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Boundedness and growth orders of means of discrete and
continuous semigroups of operators

by

YUAN-CHUAN L1 (Taichung), RYOTARO SATO (Okayama),
and SEN-YEN SHAW (Taoyuan)

Abstract. We discuss implication relations for boundedness and growth orders of
Cesaro means and Abel means of discrete semigroups and continuous semigroups of linear
operators. Counterexamples are constructed to show that implication relations between
two Cesaro means of different orders or between Cesaro means and Abel means are in
general strict, except when the space has dimension one or two.

1. Introduction. Let X be a real or complex Banach space, and let
T be a bounded linear operator on X. One of the important issues of the
ergodic theory of T' is concerned with convergence of various means of the
discrete semigroup {T";n > 0}. The Cesaro means of order v (or 7-Cesaro
means) with v > —1 are defined by

1 &
CUT) == o), TF n=0,1,...,
n =0
where oy = ("}") = (Y+n)(y+n—1)---(y+1)/nl, n > 1, and o7 = 1

for v € R\ (—NV)L (see [25, Chapter 3]). These include two particular means:
CHUT) = T" and CYT) = Cp1(T) := %HSHH (T') for n > 0, where
Sn1(T) =0 TF.

The Abel means of T for x € X are defined as

N
[ 3 nmn
A (T)z = (1—7) ngnoozr T
n=0
for those € [0, 1) such that the series converges. The series (1—r) Y7 r"T™
converges absolutely to A,(T) in operator norm (we will simply say
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that A,(T) converges absolutely) for all 0 < |r| < 1/r(T'), where r(T') =
lim,, oo |T7]|*/™ denotes the spectral radius of T. Clearly, #(T) < 1 if and
only if A,(T) converges absolutely for all 0 < |r| < 1, if and only if it
converges absolutely for all 0 < r < 1. Moreover, in this case, A,(T) =
(1—7)(I —rT)~! for each 0 < |r| < 1.

It is known (cf. [25, Chapter 3]) that if 0 < v < § < oo then

(11)  sup |77 = sup |CUT)| = sup [|CY(T)|| = sup [|A(T)]-
n>0 n>0 n>0 0<r<1

In some particular cases, some of the above inequalities become equali-
ties. But, in general, the inequalities are strict. It is interesting to see when
an inequality becomes an equality and for what concrete examples an in-
equality is strict. Results in this direction can be found e.g. in [6], [7], [8],
[14], [17], [18], [21], and [23].

More generally, we are interested in implication relations between growth
orders of means, that is, implication relations between the properties:
ICHT)| = O(n), —1 < 7 < o0, and [A,(T)| = O((1 — 1)) (r 1 1),
for o > 0.

Similar questions can be asked about a continuous semigroup 7'(-) =
(T'(t))¢>0 of operators on X. By definition, T'(s + t) = T(s)T'(t) for all
s,t >0 and t — T'(t)x is strongly continuous on (0, 00) for every x € X. If,
in addition, T'(t) converges strongly to 7'(0) := I, the identity operator, as
t — 0, then (T'(t))¢>0 is called a Cy-semigroup (cf. [10, 12, 19]). In this case,
the infinitesimal generator A of T'(-), defined by Az := limy ot~ (T (t)x —x),
is a densely defined closed linear operator.

The Cesaro means of order v (or v-Cesaro means) Cy, v > 0, of T(-)
are the operators defined by Cf = T(t) and C} := vt~ Sé(t —5)77 M (s) ds
for v > 0. In particular, C} = C; := S(t)/t where S(t) = Sg T(s)ds, t > 0.

Suppose Sé |T(s)z||ds < oo for all z € X. For given x € X and X\ € C,
we define

00 t
Aye = A S e T (s)xds :== lim ASe‘AST(s)x ds
0 A

if the limit exists. If A € C is such that Az exists for all x € X, then, by
the uniform boundedness principle, Ay is a bounded linear operator, and is
called an Abel mean of T'(-). Let us denote by o the abscissa of convergence
of the Laplace integral of T'(+):
o = inf{u € R; A, exists for all A with Re A > u}
= inf{Re \; A, exists}.

Then we have o < wg, where wg := limy—,oo (In||7°(¢)||)/t is the type (or ez-
ponential growth bound) of T'(+). If T'(-) is a Cp-semigroup with generator A,
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then A € o(A) and Ay = A(A — A)~! for all A with Re X > o. The spectral
bound s(A) of A is defined by

s(A) :==sup{Re\; A € 0(A)}.

Thus s(A) <o < wp [10]. It is possible that o < wp. In fact, there exists a
Cy-semigroup of positive operators on a Banach lattice which is uniformly
Cesaro ergodic so that ||C}||=0O(1) (t— o0) and hence ||A,]|=0(1) (A10),
but satisfies —oco = s(4) =0 < 0 < wy (cf. [11], [22, p. 62]). On the other
hand, s(A)=0=wp if T'(-) is an eventually norm-continuous semigroup (see
[1, Theorem 5.1.12], [10, Corollary 4.3.11]). Thus, s(A) = o = wp holds in
particular when A is bounded, and hence holds on finite-dimensional spaces.

Results on relations between boundedness of a Cy-semigroup and of its
Cesaro and Abel means can be found e.g. in [9], [15], [16], [20], and [24].
It is interesting to consider implication relations between growth orders of
means, i.e., between the properties: ||C]|| = O(t*) (t — o), =1 < v < o0,
and [|[Ax]] = OA"*) (A | 0), for a > 0.

In this paper, we obtain some results on the two subjects: 1) implication
relations between growth orders of 0-Cesaro, 1-Cesaro, and Abel means, for
both discrete and continuous semigroups; 2) relations between boundedness
of y-Cesaro means (—1 < 7 < oo) and of Abel means for discrete semi-
groups. Some results on 1) for y-Cesaro means (0 < v < 0o0) of continuous
semigroups, and on 2) for continuous semigroups will appear in [5].

In Section 2, we will investigate general implication relations between
growth orders of 0-Cesaro means, 1-Cesaro means, and Abel means for dis-
crete and continuous semigroups. In general, for each a > 0 we have:

(1T = O(n*)] = [ICA(T)I| = O(n®)]
= [r(T) < Tand [A(T)] = O((1 =7)7%) (r11)]
= [r(T) < 1J;
IT@)] = O(t*) (t—00)] = [ICi]l = O) (t — o0)]
= [0 <0and A\ = O(A™) (A L 0)]
= [0 <0].

If dim X = 1, then all the properties are equivalent to ||T']] < 1 (resp.
T(t) = e with Rea < 0) (Corollary 2.2). If dim X = 2, then the second im-
plication is reversible for all 0 < « < 1; in particular, in this case, Abel-mean-
boundedness is equivalent to ~-Cesaro-mean-boundedness for any v > 1
(Proposition 2.5). But the second implication can be strict when dim X > 3
(Proposition 2.8). All other implications can be strict once dim X > 2
(Proposition 2.3). We also prove in Proposition 2.10 that if m = dim X < oo
and r(T) < 1 (resp. wo < 0), then we must have ||T"| = O(n™™!) (resp.
IT(®)] = O™ ™) (t — 0)).
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In Section 3, we consider the situation for positive operators on Ba-
nach lattices. In this case, the equivalence of ||CL(T)|| = O(n®) (resp.
ICH = O(t%) (t — oc)) and [A(T)| = O((1 —1)=2) (r T 1) (resp.
|Ax]] = O(A™) (A | 0)) under the assumption 7(T)) < 1 (resp. o < 0)
is shown to hold for all & > —1 (Corollary 3.2).

Section 4 will be mainly concerned with implication relations between
boundedness of y-Cesaro means {Cp(T); n > 0} for v € (—1,00). It is
possible to find an invertible positive linear isometry on an Lj-space such
that sup,,~o |Cn(T)|| = oo for all =1 < v < 0 (Proposition 4.1). For any
0 < v < 1, one can also find a positive linear operator 7' on an Lj-space
such that sup,~o |CY(T)|| = oo but sup,q ||[CL(T)|| < oo for all 5 > v
(Proposition 4.3). Finally, for any integer k > 0, there exists an operator T
on a Banach space such that sup,,~q | C¥+1(T)|| < oo but sup,,>q ||Cn(T)| =
oo for every v with 0 < v < k + 1 (Proposition 4.4(i)), and there exists an
operator T' on a Banach space with (T") = 1 such that supg.,q [|A-(T)]|
< 00 but sup,~q [|Ch(T)|| = oo for every 0 < v < oo (Proposition 4.4(ii)).
The authors do not know whether the above integer k > 0 can be replaced
with any nonnegative real number.

Note that, for Cy-semigroups and cosine operator functions, the continu-
ous analog of Proposition 4.3 holds for both cases 0 <y < 1 and 7 = 0 (see
[5, Theorems 4.2 and 4.4]), and the continuous analog of Proposition 4.4 is
also true (see [5, Theorems 3.6 and 3.8]). It can be seen that the validity of
Proposition 4.3 for v = 0 follows immediately from the proof of Theorem
4.4 in [5]. We also refer the reader to [5] for the behavior of growth orders
of y-Cesaro means, 0 < vy < 00, of Cy-semigroups.

As will be shown in (2.2), for a > 0, |[n=*CL(T)z|| = O(1) (n — o)
implies ||(1 — 7)*A,(T)z| = O(1) (r T 1). One would naturally ask about
relations between the existence of lim,, .., n~*C}(T)x and the existence of
lim,q1(1 — r)*A,(T)z. The answer to this question is as follows:

For o > —2, if the limit y := lim,, oo n~“CL(T)z (resp. limy oo t*C}x)
exists, then
. (1=r)> ) A
lim ——=A,(T)z = dim ——Ayx = .
ey ArDe =y (resp m mrmmsdve =)
In general, the converse is not true. But, if |T"| = O(n®) (resp. T(-) is
locally integrable and ||T(t)| = O(t*)(t — o0)), or if T is a positive opera-
tor (resp. T(-) is a locally integrable semigroup of positive operators) on a
Banach lattice, then the converse also holds for a > —1.

These will appear as Propositions 5.1, 5.2, and 6.1 in [15], wherein more
general convergence theorems and Tauberian theorems for functions and
sequences are to be discussed.
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2. Growth orders of Abel means and y-Cesaro means for v = 0, 1.
We start with general implication relations.

PROPOSITION 2.1. (i) Let d(0) = 0 and d(«) := max{2a®, 1} for a > 0.
The following implications hold for all o > 0 and x € X:

(2.1)

|IT"x|| < Myn® for some M, > ||z|| and alln > 1
|Cn(T)z|| < Myn®  for allm > 1,
=1 A (T)x converges absolutely and
| A (T)z|| < Mpld(a) + '+ 1)[(1 — )~ for all r € [0,1);
|Cn(T)z|| < Myn® for some My > ||z|| and alln > 1
= A, (T)z converges absolutely and
| A (T)zx|| < Myp(ao+1)2%d(a) + a4+ 1)](1 —7)~* forr e [0,1);
|7 < Mn® for some M >1 and alln > 1
|ICn(T)|| < Mn® for alln > 1;
= { A, (T) converges absolutely for all r € [0,1) (i.e., 7(T) < 1);
|A(T)|| < Md(a) + I'(a+ 1)](1 —7)~* for all r € [0,1);
|Ch(T)|| < Mn® for some M >1 and alln > 1
=r(T) <1 and |A(T)|| < M(a+1)2%[d(a) + I'(v + 1)](1 — 1)~
for allr €0,1).

(ii) The following implications hold for all « > 0 and x € X:

(2.5)

(2.6)

(2.7)

(2.8)

T (t)z| < My(1+1tY) forallt >0

(67

= ||Crz|| < M, <1 + ) for all t > 0;

a+1
(07

t
Cex| < M, (1
il < (14 5

= Az exists and ||Axz|| < My(1+ I'(a+ 1)A\™%) for all A > 0;
|T(®)|| < M(1+1t%) forallt >0

>f07’allt>0

tO{
éHCtHSM<1+a+1> for all t > 0;
tOl
<M|1 Il
|G| < ( +a+1> forallt >0

=0 <0 and [[A\|| < M+ I(a+1)A) for all X > 0.

Proof. (i) The first estimate in (2.1) is obvious, so we prove the second.
Under the assumption ||[T"z| < Myn® with M, > ||z||, we have

I =) A (Tyal) < Ma(1 =) (143 ), 0<r <1,
n=1
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the series being convergent, by the ratio test. If & = 0 or r = 0, the right-
hand side becomes M,.

Fora>0and 0 <r <1, let t; := a/(—Inr) > 0. It is easily seen that
rit¢ = max;>o it

If t1 > 17 then

[e's) [t1] 00
1+Zr —1+Zr n® 4l (] 4+ 1) + Z r'"n®,
n=1 [t1]+2
so that
(1-— 7")0‘+1 <1 + Z r"no‘>
n=1
1— [tl]—i—l oo
< (1 -7yt [1T et | eriCnge dt}
" [ta]+1
1—r\“ 11—\t
< o t1 «@
< <—1n7‘> 1+ -r)r'Ya +(—lnr> I'a+1)

§2aa+F(a+1).

Here we have used the fact that =~ <1 for 0 <r < 1.If 0 <?; <1, then

o0 o oo
L+ ) =147+ ™ <1+r+ | ritvdt,
1

and a similar estimation to the above gives
oo
(1—r)>tt (1 + Zrnno‘) <1+ I'(a+1).
n=1
Combining all these possible estimates, we have

(2.9) (1— 0‘“( —i—Zr ) (a) + I(a+1)

for all & > 0. This shows (2.1).

To show (2.2) under the assumption ||Cy,(T)z|| < Myn® with M, > ||z||,
we first note that the series > r"S,(T)z is absolutely convergent for 0 <
Ir] < 1. So A,.(T)x also converges absolutely for 0 < |r| < 1 and we can
write

(1= )" ATy = (1= r a“HwZ Sua(T) = SulT))e |
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= (1 _ r)oz-i—lH i(rn—l - Tn)Sn(T).%H
n=1
< Mw(l _ r)a-i-l i(rn—l o rn)na_H
n=1

_ Mx(l i 7,)oHrl Z((n + 1)a+1 _ naJrl)Tn
n=0

x - a+lza+ n+1an

(by the mean value theorem)

<M,

= My(a+1)(1 =) 1+ i(n +1)°r"]

n=1
o
< My(a+1)2%(1 — r)>! [1 + Z no‘r”}

< My(a+1)2%d(a) + I'(a+1)]  (by (2.9))

for » € [0,1). The proofs of (2.3) and (2.4) are similar to the above proofs
of (2.1) and (2.2), respectively.

(ii) The implication (2.5) is obvious from the definition of C;. To show
(2.6), we first note that the assumption ||Cix|| < M, (14+t*/(a + 1)) implies
that S(t)z is polynomially bounded so that {;° e **S(s)z ds exists for all
A > 0. Then, using integration by parts and the polynomial boundedness of

S(t)x, we see that, for all A > 0,
t

t
Az = )\tlim Se_)‘ST(s)x ds = )\tlim A S e S (s)x ds
0

o0
= \? S e S (s)x ds.
0
Now (2.6) is obtained using the following estimates:

1Az = Hv | e_’\tS(t)mdtH
0

o0 a+1 1
< MA? | 6_/\t<t+ ! >dt [1+)\ (24 a)
0 a+1 +1
=M;(1+'(a+1)A"%) forall A > 0.

The implications (2.7) and (2.8) follow from (2.5) and (2.6), respectively. m
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REMARK. For the case a = 0, (2.7) and (2.8) reduce to the following
inequalities:

sup [|T'(t)]| > sup |G| > sup | Ax].
t>0 t>0 A>0
In fact, it can be shown (cf. [5, Theorem 2.3]) that

sup [|T(1)|| > sup [|C7|| = sup [|C7||  for 0 <y < B < oo;
>0 >0 >0

(2.10)
sup HC’EH > sup ||Ax|| in case T'(-) is subexponential (i.e. wy < 0).
>0 A>0

COROLLARY 2.2. If dim X =1, or T is a normal operator (resp. T(-)
is an eventually morm-continuous Co-semigroup of normal operators) on
a Hilbert space, or T is a hermitian operator (resp. T(-) is an eventually
norm-continuous Cy-semigroup of hermitian operators) on a Banach space,
then, for o > 0, each of the conditions: ||T"|| = O(n®), [|Cn(T)| = O(n®),
and ||A-(T)|| = O((1 —=7)=) (r 1 1) with r(T) < 1 (resp. ||T(t)| = O(t%)
(t — o00), |Ce]] = O@t*) (t — o0), and ||Ax]] = OA™) (A | 0) with
o = wy < 0) is equivalent to T being a contraction (resp. T(-) being a
contraction semigroup).

Proof. Recall that a hermitian operator T" on a Banach space X is a
linear operator which has its algebra numerical range V(T') := {F(T) |
F e B(X)*, F(I) = |F|| = 1} contained in R (cf. [3, 4]). It is known that
r(T) = ||T|| when T is hermitian (see [4, Theorem 26.2]). Proposition 2.1
asserts that each of the above conditions implies that 7(T") < 1 (resp. wo =
0 <0). Hence ||T|| <1 (resp. ||T'(¢)|| <1 for all t > 0) follows from the fact
that, in each of the above cases, |T|| = 7(T) and ||T(t)|| = r(T(t)) = ewot
for all t > 0 (cf. [10, p. 251]). The converse is obvious. m

The next proposition shows that when dim X > m > 2, the converse of
each of the implications (2.3) and (2.7) in general does not hold, and r(7") <1
(resp. o < 0) does not guarantee that || A,(T)|| = O((1—7r)"%) (r T 1) (resp.
|Ax]| = O(A™) (A ] 0)) for some o > 0.

PROPOSITION 2.3. Ifdim X > m > 2, then the following hold:

(i) There exists an operator T (resp. a uniformly continuous Cp-semi-
group T(-)) on X such that ||Cp(T)|| < Mn™=2 for alln > 1 (resp. ||Cy]| <
Mt™=2 for all t > 0) but T"/n™" ! (resp. T(t)/t™ 1) does not converge
to 0 strongly as n — oo (resp. t — 0), and hence ||[T"|| # O(n®) (resp.
IT(t)]| £ O(t%) (t — o0)) for any a € [0,m — 1).

(ii) There exists an operator T' (resp. a uniformly continuous Cp-semi-
group T(+)) on X such that v(T) < 1 (resp. 0 = wg < 0) but (1—7r)™"LA,.(T)
(resp. N™LAy) does not converge to O strongly as r T 1 (resp. A | 0), and
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hence ||Ar(T)|| # O((1 —7)™%) (r T 1) (resp. [[Ax]| # O(A™%) (A 1 0)) for
any o € [0,m — 1).

Proof. Since dim X > m, there exists a nilpotent operator N on X such
that N™ = 0 but N™~1 #£ 0.

The discrete case. The operator T := I+ N has spectrum o(T') = {u}.
We see from the binomial theorem that 7" = Zl:_ol (Z) u*N* and

n—1
n(I —T)Cr(T) = n(I — T)%ZT’“ =I-T"
k=0

m—1
=(1—-p")I- Z (Z)u"_k]\fk for every n > 1.
k=1

(i) If |u| <1, p # 1, then I — T is invertible and
ICR(D)|/n™=2 < (I =) M |(I = T)Cu(T)|| /0™

m—1
_ 2 1 n
<=7 (s + e 2 ()11
k=1

m—1 1
<IE=1 (24 X 1)
k=1
for all n > 1. But, when |u| = 1, we have

B 1 m—2\|[N" 1 X /n
n m—1 - I T _ _ k

— [N™Y/(m=1)!'>0 asn — oo.

(ii) If p =1, then o(T) = {1} and

00 m—1 m—1r oo
_ n n k N\ n k
A(T)=1=r)> > <k>N 41-@2[2 <k>r }N
n=0 k=0 k=0 "n=k
m—1 k
v (d 1 k
0025 () ()
k=0
m—1
=(1-r) k(1 —r)FINF,
k=0
so that r(T) = 1 and
m—2
(1 =) A(T) =7 N (1 =7) Y (1 =) 2 NE - N
k=0

asr — 17.
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The continuous case. Let T(t) = ette!N = e“t(Z?;)l(tk/k!Nk)), t>0.
Then T'(+) is a Cy-semigroup with generator A := ul + N.
(i) If Rep <0 and p # 0, then the operator A is invertible and

- 1
ICall < TATHHIACH] = A7 < 1T (8) = 1]

m—1

il tk
< 1A (X F 1)
k=1
m—1

<A (L vk 4 2
- t k!

k=1
so that ||Cy|| = O(#™2) (t — o). But, when Re p = 0, we have

[T > e N - t_m“nftk IN*|
~ (m—-1)! k!
k=0
1
Hm||Nm_1||>0 as t — oo.
(ii) If g =0, then
m—1 tk ) 1 m—1 tk %
T(t) 2 V' and wg < Jim m(kzo Iy \) 0.

For A > 0,

AT Ayl = A

(e} m—1 tk
(3 o

k=0

m—1
- H 3 Am*“kN’“H NPT £0 as A 0. m
k=0

The formulation for the special case that m = 2 and o = 0 is as follows.
COROLLARY 2.4. Let X be a Banach space of dimension more than one.

(i) A Cesaro-mean-bounded operator T (resp. a uniformly continuous Cy-
semigroup T'(-)) on X need not have the property that T"/n — 0 strongly
(resp. T(t)/t — 0 strongly as t — o0), and hence is not necessarily power-
bounded (resp. uniformly bounded).

(ii) 7(T') < 1 (resp. o < 0) is not sufficient for T (resp. T(-)) to be

Abel-mean-bounded.

REMARKS. (1) Since there are examples of Cesaro-mean-ergodic oper-
ators which are not power-bounded (cf. [7, p. 255], [6, p. 451]), a Cesaro-
mean-bounded operator is not necessarily power-bounded. On the other
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hand, every Cesaro-mean-bounded positive operator on a finite-dimensional
space is power-bounded (cf. [6, p. 449], [21, Chap. 1, Sec. 3]).

(2) Since the norm convergence of T'(t) to I as t — 0 implies that
Sg T(s)ds is invertible for small § > 0, from the identity ®°Cy 5 — C; =

t=1T(t) Sg T(s)ds it follows that if a uniformly continuous Cp-semigroup
T(-) is Cesaro-mean-ergodic, then T'(¢)/t — 0 strongly as t — co. Similarly,
if T is Cesaro-mean-ergodic, then 7" /n — 0 strongly as n — oo. Thus,
by Corollary 2.4(i), a Cesaro-mean-bounded operator T' (resp. uniformly
continuous Cy-semigroup 7'(-)) is not necessarily Cesaro-mean-ergodic.

(3) Any upper triangular n x n matrix which has all its diagonal entries
equal to p = €' for some 6 is of the form uI + N with N a nilpotent matrix
and |u| = 1. Hence, as shown in the proof of Proposition 2.3(i), all such
matrices T = pul + N with g # 1 (resp. semigroups T(t) = e!#*/+N) with
Rep = 0 and p # 0) satisfy assertion (i) of Proposition 2.3 (in particular,
(i) of Corollary 2.4, in case N2 = 0). In particular, the matrix [_01 31] has
been given in [9, p. 10]. Thus the semigroup

et tettq ]

0 et

T(t) == [

with a # 0, Re pp = 0 and p # 0 satisfies sup,~ ||Ct|| < 0o and sup;~¢ ||T'(t)]|
= 00. On the other hand, it is known that if a Co-semigroup T'(-) satisfies
M :=sup;~q ||Ct]] < 1, then sup;~q ||T(t)]] <1 (see [9, Theorem 1.10]).

(4) If T is a positive operator on a reflexive Banach lattice, then Abel-

mean-boundedness of T implies that T is Cesaro-mean-ergodic and hence
T"™/n — 0 strongly (cf. [9, 15]).

PROPOSITION 2.5. Suppose dim X = 2. Then for an operator T (resp.
a Co-semigroup T(-)) on X such that r(T) < 1 (resp. 0 = wg < 0), the
following hold:

1) |7 = O(n) (resp. ||T(t)|| = O(t) (t — o0)); and therefore both
{1 =r)A(T); 0 <r <1} and {Cr(T)/n; n > 1} (resp. {AAx; 0 < A < 1}
and {Cy/t; t > 1}) are bounded.

(ii) For 0 < a < 1, {(1 = r)*A,(T); 0 < r < 1} (resp. {A\*Ax; 0 < A
< 1}) is bounded if and only if {Cp(T)/n%; n > 1} (resp. {Cy/t%; t > 1}) is
bounded. In particular, T (resp. T(+)) is Abel-mean-bounded if and only if it
is v-Cesaro-mean-bounded for any v > 1.

Proof. First, we consider the case where X is a two-dimensional complex
Banach space. One can easily see that the same kind of means of two similar
matrices have the same growth order. Hence it suffices to assume that T is

of the Jordan canonical form T = [’51 u;l]’ where a is assumed to be zero
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when g1 # po (cf. [13, p. 126]). Then

1 1
o | B0 Xiso ey *a
0 up ’
k=1 j k—1—j
C (T) . l pnfl(ﬂl) ZZ:() =0 NJLUQ ‘a
n - bl
n 0 Pn—1(12)

where pp(t) =1+t +---+t" For every 0 < r < 1,

1 ra
(]_rT)—l = [ I—rpr (1=rpa)(I—rpz) ] ]
0 1
1—rpo
Since o(T') = {u1, p2}, the assumption r(7') < 1 implies that 0 < |uq], |2
<1,and |pp—1(mi)| <n, i=1,2.
CASE 1: a = 0. Then ||T"]] < 1 for all n > 1, and hence both C,(T)

and A, (T) are uniformly bounded.

CASE 2: a # 0. Then p; = po = u, so that

pt o la o=t Po1(p)  SpZy kpFla |
0 pu" 0 pai(p)

n

™ =

and

1 ra
T =ro)2
A (T)=@1-r) [ ' Ow (11 3 ] )
1—rp
Hence ||T™|| = O(n). This with Case 1 shows the first part of assertion (i);

and the second part follows from Proposition 2.1(i).

CASE 2.1: p# 1, |u] < 1. Then pp_1(p)/n — 0 and

n—1 n—1
1 L 1]d 1 d [1-p"
Lt l\znd@“’“) :nd<1— >‘
k=1 ® k=0 ® K
Paa()/m — !

{1/\1 —pl for [u] =1,
-
0 for |u| <1,

I1—p
so that

lim sup |Cp (T)]| /n® < { 1/]1 = p| for a=0,
e 0 for a > 0.

We also have lim,_,;- (1 —r)*A4,(T) =0 for all « > 0.
CAst 2.2: p=1. Then

(T = [ 1 27Yn—1)a

01 ] and (1—1r)A.(T) =

1—r ra
0 1—r |’
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so that
Lir—1| * =1
[Cn(T)|| /™ — { 2” I for o as n — oo
00 for aw € 0, 1)
e IT 1] fora=1
— or o =
1—r)*A(T 1.
(= nefam - {1 o

The above, together with (1.1), proves assertion (ii) for the discrete case.
Next, we consider the continuous case. A Cp-semigroup 7'(-) can be writ-
ten in the Jordan form:

1-k,

T(t) = et = et Yot T o :“1”721
) 0 elu'Qt

with generator

H1oa

0 2

If wg <0, then Rep; <0, j=1,2. For A > 0 we have

A=

] ,  where a = 0 when p; # pa.

A Aa
Ay = )\()\ — A)_l = [ A—p1 (A;m)()\*uz) ] .
0 P
CASE 1: a =0. Then [|T(t)]| <1, ||C¢| <1, and ||Ay|| < 1.
CASE 2: a #0. Then p1 = po = p.
CASE 2.1: p # 0, Rep < 0. Then limy_,g+ Ay = 0 and limy .o Ay = 1,
so that Ay is uniformly bounded on (0, c0). In this case we have
T(t) ettt 5> %u”_lna _ et tettq
0 eHt 0 eHt .

Hence ||T'(t)|| = O(t) (t — o), and

o [ hemau st
0 %Sge”udu
with
t
1 B 1—eHt
f(t)z;&se“ ds = (,ue“t+ )HQ(M—M):
0

as t | 0. Since Re p < 0 implies |e#'| < 1, we also have

1 /2 1
|f(t)\§’u’2<t+]u]> —>m as t — 0o.

Hence C; is uniformly bounded on (0, 00).
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CASE 2.2: p=0. Then T(t) = [+tA, C, = I—i—%tA, and Ay = [(1) 1\71,1]7
so that

HIA| fora=1

T S, st = oc,
00 for a € 0, 1)
A f =1

A AN — { l4) - for o as A | 0.
00 for ae € 0, 1)

Hence t~1C; is uniformly bounded on [1,00) and AA) is uniformly bounded
n (0,1]. This, together with (2.10), proves assertion (ii) for the continuous
case. m

That the assertion also holds true on a two-dimensional real space X
follows from the fact that all norms on X are equivalent and the next well-
known lemma (cf. [2, pp. 68-71] for a similar version).

LEMMA 2.6. Let T be a linear operator on the real Hilbert space R?, and
denote by the same symbol T its canonical extension to the complex Hilbert

space C2. Let || T||g2 and ||T||c2 denote the respective operator norms. Then
1T ||lr2 = [[Tlc>-

Proof. Clearly it suffices to show that ||T||gz > ||T||c2. We may assume
that ||T||c2 = 1. Then there exists (aj + iag, by + ibg) € C? with

ai + a5+ b7 +b3 =1 and |T(ay+iag,by +iby)| = 1.

Write T'(a1 + iag, by +ibe) = (g + ice, f1 + i32), where a1, ag, 51, 52 € R.
Thus

T(a1,b) = (a1, 31), Tlag, by) = (a2, B2) and ol +a2+ 62 +p2 =1

When (a1, b1) = (0,0), or (az,b2) = (0,0), the conclusion is obvious.

Suppose (a1,b1) # (0,0) # (ag,b2). Since | T||gz < [|T|c2, it is im-
possible that ||T(a1,b1)|| > |[(a1,b1)||. Similarly, ||T(a1,b1)|| < ||(a1,b1)|| is
impossible, because together with

1= |T|lc2 = a1 +iaa* + |51 +iBe* = | T(a1,b1) |3z + | T(az, b2)||Ze

it would imply ||T(a2,b2)|| > |(az2,b2)|, a contradiction. Consequently,
1T (ar, 01)|| = [[(a1,01) || and || T[g> > 1 = |[T|c2. =

COROLLARY 2.7. An Abel-mean-bounded operator T with r(T) <1 (resp.
a Cy-semigroup T(-) with wg < 0) on a two-dimensional space is Cesaro-
mean-ergodic if and only if T"/n — 0 (resp. T(t)/t — 0) as n — oo (resp.
t — 00).

The following proposition shows in particular that Abel-mean-bounded-
ness does not imply Cesaro-mean-boundedness on spaces of dimension more
than two.
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ProposiTION 2.8. If dim X > m > 3, then there exists an operator T
(resp. a Cy-semigroup T(-)) on X such that r(T) <1 and ||A-(T)|| <1—7
for all v € (0,1) (resp. 0 = wo < 0 and ||Ax|] < mmin{l, A} for all A > 0)
but Cp(T)/n™2 (resp. Cy/t™=2) does not converge strongly to 0 as n — oo
(resp. t — 00), so that [|C,(T))|| # O(n?) (resp. [|Ci]| # O(t*) (¢t — o0)) for
all v € [0,m — 2).

Proof. We give counterexamples for the case m = 3. The case m > 3
can be shown similarly. Let IV be a nilpotent operator on X of order 3, i.e.,
N3 =0 and N2 # 0.

The discrete case. Let T := —I + N. We may choose N in such a way
that || N|| < 1. Then T is dissipative, so that (I —rT)~! is a contraction for
every 0 <r < 1 and hence ||A,(T)|| <1—r<1forall0<r <1 (cf eg.
[19, pp. 13—14]). One can also see this directly from the following estimates:

1A = (1 =r)| > rT"

n=0
_ - n n(n B 1) 2
=1=n)> (-7 <I—nN+2N >H

n=0

1 T 72
=(1- I— N N2
St e A+m2 " T+

<qa ) 1 n T n r?
=TT s T T @)

1+ 3r + 3r?
<(l—-7r)—————<1-r.
<(1-r) A ST

On the other hand, using the identities
n(I —T)Cp(T) =1 —T" =1 — (—1)(I — N)"
-1
= (1 ()M (1N - (D e
we obtain
ICu(@)l/n > 11 =TI~ | 22 |32 = = = N /m
- 2n n?
1
=5 IT—T|"YN?| >0 asn— oo.
The continuous case. Let A := il + N and T(t) := et = eetV =

¢! (I +tN + £ N?). Then
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00 ' t2
| AN = H)\ | e el (I+tN+ 2N2>dtH
0

1 1 1
:/\H I+ N+ ——= N?

A—i (A —1)? (A —1)3
<3min{l,A\} forall A >0

and meanwhile

ICell/t = (4 INI T IAGH/ = 5 (4 NG - 1)

12

1 L [t?
> & IV I - v 2
1
= L+ INDTSIN? >0 ast—co.

Hence the assertion is true. =
Propositions 2.3 and 2.8 imply the next corollary.
COROLLARY 2.9. Suppose dim X = co. The following hold.

(i) For any a > 0, there exists an operator T (resp. a Cy-semigroup
T(-)) on X such that ||C,(T)|| = O(n%) (resp. ||C¢]| = O(t%) (t — o0)) but
|T™|| # O(n®) (resp. |T'(t)|| # O(t*) (t — o0)), and there exists an operator
T (resp. a Cy-semigroup T(-)) on X such that r(T) < 1 (resp. wo < 0) but
1AL £ O((1— )=) (r 1 1) (resp. |l Ax]l £ O(X) (A 1 0)).

(ii) For any m > 3 there exists an operator T (resp. a Cy-semigroup
T(-)) on X such that r(T) <1 and ||A-(T)|| <1—r for allr € (0,1) (resp.
o=wy <0 and ||Ax]] < mmin{l, A} for all A > 0) but |Cp(T)|| # O(n®)
(n — o00) (resp. ||C]| # O(t) (t — 0)) for all a € [0,m —2). In particular,
Abel-mean-boundedness does not imply Cesaro-mean-boundedness.

It follows from Corollary 2.2 and Propositions 2.5(ii) and 2.8 that the
converse statements of (2.4) and (2.8) hold if and only if dim X < 2.

It follows from Propositions 2.1 and 2.3(i) that if dim X = m > 2, there
exists an operator T (resp. Cp-semigroup 7'(-)) on X such that r(T) < 1
(resp. wo < 0) and [|T"|| # O(n®) (resp. ||T(t)|| # O(t*) (t — o)) for all
a € [0,m — 1). However, as the next proposition shows, they are of order
O(n™~1) and O(t™~1), respectively.

PropoOSITION 2.10. Suppose dim X = m with 1 < m < oo.

() If T € B(X) with v(T) < 1, then ||T"|| = O(n™1).

(ii) IfT'(-) is a Co-semigroup on X with wo < 0, then there is an M > 1

such that | T(t)|| < M(1+t™1Y) for all t > 0.

Proof. This proposition follows from the proof of Theorem 1.3.2 and
the estimate (1.3.11) of [2]. For completeness, we give a proof. The validity
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of the assertion for dim X = 1 is obvious. The case dim X = 2 has been
verified in Proposition 2.5(i). Assume that the assertion holds for m — 1. By
an extension of Lemma 2.6 to dimension m, we may assume that 7" is an
m X m complex matrix in Jordan form, so that all entries below the diagonal
are zeroes. Thus T = [‘3 Ej], where A € Cm=1x(m=1) i in Jordan form,
B e Cm=Ux1 0 ¢ ¢~ and ¢ € C. Then r(A) < 1 and |¢| < 1. By
the induction hypothesis on m — 1, there is a constant M > 0 such that
| A" < Mn™=2 for all n > 1. Thus for every n =1,2,...,

Am Y AnTIIB

0 "

™ =

and
n—1 n—1
| > car=iB| < 37 A=) - ||
j=0 Jj=0
n—1
<> Mn—1-4)"?|B| < Ma™ |B.
7=0

Therefore ||T"| = O(n™1).

(i) Note that r(T'(t)) = e%o! for all t > 0 (cf. [10, p. 251]), so that
wp < 0 is equivalent to 7(7'(t)) < 1 for some (and all) ¢ > 0. In particular,
r(T(1)) < 1. By (i), we have |T'(n)| = O(n™~!). Therefore there is a
constant M7 > 1 such that

|T(n)|| < Min™ 1 foralln=1,2,....
Now, for any ¢t > 1, set n := [t]. Then n <t <n+ 1 and
IT@I <7 =n)ll - IT(n)]| < My sup [T(s)] - n™
0<s<1

< M sup ||T(s)| -t™ L
0<s<1
Let M := My supgc,<q [|T(s)|| (= My > 1). Then ||T'(t)|| < M(1+t™"1) for
allt>0. =

REMARK. The number m — 1 in Proposition 2.10 is sharp. This is ex-
plained by Proposition 2.3(ii) (together with Proposition 2.1).

3. Growth orders of means for positive operators in Banach
lattices. In this section, we show that the conclusion of Proposition 2.5(ii)
also holds for positive operators on Banach lattices and for all & > —1.
We begin with the following equivalence theorem for positive vector-valued
sequences and functions.
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PROPOSITION 3.1. Assume that X is a Banach lattice. Then the follow-
ing hold:

(i) Let {x,,} be a sequence of positive elements of X such that Y e r*ay,
exists for all r € (0,1). Then, for every v > 0, {(1 — )7 > 52 r¥zy; 0 < r
< 1} is bounded if and only if {n=" S.0=5 xp; n > 1} is bounded.

(ii) Let x : (0,00) — X be a strongly measurable positive function such
that the integral Sgo e Mx(t)dt exists for all X > 0. Then, for every v > 0,
(AN §7 e Ma(t) dt; A > 0} is bounded if and only if {t™ Sg x(s)ds; t > 0} is
bounded.

Proof. (i) Suppose n~7|| 7= 2| < M for all n > 1. Then, letting
t=—Inr (0 <r<1), we have

la mirnmnu —-n7a miw(ixk)u

n=0 n=0 k=0
o0
< @=r)Y " M(n 1)
n=0
o0
=(1-r) VH (M/r) Zr"nW
n=1
- 1
= (1—r)" /7 Ze_t" (tn) Wtﬂﬁ
n=1
1—r\7™ > ‘
— —tn (1 \Y
= <lm> (M/r)> " e ™ (tn)t
n=1
[e.9]
- M S e PxVde=MI(y+1) asr]l.
0

It follows that {(1 — )7 > 52, r*ak; 0 < 7 < 1} is bounded.
To show the necessity, suppose ||(1 — 7)Y 322 rFzx|| < M for all 0 <
r < 1. Then

n—1 n—1
M>1-r) Zrkxk > (1—r)7rn ! Zxk
k=0 k=0

for all » € (0,1) and n > 1. If we take r = 1 — 1/n, then we obtain

,yn—l 1 —(n—1) 1 n—1
n kzzoxk<M<1 n) _M<1+n_1> < Me
for all n > 2.

(ii) Suppose t77|| Sg x(s)ds|| < M for all ¢ > 0. Then, using integration
by parts, for all A > 0 we have
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e8] t
HXY S e Ma(t) dtH = )\7“” ef)‘th(s) ds dtH
0 0

e MY (; S] z(s) ds> dt”

SNHM | e M dt = MI(y +1).
0

It follows that {\7 {;° e~z (t) dt; A > 0} is bounded.
For the converse implication, we have

00 t t
M >\ S e Mx(t)dt > N S e Mux(s)ds > Ne M S x(s)ds
0 0 0
for all A\,¢ > 0. If we take A\ = 1/¢t, then we have ¢~7 Sé x(s)ds < Me for all

t>0.m

The following corollary is seen immediately from Proposition 3.1 with
(1.1) and (2.10).

COROLLARY 3.2. Let T be a positive operator (resp. a positive Cy-semi-
group T(-)) on a Banach lattice X such that r(T) < 1 (resp. wy < 0).
For any o« > =1, {(1 — r)*A,(T); 0 < r < 1} (resp. {\*Ax; A > 0}) is
bounded if and only if {Cn(T)/n% n > 1} (resp. {C/t%; t > 0}) is bounded.
In particular, T (resp. T(+)) is Abel-mean-bounded if and only if it is ~y-
Cesaro-mean-bounded for any ~v > 1.

REMARKS. (1) However, Cesaro-mean-boundedness does not imply
power-boundedness (see the examples constructed in [18, Chapter 3.3]); for
examples of non-power-bounded positive Cesaro-mean-bounded operators,
see [7, p. 255] and [9, p. 14]); the growth of powers of positive Cesaro-
mean-bounded operators on L! was studied in [14]. On the other hand,
(unbounded) positive Cesaro-mean-bounded Cp-semigroups were treated in
[20]; see also [24, p. 254] for an example of a group 7'(-) of positive operators
on L?(R) which is unbounded but satisfies

t
sup{(2t)_1 [ IT(s)f13 s t > o} <
—t

for all f € L?(R), and hence is obviously Cesaro-mean-bounded; (unbound-
ed) Cesaro-mean-bounded Cp-groups can also be found in [16].

(2) When the Banach lattice X is reflexive, an Abel-mean-bounded pos-
itive operator on X is even Cesaro-mean-ergodic (cf. [9, Theorem 4.2], [15,
Proposition 6.2(iii)]). From this or Corollary 3.2, together with Remark (1)
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after Corollary 2.4, one can infer that every Abel-mean-bounded positive
n X n matrix has to be power-bounded.

(3) 7(T) <1 does not imply Abel-mean-boundedness and Cesaro-mean-
boundedness either. A simple example is the matrix [é ‘f] with a > 0 (see
the proof of Proposition 2.3(ii)). The following is an infinite-dimensional
example. Let Z be the integers and define a measure p on Z by u({k}) =1
for k < —1, and p({k}) =k+1for k> 0. Let T : L1(Z,p) — L1(Z, ) be
such that Tf(k) = f(k — 1). Then ||T"|| = n+ 1 and thus »(T') = 1, but

ZT’“

(4) If the positivity of T is not assumed then for every v > 0 there
exists an example of T such that T is Abel-mean-bounded but not Cesaro-
mean-bounded of order 1, i.e., sup,~q ||Ca(T)|| = oo. This will be seen in
Proposition 4.4(ii). -

n+1 (n>1).

4. Boundedness of y-Cesaro means for v > —1

PROPOSITION 4.1. There is an invertible positive linear isometry T on
an Li-space such that

sup |CH(T)|| =00 forall =1 <~y < 0.
n>0
Proof. Let —1 < v < 0. In this case the Cesaro means
~ o Z In

have the properties

and
n n
Uz:Zaz_lzl—i—Zaz L' on>1),
k=0 k=1
Y+1) (v +n
o= OFNOED g o),

where the last property comes from the fact that lim, .o n7 /o) = I'(y+1)
(cf. [25, Chapter 3]). It follows that

1
.1 . 10y
lim — =oc0 and lim Z:k_# = —00.
n—oo g, n—00 On

Let u be the counting measure on Z, and consider the invertible positive
linear isometry T on L;i(Z, u) defined by T'f(m) := f(m —1) (m € Z). If
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J = X{o}, then, since Tkf = Xk} for k > 0, we have

n—1
[Ca(T) fllr = % HX{n} + ZOZZ:}CX{H‘ v
m k=0

so that
1 n—1 .
ICa @l = — (1=3"01T) 100 (n—o0). =
n k=0

The following elementary lemma will be used in the proof of Proposi-
tion 4.3. (Since it is proved in Lemma 4.3(a) of [5], we only quote it here.)

LEMMA 4.2, Let 57,7771 > O) Z?:léi =1= Z?:lniv and éi/f’i-‘rl Z
ni/Ni+1 (1 <i<n—1). Then \y > --- >\, implies

Z Ai&i > Z Wz
i1 =1

PropPOSITION 4.3. For any v with 0 < v < 1, there exists a positive
linear operator T on an Li-space such that

sup |CU(T)|| = 0o, but sup ||C2(T)|| < oo for all B> 7.
n>0 n>0

Proof. Let a := a(y) = 2'/7. It follows that a > 2. Next, for j > 1, let
27, 0<s<a’=1,

R J . -
(41) Xj:=10,a’) and wj(s):= { b el <s<dh 1<k <]

Let ¥; : X; — X; be the point transformation defined by 9;(s) :== s+ 1
(mod a’), and put Tjf(s) := f(9,(s)) for f on X;. Define a measure p; on
X, by p; = w;(s)ds.

Let

[ee]
(4.2) X = U X, (regarded as disjoint union),
j=1

and let p be the measure on X defined by pu|x, := p; for each j > 1. Define
an operator T' : L1(X,u) — Li(X,u) by (Tf)|x; = Tj(flx;) for j > 1.
Thus T is a positive linear operator on L (X, i), with ||T'|| = 2.

We will prove that sup, - |Ch(T)|| = oo, and that sup, < [|C# (T)|| < oo
for all 3 > ~. To do this, let 0 < a < 1. We consider the Cesaro means C%(T)
of order «, and define

(43)  a(X;) = sup{|C2T)fI /I s 0 # £ € Ly(Xj15), m > O},

It suffices to show that sup,~; a(X;) < oo for a = 8 > v, and lim; ., a(Xj)
= oo for 0 < a < 7. To estimate a(X;), we need to estimate |C%(T)f|]1
for f € L1(Xj, 1) and K > 0. Let fg := 5’12’(j’k)x[d,57d) with 1 < k < j,
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d ¢ (ak_l,ak] and 0 < § < 1lsuch that 1 < afF 1 <d—-6 <d<adF. Tt
follows that ||f4]|1 = 1. Since C%(T), n > 0, are positive operators, and
the set of all convex combinations of these fs-functions is dense in the set
{f € Li(X;); f > 0,||flli = 1}, it suffices to estimate ||C%(T')f4]/1 for all
these fy. Letting

(4.4) N(d) = { d—1 if dis an integer,

[d] if d is not an integer,
where [d] denotes the largest integer not exceeding d, we easily see that:
TND £y = 671270 Py 4 s n(a)a—na)) (mod af),
[d—§6— N(d),d— N(d))n[0,1) #0,
TNDH gy = 6712 UM N a5 N (@)1 ad +d— N (@)—1)»
[a! +d—6—N(d)— 1,/ +d— N(d) — 1) C [a/ —2,a?).

Hence if 0 < i < N(d), then 271 > || T f4]|; > 2" for some integer 0
r < k — 1; and furthermore 27! > ||T% f4||; > 2" is equivalent to a*~"—2
d—i—0 < a1 where we let a~! := 0 for convenience.

<
<

(i) First we estimate HC]O\‘,(d) (T')fall1- To do this, we introduce another
function g4 corresponding to fg by

(4.9) 90 =2"U"Py, 1 0.
It is clear that || fg]l1 = 1 < [|gqll1 < 2. Furthermore, since
0<d—1-(1-s)<d—1-6(1-s)<d—-1<d

for 0 < s < 1, and the function wj; is nonincreasing on [0, a’), clearly

d—l 1 1
7t wi(s)ds =\wj(d—1—-6(1—s))ds < \wj(d—1—(1—s))ds
d—1—46 0 0
d—l1
= S wj(s)ds
d—Il—1

Hence, with w; = 27 on [0, 1], u = w;(s)ds, it follows that

d—1 d—1
T falls = 2707067 | wj(s)ds <2707 | wy(s)ds = | T'gal
d—1—6 d—l-1

for 0 <1< N(d) — 1, and that |TN@ fy]|; < 2% and [TV D gy, < 2F.
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Therefore,
(4.10)  [[CR(a(T) fallr < Z UN(d AT falla
d) 1=0
N(d)—1
1 ~1 ! k
< on@—i 1T gallr +2
@ N(d)-l
”N(d)< = )
N(d)—1
1 < a—1 1 1 k
= o _M‘([d_l—17d—l))-_>+ a2
IN@) \ =0 M= 27k IN(d)

=: I(N(d)) + II(N(d)).
Since lim, oo n" /o] = I'(T + 1) for 7 > —1, it follows that
(4.11) oy ~n® (n>1),

where a(n) ~ b(n) (n > 1) means that sup,>|a(n)/b(n)] < oo and
sup,,>1 |b(n)/a(n)| < co. Using this and the facts that a*~' < d < a* and
N(d) < d <2N(d), we find

(4.12) TI(N(d)) = L on 2 <2 2
‘ N N(d)e =" a«
9 k—1
< 9ol <a) (1 <k<j).
a

Next, we estimate I(N(d)). To do this we prepare some elementary in-
equalities. First, using 0 < d — N(d) < 1, we easily see that

d—1

4.1 1< —<2 <I[< N -1
(4.13) <F@oi<? O<IsN@-,
and that

d—1 d—1
4.14 1< < 2
A

forseld—1—1,d—1 (0<1<N(d)—2).

If | = N(d) — 1, then, using 2/ > wj(s) > 21 on [d— N(d),d— N(d)+1] C
(0,2], we see that

{INDH d — N (d) +1)° Ly (s) ds

9i=1 < 24=N(d) <9
- (d—N(d)+ 1)1 ’
and that
, d—N(d)+1 o— .
9j—1 Sd NEd;+ s 1y i(s)ds 97

o S@-N@+ wfwawwga"
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Hence
(d— N(d)+ 1)t
(d—N(d) + 1) — (d— N(d))*
TN (d = N(d) + 1)°  wj(s) ds

= d—N(d
Sdigngr s*~lw;(s) ds

(4.15)

| R

_ a—1
< 2. (d—N(d)+1) .
(d—N(d)+1)* = (d— N(d))*
Furthermore, we notice that, since 0 < a < land 1 <d— N(d) +1 <2, it
follows that

207l < (d— N(d)+1)* 1 < 1.
Also, the function f(t) :=t* — (¢t — 1) is decreasing on [1,00), so that
2% 1= f(2) < (d— N(d) + 1) — (d— N(d)) < f(1) =
Thus,

(d— N(d)+ 1)1 P
(d=N(d)+1)* = (d— N(d))* ~ 2 =1
From this and (4.15) we obtain

201 <

d—N(d)+1 o

(4.16) @ ga-1 Ja- Ngdg (d — N(d) +1)* w;(s) ds _
. - d—N(d)+1 . _ < a1
? Xd—NEd§+ s lw;(s) ds 20 —1

Therefore,
N(d)—1 1
(4.17)  I(N(d)) = > ot A=l -1d=1) 5
”N (4 =0

2—(i—k) Nd-1 d-
~ | (V@) —1)* twi(s)ds  (by (4.11))
N(d) =0 d-1-1
g—(i—k) N1 dt
~ S (d— 1) w;(s)ds (by (4.13))
N(d) =0 d—i-1
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IN@D g 1 d—N(d)
— I(N(d); 1) + T(N(d);2) + I(N(d); 3).

Since w;(s)=27"" on the interval [a*~1,d) (C [a*71,a*)) and 2N (d) >d>1,
it follows that

1 ¢ 1!
(4.18)  I(N(d);1) = — 597 lds ~ ~ e s s
N(d) ak§_1 N(d) akS—1
B 1 de — a(k—l)a - 1 ke — a(k—l)a
~ N(d)~ o ~ N(d)~ o
9 (aa 1)a(k—1)a 9a (aoc _ 1)a(k—1)oz e a® —1
= do Q@ = gk—Da o IS
Similarly,
o—(j—k) !
(4.19)  I(N(d);3) = — S s tw;(s)ds
INW)  4-N(q)
2k 1 ) 2k 1
~ - S ¢ ds < - Sso‘_l ds
N(d) d—N(d) N(d) 0
2k 1 90 gk gatl /g k-l
= < i il
N(d)* a = ak-Da  q a (aa>
2 k—1 j—1
o) )=o) )
a a
Lastly, we find
oGk T oGk @t
(4.20)  I(N(d);2) = o | s lw;(s) ds ~ N )¢ w;(s)ds
N(d 1
U T k-2 i—k+1
:W.f(a(i)a_a(f)a).2]7+
+ (a(k—2)a o a(k—3)a) . 2j—k+2 4ot (aa o 1)2j—1}
_ N(ld)a LT L2 g gkBa 92 4Ly g0 gk
@
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Since 2N(d) > d >
(4.21)  I(N(d);2)
<

2 a® —1 (k—2)cx (k=3)a o2 0 ok—1
s {a 24+a 2544 a2V}

= rf(3)- (2) () )

We also notice that, since N(d) < d < a”, the reverse inequality holds:
(4.22)  I(N(d);2)*

a1, we have
*
(0%

I a*-1 (k—2)a (k—3)a 02 0 ok—1

=23 (E) () () )

It follows from (4.20)—(4.22) that

k—1 i
(4.23) I(N(d):2) = O <Z <a2a) > ,
and it follows from (4.12), (4.17)—(4.19), and (4.22) that
(424)  [[CR(a)(T) falln

Sof(2) ) romeo((2) ) ro(5(2))
<))

(ii) We next estimate ||C%(T) f4]|1 for 0 < K < N(d). Since ||fql1 = 1
and ||Tfqll1 < 2, it is clear that |C§(T) falli = |[falli = 1 and ||CY(T) f4l|
< 2. We then consider the case 2 < K < N(d). Let [ be an integer, with

1 <1 < k, such that ad-!l <« K < al, and let 0 < & < 1 be such that
a=! < K — § < K < dl. Define the function f}- by

(425) f}( = 5,_12_(]'_[))([[(_5/’]().

Then | fi|[1 = 1 and T'f} = (5”12’(3"1))([1(_5/_1-7[{_,-) for0<i<K-1
= N(K).

If0<i< K-1= N(K), then there is an integer 0 < r < k—1 such that
27+ > ||T f4ll1 > 27, which is equivalent to a* "2 < d —i —§ < a1,
where, as before, we let a~! := 0. We will only discuss the case r = 1; the
arguments for 7 > 2 are similar. So, assume that 4 > || T% f4||; > 2. Then we
must have a¥ 3 <d—60—i < a2 and thus a* ' —i < d—6—i < a¥ 2
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consequently,
a —aF? <.

Since 1 <1 < k,either 1 <I<k—1lorl=Fk If1<I1I<k—1 (sothat

a'"! < K <a! < d < aF, by the previous assumptions on I and k), then
K —i < al —i< al . (akfl _ ak72) < al . (al . alfl) — al717

from which || T fj|l1 > 2 follows at once. Thus ||T7 f4]j1 < 4 < 2||T" f}]l1. On
the other hand, if [ = k, then fj = 5’_12_(3'_7‘3))([[(_5/7[{) and aF~1 = dl71 <
K <N()<d< a”. From these and the fact that w; is nonincreasing, it is
clear that ||T" fj|l1 > ||T" fall1 for all 0 < i < N(K). Hence we always have
(4.26) IT* falls < 2I|T" fielli (0 <@ < N(K)).

Using (4.26), we can apply the estimation done in (4.10) for f; to the
function f}, to obtain

N(K)

Jj—1 i
(120) IR < g 3 o ATk = 0(X () )
N(K) =0 i=1

(iii) Lastly, we estimate ||C%(T) fq|l1 for K > N(d). To do this we divide
the interval {0, 1,..., K} of integers into several intervals. We can write

(4.28) {0,1,... U I,

where I, = {an, an+1,... ,an+Nn}, 0 <n S j(d, K), are disjoint intervals
of integers, with ag = 0 and ap41 = an+ Ny +1 > ap + 1 for 0 < n <
j(d, K) — 1, such that

(4.29) @ —1<d—a,+nd <a’ forl<n<jdK),
(4.30) { 0<d—(an+ Ny)+na <1 for0 S'n gj(d,K) —1
0 <d—(aj@q,K)+ Njak)) +3id K <a’ forn=jd, K).
We note that these mean the following:
(4.31) {Nn:N(d—an—i—naj) forOSnSj(c?,K)—l,
0 < Njar) < N(d - ajax)+i(d K)a’) forn=j(d K),
where N (-) is defined in (4.4).

Then we have

(4.32)  CR(D)fallr = — ZU?( AT falla
d7K n Nn n N’Vl
_L Z (ai o Z?:jn Ok zHTzfd”l)
- K n Nn ’
0—?{ n=0 i=an ’ Z?:;Fn O-(Ix(fli
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and using Lemma 4.2 we prove below the inequality

ntNn _a—1 (i N,—1 .
> itan " O T fall _ 2ito ON,- LITHT fa)lla + 2F
n+Nn — -
Y " OR TN,

for 0 <n <j(d,K)— 1.
To do this, for 0 <n < j(d, K) — 1 let

(4.33)

a—1 a—1

. g .

(4.34) o= T s Nk (0<i<N,).
g n
Np Zp 09K —an—Nyp+p

It is clear that &,n; > 0, and Zi:”[) LE=1= Zi:"O n;. Furthermore, since

& ol w1 oy 0% -Nari K —an—Ny+i+1

§iv1 o ital min a?{_lan_N"HH K—a,—Ny,+i+a
it follows from the inequalities 0 < o« < 1 and K — a, — N, > 1 that
& /&i+1 > mi/niv1 for 0 < i < N, — 1. In addition, by (4.29) and (4.30), we
see that 2F > || 7% TN £4]|; and

(4.35) 28 > | Tt M fylly > | T2 fglly > e > [T falr
Thus we can apply Lemma 4.2 to infer that

Np, Nn
436) > mllT Nl <3 T N )+ o2t
i=0 i=1
This establishes (4.33).
If n = j(d,K) and N,, = N(d — a, + na?), then, since K = a, + N,,, we
have

O zHTZfdul = U?\é/;i(z’—an)||Ti7an(Tanfd)||1 for ap <1 <ap+ N, —1

and

a—1

S5 g TN fally = oG THITN (T fo) ||y = | T (T fa)lh < 2*.

Hence, inequality (4.33) is also true in this case. On the other hand, if
n=j(d,K) and N, < N(d — a,, — na’), then it is clear that

n n Nn n
wany e okl Tl X o, LTI fa)

an+Nn _a—1
27::Ufn O‘K*i UN

Since | T% fyll1 = || falli = 1, and ||[T% fylly = 27070 < 1for 1 < n <
j(d,K) by (4.29), we can apply the results in (i) and (ii), together with
(4.31), (4.33) and (4.37), to infer that

(135 ican il T full :O(le<2>> 0 < n < J(dK))

an+Nn _a—1 «
2itan " Ok i i—1 N\
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i
L

= Zﬁ;(fbK)(Zq"*N" o 1) and (4.32), we see

i=an

Next, using o = S5 o
that if K > N(d), then

=

—1

1 j(de) an+Nn J—1 2 i
(439) ORI falh = ( > "%—i'()(Z(aa) >>
K n=0 i=an i=1

~o(£(2))

This and the estimation in (ii), together with the inequalities 1 < ||gqll1 < 2,
show that

j—1 i

2 .

(440)  sup  |[CFg)(T)gally < 2a(X;) = O(E <a> ) (j=1).
al—l<d<a’ =1 a

If v < a < 1, then a® = 2%/" > 2, and so sup;>q (Xj) < oo.
If 0 < a <, then a® < 2. From (4.10), (4.17), (4.20) and (4.22) we see
that for a* 1 < d < ¥ with 1 <k < 7,

1CN () (T)gallL = I(N(d)) ~ I(N(d); 1) + I(N(d);2) + I(N(d); 3)

@ k—1 i
> I(N(d);2) ~ I(N(@)2)" > 1. L (2)

Hence
i
)]

ai—l<d<al

7j—1

2

2a(X;) > sup ch%(dﬂT)gd”lzGZ(aa)
=1

where G > 0 is an absolute constant depending only on 0 < a < 7y, and so
im0 a(X;) = 00. =

PROPOSITION 4.4. Let dim X = oco. Then the following hold:

(i) For any integer k > 0, there exists a bounded linear operator T on X
such that

sup |[C*HT)|| < oo and sup||CY(T)|| =00 (0<vy<k+1).
n>0 n>0

(ii) There exists a bounded linear operator T' on X, with r(T') = 1, such
that
sup ||A-(T)|| <oo and sup||Cl(T)|| =00 (0<v < o0).
0<r<1 n>0
Proof. (i) Let N : X — X be such that N¥*! £ 0, N¥¥2 = 0 and
|IN|| < 1. Define T' := —(I + N). We recall the fundamental relation

(T —I)C)(T) = C) 1(T) — 1] for every v >0 and n > 0.

L[
n+1
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(This can be proved by an elementary calculation.) Using this, we can write
i -1 v -1
(T = DOUT) = 5 [CLA(T) — 1) = 2 CT(T) + Di(T),
where || D}(T)|| = o(1); next,
R A .
(T = DPCUT) = — - T CIL3(@) + DAT) with [ DA(T)]| = o1

and lastly, for k& < [y] <,
- nfeq) = TSI e + D,

with || DE(T)|| = o(1).

To show sup,,~q ||Cn(T)|| = oo for all v € [0,k + 1), it suffices to show
this for all v € [k, k + 1).

First, consider the case v = k. Since

it follows that

OO (T) = T = (—1ynth (f: (” ;L k) N+ (Z 1 f) Nk“).

1=0
Then
k!
cY (T
(n+1)(n+2)---(n+k) ek )H
n k!
> _ Nk+1 _
_k—i-lH | n+1)(n+2)---(n+k)

4+ k) n+k—1)(ntk—14+1
'Z( )( ) )

) V|

=0
— Q0 as n — OoQ.

Consequently, limy, o |[|(T — I)*CE(T)|| = 0o and so sup,,>q [|C¥(T)|| = occ.
Next, let k <y < k+ 1 and put 8=~ —k and

I — 4.1
CHT) == R

In k=0
Since 0 < 8 < 1, we have:
6-1
g1 g-1 M
0 : .
on ] (n —o00); on IXG) (n>1);
B
O<05Too (n — o0); 05 i (n>1);
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Using these, we find that

n+k
k T3
Corirn(T) = C£+k: Z 0n+k oI
n+k s=0
1 n+k k s s
1 s s
= g+k s[( 1) Z <Z>Nl+(—1) <k+1>Nk+1]v

1=0
Now, consider the series
n+k
ZUM,H Ses(s— 1) (s— k)
n+k
Z O'n+ks 8(8—1)‘-'(8—,1{3)).
s=k+1
Since

0<ol ) os(s—1)-(s—k)

<O ey (SFDHI=1) (s +1—k)

for k+1 < s < n+k, it follows that

n+k—1

—1 s
| ol s(s = 1) (s = B)|
s=0
<o Mn+k—1)(n+k=2)-(n+k—1-k),

so that

n+k

‘Zan+ks s(s—l)---(s—k‘))
>U€ (n—l—k)(n—i—k:—1)~--n—0’16_1(n+k:—1)-~-(n—1)
=n+kn+k—-1)-n—-0Fn+k—-1)---(n—1)
>1-B)n+k)(n+k—1)---n

31
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Hence
n+k

e (Zws (1))
(1) =

n+k
(1B n+k)(n+k—-1)---n
(k+1)!
:HNk:—i—lu'7(7_1)”'(7_]{7"’_1)(1_6) n 00 as n — 00,
(k+ 1)1 -
because 0 < # < 1 implies that
lim —— = lim n- 7F(ﬁ+1) =
n—oo 05+k n— oo (n—|— k)ﬁ

Thus, for every v with k <y < k+ 1, we have
Ty =1)---(y—k+1) k
Crin(D)|| = IDR(T)]| — o0

7 - eyl = | ZU S et oy

as n — 0o, which implies

sup [|C(T)]| = oo.
n>0

We next prove that sup,,>q |[CETH(T)|| < oo. In fact, we can write
(k+1)! o0
m+1)---(n+k+1) "

where || DETY(T)|| = o(1) (n — oo). Then, as above,
Co+k+1(T) — Tn+k+1 — (_1)n+k+1(I + N)n+k+1

n I <’§ (n + ;c + 1> Nl>,

=0

(T - DM O (T = it (T) + DY),

whence
(k+1)!
(n+1)(n+2)---(n+k+1) Cg+k+1(T)H
< (k+1)!
“n+1)(n+2)---(n+k+1)

k+1
'[1+Z(n+k+1)(n+k)--~(n+k—l+2)

; by

=1
= 0(1).
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This proves that ||(T — I)¥T1C*1(T)|| = O(1) (n — o0), and thus
ICK (D)) < (T = D~ FD |- (T = DO T) | = 0(1) (0 — o0).

This completes the proof of (i).

(ii) For each k > 1, there exists an operator T}, : C*+2 — CF+2 of the
form T}, = —(I + N), where I, is the identity operator on C**2 and Ny
satisfies | Ng|| < k=1, NPT £ 0, N2 = 0 on CF2. As is already shown (cf.
the proof of Proposition 2.8), T}, is dissipative, and thus |[(I —rTy)z|| > ||=]|
for every x € Xj and 0 < r < 1. Furthermore, o(T}) = —1 — o(Ny) =
—1 — {0} = {—1}. It follows that |[(I —rT})~!| < 1 for every 0 < r < 1,
and 7(7}) < 1. Hence

oo
1A = |a=n) YT = 0= =T <1 O <r<1).
n=0
From (i) we also know that sup,,> [[C¥(T})| = oo and sup,,5¢ [[CF || < oc.
Let X = {z = (z1,29,...); 2 € CF2 S |lzk| < oo} and ||z|| :=
> opey l|lzg| for z € X. Then X becomes a Banach space. Define an operator
T:X — X by Tx .= (Thx1,Tozs,...) for x = (z1,22,...) € X. Then we
have

|T|| = sup || Tk < sup(l+1/k) =2,
k>1 k>1
[A-(T)]| = sup [A(T)| <1 -7 (0<r<1)

and
sup [|CF(T)|| > sup || C(Ti)|| = oo
n>0 n>0

for every k > 1. This completes the proof of (ii). =
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