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The space S, 3 and o-core
by

BRUNO DE MALAFOSSE (Le Havre)

Abstract. We give some new properties of the space S,,3 and we apply them to the
o-core theory. These results generalize those by Choudhary and Yardimci.

1. Notations and preliminary results. For a given infinite matrix
A = (anm)n,m>1 we define the operators A,, for any integer n > 1 by

(1) An(X) = apmm
m=1

where X = (z,,)n>1 and the series is assumed to be convergent. So we are
led to the study of the infinite linear system

(2) An(X):yna n=12...,

where Y = (yn)n>1 is a one-column matrix and X the unknown (see [4,
6-10, 12]). The equations (2) can be written in the form

AX =Y, where AX = (A,(X))n>1.

In this paper we shall also consider A as an operator from a sequence space
into another sequence space.

We will write s and [, for the sets of all sequences and of all bounded
sequences, respectively. We shall use the set

Ut = {(un)n>1 € 5 : uy, > 0 for all n}.

Using Wilansky’s notation [16], for any sequence a = (ay)n>1 € UT* we
define the set

sa= (1/a) ¥ 1o = {(2n)n>1 € 81 (Tn/an)n € I }-
The set s, is a Banach space normed by

(3) [ X5 = sup |zn|/an.
n>1
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Now let @ = (an)n>1 and 8 = (Bn)n>1 € UT*. Then S, g is the set of
infinite matrices A = (@nm)n.m>1 such that sup,, 8, ! Yooy |anm|am < oo.
The set S, s is a linear space normed by

||AHSa - Sup Z |anm|am

Let E and F be any subsets of s. When A maps F into F' we shall write
A € (E,F) (see [5]). It was shown in [3] that A € (sq,sp) if and only if
A € 8, 3. So we can write that (sq,s3) = Sa 3.

When s, = s3 we obtain the Banach algebra with identity S, 3 = Sa
(see [4, 9, 10, 12]) normed by [|A||s, = ||Alls4.0-

We also have A € (sq, Sq) if and only if A € S,. If [T — A|s, <1 (where
I = (0pm)nm>1, With 0ppm = 1 if n = m, dpy = 0 otherwise), we shall say
that A € I,. The set S, being a Banach algebra with identity, we have the
useful result: if A € I, then A is bijective from s, into itself.

If @ = (r")p>1, then Iy, S, and s, are denoted by I}, S, and s, re-
spectively (see [4, 6-9, 11]). When r = 1, we obtain s; = Il and putting

= (1,1,...) we have S; = S.. It is well known that if ¢y and ¢ are the

sets of all sequences that are convergent to zero and convergent respectively,
then

(4) (s1,81) = (co,81) = (¢,51) = S
(see [5]). We will write e, = (0,...,1,...), where 1 is in the nth position.
For any subset E of s, we put

(5) AE ={Y € s:thereis X € E with Y = AX}.
If F' is a subset of s, we write
(6) FA)=Fys={Xe€s: AX € F}.

2. Other properties of the space S, 3. For the study of o-core, we
need some properties of the set S, g. First, we define the following sets of
sequences. Let M € (sy,5,) and N € (sg, sy) for a, 3,7 € UT* and consider
the linear spaces

SapgM={AM :Aec S,3}, N.Sop={NA:AecS,s}
For any sequence £ = (&), such that &, # 0 for all n, we put
D¢ = (gn(snm)n,mzl'
It can be easily shown that

= () (1) ) e

(see [12]). Now we can assert the following:
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THEOREM 1.
(i) Let a, 3,0/, € UT*. Then
(a) an = O(Brn) (n — o0) if and only if so C sg;
ay = ) and By, = O(ay) (n — 00) if and only if sq = s3;
b o3 dfBn=0 f and only if s
(¢) sa = sp if and only if there exist Ky, Ko > 0 such that
(7) Kia, < 6, < Ko, for all n;
(d) the identity So g = Sa 5 is equivalent to sq = so and sg = Spr.
(i) Let o, B,v,pu € UT*. Then

(a) Sa,s s a Banach space with respect to the norm || ||s, 4;

(b) A(BC) = (AB)C for every A€ S, ,,, B € Sg and C € S, g;
(©) [[ABlls, 5 < [IBlls, ol Alls, 5 for A€ Sap and B € Sy o;
(d) the set

Sap-Sya= |J SasM
MESy

is a Banach space with the norm | ||s, , and
Sa,5-Sy,a = Sy.p;
(e) if M € (sy,5q) is bijective, then

Sa7ﬁ'M = S’Y:ﬁ’
and if N € (sg,sy) is bijective, then
N.Su 3= Sany

Proof. (i)(a) Assume that o, = O(8,) (n — 00). If X = (xn)n € Sa,
then

E_a—nE:O(l) (n — 00)

and so X € sg. So 5o C sg. Conversely, a € s, C sg implies o, /B, = O(1)

(n — o00) and so a, = O(fy) (n — o).

(i)(b) is obvious.

(i)(c) Condition (7) is equivalent to o, =O(8,) and £, =0(a,) (n— 00).
(i)(d) The sufficiency being obvious, we prove the necessity. Suppose that

Sa,3 = Sar @ First, we shall prove that S, 3 = S, g. For this, denote by

¢1 = (Cpm)n,m>1 the infinite matrix defined by ¢,1 = B,/a1 for all n > 1

and ¢y, = 0 otherwise. We see immediately that ¢; € S, g and since S, g =

So/’g/, we get € Sa/”g/. So Ela’ = (Bno/l/al)nzl € s, i.e.

B = /87,10(1) (n - OO)
and from (i)(a) we conclude sg C sz . By a similar argument, taking ¢, =

(Chm)nm>1, With ¢, = 31, /o) for all n > 1 and ¢,,,, = 0 otherwise, we get
ca = (BLa1/a))n>1 € sg and sg C sg. Thus we have shown sz = sg,
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so Sa,3 = Sop implies S, 3 = Sy g. It remains to show that the latter
equality implies so = sq/. For this, consider the matrix Dg/, € Sa,g. Since
Sa,3 = Sar,3, we deduce that
(8) Dﬁ/asa/ =S80/ /o C 58
and o), /a, = O(1) (n — ). So, from (i)(a), sq C 84 . Similarly, since
Dﬁ/a/ € Sor. 3 = Sa3, We get
(9) Dﬁ/a’sa = SBa/a’ C sg.
So ap, = O(al) (n — o0) and sy C so. We conclude that s, = s, and
(i)(d) is proved.

(11)(b) Letting A= D,uAlDl/'ya B = D'yBlDl/ﬂ and C = Dﬁchl/a it
can be easily seen that Ay, B1,C; € S1. So

A(BC) = (DyA1Dy ) (DyB1D; /3 DgC1D 1)
= (DuAlDl/v)(DvBlchl/a)

and since Dy, and D, are diagonal matrices and S; is a Banach algebra,
we deduce that

A(BC) = Du(A1B1)C1Dy o = (DpA1 D1y Dy B1D15) (DChDy )
= (AB)C.

(ii)(c) Since S; is a Banach algebra, we see that

|1AB|ls, 5 = | D1/gADaD1 o BDy||s, < [[D1/5ADalls, [ D1/aBDAlls;

that is, [[AB||s, ; < [|Bls, ol Alls. -

(ii)(a) The set S, g being a vector space, it is enough to show that S, g is
complete. Let (A;); be a Cauchy sequence in S, g. For any given real € > 0,
there is an integer ng such that

HAZ - AjHSa,ﬁ = HDa/ﬁAi - Da/ﬁAjusa <e fori,j > no.
The set S, being a Banach space, there is an infinite matrix M € S, such
that D,/3A; — M (i — oo0). Then from (ii)(c) we get
14i = DgjaMlls. s < [1Dgjalls., sl DassAi = Ms.
where || Dg/q |5, , = 1 and |[[Dy/34; —M]||s, = o(1) (i — 00), so we conclude
that A; — Dg/oM (i — 00) in S, 5 and S, 5 is a Banach space.
(ii)(d) It is enough to show S, 3.Sya = Sy . Take any A = BC €
Sa,3-54,a- Since C maps s, into s, and B maps s, into sg, we conclude easily

that A maps s, into sg, i.e. A € S, 5. So S4,3.5y,a C 5,,3. Furthermore for
every A€ S, 3,

A = (AD'y/a)Da/'y With Da/'y
We conclude that S, 3 C S, 3.54,q and Sy 3.5y.0 = S, 3

S S%a and AD,y/a S Saﬂ.
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(ii)(e) The inclusion S, 3.M C S, 3 comes from (ii)(d). Let A € S, 3 be
any infinite matrix. Since M is invertible and M~ € (sq, s5), from (ii)(b)
we get

A= (AM M
where AM ™! € (sa,53). So A € Sy 3.M and S, 3 C S, .M. We conclude
that S, 3.M = S, 3. Let us prove N.S, g = Sa,. From (ii)(d), we have
N.Sap C Sa. Take now A € S, 5. Reasoning as above we see that there
exists B € S, g such that A = NB, where B = N"14 € Sa,p- This gives
the conclusion. m

REMARK 1. Note that the identity (E,sg) = Se 3 = (s1,53), where E is
any given set of sequences, does not imply E = s;. Indeed, from (4) it can
be deduced that (cp, s3) = Se 3 and cg # s1.

We deduce from (ii)(e) of Theorem 1 the following.

COROLLARY 2. Let o, 3,7 € U*. Then

(i)(a) M € I'y implies Sq 3. M = Sq p;
(b) N € I's implies N.Sq g = Sqa. 8-
(i)(a) Sa,p-Dr = Sa/z,6;
(b) Dy-Sus = S

Proof. M € I', implies that M is bijective from s,, into itself, so applying
Theorem 1(ii)(e) we obtain S, 3.M = S, 3. Similarly, since N € Iz, N is
bijective from sg into itself and we get (i)(b) by applying (ii)(e).

Next, D; is bijective from s, /. into sq, 80 So5.D7r = S, /7,3 from (ii)(e),
and we obtain (ii)(b) by a similar argument. m

3. o-core. In this section, we apply the results of Sections 1 and 2 to
the o-core. Among other things, we will give some properties of the product
of two infinite matrices AB™!.

3.1. Some known results on the o-core. First, denote by ¢ a one-to-one
mapping of N and define for a given sequence X = (x,),>1 the sequence
_ Int o) ¥ Tor(n)
p+1
We shall assume throughout this paper that o7(n) # n for all j > 1 and
n > 1. As in [15] we define

Vo ={X € s1: lim sup|t,,(X) — | =0 for some [ € C}
PO p>1

tnp(X) forp>0and n > 1.

and write [ = o-lim X. The matrix A = (@pm)n,m>1 is said to be o-regular
if
AX €V, and limX =o-limAX forall X €c
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(see [14]). Furthermore, A = (Gpm)n,m>1 is said to be strongly o-regular if
AX eV, and o-limX =o0-limAX forall X € V.

A = (anm)n,m>1 is said to be o-uniformly positive if

lim sup’ (n,p,m ‘ 0,
P—0O n>1 Z

where
P

a”(n,p,m) =~ Z%]

Jj=
with the notation A\~ = max(—A\,0).
Let V be the map from s; into R defined by

V(X) = sup( lim t,,(X)).

n>1 P
For any given X, set
o-core{ X} = [-V(-X),V(X)].

As a direct consequence of a theorem due to Mishra, Rath and Satapathy
[13], in which we use the equivalence D;;gAD, € (s1,s1) if and only if
A € (sq,53), we obtain

LEMMA 3. Let A € (sq,53) and X = (zp)n>1 € s1. Then
o-core{(D;/3ADq) X} C o-core{ X}
if and only if Dy/gADq is strongly o-reqular and o-uniformly positive.

It is well known that for a given matrix M, o-core{M X} C o-core{ X}
if and only if V(M X) < V(X) for all X € s;.

Now from a theorem due to Choudhary [1] with B replaced by D; B,
we get the following result. So the condition BX € s, is equivalent to
Dy/oBX € s1. Throughout this section we shall suppose that B is invertible
and we shall write B~ = (b, )n.m>1-

LEMMA 4. Let ng be a given integer. Then the following conditions are
equivalent:
(i) The condition X € so(B) implies
o
Apo(X) = Z AnomTm 15 convergent for all X € s.

m=1

a) Z ‘ Z ankbﬁcm‘am < oo foralln > 1,

m=1 k=m
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0 3| 3 oo =0 5

m=1 k=j+1

Recall now a result which can be obtained from a theorem due to Yar-
dimeci [17] by repolacing A and B by D34 and D;,,B and which is a
consequence of the previous lemma. We will write L(X) = lim,_ooZy.

LEMMA 5. Let B be a triangle and A any matriz. Consider the condition

(a)(@) sa(B) C sg(A);
(8) V((D1/sA)X) < L((D1/aB)X) for all X € s.

Condition (a) is equivalent to

(i) the product C = (Dy,3A)(B™'Dy) exists;
(ii) C is o-regular;
(iii) C is o- uniformly positive;
J

(iv) lim Z ‘ Z ankbkm‘am =0 for all n.

Imo0 T ko

3.2. The main results. In this subsection we shall see that under some
conditions on A and B, conditions (a)(«) and (iv) of Lemma 5 are satisfied.
Then we obtain necessary and sufficient conditions for D; /5AB*1DQ to be
o-regular and o-uniformly positive.

In the following we shall suppose that B = (b )n,m>1 is a triangle, that
is, bym = 0 for m > n and by, # 0 for all n (see [2]).

To simplify, we shall write b = (bun)n>1, D1y = (6nm/bnn)nm>1 and
suppose 1/b € s; throughout. Consider the following additional conditions
on A and B:

(10) A€ S,z;
n—1 b a
(11) sup e P
n>2 m—1 bnn Oln,

Now we can state the following
THEOREM 6. Let A and B satisfy conditions (10) and (11). Then
(i) sa(B) C sp(A);

ii) lim ‘ anbm’am 0 for all n;
) i 3| 5 oo =0

m=1 k=j+1

(iii) (D1/3A4)(B™ Da) € Spy| -
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Proof. Condition (11) means that D;,;,B € I4,. So (Dl/bB)il _
(0 bmm ) nm>1 € Sa, that is,

(12) sup Z 16| O |t/ . < 0.

n>2m 1

From (12) we see that B~" € S,/ o, s0 using Corollary 2(ii)(a), we obtain
BilDa € Sa\b|,a'Doc = S|b|,a

Since A € S, and D3 € Sg. we deduce from Corollary 2(ii)(b) that
Dy gA € Sa.e; thus using Theorem 1(ii)(d) we get

(D1,5A)(B™'Dq) € Sae-Sipfa = Spp|e-

Then (iii) and condition (i) of Lemma 5 hold.
Let us show (i) holds. Take any X such that ¥ = Dy)oBX € s1. Since
B~'D, ¢ S|p|,o and the condition 1/b € s implies S}y o C Se,a, We get

(B™'D,)Y € s,.
Furthermore, since Dy /gA € Sqe = (8a,51) We obtain
(Dy,54)X = (Dy,3A)[(B~'Dqa)Y] € 51

and (i) holds.
It remains to show (ii) holds. First, (12) and the condition 1/b € s1 imply
that there are two reals K7, Ko > 0 such that

n
(13) K Z Brmlctm <Y B [bnmlom < Ko, for all n > 1.
m=1

Then from (10) and (13) we deduce that there exists K3 > 0 such that for
every Y = (yn)n>1 € s1,

(14) ﬁi(iranu(i Bhanltmlyml) ) < ﬁ—(i [anklox)
" k=1 m=1 " k=
=0(1) (n—o0).
Letting
k
(15) Tk = Z |b;<:m|ama
m=1

we deduce from (14), in which Y = e, that for any fixed n,

(16) Z lank|Te = 0(1)  (j — 00),

k=j+1
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and
oS J oS

(17) 3 |ank|(2|b§€mlam> < Y langlm,  forall j>1.
k=j+1 m=1 k=j+1

From (16), (17) and the inequality

J 00 00 J
Z‘ Z ankb%m‘am < Z |ank]<z |b§§m|am) foralln,j >1
m=1

m=1 k=j+1 k=j+1
we conclude that (ii) holds. m

REMARK 2. Since A € S, 3, we have seen that D;,3 € Sg. and by
assumption B~'D, € Sjy o By Theorem 1(ii)(a) we then have

(Dy3A)(B™' Do) = Dy ,5(AB™")Dq € Sy C St

So
(18)  (Dy1/3A)[(B~'Da)Y] = [D1/5(AB™")Do]Y €51 forall Y € sy.

PROPOSITION 7. Assume that A and B satisfy (10) and (11). The con-
dition

(a) BX € s, implies

V((D1/A)X) < L((Dy/oB)X)  for all X

is equivalent to

(i) C = DygAB™' D, is o-regular;

(ii) C is o-uniformly positive.

Proof. From Theorem 6 we see that BX € s, implies AX € sg. So by
Lemma 5, conditions (i) and (ii) then hold. Conversely, from Theorem 6,
conditions (10) and (11) imply (i) and (iv) of Lemma 5. Finally, again from
Lemma 5, (i) and (ii) imply condition (a). =

PROPOSITION 8. Assume that A and B satisfy (10) and (11). The con-
dition

(a) D1joBX € s1 implies
(19) V((Dy/3A)X) < V((Dy/oB)X)  for all X
is equivalent to

(i) C = DI/ﬁAB_lDa is strongly o-regqular;
(ii) C is o-uniformly positive.

Proof. Necessity. Take Y € s1. Since Dy, B is a triangle,
X = (Dy,,B)"'Y =B 'D,Y
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satisfies the equation Y = (D;/,B)X; and from Remark 2, (10) and (11)
together imply (18), that is,

(20) (Dy/3A)X =CY.
Then from (19), V(CY) < V(Y'). Using Lemma 3, we conclude that (i) and
(ii) hold.

Sufficiency. First, note that as above (20) holds. So we obtain (19) from
Lemma 3. =

As a direct consequence of Propositions 7 and 8, we obtain

COROLLARY 9. Assume that A € S, 3 and B € Sg o are triangles satis-
Tying

n—1 n—1

21 su — <1 and su — < 1.
( ) nzg el On nzgmzzjl Bn
Then the condition V((D1/3A)X) = L((D1/oB)X) for all X € s3(A) N
Sa(B) is equivalent to
(a) Dl/ﬁAB_lDa and Dl/aBA_lD/g are o-reqular;
(b) Dl/ﬁABlea and Dl/aBA*1D5 are o-uniformly positive.

Brm

Qm Gnm

bnm

bnn Gnn

COROLLARY 10. Assume that the matrices A € S,3 and B € Sg,
satisfy the conditions given in (21). Then

V((Dy/gA)X) =V ((Dy/oB)X)  for all X € s5(A) N sa(DB)
if and only if condition (b) of Corollary 9 holds and Dl/ﬁAB_lDa and
Dl/aBAleg are strongly o-regular.
REMARK 3. Assume that there exist K1, Ko, K7, K} > 0 such that
Ky <|bpn| < Ko and K| <l|ap,| < Ky for all n.

If &, = inf (o, Bn), then sg(A) Nsq(B) = s¢ in Corollaries 9 and 10. Indeed,
from (21) we deduce that D, /B is bijective from s, into itself. So

Dl/bB-Sa = Sa
and as we have seen in Section 2,
B.sq = Dy.sq = Salb|-

Since
Kiay < |bnn|an < Kooy, for all n,

by Theorem 1(i)(c) we deduce that s, = s and
sa(B) = B_lsa‘b‘ = B ls, = sq.
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By a similar argument A is bijective from sg into sj43 (With a = (ann)n>1),
80 5|q)3 = 53 and sg(A) = s5. We conclude that

s8(A) Nsa(B) = s3 M Sa = Sinf(a,6)-

3.3. An application. In order to give an application of the previous re-
sults, recall [4, 7, 11] that we can associate to any power series f(z) =
o2 g axz® defined in the open disk |2| < R the upper triangular infinite
matrix A = o(f) € Uycr<p Sr defined by

apg a1 az
ap aq

o(f) =
0 aq

We shall write ¢[f(z)] instead of ¢(f). We have

LEMMA 11.

(i) The map ¢ : f — A is an isomorphism from the algebra of all
power series defined in |z| < R into the algebra of the corresponding
matrices A.

(i) Let f(2) = Y pogarz®, with ap # 0, and assume that 1/f(z) =
S o a2 has radius of convergence R > 0. Then

o(3) =lonr e U s

We can give an application using the well known operator of first differ-
ence A = (¢(1 — 2))". For any real r we will write D, = (7"0pm )nm>1 for
short.

ExAMPLE 1. Let x be a complex number satisfying 0 < |y| < 1, let
R > 1 and consider A = (Apm)n,m>1 and A" = (A}, )n.m>1 defined by

n—m __ n—m—1 1-—
By bY for m < n, o <,
A _ Rm—n A/ _ Rm n
nm=19 1 for m = n, nmT Y ] for m = n,
0 otherwise; 0 otherwise.

Then the condition
V((Dl/RA)X) = L((D‘X‘/RADI/‘X‘)X) fOI' all X € SR
is equivalent to

(i) A and A’ are o-regular;
(ii) A is o-uniformly positive.
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Proof. Tt is enough to apply Corollary 9 to the matrices A = A and
B = D},JADy )}y, with a = 3 = (R"),, . First, (21) holds since || — Al|s, =
1/R < 1 and

x|
I = Bllsz = 1D (I = A)Dijpllse = I = Allsg, = 75 <1

So A and B are bijective from sp to itself and s3(A) Nsy(B) = sgr. Further-
more, we have

(A™H = p(1/(1 - 2) (i ) for |z| < 1.

n=0
So
(B = (DA~ "Dy’ = (D (1x12)")
n=0
with |z| < 1/|x| and
(4B = (D112 )1 = 2) = 0| (1= ) (Yo (1)) |.
n=0 n=0

Since

(1= 2) (D (x2)") = 14 D (" = ™"

n=0
we get A = AB~!. Similarly, we obtain A/ = BA™!, using the identity

BAY = o[- ) (3 )] = e[+ - (2 ).

Note that A’ is o-uniformly positive since all its entries are positive. This
concludes the proof. =

REMARK 4. Let x and R be reals with 0 < |x| <1 and R > 1. It can be
easily seen that one of the conditions (i) or (ii) in the previous proposition
is false if and only if there is Xg € s such that

V((Dy1/rA)Xo) # L(D)y)/rRAD1 1y ) X
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