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Quasi *-algebras of measurable operators
by

FABIO BAGARELLO, CAMILLO TRAPANI
and SALVATORE TRIOLO (Palermo)

Abstract. Non-commutative L”-spaces are shown to constitute examples of a class
of Banach quasi *-algebras called CQ*-algebras. For p > 2 they are also proved to possess
a sufficient family of bounded positive sesquilinear forms with certain invariance proper-
ties. CQ*-algebras of measurable operators over a finite von Neumann algebra are also
constructed and it is proven that any abstract CQ*-algebra (X, o) with a sufficient family
of bounded positive tracial sesquilinear forms can be represented as a CQ*-algebra of this
type.

1. Introduction and preliminaries. A quasi *-algebra is a couple

(X,%0), where X is a vector space with involution *, 2y is a *-algebra and
a vector subspace of X, and X is an 2y-bimodule whose module operations
and involution extend those of 2y. Quasi *-algebras were introduced by
Lassner [8, 9, 11] to provide an appropriate mathematical framework for
certain quantum physical systems for which the usual algebraic approach in
terms of C*-algebras turned out to be insufficient. In these applications they
usually arise by taking the completion of the C*-algebra of observables in
a weaker topology satisfying certain physical requirements. The case where
this weaker topology is a norm topology has been considered in a series of
previous papers [3]-[2], where CQ*-algebras were introduced: a CQ*-algebra
is, indeed, a quasi *-algebra (X, %ly) where X is a Banach space with respect
to a norm || || possessing an isometric involution and 2y is a C*-algebra with
respect to a norm || - ||p, which is dense in X[|| - [|].

Since any C*-algebra 20y has a faithful *-representation 7, it is natural to
ask if this completion can also be realized as a quasi *-algebra of operators
affiliated to 7(p)”. The Segal-Nelson theory [12, 10] of non-commutative
integration provides a number of mathematical tools for dealing with this
problem.
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The paper is organized as follows. In Section 2 we consider non-commut-
ative LP-spaces constructed starting from a von Neumann algebra 9T and a
normal, semifinite, faithful trace 7 as Banach quasi *-algebras. In particular
if ¢ is finite, then it is shown that (LP(y), M) is a CQ*-algebra. If p > 2,
they even possess a sufficient family of positive sesquilinear forms enjoying
certain invariance properties.

In Section 3, starting from a family § of normal finite traces on a von
Neumann algebra 9, we prove that the completion of 9t with respect
to a norm defined in a natural way by § is indeed a C'@Q*-algebra con-
sisting of measurable operators, in Segal’s sense, and therefore affiliated
with 9.

Finally, in Section 4, we prove that any CQ*-algebra (X, 2ly) with a suf-
ficient family of bounded positive tracial sesquilinear forms can be continu-
ously embedded into the CQ*-algebra of measurable operators constructed
in Section 3.

To keep the paper sufficiently self-contained, we collect below some pre-
liminary definitions and propositions that will be used in what follows.

Let (X,%p) be a quasi *-algebra. The unit of (X,2ly) is an element e € 2y
such that ze = ex = z for every x € X. A quasi *-algebra (X, 2lp) is said to be
locally convex if X is endowed with a topology 7 which makes of X a locally
convex space and such that the involution a — a* and the multiplications
a — ab, a — ba, b € Yy, are continuous. If 7 is a norm topology and the
involution is isometric with respect to the norm, we say that (X,%) is a
normed quasi *-algebra and, if it is complete, we say it is a Banach quasi
*-algebra.

DEFINITION 1.1. Let (%,2) be a Banach quasi *-algebra with norm
Il - || and involution *. Assume that a second norm || - ||o is defined on 2y,
satisfying the following conditions:

(a.1) [la*allo = [la]|3, Va € Ao;

(a.2) [lal} < lallo, Va € Ao;

(a.3) llaz| <llaljollz]l, Va € Ao, x € X;
(a.4) Ao[|l - ]o] is complete.

Then we say that (X,%2) is a CQ*-algebra.

REMARK 1.2. (1) If o[|| - |o] is not complete, we say that (X,%p) is a
pre-CQ*-algebra.

(2) In previous papers the name of CQ*-algebra was given to a more
complicated structure where two different involutions were considered on
2p. When these involutions coincide, we spoke of a proper CQ*-algebra. In
this paper only this case will be considered and so we systematically omit
the word proper.
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The following basic definitions and results on non-commutative measure
theory are also needed in what follows.

Let 9t be a von Neumann algebra and ¢ a normal faithful semifinite
trace defined on M. Put

J ={X € M: ¢o(|X]|) < c0}.

Then J is a *-ideal of 9t. We denote by Proj(9t) the lattice of projections
of 9.

DEFINITION 1.3. A vector subspace D of H is said to be strongly dense
(resp., strongly p-dense) if

e U'D C D for any unitary U’ in 9V,
e there exists a sequence P, € Proj(9) such that P,H C D, P+ | 0
and Py is a finite projection (resp., ¢(Pi) < o).

Clearly, every strongly p-dense domain is strongly dense.

Throughout this paper, when we say that an operator T is affiliated with
a von Neumann algebra O, written Tnd, we always mean that T is closed,
densely defined and TU D UT for every unitary operator U € 9.

DEFINITION 1.4. An operator Tnt is called

o measurable (with respect to ) if its domain D(T") is strongly dense;
e o-measurable if its domain D(T) is strongly (-dense.

From the very definition it follows that, if T" is ¢p-measurable, then there
exists P € Proj("M) such that TP is bounded and p(P1) < oc.

We recall that any operator affiliated with a finite von Neumann algebra
is measurable [12, Cor. 4.1] but it is not necessarily ¢-measurable.

2. Non-commutative LP-spaces as C'(QQ*-algebras. In this section we
will discuss the structure of non-commutative LP-spaces as quasi *-algebras.
We begin by recalling the basic definitions.

Let 99t be a von Neumann algebra and ¢ a normal faithful semifinite
trace defined on M. For each p > 1, let

Tp={X eM: o(|X]P) < oo}
Then J, is a *-ideal of 9. Following [10], we denote by L”(y) the Banach
space completion of J, with respect to the norm

IXIlp := o (| X )7, X €,

One usually defines L*(¢) = M. Thus, if ¢ is a finite trace, then L>(¢p) C
LP(¢p) for every p > 1. As shown in [10], if X € LP(y), then X is a measurable
operator.
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ProrPOSITION 2.1. Let 9 be a von Neumann algebra and ¢ a normal
faithful semifinite trace on My. Then (LP(p), L®(p) N LP(y)) is a Banach
quasi *-algebra. If ¢ is a finite trace and p(I) = 1, then (LP(p), L>°(p)) is
a CQ*-algebra.

Proof. Indeed, it is easily seen that the norms ||+ || of L>(¢)NLP(p) and

|||, on LP(y) satisfy conditions (a.1)—(a.2) of Definition 1.1. Moreover, if ¢
is finite, then L>°(¢) C LP(p) and thus (LP(p), L>(y)) is a CQ*-algebra. m

REMARK 2.2. Of course the condition ¢(I) = 1 can be easily removed
by rescaling the trace.

DEFINITION 2.3. Let (X,%2p) be a Banach quasi *-algebra. We denote
by S(X) the set of all sesquilinear forms 2 on X x X with the following
properties:

(i) 2(z,x) >0, Vz € X,

(ii) 2(za,b) = 2(a,x*b), Vx € X, a,b € 2o,

(ii)) |2(z, )| < llz[[llyl, Y=,y € X.

A subfamily A of S(X) is called sufficient if the conditions x € X and
2(z,x) =0 for every 2 € A imply x = 0.

If (%,%p) is a Banach quasi *-algebra, then the Banach dual space X* of
X can be made into a Banach 2g-bimodule with norm

If1F = sup. e, )], f e X,

fl=]I<
by defining, for f € X%, a € Ay, the module operations in the following way:

(v, foa):=(ax, f), z€X,
(x,ao f):=(za,f), x=€X.

As usual, an involution f — f* can be defined on X* by (z, f*) = (x*, f) for
x € X. With these notations we can easily prove the following (see also [15]):

PROPOSITION 2.4. Let (X,%y) be a Banach quasi *-algebra and (2 a
positive sesquilinear form on X xX. The following statements are equivalent:
(i) £2€S8(X);
(ii) there exists a bounded conjugate linear operator T : X — X with the
properties:
(ii.1) (z,Tz) >0, Vo € X;
(ii.2) T(az) = (Tz) o a*, VYa € YAy, x € X;
(i.3) [Tl xe) < 15
(ii.4) 2(z.y) = (@, Ty), ¥,y € X.
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We will now focus on the question whether for the Banach quasi *-algebra
(LP(@), L>®(@)NLP(¢)), the family S(LP(p)), which we are going to describe
in more detail, is or is not sufficient.

Before going forth, we recall that many of the familiar results of the or-
dinary theory of LP-spaces hold in the very same form for non-commutative
LP-spaces. This is the case, for instance, of Holder’s inequality and also of
the characterization of the dual of LP: the form defining the duality is an ex-
tension of ¢ (denoted by the same symbol) to products of the type XY with
X € LP(p), Y € LV (¢) with p~1 +p/~' = 1, and one has (LP(¢))! ~ L¥ (p).

In order to study S(LP(¢p)), we introduce, for p > 2, the following nota-
tion:

B ={X e /" 2(0): X >0, | X|[/(p2) < 1}
where p/(p —2) = o0 if p=2.

For each W € B, we consider the right multiplication operator

Rw : LP(¢) — LP/P=V(p),  RywX = XW, X e LP(p).
Since L*(¢) N LP(p) = Jp, we use, for brevity, the latter notation.

LEMMA 2.5. The following statements hold.

(i) Let p > 2. For every W € B, the sesquilinear form Q2(X,Y) =
Pl X(RwY)*] is an element of S(LP(p)).

(ii) If ¢ is finite, then for each 2 € S(LP(p)), there exists W € B
such that

QX,Y) = o[ X(RwY)*], VXY € LP(p).

Proof. (i) We check that the sesquilinear form 2(X,Y) = p[X(RwY)*],
X,Y € LP(yp), satisfies conditions (i)—(iii) of Definition 2.3. For every X €
LP(p) we have

2(X, X) = ¢[X (R X)] = X (XW)] = o[(XW)*X] = o[ W|X[2] > 0.
For every X € LP(p), A, B € J,, we get
Q2(XA,B)=9o(XABW)*) = p(WB*XA) = p(A(X*BW)*)
= (A, X*B).
Finally, for every X,Y € LP(y),
QX XY W 2y < IX 1Y -
(ii) Let £2 € S(LP(p)). Let T : LP(p) — L¥ () be the operator which
represents {2 in the sense of Proposition 2.4. The finiteness of ¢ implies that

Jp = M; thus we can put W = T'(I). It is easy to check that Ry, = T. This
concludes the proof. =

PROPOSITION 2.6. If p > 2, then S(LP(y)) is sufficient.
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Proof. Let X € LP(¢) be such that (X, X) = 0 for every 2 € S(LP(¢p)).
By the previous lemma, since | X|P~2 € LP/(P=2)(y), the right multiplication
operator Ry with W = | X[P~2/a, a € R, satisfying ||]X]p_2/a|\p/(p_2) <1
represents a sesquilinear form {2 € S(LP(yp)). By assumption, (X, X) = 0.
We then have

XIX[2)] _ pl(X|X[2)X]

QX X) = ol (R x)7) = FEED !

_ el XV
o
so X = 0, by the faithfulness of . =

=0,

3. CQ*-algebras over finite von Neumann algebras. Let 91 be a
von Neumann algebra and § = {4 : @ € Z} be a family of normal finite
traces on 9t. As usual, we say that the family § is sufficient if the conditions
X e M, X >0 and po(X) = 0 for every o € Z imply X = 0 (clearly, if
§ = {¢}, then F is sufficient if, and only if, ¢ is faithful). In this case, 2 is
a finite von Neumann algebra [13, Ch. 7]. We assume in addition that the
following condition (P) is satisfied:

Then we define
1Xlpz = sup | Xlp.g. = sup pa(|X[7)"7.
ol acl

Since § is sufficient, || - ||,z is a norm on 9.
We will need the following lemmas whose simple proofs will be omitted.

LEMMA 3.1. Let 9 be a von Neumann algebra in a Hilbert space H, and
{P.}acz a family of projections of M with

\/ Po=P.
If A€ M and AP, =0 for every o € I, then AP = 0.

LEMMA 3.2. Let § = {¢atacz be a sufficient family of normal finite
traces on the von Neumann algebra M and let P, be the support of ¢q.
Then \/ P, =1, where I denotes the identity of M.

It is well known that the support of each ¢, enjoys the following prop-
erties:

(i) P, € Z(M), the center of M, for each « € I;
(ii) o (X) = pa(XP,) for each o € 1.
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From the preceding two lemmas it follows that, if the P,’s are as in
Lemma 3.2, then
AP, =0,VaeZ = A=0.

If Condition (P) is fulfilled, then
[ Xllpz = sup | X Pollpa, VX €.
acl

Clearly, the sufficiency of the family of traces and Condition (P) imply that
Il - Hp,I is a norm on 9.

PROPOSITION 3.3. Let M(p,Z) denote the Banach space completion of
O with respect to the norm || - ||, z. Then (IM(p, D)[|| - lpz], M| - lBro)]) is
a CQ*-algebra.

Proof. Indeed, we have
1) (X pz = sup 1 X" Pollpa = sgl!(XPa)*Hp,a = [ Xllpz, VX eMm

Furthermore, for every X,Y € 9,
(2) | XY |lpz = sup | XY P
ael

= [ Xl Y]
Finally, Condition (P) implies that
1 Xlpz < 1 XBr), VX €9
From (1) and (2) it follows that M (p,Z) is a Banach quasi *-algebra. It

is clear that || ||y satisfies conditions (a.1)—(a.4) of Section 1. Therefore
(M(p,Z), M) is a CQ*-algebra. =

The next step consists in investigating the Banach space MM(p, Z)]|| - || p,z]-
In particular we are interested in whether M (p, Z)]|| - ||p,z] can be identified
with a space of operators affiliated with 9t. For brevity, whenever no ambi-
guity can arise, we write 91, instead of M(p, 7).

Let § = {¢a}aecz be a sufficient family of normal, finite traces on the
von Neumann algebra 9 satisfying Condition (P). The traces ¢, are not
necessarily faithful. Put 9, = MM P, where, as before, P, denotes the sup-
port of .. Each M, is a von Neumann algebra and ¢,, is faithful in 9P,
[14, Proposition V. 2.10].

More precisely,

M, = MP, = {Z = XP, for some X € M}.
The positive cone M} of M, equals
{Z = XP, for some X € M"}.
For Z = XP, € ML, we put
0a(Z) == va(XP,).

pa < [ X5y sup [|Y Pallpa
ael

p.I:
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The definition of 04 (Z) does not depend on the particular choice of X. Each
04 is a normal finite faithful trace on 9M,,. It is then possible to consider
the spaces LP (M4, 04), p > 1, in the usual way. The norm of LP(IM,, 04 ) is
indicated as || - [|p,a-

Let now (X}) be a Cauchy sequence in M| - ||, z]. For each o € Z, we

put Z,ga) = X P,. Then, for each o € Z, (Z,ga)) is a Cauchy sequence in
Malll - llpal. Tndeed, since |2 — 2P = | X, — X),|P P, we have

128 = 20 = 0|2 — ZI PP = o0 (| Xy — Xp|PPa) /P
= (Pa(’Xk — Xh’p)l/p — 0.

Therefore, for each o € Z, there exists an operator Z(®) e LP(M,, 0,) such
that

7 = ||+ |[pa-lim Z\.
k—oo

It is now natural to ask whether there exists an operator X, closed,
densely defined, affiliated with 9, which reduces to Z(®) on 9t,. To begin
with, we assume that the projections P, are mutually orthogonal. In this
case, putting H, = P,/H, we have

H = @Ha = {(fa) : fa € Has Z HfaH2 < OO}

a€cl a€cl
We put

D(X) = {(fa) € H: fu € D(Z), 3217 ful* < o0}

ael
and for f = (fa) € D(X) we define
Xf= (Z(a)fa)-
Then

(i) D(X)is densein H. Indeed, D(X) contains all f = (f,) with f, =0
except for a finite subset of indices.

(ii) X is closed in H. Indeed, let f,, = (fn,o) be a sequence of elements
of D(X) with f, — g = (9o) € H and X f,, — h. Since

fn—9 & fn7a—>ga€Ha,Va€I,
and
Xfn—h < (Xfi)a — ha € Ha, Yo € T,

the equalities (X fr)o = Z (@) fn.a and the closedness of each Z (@) in
Hq yield

go € D(Z') and hy = Z¥g,.



Quasi *-algebras of measurable operators 297

It remains to check that >, 7 [|Z(®ga||? < oo; but this is clear,
since both (Z2(®g,) and h = (hy) are in H.

(i) XnON. Let Y € M. Then Y f = (YP,f) for all f € H and YP, €
(MP,) = M P,. Therefore

XY =((XY)Paf) = (YXPof) = YX/.

In conclusion, X is a measurable operator.
Thus, we have proved the following

PROPOSITION 3.4. Let § = {¢a}tacz be a sufficient family of normal
finite traces on the von Neumann algebra M. Assume that Condition (P)
is fulfilled and that the ¢, ’s have mutually orthogonal supports. Then I,
p > 1, consists of measurable operators.

The analysis of the general case would be much simplified if, from a given
sufficient family § of normal finite traces, one could extract (or construct)
a sufficient subfamily G of traces with mutually orthogonal supports. Apart
from quite simple situations (for instance when § is finite or countable),
we do not know if this is possible or not. There is however a relevant case
where this can be fairly easily done. This occurs when § is a convex and
w*-compact family of traces on 1.

LEMMA 3.5. Let § be a convex w*-compact family of normal finite traces
on a von Neumann algebra ; assume that for each central operator Z with
0<Z <1 and each n € § the functional nz(X) :=n(XZ) belongs to §. Let
EF be the set of extreme elements of §. If m1,m2 € €F, m # no, and Py and
P> are their respective supports, then Py and Py are orthogonal.

Proof. Let Py, Py be, respectively, the supports of 71 and 7. We begin
by proving that either P| = P» or P; P, = 0. Indeed, assume that P; P, # 0.
We define

7]172<X) = 771(XP2), X e M.

Were 71 2 = 0, then, in particular 7y 2(P2) = 0, i.e. m1(P2) = 0 and therefore,
by definition of support, P» <1 — P;. This implies that P, P, = 0, contrary
to the assumption. We now show that the support of 71 2 is P P,. Let, in
fact, @ be a projection such that 71 2(Q) = 0. Then

771(QP2) =0 = QPQ <1- Pl = QPg(l — Pl) = QPQ = QPQPl =0.

Thus the largest @) for which this happens is 1 — P, P;. We conclude that the
support of the trace n; 2 is P; P. Finally, by definition, one has m 2(X) =
(X P,), and, since X P, < X

m2(X)=m(XP) <m(X), VXeNM.

Thus 71 majorizes 71,2. But 71 is extreme in §. Therefore 7; o has the form
Am with A € ]0,1]. This implies that 7,2 has the same support as n;
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therefore Py Py = Py, i.e. P; < P». Starting from 1y 1(X) = n2(X P1), we get,
in a similar way, P» < P;. Therefore, P P, # 0 implies P; = P,. However,
two different traces of EF cannot have the same support. Indeed, assume
that there exist 11,72 € § having the same support P. Since P is central,
we can consider the von Neumann algebra 9TP. The restrictions of 11,72 to
IMP are normal faithful semifinite traces. By [14, Prop. V.2.31] there exists
a central element Z in MMP with 0 < Z < P (P is here considered as the
unit of MP) such that

(3) m(X) = (m+m)(Z2X), VX e (@@MP).
Then Z also belongs to the center of 9, since for every V € I,
ZV=Z(VP+VPY)Y=2VP=VZP=VZ.
Therefore the functionals
mz(X) =m(XZ), mz(X):=mn(XZ), Xei,
belong to the family § and are majorized, respectively, by the extreme ele-
ments 71, 72. Then there exist A, u € [0, 1] such that
m(XZ) = m(X), n(XZ)=pn(X), VXeM
If A =1 we would have, from (3), 72(ZX) = 0 for every X € (9P),; in
particular, n2(|Z|?) = 0; this implies that Z = 0. Thus A # 1. Analogously,
w # 0: indeed, if g = 0, then 71(X) = A1 (X) and thus A = 1. Therefore
there exist A, € (0, 1) such that
m(X) = A (X) + pp(X), VX € MP,
which in turn implies
m(X) = Am(X) + pn(X), VX eM
Hence,
(I =)m(X) = ppp(X), VX eM

From the last equality, dividing by max{1 — X, 4} one finds that one of the
two elements is a convex combination of the other and of 0, which is absurd.
In conclusion, different supports of extreme traces of § are orthogonal. m

Since, for every X € M, || X||, 7 remains the same if computed either
with respect to § or to €F, we can deduce the following

THEOREM 3.6. Let § be a convexr and w*-compact sufficient family of
normal finite traces on the von Neumann algebra 9. Assume that § satisfies
Condition (P) and that for each central operator Z with 0 < Z <1 and each
n € § the functional nz(X) = n(XZ) belongs to §. Then the completion
M|l - ||pz] consists of measurable operators.

Families of traces satisfying the assumptions of Theorem 3.6 will be
constructed in the next section.
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4. A representation theorem. Once we have constructed some C'Q*-
algebras of operators affiliated to a given von Neumann algebra, it is natural
to ask under which conditions an abstract C'Q*-algebra (X,%ly) can be re-
alized as a C'QQ*-algebra of this type.

Let (X[|| - ||, 2o[ll - llo]) be a CQ*-algebra with unit e and let

T(X)={2eSX): 2(x,x) = 2(z",z"), Vo € X}.

We remark that if 2 € 7(X) then, by polarization, 2(y*, z*) = 2(z,y) for
all x,y € X. It is easy to prove that the set 7(X) is convex.
For each 2 € T(X), we define a linear functional wg, on 2y by

wp(a) == 2(a,e), a€Ap.
We have
wp(a*a) = 2(a*a,e) = 2(a,a) = 2(a*,a") = wp(aa™) > 0.
This shows at once that wy, is positive and tracial. We put
Mr(Ap) ={wo: 2T (X)}.

From the convexity of 7 (X) it follows easily that 97 (%) is also convex. If
we denote by ||f||* the norm of the bounded functional f on 2y, we also get

lwell® = wole) = 2(e,e) < >
Therefore
M (o) € {w € 2« [Joll < e},
where 91?) denotes the topological dual of ol|| - ||o]. Setting
wo(a)
fola) = =——=~
lell?
we get
foefwed: |lw|f <1}
By the Banach—Alaglou theorem, the set {w € QIﬂO :|lw]|F < 1} is w*-compact
in Ql% . Then {w € ng :lw||® < Jle||?} is also w*-compact.

PROPOSITION 4.1. M1 (™Ag) is w*-closed and, therefore, w*-compact.

Proof. Let (wg,) be a net in M7 (Ag) w*-converging to a functional
w € Qlﬂo. We will show that w = wp for some 2 € 7(X). Let us begin
by defining (2y(a,b) = w(b*a), a,b € Ay. By the very definition, wp, (a) —
w(a) = 2y(a,e). Moreover, for every a,b € 2o,
(a,b) =w(b*a) =limwg,_ (b*a) = lim 2,(a,b).

Therefore
2(a,a) =lim 2,(a,a) > 0.
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We also have
|£20(a, )| = lim |2(a, b)| < [la] [0

Hence {2y can be extended by continuity to X x X. Indeed, let
= l-limay, y=|-[-limby,  (an), (bn) < Ao.
Then
‘QO(ambn) - Qo(amvbm)‘
= |£20(an, bn) — 20(am, bn) + 20(am, bn) — 20(am, bm)|

< ‘\QO(an - am7bn)| + |QO(amabn - bm)’

< llan = amll 1bnll + llam|l [bn = bmll — O,
since (||a,||) and (]|b,||) are bounded sequences. Therefore we can define
Q(z,y) = lim 2y(an, by).

Clearly, £2(x,z) > 0 for all x € X. It is easily checked that {2 € 7(X). This
concludes the proof. u

Since M7 (Ap) is convex and w*-compact, by the Krein-Milman theorem
it follows that it has extreme points and it coincides with the w*-closure of
the convex hull of the set €M7 (Ag) of its extreme points.

By the Gelfand—Naimark theorem each C*-algebra is isometrically *-
isomorphic to a C*-algebra of bounded operators in Hilbert space. This
isometric *-isomorphism is called the universal *-representation.

Thus, let 7 be the universal *-representation of 2y and m(2p)” the von
Neumann algebra generated by 7(2).

For every 2 € T(X) and a € o, we put

po(r(a)) = wola).
Then, for each 2 € 7(X), ¢ is a positive bounded linear functional on the
operator algebra m(2lp). Clearly,

po(r(a)) = wala) = 2(a,e),
pa(n(a))| = lwe(a)l = [2(a,e)| < llal llell < llalollel® = lIm(a)ll le]*.
Thus ¢y, is continuous on 7 (2p).
By [7, Theorem 10.1.2], ¢ is weakly continuous and so it extends
uniquely to m(2dp)”. Moreover, since ¢, is a trace on m(%p), the exten-

sion @, is also a trace on M := 7(Ag)”. The norm ||Pe||* of Py, as a linear
functional on M equals the norm of ¢, as a functional on 7(Ap). We have

180l = Ga(r(e) = palr(e) = wale) < [le]*.
The set
N7 (o) ={pn: 2T (X)}
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is convex and w*-compact in 9MM¥, as can be easily seen by considering the
map

wp € 93?7’(9[0) — (EQ c mT(Qlo),

which is linear and injective, and by taking into account the fact that, if
aq — a in Apl]| - ||], then po(7m(as) — 7(a)) = wo(aq —a) — 0.

Let €917 (o) be the set of extreme points of M7 (™Ap); then N7 (Ap)
coincides with the w*-closure of the convex hull of EM7(2Ap). The extreme
elements of M7 () are easily characterized by the following

PROPOSITION 4.2. ¢, is extreme in Ny (™Ao) if, and only if, wg is ex-
treme in M7 (Aop).

DEFINITION 4.3. A Banach quasi *-algebra (X[|| - ||], %o[|| - |lo]) is said to

be strongly regular if 7 (X) is sufficient and
|zl = sup 2(z,2)Y2, VzeX.
NeT (%)

ExaAMPLE 4.4. If 91 is a von Neumann algebra with a sufficient family
§ of normal finite traces, then the C'Q*-algebra (M,, M) constructed in
Section 3 is strongly regular. This follows from the definition of the norm in
the completion.

EXAMPLE 4.5. If ¢ is a normal faithful finite trace on 9, then 7 (LP(yp)),
for p > 2, is sufficient. To see this, we first define {2y on 9T x 91 by

2(X,Y) = p(Y*X), X,Y €M

Then
[20(X,Y)| = oY X)| < [[X[p|IY]ly, VXY €M

Since p > 2, LP(yp) is continuously embedded into L¥ (¢). Thus, there exists
v > 0 such that Y|,y <7||Y|, for every Y € M. Define

1
QX,Y)=-2(X,Y), X,Yem
g

Then B
120X Y)| < [ X[pl[Ylp, VX, Y €9

Hence, 2 has a unique extension, denoted by the same symbol, to LP(y) X
LP(p). Tt is easily seen that 2 € T(LP(p)).

Were, for some X € LP(p), 2(X,X) = 0 for every 2 € T(LP(y)), we
would have 2(X, X) = || X |2 = 0. This clearly implies X = 0. The equality

(X, X) = || X||3 also shows that L?(y) is strongly regular.

Let now (X[|| - ||], 2ol - [Jo]) be a CQ*-algebra with unit e and sufficient
7(X). Let m : 2y — B(H) be the universal representation of 2. Assume
that the C*algebra m(2lp) := 9 is a von Neumann algebra. In this case,
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Mr(Ao) = N7 (Ap) and N7 (Ap) is a family of traces satisfying Condi-
tion (P). Therefore, by Proposition 3.3, we can construct, for p > 1, the
CQ*-algebras (M, [[| - [, ;s 210)], M| - [|])- Clearly, 2o can be identified with
9. It is then natural to ask if X can also be identified with some 91,. The
next theorem provides the answer to this question.

THEOREM 4.6. Let (X[|| - |I], 2oll| - [lo]) be a CQ*-algebra with unit e and
and sufficient T(X). Then there exist a von Neumann algebra M and a
monomorphism

P:xeXd(z):=XecM
with the following properties:

(i) @ extends the universal *-representation m of Ao;
(ii) @(x*) = P(x)* for all x € X;
(ili) ¢(zy) = P(x)P(y) for every x,y € X such that x € Ay ory € Ap.
Then X can be identified with a space of operators affiliated with .
If | in addition, (X,20) is strongly regular, then

(iv) @ is an isometry of X into Mo;
(v) if Ao is a W*-algebra, then ® is an isometric *-isomorphism of X
onto My.

Proof. Let 7 be the universal representation of 2y and assume first that
m(Ap) =: M is a von Neumann algebra. By Proposition 4.1, the family
M (Ap) of traces is convex and w*-compact. Moreover, for each central
positive element Z with 0 < Z <1 and for ¢ € M7 (o), the trace pz(X) =
©(ZX) still belongs to M7 (Ap). Indeed, starting from the form 2 € 7 (X)
which generates ¢, one can define the sesquilinear form

Qz(z,y) = Qar (22, yn 1 (Z"?), =zyeX.
We check that 27 € 7(X):
(i) 27(x,z) = Q(xﬂ_l(Z1/2),x7r_1(Zl/2)) >0 for all x € X.
(ii) For every = € X and every a,b € 2y, we have
Qz(xa,b) = Qzar(Z?),br =1 (Z2'/?)) = Q(an~H(ZV?), 2*br 1 (ZY/?))
= 2z(a,x*b).
(iii) For every z,y € X, we have
922 (2,y)| = |Qan ™ (Z2'2),yn N (Z )| < Nan™ (22| == (2 )y
< il == (Z")llollyll I+~ (Z*)lo < ll[l ly]]-
(iv) For every z € X,
Qz(x*,2") = Q7 Y2V, a7 (Z"?)) = Qe (Z2V?), a1 (ZY?))
= 2z(x,x).
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Moreover, 27 defines, for every A = 7(a) € M = 7(Ap), the following
trace:
0, (4) = 2z(a,e) = Qan~ ' (2'?),n71(21/?)
= Qar™'(Z),¢) = Qn"'(AZ),e) = pa(AZ).

Thus, the family of traces M7 (o) (= M7 (2p)) satisfies the assumptions of
Lemma 3.5; therefore, if 11,12 € €Ny (Ap), and if P; and P, denote their
respective supports, one has Py P, = 0.

By the sufficiency of 7 (X) we get

[X[l2,mtr20) = sup [ X[lzpo = sup [ X[z, VX €m(Ap).

PEM7(Ao) peEM T (Ao)

By Proposition 3.3, the Banach space 2y, completion of 9t with respect to
the norm || - [|2 ;, (21) » i @ CQ*-algebra. Moreover, since the supports of
the extreme traces satisfy the assumptions of Theorem 3.6, the C'Q*-algebra
(D2(]] - 2,37 (210)], MR - [|]) consists of operators affiliated with 9.

We now define the map @. For every = € X, there exists a sequence (a,,)

of elements of 2y converging to x with respect to the norm of X(|| - ||). Put
X, =7(ay), n € N. Then

X0 = Xmllomr(20) = sup  |lm(an) — m(am)|l2,0
PeNT(Ao)
= sup [2((an — am)*(an — am), e)]l/z
NeT (%)

= sup [2(an — am,an — am)]1/2 < |lan — ap|| — 0.
NeT (%)

Let X be the || - ll2,907 (21)-1imit of the sequence (X,,) in My. We define

(z) = X.
For each z € X, we put
pT(%)(fU) = sup 9(115733)1/2-
NeT (%)
Owing to the sufficiency of 7(X), pr(x) is a norm on X weaker than || - ||.
This implies that
=112 _ _ 2 _ 2

1X 12,97 219y = Jim 921;1()%) 2an, an) = lim prex)(an)” = pr(z) ()"
From this equality it follows easily that the linear map @ is well defined and
injective. Condition (iii) can be easily proved. If (X, %) is strongly regular,
then prx)(v) = [|z[| for every z € X. Thus @ is isometric. Moreover, in this
case, @ is surjective: indeed, if T' € My, then there exists a sequence (7,) of
bounded operators on 7(2(p) which converges to T with respect to the norm
| - ll2,9%, (20)- The corresponding sequence (t,) C 2o, T, = @(t,), converges
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to t with respect to the norm of X and &(t) = T by definition. Therefore ¢
is an isometric *-isomorphism.

To complete the proof, it is enough to prove that the given C'Q*-algebra
(X,20) can be embedded in a CQ*-algebra (8&,Bo) where By is a W*-
algebra. Of course, we may directly work with 7(2p) with 7 the universal
representation of 2. The family of traces 97 (2p) defined on m(Ap)” is not
necessarily sufficient. Let Pp, 2 € 7(X), denote the support of ¢, and let

Then B := 7(™Ap)” P is a von Neumann algebra that we can complete with
respect to the norm
[ X2y 20) = sup @e(X*X), X en(A)"P.
NeT (%)
We obtain in this way a C'Q*-algebra (8, Bo) with By a W*-algebra. The
faithfulness of m on 2y implies that

m(a)P =m7(a), Vae€ .

It remains to prove that X can be identified with a subspace of K. But this
can be shown as in the first part: for each x € X there exists a sequence
(an) C Ao such that ||z — ay|| — 0 as n — oo. We now put X,, = 7(ay,).
Then, proceeding as before, we determine the element X e R, where

X=|- HQ,*)TT(Q(O)—IimW(an)P.

It is easy to see that the map v € X — X eRis injective. If (X,%p) is
regular, but 7(p) C 7(Ap)”, then @ is an isometry of X into My, but need
not be surjective. =
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