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On the quasi-weak drop property
by

J. H. Q1u (Suzhou)

Abstract. A new drop property, the quasi-weak drop property, is introduced. Using
streaming sequences introduced by Rolewicz, a characterisation of the quasi-weak drop
property is given for closed bounded convex sets in a Fréchet space. From this, it is shown
that the quasi-weak drop property is equivalent to weak compactness. Thus a Fréchet
space is reflexive if and only if every closed bounded convex set in the space has the
quasi-weak drop property.

1. Introduction. Let (X,| ||) be a Banach space and let B(X) :=
{z € X : ||z|| < 1} beits closed unit ball. By a drop D(xo, B(X)) determined
by a point zo € X\B(X), we mean the convex hull of the set {z¢} U B(X).
Danes [1] proved that for every closed set A at positive distance from the
B(X), there exists an xg € A such that D(zg, B(X)) N A = {z0}. Rolewicz
[11], modifying the Dane$ drop theorem assumption, introduced the follow-
ing definition: the norm || || has the drop property if for every closed set A dis-
joint from B(X) there exists an xg € A such that D(z¢, B(X))NA = {zo}.
He also proved that if the norm || || has the drop property then (X, ||) is
reflexive (see [11, Theorem 5]).

Giles, Sims and Yorke [3] defined the following variant: the norm || || has
the weak drop property if for every weakly sequentially closed set A disjoint
from B(X), there exists an xg € A such that D(zo, B(X)) N A = {z0},
and they showed that this property is equivalent to (X, || ||) being reflexive.
Instead of drops formed from the closed unit ball Kutzarova [7] considered
drops formed from any closed bounded convex set B, and defined that B
has the drop property if for any closed set A disjoint from B there exists an
xo € A such that D(xg, B) N A = {z¢}. Moreover, according to Giles and
Kutzarova [2], a closed bounded convex set B has the weak drop property
if for every weakly sequentially closed set A disjoint from B there exists an
xo € A such that D(z¢, B) N A = {z}.
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Concerning the weak drop property of closed bounded convex sets, the
following significant characterisation is known.

THEOREM 1.1 (see [2, Theorem 3] or [8, Proposition 4.4.7]). For a closed
bounded convex set with 0 € B in a Banach space (X,| ), the following
statements are equivalent:

(i) B has the weak drop property;
(ii) B is weakly compact.

In this paper, by substituting “weakly closed set A” for “weakly sequen-
tially closed set A” in the definition of the weak drop property introduced
by Giles and Kutzarova, we define a new drop property—the quasi-weak
drop property, which seems weaker than the weak drop property for closed
bounded convex sets in locally convex spaces. Using streaming sequences
introduced by Rolewicz [11], we prove that a closed bounded convex set B
in a Fréchet space (i.e. a complete metrizable locally convex space) has the
quasi-weak drop property if and only if every stream in X \ B has a weak
cluster point. From this we deduce that the quasi-weak drop property is
equivalent to weak compactness and hence it is equivalent to the weak drop
property for closed bounded convex sets in a Fréchet space. Thus a Fréchet
space is reflexive if and only if every closed bounded convex subset has the
quasi-weak drop property.

2. Quasi-weak drop property

DEFINITION 2.1. Let B be a closed bounded convex set in a locally con-
vex space X. If for any weakly closed set A disjoint from B, there exists an
xo € A such that D(xo, B)NA = {z0}, then B is said to have the quasi-weak
drop property. The norm || || of a Banach space (X, ||||) is said to have the
quasi-weak drop property if the closed unit ball B(X) has this property.

Associated with the drop property Rolewicz introduced a useful sequen-
tial concept. Given a closed bounded convex set B, a sequence {z,} in X \ B
such that x,1 € D(z,,B) for all n € N is called a stream. Rolewicz [11,
Proposition 2] proved that the norm || || has the drop property if and only
if each stream in X \ B(X) contains a convergent subsequence, and this
was generalized in [3, Theorem 5| to the weak form that the norm || || has
the weak drop property if and only if each stream in X \ B(X) contains
a weakly convergent subsequence. Moreover, Giles and Kutzarova [2, Theo-
rem 2] proved that a closed bounded convex set B in a Banach space (X, || ||)
has the drop (resp. weak drop) property if and only if every stream in X \ B
has a norm (resp. weak) convergent subsequence. Inspired by the above re-
sults, we give a characterisation of the quasi-weak drop property for closed
bounded convex sets as follows.
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THEOREM 2.1. A closed bounded convez set B in a Fréchet space (X, d)
has the quasi-weak drop property if and only if every stream in X \ B has a
weak cluster point.

In order to prove Theorem 2.1 we need the following lemmas.

LEMMA 2.1. Let {z,} be a sequence in a Hausdorff topological space X .
If {z} has no cluster point, then the set C' := {x,, : n € N} is closed.

Lemma 2.1 is classic and well known, so we omit its proof. We call an
absolutely convex bounded set GG in a locally convex space a Banach disk
if E¢ := (sp[G],pa) is a Banach space, where sp[G] denotes the vector
subspace spaned by G and pg denotes the Minkowski gauge of G (see, for
example, [6, II, p. 70] or [9, Definition 3.2.4]). It is easy to see that every
closed absolutely convex bounded set in a Fréchet space is a Banach disk.
Now we can give the following:

LEMMA 2.2. Let B be a closed bounded convex set in a Fréchet space
(X,d) and A be a weakly closed set disjoint from B. If for any x € A,
D(xz,B) N A # {z}, then for any z € A, d(D(z,B)N A,B) = 0. Here
d(E, F) denotes inf{d(a,b) : a € E, b € F} and d(a,b) denotes the distance
between a and b.

Proof. Assume that there exists a zg € A such that d(D(zp, B) N A, B)
> 0. Then 0 ¢ cl(D(z9, B)NA— B). Hence there exists an absolutely convex
0-neighbourhood V' such that
(1) (D(z0,B)NA—B)NV = 0.

Denote the closed absolutely convex hull of BU{zp} in (X, d) by G. Then G is
a Banach disk, i.e., Eg = (sp|G], pc) is a Banach space. Clearly D(zg, B)NA
is a closed set and B is a closed bounded convex set in the Banach space
E¢. Since G is bounded in (X, d), there exists A > 0 such that A\G C V.
Thus by (1) we have

(D(20,B)NA—B)N(\G) =0,

which leads to pg(a —b) > A for all @ € D(zp,B) N A and b € B. Now in
the Banach space Eg, the distance between D(zp, B) N A and B is positive.
Using the Dane§ Theorem, we conclude that there exists xg € D(z9, B) N A
such that

(2) D(z9,B)N D(z9,B)N A= {x0}.

From z¢ € D(z¢, B), we see that D(zo, B) C D(zp, B), so by (2) we have
D(zo,B)NA={x0}.

This contradicts the assumption that D(z, B) N A # {z} for every z € A. =
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Proof of Theorem 2.1. (i) Suppose that there exists a stream {z,} in
X \ B which has no weak cluster point. By Lemma 2.1, the set A := {x,, :
n € N} is weakly closed. We may assume that z,, # x,, for any n # m. Note
that z,411 € A, xp41 € D(xy,, B) and x,11 # x, for all n € N, hence there
is no n € N such that D(x,,B) N A = {z,}. This means that B does not
have the quasi-weak drop property.

(ii) Conversely, suppose that every stream in X \ B has a weak cluster
point, but B does not have the quasi-weak drop property, that is, there exists
a weakly closed set A disjoint from B such that for any x € A, D(z,B)N A
# {z}. By Lemma 2.2, for any z € A, d(D(z,B) N A, B) = 0. Taking any
fixed 1 € A and any fixed y; € B, we have

d(D(z1, B)N A, B) = 0.

Thus there exist 9 € D(z1,B) N A and y, € B such that d(xs,y2) < 1/2.
Since

d(D(z2, B)N A, B) =0,

there exist 3 € D(z2,B) N A and y3 € B such that d(z3,y3) < 1/3. Con-
tinuing this process we obtain sequences {z,} C A C X \ B and {y,} C B.
Clearly {z,} is a stream in X \ B. By our assumption, {x,} has a weak
cluster point zg. Since A is weakly closed and {z,} C A, we have xg € A.
On the other hand,

d(xn,yn) <1/n—0 asn — oo.

Hence 4, — 2, — 0 in (X,d) and so in (X,o(X,X*)). Thus z¢ is also a
weak cluster point of the sequence {y,} C B. This shows that xo € B since
the closed convex set B is also weakly closed. Therefore xg € B N A, which
contradicts the assumption that A is disjoint from B. =

In order to investigate the relationship between the drop property, weak
drop property and quasi-weak drop property, we need to recall some facts
concerning closed sets, weakly sequentially closed sets and weakly closed
sets (see, for example, [4], [6] or [12]). Let (X,d) be a metrizable locally
convex space and let X* be its topological dual. Clearly every weakly closed
set in X is weakly sequentially closed and every weakly sequentially closed
set is closed in (X, d). However, a closed set in (X, d) need not be weakly
sequentially closed (see Example 2.1 below) and a weakly sequentially closed
set need not be weakly closed (see Example 2.2).

EXAMPLE 2.1. Let ¢ be the space of all scalar sequences convergent to 0
with the supremum norm. Then (co, ||[|)* =1'. Set S = {z € co : ||z]| = 1}.
Then S is a closed set in (co, || ||). Denote by e, the unit vector in ¢y which
has 1 at the nth coordinate and has 0 elsewhere. Then every e, € S and
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en — 0in (co,o(co,1')). But 0 ¢ S and hence S is not weakly sequentially
closed.

EXAMPLE 2.2. We have (I1,][|1)* = [*°. Since every weakly convergent
sequence in /! is norm convergent (see [12, Prob. 8-1-8]), each norm closed
set in (I1,]]]) is weakly sequentially closed. Set A = {y € I* : |ly[. > 1}.
Then A is norm closed and hence weakly sequentially closed. But A is not
weakly closed. In fact, A is weakly dense in (I1,]||1) (see [12, Prob. 8-1-6]).

By the definitions we have the following obvious implications. For closed
bounded convex sets in a Fréchet space, the drop property implies the weak
drop property, and the weak drop property implies the quasi-weak drop
property. Since in a Fréchet space a weakly sequentially closed set need not
be weakly closed (see Example 2.2), one may suppose that the quasi-weak
drop property should be strictly weaker than the weak drop property. How-
ever we shall show that for closed bounded convex sets in a Fréchet space,
the quasi-weak drop property is actually equivalent to weak compactness
and hence it is equivalent to the weak drop property.

THEOREM 2.2. Let (X,d) be a Fréchet space and B a closed bounded
conver subset of X. Then the following statements are equivalent:

(i) B is weakly compact.
(ii) B has the weak drop property.
(iii) Every stream in X \ B has a weakly convergent subsequence.
(iv) B is weakly countably compact, i.e., every sequence in B has a weak
cluster point in B.
(v) B has the quasi-weak drop property.
(vi) Eevery stream in X \ B has a weak cluster point.

Proof. We shall prove the following two loops of implications: (i)=-(ii)=
(iii)=(vi)=(i) and (i)=(iv)=(v)<(vi)=(i).

(i)=(ii). For any weakly sequentially closed set A disjoint from B, we
show that A — B is weakly sequentially closed. Let (a,, — by, )nen be weakly
convergent to zg, where a,, € A and b,, € B. Since B is a weakly compact
subset of the Fréchet space (X,d), B is also weakly sequentially compact
(see, for example, [6, I, p. 311]). Hence there exists a subsequence (b, )ken
of (bp)nen which is weakly convergent to by € B. Thus (an, — by, )ken 1S
weakly convergent to zg and (b, )ren is weakly convergent to by € B. From
this, (an, )ren is weakly convergent to zop + bg. As A is weakly sequentially
closed, we conclude that zo + by € A and z9 = (20 + by) — by € A — B.
That is, A — B is weakly sequentially closed and hence A — B is closed in
(X,d). Thus A — B = cl(A — B). Since A is disjoint from B, we see that
0 ¢ A— B = cl(A — B), which leads to d(A, B) > 0. Thus for any z € A,
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d(D(z,B)NA,B) > d(A, B) > 0. By Lemma 2.2, there exists an ¢ € A such
that D(zg, B) N A = {xo}. That is to say, B has the weak drop property.

(ii)=-(iii). The proof is similar to the first half of the proof of [2, Theo-
rem 2|. Suppose that there exists a stream {x, } in X \ B without a weakly
convergent subsequence. Then A := {z,, : n € N} is weakly sequentially
closed. Now 41 € D(x,,B) for all n € N, hence there is no n € N such
that D(z,, B)NA = {x,}. That is, B does not have the weak drop property.

(iii)=(vi) and (i)=-(iv) are obvious.

(iv)=(v). Since B is weakly countably compact, we can easily prove that
for any weakly closed set A disjoint from B, A — B is weakly sequentially
closed. Thus A— B is closed in (X, d) and 0 ¢ A— B = cl(A—B). Similarly to
the proof of (i)=-(ii), by Lemma 2.2 we deduce that there exists an zg € A
such that D(xzo, B) N A = {x0}, which means that B has the quasi-weak
drop property.

(v)<(vi). See Theorem 2.1.

(vi)=(i). The proof is an easy modification of the proof of Proposition
4.4.7 in [8]. Fix f € X*\ {0}. Clearly M := sup{f(x) : z € B} < oo. We
may assume that 0 € B and M > 0. Choose x1 ¢ B such that

5
and choose y,, € B such that
1
fyn) > (1 — 2‘4n>M, n € N.

We define a sequence {z,,} recursively by x,, 11 := (2, +yn)/2. By induction
we can verify that for each n,

4" 41

By (vi), the stream {x,,} has a weak cluster point z. Thus f(x¢) is a cluster
point of the scalar sequence {f(x,)}. Since f(z,) > M for all n € N, we
have f(xzg) > M. On the other hand, by induction we easily obtain

M > M.

1 1 1 1
$n+1:2—n$1+2—nyl+2n—_lyz+---+§yn

1 1 1 1
_Q_n(xl_yl)"’ it a2t SUn

1
€ 2_71('1;1 - yl) +COHV{y1,., . 7yn}

1
C 27($1—y1)+B-
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From this,
1
Tpt1 — 2—n($1 — yl) € B.
It is easy to see that xg is also a weak cluster point of {x,, 11— (z1—y1)/2"}.
Since the closed convex set B is weakly closed, we have zog € B. Thus
f(zo) < M and hence f(xg) = M. That is, f attains its supremum on B
so from James’ characterization for weakly compact sets [5], B is weakly

compact. m

By Theorem 2.2 and a characterisation of reflexive spaces (see, for ex-
ample, [4, §8] or [6, I, p. 303]), we immediately obtain the following.

COROLLARY 2.1. Let (X,d) be a Fréchet space (in particular a Banach
space). Then the following statements are equivalent:

(i) (X,d) is reflexive.
(ii) Every closed bounded convex set in (X,d) has the weak drop prop-
erty.
(iii) Every closed bounded convez set in (X,d) has the quasi-weak drop
property.

Moreover we may consider extending Theorem 2.2 and Corollary 2.1 to
general locally convex spaces. But since there are various kinds of complete-
ness in locally convex spaces, the situation becomes more complicated.

Recall that (see, for example, [6]) a locally convex space (X, 7) is said to
be:

(a) complete if every Cauchy net in (X, 7) is convergent,

(b) quasi-complete if every bounded Cauchy net in (X, 7) is convergent,

(c) sequentially complete if every Cauchy sequence in (X, 7) is convergent,

(d) locally complete if every bounded set in (X, 7) is contained in a Ba-
nach disk.

We have the following obvious implications: complete = quasi-complete
= sequentially complete = locally complete.

But none of the converses of the above implications is true. For further
details, we refer to [10] and [9, Chapter 5].

To end this paper we raise the following problems:

PRrROBLEMS. Let B be a closed bounded convex set in a locally complete
(respectively, sequentially complete, or quasi-complete) locally convex space
(X, 7). Is the statement “B has the quasi-weak drop property” equivalent
to “B is weakly compact”? For a locally complete (respectively, sequentially
complete, or quasi-complete) locally convex space (X, 7), is the statement
“every closed bounded convex subset of X has the quasi-weak drop prop-
erty” equivalent to “(X, 7) is semi-reflexive”?
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