for all y € X, y # 0. Then similarly

D<e™ Y Y Y a)llgen)] g ()

0<j<d 0<|z|<mpn  YsT1,.., T €X
Yyttt =
y#0,21,...,T; £

e (laoll + 30 Mgl 3D lgelen)l L))

1<5<d Il,...,:ltjGX
|z14Fxj | <mp

d

< e lagll(|20] + S (ma-1))’.
5=0

Introduce polynomials P(t),Q(t) € R[t] by

iy 1 d ,
PO = |z\j IS (7)ol Q)= [y 2 Il

1=2
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and summarize:
(3.1)  Sp(my) < P(Sp(mp—1)) +e "™ Q(|z0| + Sr(Mmp-1)) (n €N).
This is a recursive estimate starting with S,(mg) = 0. It remains to show
that there exist constants 7 > 0 and C' > 0 such that S,(m,) < C for all
n € N.

Since P(t) > 0 and Q(t) > 0 are increasing functions of ¢ € [0, 00) with
deg P(t) < degQ(t) = d or P(t) = 0 (null function), it suffices by (3.1) to
find solutions r > 0 and ¢ > 0 of the inequality

P(t)+e " Q(|zo] +t) <t
or, equivalently, of

_ t— P(t)
3.2 e L ———
32 = QI+ 1)
Note that P(0) = P’(0) = 0 and R is bounded above on [0, c0). Hence there
exists some ¢t > 0 with R(t) > 0. Choosing ro > 0 such that e™"0"™ < R(t)

we obtain (3.2). Hence S,,(m,) < t for all n € N, which completes the
proof. =

=: R(t).

REMARK 1. The proof of Theorem 2 also leads to the quantitative esti-
mates ||g||, <C and r=g+m; ' max{0, — log C} with C=sup {R(t) : t > 0}.

For X = N’g , Theorem 2 applies to multidimensional power series
gw) =" gnyuw"
neng

with coefficient sequences g € A(X) and w" = e~ forn € X, s € CF. We
recover a special case of the implicit function theorem for complex analytic
maps:

COROLLARY 2. Let the power series ag(w),. .., aq—1(w) and ag(w) # 0
be holomorphic functions of w € C* in a neighborhood of the origin. Suppose
that zg € C is a simple zero of the polynomial

ag(0)2% +ag_1(0)2471 + - 4 ag(0) € C[2].
Then there exists a local solution g(w) with g(0) = 2z to
Ta(w)F(w) + Tg1 ()G (w) + -+ + dow) = 0
that is again holomorphic in a neighborhood of the origin.

For X = (logN)*, Theorem 2 also applies to multidimensional ordinary
Dirichlet series
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with coefficient sequences g € A(NF) and n=° = e~ (s1lognit-tsilognk) for
n € N¥ and s € CF (cf. [9, Theorem 3]). With 1 := (1,...,1) € N* we obtain

COROLLARY 3. Let the k-dimensional Dirichlet series ap(s), ..., aq—1(s)
and aq(s) # 0 converge absolutely for all s in some HE. Suppose that zy € C
s a simple zero of the polynomial

ag(1)2% +ag_1(1)2% 1 + - 4+ ap(1) € C[2].
Then there exists a Dirichlet series g(s) with g(1) = zo that solves
aq(8)g%(s) +ag_1(s)g?*  (s) +--- +ao(s) =0

and also converges absolutely for all s in some Hg.

4. Proof of Theorem 3. Our proof of Theorem 3 involves general facts
concerning analytic equations in topological algebras. Recall that a complex
topological algebra is an algebra A over C, equipped with a locally convex
vector topology making the bilinear algebra multiplication A x A — A a
continuous map. It is called complete if the underlying locally convex space
is complete. A continuous inverse algebra is a unital, associative complex
topological algebra A whose group of units A* is open in A and whose
inversion map A* — A, a — a~!, is continuous (see [2], [7] and [12]). The
spectrum of a commutative continuous inverse algebra A is the set A of
all unital algebra homomorphisms £ : A — C. It is known that £ — ker¢
is a bijection from A onto the set of all maximal (proper) ideals of A (cf.
[2, Lemma 2.5]). The spectrum of an element a € A is defined as o(a) :=
{s € C:s—a¢g A*}, and by [2, Theorem 2.7(a)], it coincides with the set
{¢(a) : € € A}. The joint spectrum of elements ai, . .., an € A is defined as

oar,. . an) = {({(@),. ., &(an) : £ € A} S C,
Then o(ay,...,a,) Co(a1) X -+ X o(ay). If A is a commutative, complete
continuous inverse algebra, ai,...,a, € A and f: U — C a holomorphic
function on an open subset U C C™ such that o(aq,...,a,) C U, then the

holomorphic functional calculus gives rise to an element flaj,...,a,] € A
(see [2, §4] for details).

REMARK 2. The following simple facts are essential for our purposes:

(a) (Naturality of the holomorphic functional calculus) If A, f and
ai,...,a, € A are as before and ¢: A — B is a continuous homo-
morphism of unital algebras to a complete, commutative continuous
inverse algebra B, then o(¢(aq),...,¢(as)) C o(aq,...,a,) and

¢(f[a17 R an]) = f[(ﬁ(al)v SRR qﬁ(an)]
(see [2, Theorem 4.9]).
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(b) If A = C, then flai,...,a,] = f(a1,...,a,) is the value of f at
(a‘lv"'aan)EUg(Cn-

Our proof of Theorem 3 uses the following special case of Biller [2, The-
orem 8.2], applied to algebras whose spectrum is a singleton.

LEMMA 1. Let A be a complete, commutative continuous inverse algebra
whose spectrum is a singleton, A= {&}. Let V.C C" and Z C C™ be open
sets and let F': V x Z — C™ be a holomorphic function. Suppose that vg € V
and zy € Z are such that F(vo,z9) = 0 and 9, F(vg, 2)|,=z, € GLp(C).
Then, for each (ai,...,a,) € A" satisfying (£(a1),...,&(an)) = vo, there
exists a unique (g1, ...,9m) € A™ such that (£(g1),...,&(gm)) = 20 and

(41) F[al,...7an7gl,..-,gm]:0'

Given an infinite discrete additive semigroup X C [0, o0)¥, the Dirichlet
algebra A = C¥ satisfies the hypotheses of Lemma 1 when equipped with
the product topology.

LEMMA 2. A is a commutative continuous inverse algebra whose spec-
trum is a singleton, namely A = {£} with &: A — C, f — f(0). Further-
more, A is a Fréchet space (and hence complete).

Proof. First note that A* = {f € A : f(0) # 0}, which is an open subset
of A. To see this, let f € A. The function & described in the lemma is a unital
algebra homomorphism to C. Hence, if f € A and f(0) = £(f) = 0, then f
is not invertible. If, on the other hand, f(0) # 0, then the equation f*xg = u
has a unique solution ¢ in A, by Theorem 1 (and then g = f~1). Given
x € X \ {0}, the proof of Theorem 1 shows that f~!(z) only depends on
f(y) for y in the finite set {y € X : |y| < |x|}. Moreover, f~!(z) is a rational
(and hence continuous) function in the f(y). Therefore the inversion map
A* — A, f+— f~1, is continuous and thus A is a continuous inverse algebra.
Since A \ ker ¢ = A*, it follows that every proper ideal of A is contained in
ker &. Hence, if n € A, then kern = ker £ (since ker n is a maximal ideal) and
thus 7 = ¢. Hence A = {¢}. Being a countably infinite power of the Fréchet
space C, also A = CX is a Fréchet space. =

In connection with Remark 2(a), the following lemma will be useful.

LEmMA 3. If X is discrete, then the inclusion map A: A, — A is a
continuous algebra homomorphism, for each r € R.

Proof. Since A, is a subalgebra of A, the inclusion map is an algebra
homomorphism. Because A is linear and |A(f)(z)| = |f(x)| < "% f]|,, we
see that A, — C, f +— A(f)(z), is continuous for each z € X. Since A = CX
is equipped with the product topology, this implies that A is continuous. =
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Proof of Theorem 3.

STEP 1. By Lemma 2, A is a complete, commutative continuous inverse
algebra with spectrum {¢}. Since (£(a1),...,&(an)) = (a1(0),...,a,(0)) =
vo, Lemma 1 shows the existence and uniqueness of (g1, ..., gm) € A™ such
that conditions (1.4) and (1.5) of Theorem 3 are satisfied.

To complete the proof, we shall use Theorem 4 established below (the
proof of which is independent of Theorem 3).

STEP 2. Ifay,...,an € Ao, then Theorem 4 (combined with Example 1)
shows that there is a uniquely determined m-tuple (g1, ..., gm) € A% such
that (1.4) and (1.5) hold in some A,. The elements (g1, ..., gm) € AL coin-
cide with the corresponding elements of A obtained in Step 1. To see this,
pick r € R with ay,...,an,91,---,9m € Ay and Flay, ..., an,91,-.-,9m] =0
in A,. Since the inclusion map A: A, — A is a continuous algebra homo-
morphism (by Lemma 3), we obtain

0=MNUFlar,...,an,91,---,9m]) = F[X(a1),..., Aan), A (g1),-- -, A(gm)]
due to the naturality of holomorphic functional calculus (see Remark 2(a)).
Now the uniqueness assertion from Step 1 applies.

STEP 3. In view of (1.12), the validity of (1.6) and (1.7) for large r
follows from (1.9) and (1.10) in Theorem 4.

STEP 4. In Theorem 4, (1.8), (1.9) and (1.10) imply (1.11). Hence,
as a special case, (1.4), (1.6) and (1.7) imply (1.5) and thus determine

(915, gm). =

5. Technical preliminaries. The measures required for our purposes
are (possibly unbounded!) complex Radon measures. Since a suitable ref-
erence describing the relevant aspects of their theory does not seem to be
available, we add this section for the convenience of readers with a standard
knowledge of measure theory. Various results on Laplace transforms are also
provided. Our main sources are [1], [3], and [6].

The measure-theoretic setting. Given a Hausdorff topological space X,
let 0(X) be the d-ring generated by the set K(X) of compact subsets
of X (thus §(X) is the smallest set containing X(X) and closed under fi-
nite unions, relative complements and countable intersections). A function
p: 6(X) — C is called a complex measure if pu(B) = > "> u(By,) for all se-
quences (B )nen of disjoint sets B,, € 6(X) such that B := | J,,cy Bn € 6(X).
If, furthermore, u(B) € [0, 00) for each B € 6(X), then p is called a positive
measure. To any complex measure p, [6, Proposition I1.1.3] associates a posi-
tive measure |u| (the total variation measure). A complex measure p is called
a Radon measure if |p| is inner regular, i.e., |u[(B) = supgexp) |l (K). If
p is a positive Radon measure on X, then g(x) is a Radon content in the
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sense of [1, Definition 2.1.2] and hence extends uniquely to an inner regu-
lar measure fi: B(X) — [0, 00] on the Borel o-algebra B(X) of X (see [1,
Theorem 2.1.4]). By abuse of notation, we shall frequently write p in place
of 1.

REMARK 3. Note that every measure p gives rise to a family (1) kex(x)
of measures g := ,u|93( &) Which are compatible in the sense that ;1 L|93( K) =
pi for all K, L € X(X) with K C L. Here p is positive if and only if each
Wx is positive. Since

(5.1) 3(xX)= |J B&
KeX(X)

it is easy to see that, conversely, every compatible family (ux) ke x) defines
a complex Radon measure y via pi|g( gy = px for K € K(X).

If 1 is a complex Radon measure on X, then pg is a bounded Radon
measure for each K € X(X) and thus px = ipk — p3 —ius. + pj with
positive Radon measures ,uJI.{, j € {1,...,4}, where /f}{ and /ﬁ( are the
positive and negative variations of the real part of g, respectively, and u}(,
3, are those of its imaginary part (see [11, §6.6]). Since /ﬂk < |ulk, the
measure ,ujk has a density with respect to the Radon measure |u|x (by the
Radon—Nikodym theorem), entailing that /ﬂk is inner regular. By Remark 3,
the families (,LLJK) Kex(x) determine positive Radon measures p; on X for
j€{l,...,4} such that p; < |u| and
(5:2) =gy — pig — i3 + 4
We say that a Borel measurable function f X — C is p-integrable if f €
LY(X,|u|). In thls case, we write f = Z 1 f; with 0 < f; € LY(X, |u])

and pu = Zk 1 i¥ uy, with positive Radon measures g such that pp < |pl
and define (°)

4
Vfdp=>" it £ d.
X k=1 X
Let M(X) be the space of complex Radon measures on X, let My(X) :=
{p e M(X) : |p]| == |p[(X) < oo} be the space of bounded complex
Radon measures, and My (X) be the set of positive Radon measures. Then
(Mp(X), || -]]) is a Banach space, because the space of all bounded complex

measures on X is a Banach space (see [6, I1.1.5]) and also M (K) is a Banach
space for each K € X(X) (entailing, in view of Remark 3, that limits of
complex Radon measures are again Radon).

(%) Typically, fs and fo (resp., f1 and f3) are the positive and negative parts of the
real part (resp., imaginary part) of f, and u1,...,ps are as in (5.2).
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If p € Mo(X) in (5.2), then p; € My (X) := Mo(X) N M (X) for each
je{l,...,4}, and @ := ifi; — iy — ifi5 + fi4 is the unique extension of p to
an (ordinary) complex measure on (X, B(X)) whose total variation is inner
regular. Again, we usually write p instead of 7.

Given Hausdorff spaces X; for j € {1,2} and p; € M, (X), there exists
a unique positive Radon measure p; ® po on X1 X X5 such that

(5.3) (/Jl ®M2)(Bl X Bg) = ,u,l(Bl)Mg(Bg) for By € B(Xl),BQ € B(XQ)

(see [1, Corollary 2.1.11]). Since (p1 + tv1) @ po = p1 ® pg + t(v1 ® p2) and
p1 @ (pe + tre) = 1 ® po + t(p1 @ vo) for all py,v; € My +(X;) and t > 0,
where My(X) is spanned by My (X;) as a complex vector space, standard
arguments provide a unique complex bilinear map

ﬂ: Mo(Xl) X MO(XQ) — M()(Xl X XQ)

such that G(u1, pu2) = 1 ® po for all p; € My (X;). We write 1 ® po =
B(p1, p2) also for general p1; € My(X;). Then

(5.4) 1 @ po| < |pa| @ |po|  for all pn € Mo(X1), p2 € Mo(X2).
To see this, note first that
(5.5) (1 © p1) ® (p2 © p2) = (p1 @ p2) © (M1 ® pi2)

for all 4; € M, (X;) and Borel measurable functions p;: X; — [0, oo such
that - pjdu; < oo for each K € X(Xj) for j € {1,2}, where
p1 @ p2: X1 x Xo = C,  (x1,22) — p1(x1)p2(x2).
In fact, the right hand side of (5.5) is a positive Radon measure which
satisfies the characterization of the product measure on the left (cf. (5.3)).
As a consequence of the Radon-Nikodym theorem, j; as in (5.4) admits

a polar decomposition p; = p; ® |p;| for a suitable measurable function
pj: X; — C such that |p;(z)| = 1 for each € X; (see [11, Theorem 6.12]).
We write pj = Zi:l ikp;? with pjl = Im(pj)+, p? := Re(pj)-, p? = Im(p;)—
and p? := Re(p;)+. Then, by (5.5) and the bilinearity of ® and ©,
4
m®pz =Y "t ©lm|) @ (ph© [pal)
k=1
4
=D M eF @) © (I @ lp2l)
k=1
= (11 ® p2) © (lm] @ [p2));
entailing that |1 ® p2| = |p1| ® |pz2|. Thus (5.4) holds.
We now return to the situation described in Section 1, where C' C RF
is a pointed and generating closed convex cone and X C C a (continuously
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embedded) topological semigroup with continuous addition

(5.6) a: X xX =X, (r1,r2)— o1+ 29.
It is useful to observe that each p € M, (X) := M,(X) N M4 (X) (with
M, (X), yo and | - ||, as in the introduction) is a o-finite measure, since

| e dp(a) = ||ull, < oo,

X
where e7"%0 > ( for each z € X. Given 1,2 € My(X), we define their
convolution as the image measure

i  p = o ® pio)
on B(X); thus (py * po)(B) == (1 @ u2) (a1 (B)). If g * o is finite on com-
pact sets, then u * o is a positive Radon measure [1, Proposition 2.1.15]. In
particular, 1 * p12 is a positive Radon measure if p11, pg € M, 4 (X) for some
r€R. In fact, for each compact set K C X, we have a := inf{e™"% : z€ K'}
> (0 and

67 ap(K) < | e (o)) = | e dan © o))

X X

_ S e—Tez1,w2)yo d(py ® po) (1, x2)
XxX

= S e YT d (1 @ pg) (21, T2)
XxX

= [T dpn () § €770 dpa(2) < o0
X X

(by transformation of integrals and Fubini’s theorem) (®), whence u(K) < oc.
The previous calculation also shows that

(5.8) p1 % po € My (X)  for all pg, po € M, 4+ (X).
Since (p1+tv1)*pg = prxpo+t(vixpe) and py*(pe+tve) = py*p+t(p *vo)
for all p;,v; € M, (X) and ¢t > 0, where M, (X) is spanned by M, (X)
as a complex vector space, standard arguments provide a unique complex
bilinear map
(5.9) My (X) x My (X) — My (X),  (p1, p2) = pa * o,
extending the convolution of measures in M, 4 (X) already defined.

It M1, p2 € MO(X)7 then
(5.10) pin % prg = oy ® pz).

(%) Since p1,p2 are o-finite measures and the map X x X — C, (x1,z2) —
e TTIWoeTTT2Y0 ig B(X) ® B(X)-measurable, the standard Fubini theorem (as in [11,
Theorem 8.12]) suffices; we do not need specialized versions for Radon measures like [1,
Theorem 2.1.12].
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In fact, if we redefine convolution via (5.10), then |u; * po| < |p1] * |u2| (as
a consequence of (5.4)) and thus pq * p2 € My(X) with

(5.11) [ln s pral| < ([l |p2)(X) = llpall - llpell

Since pp * po from (5.10) coincides with the old definition in the case of
positive measures and is bilinear in (i1, p2), it coincides with the convolution
defined in (5.9). It is clear from (5.10) that convolution is associative and
commutative (because so is «). Since also (5.11) holds and ||do|| = 1, we
see that (My(X),*, || -||) is a unital commutative Banach algebra. For each
r € R, the map

¢: Mp(X) — Mo(X), pr—e "™ du(x),

is a surjective linear isometry and an isomorphism of algebras. Hence also
(M, (X),*,| - ||r) is a unital commutative Banach algebra.

To complete our discussion of measures, let us show that My (X) is
indeed independent of the choice of yy (as claimed in the introduction).

LEMMA 4. If yo,y1 € (C*)°, then U, ep M (X) = U, e M (X).

Proof. Since y; € (C*)°, there exists € > 0 such that c:=y; —eyg € C*
and thus y; = eyg + ¢. Then ray; = rexyg + reec > rexyy for each r > 0
and = € X, whence ||| < || for each p € M (X) and thus
M) (X) € MU (X). Hence U, cp M"™ (X) € U,eq MY (X). The oppo-
site inclusion can be shown analogously. =

Some basic facts concerning Laplace transforms. Fourier-Laplace trans-
forms have the following properties (part of which will be essential later).

LEMMA 5. Let C C R* be a pointed and generating closed convex cone,
X C C be a continuously embedded topological semigroup with 0 € X, and
yo € (C*)°. Let r € R and p € M, (X). Then the following holds:

(a) The function i is holomorphic on the interior of D,,.
(b) On ryo + C* 4+ iR*, the function [i is continuous.
(¢c) For each e >0, there is p € [r,00) such that

|1i(s) — fi(c0)| < & for each s € pyo + C* + iRF.
d) If also v € M,.(X) and ply = v|y for some non-empty open set
( [ y
UCCk (or U C ]Rk) such that U C D,,N D,,, then p = v.

Proof. (a) Write p = iy — po — iug + p4 as a linear combination of
positive measures, as in (5.2). Then g = if — 19 — 913 + fig o0 Dg, where
Dg - ng and fi; is holomorphic on ng for each j € {1,2,3,4}, by [10,
Proposition V.4.6].
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(b) Let (s,,)nen be a convergent sequence in ryg +C* +iR¥, with limit s.
Then fi(s,) — p(s) as n — oo by Lebesgue’s dominated convergence theo-
rem, using the integrable majorant X — [0,00), x +— e~ "%,

(c) If 5, = pp+1t, with t,, € C*4+iRF and p,, € [r, 00) such that p, — oo,
then e™*"% — 14 (z) (with 1ypy: X — {0,1} the characteristic function
of {0}) because |e™*"*| < e Pn¥%  where xyg > 0 for x € X \ {0}. Hence
i(sn) — 5 Lyoy(x) du(x) = p({0}) = fi(oco), by dominated convergence
with majorant e="*%,

(d) Suppose first that p and v are positive measures. Let A: X — RF be
the inclusion map and gy := A(), v1 := A(v) be the image measures on RF
(equipped with the Borel o-algebra). Then p; = v (for example, by [8, The-
orem 14.11(e)]) and pfs(x) = pilxx) = V1lx(x) = VIx(x)- Consequently,
w=v.

The general case amounts to injectivity of the linear map M, (X) — CY,
@ — fi|y, which we prove using an idea from [1, proof of Proposition 6.5.2].
Suppose that p € M, (X) and p|y = 0. We write

po=tp1 — p2 — i3+ g
with positive measures pi,...,us € M,(X), as in (5.2). Then mDﬁ =0 by
the identity theorem for analytic functions, and thus
(5.12) ipn(s) — p2(s) —ips(s) + pa(s) =0 for all s € Dy,
Since D}, is invariant under the complex conjugation ~, we see that also

0=7i(s) = 7i(3) for all s € Dy, and hence
(5.13) —if1(s) — piz(s) +ips(s) + fa(s) =0 for all s € Dy,

Adding (5.12) and (5.13), we deduce that fia(s) = f4(s) and hence also
p1(s) = ps(s), for all s € Dy Then py = pz and pg = pg by the case of
positive measures already discussed, and hence = 0.

The next lemma enables us to use the naturality of holomorphic func-
tional calculus (see Remark 2(a)) in connection with Laplace transforms.

LEMMA 6. For each s € ryg + C* + iR*, the map
hs: Mp(X) — C,  hs(p) := S e du(x),
X
1 a continuous algebra homomorphism. Furthermore,

(5.14) ha() = 7i(5)

Proof. 1t is clear that hs is linear. Since |hy(p)| < §y e %% d|p|(z) =
lie]]-, the linear map hg is continuous. Since hg is linear and M, (X) is
spanned by positive measures, hs(p1 * p2) = hs(p1)hs(p2) will hold for
arbitrary pi, o € M,(X) if we can prove it for positive measures p1, p2. In
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the latter case, repeating the calculation leading to (5.7), we obtain

halpn * pa) = | €7 d(p * pa)(x)

X
= | e dpa(a1) | €772 dpa(x2) = halpa)hs(p2).
X X

Since also hs(dg) = 1, the map hg is a homomorphism of unital algebras. m

The following consequence will be applied repeatedly.

LEMMA 7. Let py,...,pun € Mp(X) and f: C* 2 U — C be a holomor-
phic function such that v := flu1,..., uy,) is defined in M,(X). Then
U(s) = f(ir(s), ..., fin(s))  for all s € ryo + C* + iR*.

Proof. Using Lemma 6 and the facts compiled in Remark 2, we obtain

v(s) = hs(v) = hs(flpa, - - pn]) = flhs(p1)s - - - hs(pn)]
= f(1a(s), .., fin(s)).

6. Proof of Theorem 4. The proof of Theorem 4 relies on the following
lemma (where A, is as in the theorem). Given u € A, and ¢t > r, we write
o¢(p) for the spectrum of p in the commutative Banach algebra A; and,
likewise, oy(u1, ..., py) for joint spectra in A;. Given € > 0 and z € C, let
B.(z):={weC:|w—z| <e}.

LEMMA 8. If u € A,, then

| — f(c0)dolle = 0 ast — oo.
For every e > 0, there exists to > r such that o(n) C Be(f(o0)) for all
t>to.

Proof. If ||u — p(o0)dp|ls < e, then oi(p — pi(00)dy) € B(0) (see [11,
Corollary 3 to Theorem 18.4]) and thus o4 (ut) € B.(j1(00)). Hence the second
assertion follows if we can prove the first. To this end, let (¢,)nen be a
sequence of real numbers ¢, > r such that ¢, — oo as n — o00. Since

| —p(00)do| = || — || ({0})do, Lebesgue’s dominated convergence theorem
shows that

1t = Fi(00)oll, = § €0 dlpal () — | €50 ] ({0}) dbo ()
X X
= S e o dlul(z) — 0 as n — oo;
X\{0}

we have used the facts that e~ *% — () as n — oo for each x € X \ {0} and
-t < T ehere [y, ) e dlul(x) < [l < 0. m
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Proof of Theorem 4. Existence of . By the implicit function theorem,
there exist open neighborhoods V) C V of vg and Zy C Z of 2y such that

(6.1) {(v,2) € Vo x Zo: F(v,) = 0} = graph(@)
is the graph of a holomorphic function

¢: (¢17'--7¢m): ‘/0 _>Z0
with ¢(vg) = 2z¢. After shrinking V), we may assume that

$1(Vo) x -+ x ¢m(Vo) C Zo.
LNet reR bewsuch that A\1,...,\, € A;. Since Vj is an open neighborhood of
(A1(00), ..., An(00)), Lemma 8 implies that, after increasing r if necessary,
we have
(A1) X -+ X op(Ap) CVy  forallt >r.
Hence
Wi = (;5]'[)\1, e ,)\n] € A,

can be defined using functional calculus in A,, for j € {1,...,m}. Set pu:=
(1, - -, fm). By the spectral mapping theorem [2, Corollary 4.10],

Ur(:uj) = ¢j(ar()‘17 R )\n)) - ¢J(VO)

Then

Or( A1y ooy Any iy e oy i) C op(A1) X oo X op(Ap) X op(p1) X -+ X op (i)
C Vo x Zo.

Moreover,

(6.2) FA, .., s 1y oy o] = (Fo (idyy, @) [A1, -, An] =0

by the spectral mapping theorem, since F' o (idy;, ¢) = 0 by (6.1).
Using Lemma 7, we deduce from (6.2) that

0=F[A1, ooy Any i1y ey ] (8)
= FO(8), . A(8), J11(8), - -, Fin(5)),
for each s € ryo + C* + iR¥. Thus (1.9) and (1.10) from Theorem 4 hold. In
view of (6.1), the preceding equality also implies (1.8).

Uniqueness of p. Let v = (v1,...,vm) € (A;)™ for some t € R such that
(1.8), (1.9) and (1.10) hold, with u replaced by v and r replaced by ¢. After
increasing r or t, we may assume that r = ¢. After increasing r further if
necessary, we can achieve (using Lemma 8) that

(6.3) or(v1) X -+ X op(vm) C Zp.

Hence
C:=F[A, ...y Ay Viye ooy U]
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can be defined in A,. For each s € ryy + C* + iR¥, we have

(6.4) C(5) = FA(5), -+ Ma(8), 71(8), -, Un(s)) = 0,
by hypothesis and Lemma 7. In view of (6.1), (6.3) and (6.4), we have

@1(5), -+, Vm(s)) = &(s) = (pa(s), - -, fim(s))
for each s € ryg + C* + iR¥. Hence v = y, by Lemma 5(d).

Proof of the final assertion. Assume that (71(00),. .., Un(00)) = 2o and
(6.5) FlAi,...; 1,y =0

in some A;. After increasing r or t, we may again assume that t = r. Applying
hs to (6.5) for s € ryg + C* + iR¥, we see that (1.9) and (1.10) hold. Hence
v = p, by what has just been shown. =
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