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On the structure of Banach spaces with an
unconditional basic sequence

by

RAzZvAN ANIscA (Thunder Bay)

Abstract. For a Banach space X with an unconditional basic sequence, one of the
following regular-irregular alternatives holds: either X contains a subspace isomorphic
to £2, or X contains a subspace which has an unconditional finite-dimensional decomposi-
tion, but does not admit such a decomposition with a uniform bound for the dimensions
of the decomposition. This result can be viewed in the context of Gowers’ dichotomy
theorem.

1. Introduction. Following the general constructions of Komorowski
and Tomczak-Jaegermann [9]-[11], [14] of subspaces without an uncondi-
tional basis for a large class of Banach spaces, in this paper we continue
the investigation of properties related to unconditionality in general Banach
spaces.

Our main result provides the following alternative regarding the struc-
ture of Banach spaces with an unconditional basic sequence:

THEOREM 1.1. Let X be a Banach space which has an infinite-dimen-
stonal subspace Y with an unconditional basis. Then one of the following
holds:

(i) Y contains a subspace isomorphic to {3,

(ii) Y contains a subspace which has an unconditional finite-dimensional
decomposition, but does not admit such a decomposition with a uni-
form bound for the dimensions of the decomposition.

We can also see this result from the point of view of Gowers’ dichotomy
theorem [6]: every infinite-dimensional Banach space has an infinite-dimen-
sional subspace which is either hereditarily indecomposable or has an uncon-
ditional basis. Theorem 1.1 provides some further information in the second
case, in the form of an additional “regular-irregular” alternative.
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The proof is done by working in the same setting as Komorowski and
Tomczak-Jaegermann and using their construction recursively; in the pro-
cess we exhibit, for every n > 2, a subspace Y,, which admits an uncondi-
tional decomposition into n-dimensional subspaces and for which n is mini-
mal with such property. These subspaces (which are described in Sections 3
and 4) constitute the main ingredients used in deducing Theorem 1.1 (in
Section 5). Constructions with similar properties were previously obtained
for subspaces of L, (1 < p < 2) by Borzyszkowski [2], and for subspaces of
03(X) when X is a non-hilbertian Banach space with finite cotype ([1]).

The constructions of this paper relate also to the problem regarding
the number of non-isomorphic infinite-dimensional subspaces of a Banach
space which is not isomorphic to £5. It was shown recently by Ferenczi and
Rosendal [4] that any hereditarily indecomposable Banach space has a con-
tinuum of mutually non-isomorphic infinite-dimensional subspaces, while for
spaces with an unconditional basic sequence the same is true under certain
assumptions (see [4, Theorem 8 and Corollary 14]). If one tries to relax
those assumptions and requires that the space (with an unconditional basic
sequence) is not fs-saturated, then the family of subspaces {Y;,}, provides
a countable family of non-isomorphic subspaces.

2. Notation and preliminaries. We start with a certain amount of
standard notation from the Banach space theory. We refer the reader to [12],
[13] for all notation not explained here.

For C > 1, a basis {e; }; in a Banach space X is called C-unconditional if
for every x =), a;e; € X one has ||, g;a;¢;|| < C||z|| for all signs g; = +1.
If {e;}; is an unconditional basis in X then there exists an equivalent norm
on X under which {e;}; is 1-unconditional.

A Banach space is said to have a finite-dimensional decomposition {Zy} 1
if every vector x € X has a unique representation z = ), z; such that
zr € Zp, and dim Z), < oo for all £ > 1. We refer to such a decomposition
{Z}r as uniform if sup, dim Z < oo and as s-uniform if sup; dim Zj < s.
A decomposition {Zy}y, is called C-unconditional, for some C' > 1, if for all
x =73, 2z € X as above and all signs e, = £1, one has ||>_, exzi|| < Oz

The following definition ([2]) represents a generalization of the classical
notion of local unconditional structure.

DEFINITION 2.1. A Banach space X has local unconditional structure of
order < s if there is C > 1 such that for every finite-dimensional subspace
FE C X there exist a Banach space V and operators u: F -V, w:V — X
such that ig = wu, V has a 1-unconditional s-uniform decomposition and
|lu||||w] < C. Here if is the natural embedding ig : £ — X. The infimum
of such constants C' is denoted by Us(X).
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While it is clear that, for a Banach space X, the property Us(X) < oo
is weaker than X having an s-uniform decomposition, this notion has the
advantage of passing to complemented subspaces: if P : X — X is a bounded
projection then Us(PX) < || P||Us(X).

The following result, due to Ketonen [8] and Borzyszkowski [2], is our
fundamental criterion for recognizing that a space does not have local un-
conditional structure of order < s. It has the roots in the approach first
introduced by Johnson, Lindenstrauss and Schechtman [7] for investigating
the Kalton—Peck space.

PROPOSITION 2.2. Let Z be a Banach space of cotype r for some r < oo.
Assume that Z has a C-unconditional k-uniform decomposition {Z;}; for
some k > 2 and C > 1. Suppose also that there exists s < k — 1 such that
Us(Z) < oo. Then there is a bounded linear operator operator T : Z — Z
such that

(i) T(Z;) C Z; fori=1,2,...,
(ii) |T\z, — 01z > 1/(2k?) for each § € R andi=1,2,....

It should be mentioned that more information is known about the oper-
ator T above: in particular, an estimate for ||T']| in terms of the parameters
involved (cotype r constant, Us(Z) and C) is obtained by Komorowski and
Tomczak-Jaegermann in [9], [10] (see also [1]); as well, T" can be chosen such
that 7|z, is a non-trivial projection for every ¢ = 1,2,..., as was shown by
Casazza and Kalton [3] (see also [1]).

We now describe the general setting in which Komorowski and Tomczak-
Jaegermann constructed spaces without unconditional basis. This setting
consists of a direct sum of several Banach spaces with unconditional bases
and the construction relies on the behavior of subsequences of these bases
with respect to certain partitions of N. In order to be more precise we need
the following notations. If A = {A,,},, and A" = {A/ },, are two partitions
of N, we say that A = A’ if the partition A’ is obtained by taking successive
members of A: there are 1 = k1 < --- < ky,, < -+ such that

km+171

(1) A, = |J A fom=12....
j=k

In such a situation, for m =1,2,..., we set

’C(A;n,A) ={K C A;n : |KﬂAj’ =1 for ky, < j < kmy1}-

If A; = {A;m}m is a sequence of partitions (: = 1,2,...) with A; >
= A=, welet, form=1,2,...and 1 =2,3,...,

Kim = K(Aim, Ai-1).
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Let Y be a Banach space with a 1-unconditional basis {e;}; and suppose
that Y does not contain a subspace isomorphic to £5. Let N be a positive
integer. It was proved in [9] (see also [14]), using spreading models and
Krivine’s theorem, that one can always find a 1-unconditional decomposition
F1®---®&Fy C Y with some special properties. Namely, foreachi =1,..., N
the space F; has a normalized 1-unconditional basis {f;;}; and there exist
partitions Ay > --- > Ay of N, Aj = {4; s, }m, such that fori =1,...,N—1

and m = 1,2, ... and for all scalars {ay}, we have
(2) H Z akfz'Jrl,kH < 4” Z akfi,k‘
k€A m k€A m

and one of the following conditions is satisfied:

(I) foreveryi=1,...,N—landm =1,2,... and every set K € K1 m
there exists a sequence {0 }rex of scalars such that

(3) HZ Be(fir+-+ fi,k)H =1, HZ ﬁkfiﬂ,kH > 2™,
kek kel

(I) foreveryi=1,...,N—landm =1,2,... and every set K € Kit1,m
there exists a sequence {0 }rex of scalars such that

y I a1 [ s 22
keK keK

REMARK 2.3. The subspaces Fi,...,Fy CY are supported on disjoint
subsets of the unconditional basis {e;}; of Y. Furthermore, for each i =
1,..., N, the basis {f;;}; is obtained by taking suitable disjoint blocks of
{e1}1, except for the situation when the vectors {e;}; span the space ¢, (for
some 1 < p < 00, p # 2), in which case the construction is a consequence of
the fact that Y ~ (Zn @gg)gp. Then F1 ®---d Fy = (Fl G- P FN)gp.

—~

For our constructions we use the same setting and thus we have to split

the argument into two parts, according to which one of the alternatives (I)

r (IT) holds true. In Section 3 we treat case (I), while in Section 4, which
follows the same line of argument, we deal with case (II).

3. Recursive construction in case (I). Let Y be a Banach space
with a 1-unconditional basis. Suppose that Y does not contain a subspace
isomorphic to ¢ and that it has finite cotype. For the remainder of the
section we will assume that for every N > 1 we can find 1-unconditional
decompositions F} @ --- @ Fy C Y satisfying the conditions (2) and (3).

Let n > 2. Our main goal in this section is to construct a subspace
Y, C Y which admits a 1-unconditional decomposition Y,, = span{Zj }x>1
with dim Z; = n for all £ > 1 and, at the same time, U,,—1(Y,) = oc.
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More precisely, given an arbitrary function g : N — R with g(I) < for
all [ € N and with g(I) — oo as [ — oo, each of the n-dimensional spaces Zj,
(k > 1) will be constructed inside (any) l-unconditional decomposition as
above F1 @ --- @ Fy, C Y, for some N,, € N, such that the following hold:

(a) N, < 3™
(b) Each Zj (k > 1) is spanned by seminormalized vectors bgk), cee b
with
1< Hbz(k)H <N, foreveryi=1,...,n.
Also, for all scalars «q, ..., a, we have
(5) max(Jaal,. .., |an|) < [lard + -+ anb® || < Nyy(Jar| + -« + o).

In addition, the vectors bgk), .. .,bglk) € F1 & --- & Fy, are supported
on the corresponding fi g, ..., fn,, for all k£ > 1, with coefficients in [0, 1].
They are defined based on the position of the indices k with respect to the
partition Ay, = {An, 1}1>1, in the sense that their distributions depend on
g(l) whenever k € A, ;.

(¢) Let T : Y,, — Y}, be a bounded linear operator such that T'(Zy) C Z,
Tz, = [aﬁ?)]lgi,jgn with respect to the basis of 7, for all £ > 1. Then for
every | > 1 there exists k € Ay, ; such that

max({lal] i # jyU{lal?) —aP|:2 < i <n})
< 3C(N,)|T|| - 2790/ 47,
where C(N) := 144+ 4% + - +4N-2,

(d) Let N > 1 and suppose that (F1&---&Fn,)® (Fn,+1©- - B FN,+N)
C Y is an unconditional decomposition of the type considered in this section.

For every k > 1, let bgk), .. .,b%k) € F1 & --- @ Fy, be the same vectors as
above. For every [ > 1 and k € Ay, ; consider the perturbations

T ) L omap B ) k) | g-a000)
where pgk), e ,p%) € Fn,41 @ -+ ® Fn,+n are vectors supported on the
corresponding fn, 41k, - -, fN,+Nk With coefficients in [0, 1].

Let T : span{ggk), . ,g%k)}kzl — F1 @ --- @ Fy, be a bounded linear
operator such that

©) 150 = 3 oy

i=1
for every j =1,...,n and k > 1. Then for every [ > 1 there exists k € An,, ;
such that
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(1) max({lal})] :i # 5} U {jaly) — ol 12 <i < n})
< 3C(N,, + N)||T|| - 279D/ B4,

(e) Similarly, let (F1 @---@FN)@(FN+1@"'@FN+N ) CY beal-

unconditional decomposition and, for every k > 1, let bgk), e b(k) € Fnu®
-+ @ Fn4n, be the vectors discussed in (b) and (c), except that this time
they are supported on fxi1k,---, [N4N, k- For every k > 1 let
b(k) (k)+b(k) 7};()_17%)4_[)()
where now pgk), e ,pq(@k) € F1 & --- & Fyn are vectors supported on the cor-
responding fi,. .., fnk, with coeflicients in [0, 1].
As before, let T : span{ggk),...,Nq(f)}Ql — Fny1 @@ Fyin, be a

bounded linear operator satisfying (6). Then for every [ > 1 there exist
k € Anyn,,; such that (7) holds. Moreover, a similar statement is true

when we consider the vectors ggk-)’ b( ) (k > 1) to be at the same time

perturbations to the left and right of bgk), . ,b,(l ) (thus their definition is a
combination of the ones above).

For every n > 2 the space Y, which satisfies (a)—(c) above will have a
1-unconditional decomposition into n-dimensional subspaces {Zy}r>1; this
follows from Remark 2.3, since each Z;, C F} & --- & Fl,, is supported on
the corresponding fix,..., fn,r for all £ > 1. On the other hand, we get
Un—1(Y,) = oo. Otherwise take T : Y,, — Y,, as in Proposition 2.2 and
on each Zg, with k > 1, write T}z, in the matrix form with respect to the

basis {bgk), . .,b%k)} as Tz, = [ag.c)]lgmgn. It is easy to see that (5) and
Proposition 2.2(ii) imply

max({Ja{}’| : i # j} U {la{y — all’| : 2<z<n})
1
2N,n

> Nnng ||T|Zk a11 IZkH Z

for all £ > 1. Combining this with (c) we get, for every [ > 1,

1 N
TN > — = . 99())/(3-47)
1Tl 2 ex e ’
which is a contradiction since g(I) — oo as [ — oo.

For the actual recursive construction, at the initial step n = 2 we start
with No = 4. Let g : N — R be an arbitrary function such that g(I) < I
foralll € N, and let F} @ --- @& Fy C Y be a decomposition satisfying (2)

and (3). For k = 1,2,... the vectors bgk), bgk) € 1 & @ Fy will be defined
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similarly to [9] (see also [14]). That is, for k € A4y and I =1,2,... put

' =fet 427908 f 22000,

(8)
0 = fo+ +27200B

It is clear that such vectors satisfy the requirement (b). They were
designed to satisfy (c¢) and this is one of the main points of the argu-
ments from [9], [14]. As a consequence of the same line of argument we
will now show that the more general statements (d) and (e) are true as
well.

We start with (d), so let (F1@---® Fy)® (F5® - ® Fn44) be a decom-
position of the type considered in this section. For each [ > 1 and k € Ay,

define bgk) and bgk) as in (8) and then consider

B = pF) gmap®) - j) (k) 9= plk)

where pgk) and pgk) are vectors supported on the corresponding f5p, ...,

INt4k, whose coefficients belong to [0, 1].

Let T : span{zgk),ggk)}kzl — F1 @ ---® Fy be a bounded linear operator
such that for every k > 1,

9) 768 = ab® + b, T = b + d bl
In order to verify (7) fix an arbitrary { > 1. If we let M; = {m : A;,, C A4}
for i =1,2,3, then min M; > 1 > g(I) since Ay > --- = Ay.

We start by picking a set B C Ay, such that |[BN Ay,,| = 1 for all
m € Myi; in other words, BN Ag,, € Ky, for all m € M.

According to (3), for every m € My, there exist scalars {au }reBna,,,

such that HZkeBﬁAZm apfiell =1 and [|X4cpna,,, arfokl = 2™. Since
{fix}x and {fox}x are normalized, continuity yields scalars {5k }reBnAas.,

such that || pepra,,. Sefirl =1 and [YXiepaa, . Orforl = 29075,

Using the particular form of the vectors {pgk)}k, property (2) of the

partitions Aq, ..., Ayy4 and unconditionality we get
(&
w32 s
kEBﬂAgym

SH > 5kf1,k”+2_g(l)/3H > 5kf3,kH

kEBﬂAgm keBmAQ,m

Jr2729(1)/3H 3 gkaHJrzg H Z 5kp1k)H

kEBmAQJn A2 m
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<14 (4-2790/8 4 42, 2—29(”/3)” > ﬂkfz,kH
k€BNA2 m
|

<14 [4-2790/8 4 42 97200)/3
+2790 @3 4. 4 4N+2)]H Z 5kf2,k”
k€BNA2 m
<14+44+4% 4+ +4VP2 = CO(N +4).
On the other hand,
(S o) T st

keBNAg,m k€ BNAz2,m

H Z @kckfz,kH

kGBﬂAQ’m

N+4

LS S At

i=5 keBNAg,,

v

v

min |Ck|H Z ﬁkfz,kH

keBNA
Hm k€EBNA2 m

>290/3  min ey
kEBﬁAz’m

and thus for every m € My there exists k € BN Aa,, such that
(11) lex| < C(N +4)||T|| - 279073,

Let B’ C B be the collection of such indices k as above. Then, for every
m € Ms, we get B'N Az, € K3, and thus by (3) there exist scalars
{/Bk}keB’mAg,m such that

Z Br(fir + f2’k)H =1, H Z ﬁka’kH — 929(1)/3

kEB'NA3.m k€B'NA3,m

In much the same way as before,

a2 | > e

kGB/ﬂAg,m
<| X gnal 20| S ssa] 20 X sl
kEB'NA3 m kEB'NA3 m kEB'NA3 m

<14 270008 om0 gV S gl <oy
k€B'NAs m



Banach spaces with an unconditional basic sequence 75

while
(5 s 5 s ad)]
kGB/ﬂA&m kEB/ﬂAg,m
2279(1)/3” Z ﬁkbkf?,,kH
k€B'NA3m
> 29073 min byl
k€B'NA3,m

For every m € M3 we can take some k € B’ N A3, such that
(13) bl < C(N +4)|T| - 2790/

and then define B” C B’ C B to be the set of such indices k.
Again we can argue that B” € K4; and therefore we can pick scalars

{Br}kepr satisfying
H Z Br(fir + for +f3’k)H =1, H Z ﬂkfél,kH _ 99(D)

keB" keB"
It is not hard to see that
(14 | 3= 80 -3 < v+
keB’
and
HT< Z ﬁk(ggk) _ggk))) H > 2—29(0/3” Z Bk((ak . bk) + (Ck - dk))f4,k”
keB” keB”
> 29()/3 kréllBI}l ](ak — bk) + (e — dk)’

For k € B” such that |(ap —bg) + (cx — di)| < C(N +4)||T|| 2790/ we find,
taking into account (11) and (13), that |ay, — di| < 3C(N +4)||T - 2~90)/3,
which shows that (d) is satisfied for the initial step of induction (with a
slightly better estimate than (7)).

In order to check (e), let (F1 @ - @ Fn) ® (Fn41 @ -+ @ Fy44) be an
unconditional decomposition which satisfies (2) and (3) fori =1,..., N+3.
Let g : N — R be a function such that g(I) <1 for all Il € N.

Forl > 1and k € Ay4,; define the vectors bgk), bgk) EFN1P - PFNya
as in (8), except that this time they are supported on fyii ..., fNtak,
and let

~k)

B = o, 5 =) 4 o9,

where pgk) and pgk) are vectors supported on the corresponding fi x,..., fyn

with coefficients in [0, 1].
Let T : span{ggk),ggk)}kzl — Fni1® -+ @ Fy14 be a bounded operator
satisfying (9) for every k > 1. The fact that for each [ > 1 there exists
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k € Anta, such that (7) is satisfied follows in the same way as in (d). The
analysis is now done inside Fy;1 @ -+ @ Fyy4. To see how the estimates
corresponding to (10), (12) and (14) are obtained, pick a set B C An_4y
which intersects all the appropriate members of the partition An; and for
every suitable m > 1 take scalars {8k }reBnAy.,,, Such that

H Z Br(fip+-- '+fN+1’k)H =1, H Z kaN+2’kH — 99()/3

kEBNAN12.m kEBNAN 12.m

Then the unconditionality implies

| s ]

kGBﬂAN_FQ’m
k
< H > Bup' )H + H > ﬂkaH,kH
kGBﬁAN+27m kEBmAN+2,m
+2791)/3 ’ > Brfniskl| + 2729(”/3" > ﬂkfzv+4,kH

k‘eBIAIAN+27m kJEBr\IAN+2Ym

M-

<

| > B

1 kEBNAN42.m

n (4 ) 2—g(t)/3 + 42 . 2—29(75)/3)” Z ﬁka+2,kH
k€EBNAN2.m

’—i—l

)

<N 421 <C(N +4),

thus the estimate corresponding to (10). We can deal with (12) and (14) in a
similar way and then (e) will follow (again with a slightly better estimate).

For the last statement of (e) when we have to consider, for M, L € N,
vectors B b € (Fy @ -+ @ Fyp) ® (Farg1 @+ ® Farya) ® (Fargs ® -+ ®
Farir4+4) which are at the same time perturbations to the left and right

of bgk),bgk) € Fryp1 ® -+ @ Fapeq (k> 1), the estimates are obtained by
combining the ones above; as a result we get k € Aps14,; with

max{|ax — di|, |br|, |cx|} < 3(C(M + 4) + C(L 4 4))||T| - 279W/3
< 3C(M + L+ 4)||T|| - 279073,

Inductively, assume that we have constructed the required vectors for
some n > 2. Let g : N — R be a function such that g(I) <1 for [ € N. For
the next step of the construction we will work inside (any) unconditional
decomposition (Fy & --- @ Fn,) ® (FN,+1 D - B Fn,+4) B (FN, 45D - D
F5n, +4) C Y that satisfies (2) and (3). Thus Np41 = 2N, + 4.
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For £k = 1,2,... let ugk),...,u%k) € Fn,45 @ -+ @ Fn,,, be vectors
obtained at the previous inductive step corresponding to the function g (we
changed the notation for such vectors to avoid the possible confusion with
the new vectors that are to be constructed). Thus they are defined based
on the position of k with respect to the partition {ANn+1,l}l21 and their
distributions depend on the corresponding value of g(1).

For an arbitrary [ > 1 let

Mg =A{s: An,44,s C AN, 1f, Moy ={s: An,s C AN, )

Fors=1,2,...and k € An,_, s, let 2, yx € FN, 41D - -® Fn, 44 be vectors
obtained at the inductive step n = 2 (similarly to (8)), defined using the
function §: N — R, g(s) := g(1)/4V»*! for every s € M, and every [ > 1.
Notice that if [ is such that s € M then

i(s) g <L <.
Finally, for s = 1,2,... and k € Ay, s, let vik),...,vék) cehMo- @ Fy,
be vectors obtained at the previous inductive step, corresponding to the

function g : N — R, 5(8) := g(1) /42 whenever s € My, (with [ > 1). If [
is such that s € My, then again

Js)<g) <1<

Now, for [ = 1,2,... and k € Ay, define the following vectors inside
(Fl@"‘@FNn)@(FNn+1@"'EBFNn+4)EB(FNn+5@"'@FNn+1):

bgk) = v%k) +2-9(D/4Nn T2,

ks
b = ol 4 + 279 (/AN ()
b =) + + 2*9(1)/4N"+1u$f_)1,
bgizl _ U+ 2_9(1)/4Nn+1 U7(1k)

Let us now check that conditions (b)—(e) are satisfied.

By definition, it is clear that for every k = 1,2, ... the vectors bgk), cees
an21 are supported on fi g, ..., fa, ik If @1,..., py1 are scalars then by
the unconditionality and previous inductive steps

ot +- -+ qnsabithy|

> max{flrof” +--+ o), floa - 27O g 4 a g}
> max{|ail, ..., |an|, [@nt1]}-

Regarding (c) and (d) (and also (e)), at every step of the induction
we will actually prove the following slightly more general statements: for
every | > 1 and every set By C Ap, ; (respectively B; C An,1n,) such
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that B; N Ay, # 0 whenever A;,, C An,; (respectively BN Antim # 0
whenever Ayy1,m C An,+n,) there exists k € B such that the estimates of
(c) and (d) (respectively (e)) are satisfied. For the first step of the induction
these statements are valid as can be seen from the previous arguments.

We start with (c), so let Z = span{bgk),...,bg?l} for £ > 1, and let
T : span{Zy}r>1 — Span{Zy}i>1 be a bounded linear operator such that
T(Zy) C Zi, Tz, = [agf)]lgi’jgn_i_l with respect to the basis of Zj for
k=1,2,....

Fix an arbitrary [ > 1 and take B; C Ay, such that B; N Ay # 0
whenever Ay, C AN, .-

It is easy to see that we can apply the inductive hypothesis (d) for

the vectors vgk), vq(f) € F1®---@ Fy, (with £ > 1) and the operator

— k k
Prio-ofn, L samp® . 5P} sy span{by”,....0 st — FL @ - @ F,.
Thus for every s € My there is ks € B; N An,, s such that

(15) max({|a(’?’s)| ci# 5,4, € {1,. n}}U{\a 1S —q! )’ 2<i<n})
<30( n+1)”TH 2~ 98)/( 4Nn) 30( n+1)||T” 9~ g(l /(342Nn+2)

< 3C(Np1)||T| - 2_9(1)/(344Nn+1)'

Let B] C By be the collection of all such indices k as above. It is clear that
B/ N AN, +1,m # 0 whenever Ay, {1,m C AN,,1,- We will now invoke (e) for
the initial inductive step, applied to the perturbations (both to the left and

right) of the vectors zy, yx € Fn,+1@-- - @ Fn, 44 (with k =1,2,...) and the

em— ()
operator PFNn+IEB"'®FNn+4T|span{bg“),bgﬁl}ml span{by ', b, 1 tk>1 — Fn, 41

® - ® Fn,+44. Then we deduce that for every s € M;; there exists ks €
B] N Ap, 44,5 such that, taking into account (11), (13),

(16) max{|a1n+1| |an+1 1| | 11 - n+1n+1’}

< 3C(Nyy )| T - 279)/3 . 290

/4Nn +2

< 3C(Nypy)||T|| - 2790/ BANE) gg()/amnt?

4Nn+2)

< 3C(Npy1)|IT| - 2790/

The fact that an extra constant 29()/4""*2 appears in these estimates is due

to the specific form of the vectors involved and it follows easily from the ar-
guments corresponding to the initial inductive step n = 2; more specifically,
this extra constant will have no influence on the estimates from above that
appear there, it will only be a part of the estimates from below.

Finally, let B/ C B] (C B;) be the set of all indices k for which (16) is

satisfied. Applying the inductive hypothesis (e) to the vectors ugk), .. ufmk)



Banach spaces with an unconditional basic sequence 79

FN,45@---©Fy,, (with & > 1) and PFNn+5@"'@FNn+1T\span{b(2 b b
span{b(k ce n+1}k>1 — FN,45® - @ Fy, ., we get k € B} such that

max{|aij ’ Z#]v Z?] € {277n+ 1}}
< 3C(Npy)||T)| 9=9(D)/(3-4Nm) 9g(1) /4N 3C(Npy)| T - 2790/ G

Combining this with (15) and (16) we get the conclusion of (c).
In order to prove (d) and (e) we can apply the same arguments as before

.4Nn+1)

for the perturbation vectors b( ) ...,bgzzl € 1 ®- @ Fn,,  ,+nN, instead
of b( ) e bgﬁl, for k£ > 1. The computations will be completely similar to

(15) (16) the only difference being the replacement of the constant C(Ny,41)
with C(Np4+1 + N) due to the nature of the vectors considered.

4. Recursive construction in case (II). Let Y be a Banach space
with a 1-unconditional basis. Suppose that Y does not contain a subspace
isomorphic to £ and that it has finite cotype.

As in Section 3, for every n > 2 we will construct a subspace Y, C Y
with the property that U,—1(Y) = oo, this time inside (any) decomposition
Fi & - @ Fy, CY, for some N, € N, which satisfies the conditions (2)
and (4). The space Y,, will have a l-unconditional decomposition into n-
dimensional subspaces {Zj}i>1, where for every £ > 1 the space Z is

spanned by vectors bgk), el bq(lk) with the following properties:
(a) N, < 3™
(b) The vectors bgk), .. (k) € F1®---@Fy, are supported on the corre-

sponding fix,..., fn, & for all k > 1, with coefficients in [0, 1]. In addition,
for all scalars aq, ..., an,,

1
5 max(laal,... o) < b + - 4 b P < No(laa] + -« + |anl).

(c) Let T : Y,, — Y, be a bounded linear operator such that T'(Zy) C Z,

Tiz, = [ag.c)]lgi,jgn with respect to the basis of 7, for all £ > 1. Then for
every | > 1 there is k € Ap;,; such that

max({all| -7 # 7} U {lal}) — al?| 12 <i < n}) < 3C(N,)|T|| - 271/

where, as before, C(N) := 144 +42 4 ... 4 4V=2,

(d) Let N > 1 and suppose that (Fy & ---@® Fyn,) ® (Fn,+1 D - &
Fyn, 1n) CY is a decomposition of the type considered in this section. Let
b(lk), P e o -+ @ Fp,, be the same vectors as above, for every k > 1,
and con51der the perturbations

(17) L R A

n n
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where pgk), e ,p%) € Fn,41 @ - ® Fn,+nN are vectors supported on the
corresponding fn, 41k, -- -, fn, 4+~ With coefficients in [0, 1].
It 7T span{fbvgk),...,fl;glk)}kzl — F1 & --- @ Fy, is a bounded linear
operator satisfying (6) then for every [ > 1 there is k € Ay, ; such that
k . . k
(18)  max({la{l)| :i # j} U {lal} —all’| ;2 <i <n})
< 3C(N, + N)||T] - 272,

(e) Similarly to (d), let (F1®--- @& FN) B (Fny1®---®Fnin,) C Y and,

for k > 1, let bgk), cee bq(lk) € Fni1 9 -+ @ Fnin, be the vectors discussed
in (b), except that this time they are supported on fxii ;- .., fN+N, k-
For every » > 1 and k € Any1, let
(19) B0 = omrplk) L) Bk = gk (k)
where now pgk), . ,pq(f) € F1 & --- & Fyn are vectors supported on the cor-
responding f1,..., fn, with coefficients in [0, 1].
Then for any bounded linear operator T : span{ggk), ... ,E(lk)}kzl —

Fny1 @ -+ @ Fyin, which satisfies (6) and for every [ > 1 there exists
k € Anyn,, such that (18) holds. In addition, if we consider the vectors
bgk), e b( ) (k > 1) to be at the same time perturbations to the left and

right of bg ),...,b%k) (and therefore a combination of (17) and (19)), we
obtain a similar result.

For the first step of the induction, n = 2, we put No = 4 and we follow
the construction from [9], [14]. For every k € Ap s N A3y, with s = 1,2, ...
and t=1,2,..., define

bgk) = 272 fo i+ fak + Faks
bgk) =27%2f1 + f3 k-

We will only discuss the proof of (e), since (c) and (d) follow in a similar
manner (actually, (c) is a particular case of (e)). Thus let (F} @ --- @ Fy)
@ (FNt1®---® Fyyn,) CY be a suitable decomposition, of the type con-
sidered in this section. Having defined, for all k > 1, the vectors b( ) b( ) e
Fni1® - @ Fyiq similarly to (20), we let, for every r > 1 and k € AN—i—l,m

O gy B G g )y )

(20)

with pgk),pék) e @ @ Fy asin (e).

Take a bounded linear operator T : span{g(lk),ggk)}kzl — Ny @
Fn 4 which satisfies (9).

As in Section 3, start with a fixed [ > 1 and put M; = {m : Ayyim C
Angag}fori=1,2,3. Let B C Anta, be such that [BNAny1,| =1 for all
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r € Mj. Thus, for every s € Mg, we have BN Ant2 € Kny2,s and by (4)
we can find scalars {0 }kepnay,, , such that

> ﬁka+1,kH > 2%, H > /kaN+2,kH =1
kEBﬁAN+2’5 kEBmAN+2,5
Since {fn42,k}% is 1-unconditional we get
1Bkl <1 forall k€ BN Antos.

Now pick the corresponding ¢t = t5 € M3 for which BN An42s C Any2s C
AnN43,; also, by the initial choice of B, for every k € BN An42 s there is a
unique r = r, € My such that k € Ay41,,. Then

| > s

kEBﬁAN+2’5
_ k -
< o2 " Gt )H +2 t/2H > ﬁka+2,kH
k‘EBﬂA}\H,Q’S kJEBﬂAN+2,S
+ H > 5k;fN+3,k;H + H > 5k:fN+4,k;H

kEBﬁAN+2’S kJEBmAN+2,s
<N Z 27| By +(1+4+42)‘ Z ﬁka-f—Q,kH
kEBﬁAN+27S kEBmAN+2,s

<N+21<C(N+4).
If we put this together with

(> ad)]

keBmAN_FQ’S

>

§ CkTs/zﬁkaH,kH >27%/225  min e,
I{IEBﬁAN+27S
kEBN AN 12,5

we obtain a set B’ C B such that B’ N Ay, € K3, for all t € M3 and
lee| < C(N +4)|T - 27"/

for all k € B’ (here we used min Mgy > 1).
Now for every t € M3 pick scalars {f¢}repnay, s, such that

H Z ﬁka+2,kH > 2, H Z ﬁka+3,kH =1

kEB'NAN 3¢ kEB'NAN 3¢

Working with the series ), - i Aniss ﬁkggk) we can argue as before and get
a set B” C B’ C B with the property that B” N Ayt4,; € K4 and

lbp| < C(N +4)||T|-272  for all k € B".
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Finally, let {3 }reBrnay.,, e scalars for which

H Z BrfN+3k ‘ > 9l H Z ﬁka+4,kH =1.

kEB"NAN 13, kEB"NAN 14,

Using the series ZkeB"ﬂANHl ﬁk(ggk) _ggk)) we can find k € B” C Anyqy
such that
|ar, — by, + e, — di| < C(N +4)||T|| - 27,

which combined with the previous estimates gives the conclusion of (e).

Assume now that we have managed to construct the desired vectors for
some step n > 2 in our induction. In order to check the step n + 1, we let
Npt1 = 2N, + 4 and we start with (any) l-unconditional decomposition
(F1®---®FN,) ®(FN,+1D - ® Fn,44) ® (FN,45 B - D Fan,14) C Y.

Similarly to Section 3, for k > 1 let v%k), . ,vgk) € Fi®---® Fn, be
vectors obtained at the previous inductive step, renamed in order to simplify
the notation. For £ > 1 consider the vectors zy,yx € Fn,+1 DB - B FnN, +4
obtained at the inductive step n = 2, defined similarly to (20). Again, for all
k>1let ugk), ... ,ugk) be vectors obtained at the previous step, this time
constructed inside Fi, 45 ® - - D Fan, +4.

Now, for every k € An, +1,NAN, 45, Withr=1,2,. . and ' =1,2,...,
define inside (Fl@ . '@FNn)@(FNn-H@' . '@FNH+4)@<FNH+5@' . '@FNn+1):

bgk) = 2_T2)5k) + Tl

S ST
(21) :
b%“ = 2_Tv,(1k) + + uﬁf_)l,
55521 = 2"y +ull,

and then let V1 = span{b{" ... o*) }io1.

As in Section 3, at each step of the induction we are proving the following
more precise statement for (¢) and (d) (and (e)): for every I > 1 and every set
By C An,,; (respectively B; C An,+n,) such that By N Ay, # (0 whenever
Aim C Ap, 1 (respectively By N Anti1,m # 0 whenever Axi1.m C An,4n,1)
there exists k € B; such that the estimates of (c) and (d) (respectively (18))
are satisfied.

Let T : Y, 41 — Yn4+1 be a bounded linear operator as in (c), that is, it

satisfies T(span{bgk), ceey bfﬁzl}) Cspan{bgk), ceey bfﬁzl} and T|

= [a{)1<ij<ns1 for all k> 1.

As mentioned above, fix | > 1 and start with a set B; C Ay, ,, ; such that
BN Al,m =+ () whenever Al,m C ANnJrl’l. Put Ml,l = {S : ANn,s C ANnJrl’l}
and MQ’l = {S : ANn+4,s C ANn+1,l}'

IO

span{by ’,..., et
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We follow the same steps as in Section 3. The inductive hypothesis (d)

applied to the vectors vgk), . ,vq(f) € i®- - @ Fy, (with k = 1,2,...)
4 (k k

and the operator PFlEB“'EBFNnﬂspan{bik),...,b%k)}kzl : span{b](L )7 .. .,[)7(1 )}kzl —

Fy @ --- @ Fy, implies the existence of indices ks € B; N Ap,, s, for all

s € My, such that
max({a{}] i # j, i,j € {1,...,n}} U {Jal) — o] : 2 < i <))
< BC (N[ - 27227,

Here 7, is the unique index with the property Ay, s C AN, +1,,. The extra
constant 2" in the estimate is a consequence of the definition (21) and this
fact can be easily checked, first for the initial step of the induction and then
for every step afterwards.

Without loss of generality we can assume that s > 4r; for all s € My ;
this follows once we ensure that each member of the partition Ay, +; is ob-
tained by taking at least five successive members from the previous partition
Ay, , which is allowed in the arguments from [14]. Since on the other hand
we must have r; > [, we can conclude that for every s € My,

maX({lagfs)l i g e{l,.. . npu{a) —alf)) 2 <i<n))
< 3C(Npy1)||T| - 27" < 3C(Npyn)||T - 27"

Denote by B} C B the set formed by such indices ky. Using now (e)
for the initial inductive step, for the vectors xp,yx € Fn,+1 ® -+ B FN, +4

(with & = 1,2,...) and the operator PFNnH@"®FNn+4T\span{b§’“),bﬁl}kzl :

span{bgk), bgzzl}kzl — Fn,41® -+ ® Fn, 44, we find that for every s € Mgy
there is ks € B] N AN, 44,5 such that

ma‘x{‘al n+1| |a’n+ll‘ ‘al n—is-l n+1|}
< 8C(Nysn)|T)) - 275227
< 3C(Nu)|IT] - 277 < 30N T - 27

As before, for every s € My, 7, denotes the unique index such that
AN, +4,s C AN, 45.,; in addition, we assumed without loss of generality
that in such a case we have s > 4r..

Let By’ C Bj be the collection of all such indices ks as above. We would

like now to apply the inductive hypothesis (e) to the vectors ugk), cee uq(lk) €
Fn,4+5® - @ Fp,,, (k> 1). Notice that for every k € Ay, 45, (with " =
1,2,...) the vectors bgk), ey biﬂl are suitable perturbations of ugk), e ,u%k),

of the type considered in (19); this is a consequence of (21) and the fact that
whenever k € An, 41, N An, 45, We must necessarily have r > r’.
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Thus (e) applied to the operator PFNn+5@"'@FNn+1T|span{b§k), B s
span{b(k ce n+1}k>1 — FN,45® - ® Fy, ., yields k € B} such that

max{|a™| 1 £ j, i, € {2, .+ 11} < 3C(Nas) T - 272

This gives the conclusion of (c) for such k € Ay, | ;.
For the statements (d) and (e), it is not hard to see that by following
the same line of argument as before one can obtain the desired conclusions.

5. Proof of main result. We will now present the proof of Theo-
rem 1.1.

Let Y C X be a subspace with an unconditional basis and assume that it
does not contain a subspace isomorphic to ¢2. By renorming if necessary, we
may assume that Y has a 1-unconditional basis {e;};. Consider an arbitrary
partition of the basis {e;}; into infinite subsets {e;}icr,, {€i}icrys - - - -

In the case that there is kg > 1 such that Ey := span{e; };c I, has finite
cotype, we can proceed with the construction from Sections 3 and 4 and
obtain, for every n > 2, a subspace Y,, C Ey which admits a 1-unconditional
n-uniform decomposition and, at the same time, U,,_1(Y;,) = oco. In fact,
by partitioning Ij, one more time, we can ensure that each of the spaces
{Y, }n>2 is supported on disjoint elements of {e; }ie Iy - Thus we can define
Z =) ,-,®Y, C Ey and obtain a space with a l-unconditional finite-
dimensional decomposition (as in the case of each Y,,, this is a consequence
of Remark 2.3). As well, for every n > 2, Y, is 1-complemented in Z and
therefore we must have U,,_1(Z) = oc.

Suppose now that Ej := Span{e;}icr, does not have finite cotype, for
k =1,2,..., which is equivalent to the fact that each of these spaces con-
tains ¢2’s uniformly. For every £ > 1, let Fj, C Ej be a subspace such
that dim F}, = k and d(Fy, %) < 2, where d stands for the Banach-Mazur
distance. Since, by a classical result of Figiel and Johnson [5] from local
theory, a random [k/2]-dimensional subspace of ¢X has the Gordon-Lewis
constant of maximal order, for every k > 1 there exists a [k/2]-dimensional
subspace Zj of Fy satisfying GL(Zy) > eV, with ¢ an absolute constant.
By [2, Proposition 1.3], for n =1,2,... we have

VU (Zy) > GL(Z,) > Wk for all k > 1.

If we now let Z =), ., ®Z; C Y, then clearly Z has a 1-unconditional
finite-dimensional decomposition. On the other hand, for every k > 1, Z}, is
1-complemented in Z, while sup, U, (Zy) = oo for n = 1,2,.... This shows
that U, (Z) = oo for all n > 1.
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